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A FAST SOLVER FOR THE FRACTIONAL HELMHOLTZ EQUATION*
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Abstract. The purpose of this paper is to study a Helmholtz problem with a spectral fractional
Laplacian, instead of the standard Laplacian. Recently, it has been established that such a fractional
Helmholtz problem better captures the underlying behavior in Geophysical Electromagnetics. We
establish the well-posedness and regularity of this problem. We introduce a hybrid finite element-
spectral approach to discretize it and show well-posedness of the discrete system. In addition, we
derive a priori discretization error estimates. Finally, we introduce an efficient solver that scales as
well as the best possible solver for the classical integer-order Helmholtz equation. We conclude with
several illustrative examples that confirm our theoretical findings.
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1. Introduction. Recently, starting from the Maxwell's equations, the article
[25] has derived the scalar fractional Helmholtz equation. It has also established
existence of fractional (anomalous) behavior for the Magnetotelluric Problem in geo-
physical electromagnetics by showing a direct qualitative match between numerical
tests and actual datum. Motivated by these results, the goal of this paper is to take a
step towards rigorous mathematical foundation of the fractional Helmholtz equation.
In particular, we show its well-posedness, introduce a new hybrid (spectral-finite ele-
ment) approach for its discretization, establish a priori error estimates, and introduce
an efficient solver that scales as well as the best solver in the classical (integer-order)
case.

Let 5-2 be a bounded open domain in Rd. We consider the fractional-order Helmholtz
problem

(—A)s u — k28 u (Y) = f(x) , x E SZ
u(x) = 0, x E OC2
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with a given wave number k E C and right-hand side data f . We restrict ourselves to
the case of homogeneous Dirichlet boundary conditions. Non-homogeneous conditions
can be incorporated by solving an auxiliary local problem with homogeneous right-
hand side, see for instance [3, 4]. For s E (0, 1), (-0)8 denotes the fractional powers
of the realization in L2(S2) of the classical Laplacian (—A) supplemented with zero
Dirichlet boundary conditions. For a rigorous definition of (-0)8, see Section 2.
For completeness, we mention that the spectral Laplacian in (fH) is not the only
choice for fractional Laplacian, other popular choice is the so-called integral fractional
Laplacian. The two definitions, coincide when it = Rd but are different when St is
bounded [21]. Towards this end, we emphasize that our choice to use the spectral
fractional Laplacian is directly motivated by the fact that the article [25] has derived
the fractional Helmholtz equation with spectral fractional Laplacian using the "first
principlee .

In order for problem (fH) to be well-posed, we require that

(1.1) Am k2, m E N.

where Am > 0 are the eigenvalues of standard Laplacian with zero Dirichlet boundary
conditions, see (Eig).

The article [25] solved the nonlocal operator (-0)8 using the so-called Kato
or Balakrishnan formula [13]; the use of this formula in the context of fractional
Poisson equation was first proposed in [7]. However, in this work, we use the so-called
extension approach that stems from probability literature [17], but was pioneered by
L. Caffarelli and collaborators [9, 23]. The extension approach says that (-0)8 is
the Dirichlet-to-Neumann map for a harmonic extension of the solution. The key
advantage of this is the fact that the extension problem is local, albeit it is posed
on a semi-infinite domain, 1-2 x (0, oo) C Nd+1, with one additional space dimension.
This fact introduces computational challenges. In order to create finite element based
numerical approximation, the article [18], in case of Poisson equation, introduced a
truncation approach so that the resulting domain is bounded. On the other hand,
[1] introduced a different approach where no such truncation is needed. Our hybrid
spectral-finite element discretization of (fH) is motivated by the latter. We establish
well-posedness of both continuous and discrete problems and derive a priori error
estimates. We also introduce an efficient solver, which is as good as the best solver
for the classical (integer-order) Helmholtz equation. We present numerical results in
three dimensions.

The remainder of the work is structured as follows: Section 2 introduces the nec-
essary notation and spaces. In Section 3, we show well-posedness of (fH). In Section 4
we introduce the extension problem and derive properties of its eigenfunctions. Sec-
tion 5 deals with the hybrid finite element - spectral discretization of the problem
and a priori error estimates. In Section 6 we discuss the solver of the resulting linear
system. We conclude by showing numerical examples in Section 7.

Remark 1.1. The choice of the coefficient —k2s in (fH) might appear non-intuitive
at first. In [25], the fractional Helmholtz problem is stated as

{ (—AY u(Y) — K2u(Y) = f (Y) , Y E Q,
u(Y) = 0, Z E OS2

with wave number lc E C. Clearly, this is just a matter of notation, and k = klis
We prefer the coefficient —k28, because this choice leads to weaker restrictions on
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the mesh size h when solving fractional Helmholtz problem for fixed wave number k
and different values of the fractional order s. We also notice that, with the proposed
formulation, we need to solve the classical, integer-order, Helmholtz problem with
wave number k. Nevertheless, everything that follows also holds if we use KV' instead
of k.

2. Notation. The purpose of this section is to introduce relevant notation and
preliminary results. The content of this section is well-known. Unless otherwise
stated, C2 will be a bounded Lipschitz domain in Rd. To this end, we define the
fractional-order Sobolev (Hilbert) space as

(2.1) H8 (Q) := {u E L2 () 1141-1.(o) < CC} I

equipped with the norm

2
Mullip(o) = (H2L2(n) + f f 

dill 70) U 

d+28

(0 

Next, we define the spectral fractional Laplacian (—A)s. Let 0 < Ao < Ai < ... and

cbo, Sbi, • • • be the eigenvalues and eigenfunctions of the standard Laplacian, i.e.

—A0m (Y) = AmOm (Y) e
(Y) = 0, x E

normalized so that 1 IIur m L2 (0) = 1. Then (—A)8 is defined as

(Eig)

CO

(—A)s u (x) = E um4‘cbm (4 , with um = (u, 0)L2.
rn=0

Notice that the eigenfunctions {0m},7=0 form a complete orthonormal basis of L2 (12).
Using the spectrum of the Laplacian {Om, OmilmEN, we define yet another fractional-

order Sobolev space [24], [8, Appendix B]

(2.2) FP (S2) = {u E L2 (C2) lulirs(o) < 00}

where the norm is given by

= (E lum12 A7,m=o

and um= (u, Om)L2(0). The two spaces in (2.1) and (2.2) are related to each other.

Indeed, for s > 1/2, Hs (52) coincides with the space Hi; (Q) defined to be the closure

of CC,' (52) with respect to the H8 (52)-norm, whilst for s < 1/2, Hs (Q) is identical

to H5 (Q). In the critical case s = 1/2, 1-18 (12) c Hi; (11), and the inclusion is strict,

(Q) is known as the Lions-Magenes space. (See for example [14, Chapter 3].) We

denote the dual space of H8 (C2) by H-8 (Q) and use (., •):4-,(-2) ii_s(c) to denote the

duality pairings. For simplicity we drop the subscripts from the duality pairings when
it is clear from the context.

The spaces H8 (Q) are useful to describe the properties of the spectral fractional

Laplacian. For instance, suppose f E HT (12), r > —s, and f = Ern-D=0 fr,o5m(Y) with
3



fm = (f,0m); then, the solution u to the fractional Poisson problem of order s with
right-hand side f

(fP) 
(—A)s u(Y) = f(x) , x E

ll u(Y) = 0, x E

is given by

00
(2.3) u = E um0m(4, um = fm)c:

m=0

and hence u E Fir+28 (12). Notice that no additional smoothness on the domain S2 is
needed to get this higher regularity. Nevertheless to establish an equivalence between
Hr+2s, when r 2s > 1, with higher order Sobolev spaces additional smoothness
on the domain 11 is needed. A more detailed regularity theory for spectral Poisson
problems can be found in [11].

In principle one could use the expression (2.3) to compute u. However, the cost
of pre-computing the unknown eigenvalues and eigenfunctions makes this an expen-
sive task. To overcome this hurdle, as mentioned in the Introduction, we follow the
approach of Stinga and Torrea [23].

We first introduce some notation. We define the weighted norms on a generic
domain D for a non-negative weight function w by

llukl(v) = (Lco(i)110)12 di) 2 ,

I6-11m = OurL1(1))+1u111 2,1(D))1M 

along with the associated weighted spaces

lulHL(D) = (1, W(x)Ivu(42

LW (D) = {u measurable < oc} I/2; (D) = {u E Lw2 (D) l NHL < 00} •

In what follows, we use C to denote a generic constant that could change from line
to line but is independent of the mesh size h and the wave number k. We will also
drop the differential in the integrand when the integration variable is clear from the
context.

3. Well-posedness of Fractional Helmholtz Equation. The main goal of
this section is to establish existence and uniqueness of the solution to the fractional
Helmholtz equation (fH).

We first state the notion of weak solutions.

DEFINITION 3.1. Given f E II-8(Q) we say that u E lis(Q) is a weak solution to

(fH) Zf

(3.1) v) = (f , v), for all y E fis(Q),

where

00

(3.2) a(u, v) := E (A:7, - k2s) f f
m=0
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Next we shall establish the uniqueness of solution to (3.1). We operate under the
condition that k E C is a constant.

LEMMA 3.2. Let f E H-5(I2) be given and k E C be a given constant. Assume

that (1.1) holds. Then every u E -1715(CI) solving (fH), according to the Definition 3.1,
is unique.

Proof. It is sufficient to show that when the data f 0 then u solving (3.1) is
identically zero. By setting v = aeOe (where E N is arbitrary) in (3.1), using the
orthonormality of {077,17,2"=0, and the assumption that k is a constant, we obtain that

00
a(u, ae0E) = E (A:n k2s) f 7077, f fitOtOni = (A; — k23) lud2 = O.

m=0 it ft

Since according to (1.1) À; k2s, we obtain that ue = 0, i.e., uOt = O. Since was
arbitrary, we obtain that u = 0 a.e. in a The proof is complete. 0

LEMMA 3.3 (Garding's (in)equality). Let u E ii5(12) solve (fH) according to the
Definition 3.1 and k E C be a given constant, then

a(u, u) + k2s 111412 (s2) = (0)

Proof. From the definition of a(•, .) in (3.2) we obtain that

00

a(u, u) = E m — k2s) lum12 = k23MullL2(m•
m=0

By rearranging terms in the above equality, we obtain the desired result. 0

THEOREM 3.4. Let f E ii-5(12) be given and k E C be a given constant. Assume

that (1.1) holds. Then there exists a unique u E H.9(1-2) solving (fH) according to
Definition 3.1.

Proof. Lemma 3.2 and Lemma 3.3 in conjunction with Fredholm alternative give
the asserted result. We refer to [6, Theorem 3.3] for similar arguments in case of
standard Laplacian. 0

The next result establishes regularity of solutions of the fractional Helmholtz
equation.

PROPOSITION 3.5 (Regularity). If f E r > —s, then the solution (ac-

cording to Definition 3.1) to the fractional Helmholtz problem u E iir+28 (12).

Proof. Assume that u E Ha (Q) for some a > s. Then (—A)s u = f + k2su E

Hmin{ r>"} . By the regularity result for the fractional Poisson problem, we obtain that
u E Hmin{T'a}±28. Since u E Hs (Q), we obtain the desired result by iteration. 0

4. The Extension Problem. By using [9, 23] we can equivalently cast the
fractional Helmholtz problem (fP) as a problem over the extruded domain C = f2 x
[0, oo):

—V • co(y)VU (Y , y) = 0 , (Y, y) E C,

(Ext) U (Y. , y)

au 
k2sU(Y, 0)

= 0, (Y, y) E aLc := aS2 x A*,

auw (Y) — = f (Y),
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where w(y) = yams, a= 1 — 2s, d, = 21-2s rr( 
(1 —8) 

7 ands) 

au au
(4.1) auw 

(x) 
= — y1_,im)± w(y) ay (Ay) = (—A)sU(Y, 0).

The solution to (fH) is then recovered by taking the trace of U on S2, i.e. u = tr0 U.
We define the solution space 7-11 on the semi-infinite cylinder C as

'111 = {V E (C) I V = on OLC} .

and we denote its dual by (HD*. Notice that

tr0

where tro denotes the S2-trace operator. Moreover, due to the Poincaré inequality in
the weighted Sobolev spaces, we have that the seminorm • IHL is a norm on 1-11, and
we write 11'6 := We refer to [10] for details.

The weak formulation of the extension problem (Ext) consists of seeking U E
such that:

(wExt) A (U,V) = (f,V)0 V V E 7-C,„

where we have

A (U,V) = f coVU • VV k25 f UV and (f, V)0 := (f, tro V) .

We will also frequently use the shorthand

IVL2(o) V1L2(o) •

We seek a solution of the extension problem using classical separation of variables:
U y) = (i) (y). Then

(w(y)ayT) = A

(I) co(y)W

where A is a constant that is independent of and y. Thanks to (Eig), the boundary
condition on the lateral face of the cylinder C, shows that (1, = Om and A = Am for
m E N. The associated solution W = in the extension direction must therefore
satisfy

(4.2) y (w(y)ay0m) = Amw(y)Om•

Notice that Om(0) = 1, moreover using (4.1) we obtain that

(4.3) alPm — As
Ovw

By applying integration by parts to (4.2) and using (4.3) we obtain that

(4.4) Am f wOmOn + fCG WOMOIT/ =
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which is uniquely solvable when we impose /Pm(+cx)) = O. Subtracting the same
identity with indices m and n interchanged results in

(4.5)

and

(4.6)

00   if m n,Am —An
WIPm n =

s AV- if m = n,

00
{ Am A..7„, —An As

won% = Am-A-
(1 — 8)4,,

if m n,

if m = n,

where the identities for m = n are obtained by taking the limit as An —> Am. The
solution to the extension problem (Ext) is then given by

00

(4.7) U y) = E umommom (y) where um = k28) fm,
m=0

whilst u(x) = EL0 umOm (x) as in (2.3). The separable solution (4.7) forms the
basis for our choice of discretization of the extension problem to be described in the
next section. The main advantage of this approach is that the extension problem
involves only integer-order derivatives but comes at the price of having to deal with
a degenerate weight w(y).

We conclude this section with the following well-posedness result for (wExt).

PROPOSITION 4.1. Let SI be a bounded Lipschitz domain and f E ft-8(Q). Then
there exists U E WI solving (wExt), and such solution depends continuously on the
data:

Ilu II C d(k) F (o) •

Proof. The proof follows along the lines of Theorem 3.4, i.e., we need to show
uniqueness of U and prove Gårding's inequality. Then, the result will follow from
Fredholm alternative. Construction of a unique solution using separation of variables
is given above. Gårding's inequality can be shown as follows. We have

= (U, U) k2s (tro U, tr0 U)L2(0)

(4.8) = (U,U) k2s (TtrO U, trO U)H_s(0),k-a (0)

= A (U, U) 1C2s ((trt-2 Ttrsi) U,

where in the second equality we have used the existence of a compact operator
T : Hs (1-2) —> s (Q) . Moreover, in the last equality we have used that the trace oper-

ator trQ : 9-11 —x Hs (Q) is bounded linear and thus its adjoint trtl : (Q) (7-11 )*
is well-defined. Notice that the operator trt- Ttrn : 7-11 (ND* is compact (compo-
sition of bounded and compact operators), thus we have shown Gårding's (in)equality
[19, Remark 2.1.58] and the proof is complete. 0

5. Discretization of the Extension Problem and A Priori Error Bounds.
For the remainder of the paper, we assume that St is sufficiently smooth so that
Hs (1-2) can be associated with the classical fractional-order Sobolev space Hs (C1) (this
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is needed when s > 1). We propose to approximate the variational problem (wExt)
using a Galerkin scheme with the subspace consisting of standard low order nodal finite
elements of order p > 1 in the Y-variable and a spectral method in the y-direction.
To this end, we let Th be a shape regular, globally quasi-uniform triangulation of Q,
and let

Sh = {vh E C° (r2) IvhIK E Pp (K) VK E Th .

In the y-direction, ideally, we would like to use y-basis functions {Om} given in the
previous section. Unfortunately, this requires knowledge of the true eigenvalues Am
of (—A) over Q. Therefore, we use approximations Am Am in place of the true
eigenvalues in (4.5) and (4.6).

The Galerkin subspace for the extension problem is then taken to be

M-1

Vh = Vh = E vh,rn (i) /Tm (y) 1 Vh,m E Sh and 'rPm solves (4.4) with 5km c 1/1.{
m=0

Notice that, we do not need an analytic expression for the basis functions {0,},
and it is sufficient to know mass and stiffness matrices (4.5) and (4.6). The spectral
expansion order M will depend on s, h and the regularity of the solution. The
efficient approach to find approximations Am is discussed in [1]. We further emphasize
that 0 alog eigenvalue approximations are sufficient to get "good approximation"
properties.

The Galerkin approximation of (wExt) seeks Uh E Vh such that

(wExth) A (Uh,Vh) — (f ,Vh) c2 V Vh E Vh,

with the approximation of the fractional Helmholtz problem given by

Uh := trn Uh.

Having introduced the discrete problem, our next goal is to obtain an estimate
for the error u—uh. The trace inequality in [10, Proposition 2.1], see also [18], implies
that

u uhFii s( -t) C OU UhL1

where the constant is independent of p, M and h. We also refer to [5, Theorem 2.3]
for a more general trace inequality. Hence, in order to bound u — uh, it suffices to
bound the discretization error of the extension problem (wExth).

Define the norm

11111112 := + lkl2s Ili/111,2(Q), V E 7-1„1 .

Using the trace inequality in [10, Proposition 2.1], see also [18], we find that A is
continuous

IA (U,V)I + lkl2s C IIIUIII IIIVIII V U,V E

and immediately satisfies the Gårding type (in)equality

A (U,U) + k28 (o) = VU E 7-11.
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Define the solution operator Sk : 11-9(Q) Ill via

A(Skf,V) = (f,V)0

and the adjoint solution operator SZ : ii—s (s2) —>w,,i-

A (W,S1V) = (f,W)0

The two operators are can be expressed in terms of each other as

SZ =S1-,-.

Moreover, let

IllskV — vh III n := sup inf 
f EL2 (0) \ {0} Vh EVh IfIL2(S2)

The following two results, Theorems 5.1 and 5.2, closely mimick the ideas developed
in [16, 15] for the integer-order case. We refer to Appendix A for their respective
proofs.

THEOREM 5.1. Assume that

n Ikls 7

for small enough constant 7 that is independent of h and k. Then A satisfies the
discrete inf-sup condition

1A(Uh'Vh)I >  
Uh EVh Vh E

p
Vh Wid IN 11

inf su
— 1 + 2(Cd(k)1C --Y k 77)1k15

THEOREM 5.2. Let U E 1-C, be the solution of (wExt) and Uh E Vh the solution
of (wExth). Assume that

(5.1) iilkls 7

for small enough constant -y that is independent of h and k. Then

IIIU —UhIlIC 
Vh EV 

inf 
h

III U — VhIII,

lu — uhL2(o) c C 71 (I — UhIll,

where the constants are independent of h and k.

Before we turn our attention to the approximation results, we state the required
assumptions on the approximation space Vh and the eigenvalue approximations Om},
parameterized by a parameter t that will be linked to the solution regularity.

ASSUMPTION 5.3. Given t > s, assume that the following hold:

• M is large enough such that A(A71—t)/2 ,--, hmin{"—s}
• For 0 < m < M — 1 it holds that

(5.2)
1-8

(Am)s 

' 

(Am)

Am j,,,,)
< co.2

with a positive constant c, that is independent of h.

9



• For 0 < m < M —1 it holds that

(5.3)

where

g (8 /Am) < Atm7sh2 min{p,t—s}

g (s, p) = 1 (1 _ s)ps sps—l•

We refer the reader to [1] for a discussion on how these requirements can be achieved
in practice using the asymptotic behavior of the eigenvalues and by finite element
discretization. The assumptions (5.4) and (5.5) in the following theorem are also
discussed in [1] in more detail.

THEOREM 5.4. Let s < t < p + 1 and assume that Assumption 5.3 holds for t.
Moreover, assume that there exist positive constants Co, C1 independent of h such
that the following two inequalities hold for any 1c rm:

1

(5.4)

E rymryn f (or. — 7rhom) (on — irhom) Co log(Am) E -edom — 71-hom11,0-0
m,n=0 m=0

(5.5)
M-1 M-1

E f (o. — 7rhorn) • (on —7rhon) log(A
m,n=0 m=0

) (on,. — irho.)121,2(S2) ,

where 7rh is the Scott-Zhang interpolant 1-201.

Let U satisfy the variational equality (wExt) and assume that u = tr0 U E fig (Q),
for s < q < t. Then

• t—slq minfp
' 
t—s} minfq,2t-2s} / (t— s)

inf 11U — Vh Clullig(0) N/Ilog { hminfP' n
Vh E Vh

where C is independent of h and k.

Proof. Since U is a solution to (wExt), we can expand it as

U = E umcbm (x) (y) •
m=0

We choose VM E 7-IL and Vh E Vh to be

M-1 M-1

VM = E amumom (S)/ -7n (y), vh = E amum (7h0m) (I)1Tm (y)
m=0 m=0

where am E R will be determined below and 7rh is the Scott-Zhang interpolant [20].
The triangle inequality gives

- vh11?-(1 11U — Vm11-HL + Vh [741 •

Direct computation gives

M-1 itf —1

11U — Vm Vkl =E E UmUn (Om (Om am0m) On (On — anOn))
9-CLm=0 n=0

10



M-1 00
+ 2 E E urnfin (orn (orn — amTPm) , orion).„(2,

m=o n=M
00 00

▪ E E umun (omom,onon)7-i, •
m=M n=M

To deal with the first term, we observe that for arbitrary smooth functions h1 and h2
there holds

(Om (±) h1 (y) (Y)h2 (Y))9-Q = J W(y)0 Pm (±) h1 (Y)] • [O. (±) h2 (y)1
00 00

= OmOn w(y)Wili/2 + f yOm • V yOn f w(y)hih2

= 6nm (h1, h2)m

where the inner product in the final equality is defined to be

00 00
(hi, h2)m = f w(y)171/1/2 + Am w(y)hih2,

with the induced norm denoted by m = In particular, from (4.5) and

(4.6) we obtain 110m 1m2 = A:n. Therefore

M-1

— = E l2tm12 Orn — amP.
2

00

m=0 m=M

lUml
2 
110mIrm •

The coefficients {am} are chosen to minimize the right-hand side. A simple compu-

tation reveals that the optimal choice is am 110m = m cos Om, where

so that

(orn,rn)m
cos Om =  

/97/7n

Ikbrn — an;n2

m

2

= 00mLn sin2 Om = sin2 Om = A ng (S,LIAm) .

The first term is then easily estimated thanks to (5.3):

(5.6)

M-1 00

w—VA411,1 = E luml2 A,-ng (3,5km/ Am) + E lum l2 A n
m=o m=M

M-1 00

< h2min{At—s} E lum1 m 42At7q+As.AV
m=m 

2 qAm
m=o

M-1 00

< h2 min{"—s} At—q E lum12 Aln A/7g E Ittrn 12
m=0 m=M

< h2min{At—s} :
11



(s —t)/2 hminfmt—s}where we recall M is chosen large enough such that Am 
In the second term, elementary manipulation gives

— Vh0.2„,
M-1 M-1

= E E c,manumif wv kom — 7Thom) -bm] • [(on — 7rhon)n]
m=0 n=0
M-1 M-1

= E E amanumtt {I' V (Om —
m=0 n=0

f -

'7110m) • V (On — 711,45n) J WOmOn
0

+ f (Om — 7rhOm ) (On — 71t0n) fo U4- -mf bni

M-1 M-1

EE amantim , f (Om — lrhOm) • V (On — irhOn
m=0 n=0

+ f (Om 7rhcbm) (On — 7h0n) f
oo _ 2

o (OM)

c°fo 

W (JO 0-02

M-1

log(Am) E Inn/12 {C1 1 Vq5m V7rhOm 12L2 (SO f WWm

m=0
00 ) 2

+CO 0 7r0m hcbm M2L2 (0) fo W (0m

M-1 oo
< max{Co, log(Am) E 1,12 — V7hcbm11L2(0) We

m=0 l 0
oo _ 2

+ Om — lrhOm 112L2(0) W (01m) /

c°fo 

where we used (5.4), (5.5), and that am2 < 1. Standard properties of the Scott-Zhang
interpolant give

VirhO.L2(c2) ChP A2+1)/2,
10m1Hp+1 < C hP

< Chp+1 A2+1) / 2
0Orn — 7rh Om L2 (St) C hP+ Om HP+,

while, from (4.5) and (4.6),

oo

Hence,

= SA
T
m

„L2 s-1 and foc''') 2
(2/m) = (1 — 8)kn.

M-1 M-1

0 Vivi C 100,0h2P E um 2 +1—Afn ASTn-1 C log (M) h2P+2 E 1,12 Afn-Fiet
m=0 m=0

A )1—s
C Ittlii,(0) 'log hl h2P max Afr,—(q—s) (,.. Th

m=0,...,M-1 Am
s

+h2p+2 max AfTh+1—(q—s) (Ant ) 1
m=0,...,M-1 Am 
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where we used the fact that log(Am) Ilog hi. Thanks to assumption (5.2), we obtain

Asiv7-qi (h2PAPm-1 + h2P+2AZF11) if 0 < q — s < p,

VhrwL < C ulH9( -2) llog hl h2P (I + h2APitiVq-5)) if p<q—s<p+ 1,

h2P if q — s > p +1.

Recalling that M is chosen such that A(/V)/2 hmin{mt—s}, we obtain

(5.7) 1Vm C VIlog khminfP,t—s1H.

Finally, by combining (5.6) and (5.7), we deduce that

1U — Vh17q < C Iulm,(0) hmin{P't—s}
t=s VIlog

In a similar fashion, we estimate

1U Vh1L2(o) OU Vm1L2(o) + 1117m — VhIIL2(o)•

Since

1 am = 1 l*rn 4n cos am = g (s, L/A,m)

m

The first term is given by

M-1 00

IIU-VM L2(o) = am12 lum12 + E I/1ml2
m=0 m=M

M-1 \ 2(
Am/Am) 1Um + AM

2 -q
00

2 q
m

m=0 m=M
M-1 00

< Ch4 E Art,_2s 171.12 +Am—q E 171.124
m=0 m=M

C (0) 
h4 minth,t—s} max Am2t-2s—q -q

m=0,...,M-1 
AM •

Hence, the first term can be estimated by

IIU — Vm12L2(0) CIulf-i2 q(0) 

h4 min{p,t—s}A2mt-2s—q ± ATI:

h4 alin{p,t-s} + AIT49

Since A(Z--t)/2 — hmin{P,t—s}, we find

2 
2

h2 min{p,t—s} .e7, + h T17 2 min{p,t—s} if q < 2t — 2s,
1U — Vm11,2 0-2) C lUlliq (0) h4 min{p,t—s} + h2 min{p,t—s} if q > 2t — 2s

if q < 2t — 2s,
2< C lulh-- q(0){ 

h2 min{p,t—s} 

h4 minfp,t—s} if q > 2t — 2s

-th 
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Hence

II VMIL2(,) C 11/1k, (0) hmin{P't—s}minfq,2t-281/ (t—s)

The second term can be estimated by

- vhm2L2 (co =
M-1 M-1

E amumamt-n, 1.(Om - grhOm) (On — 70.)
m=0 n=0

M-1

CO log(Am) E luml2 kbm — 7rhOrnVL2 (c) •
m=0

Again, by properties of the Scott-Zhang interpolant,

M-1

— Vh112L2(0) <C I log h l h2P+2 E Ittml2v-
m=0

< C 111 1 fig (0) llog hl h2P+2 max 4+1—q
m=0,...,M-1

Hence, since A(L—t)/2 h
min{
"—s} and q < t < p +1,

— Vh1L2(o) < C llog hlhP+1A(Mp+l—q)/2

< Cluigq(Q) Vilog hihP+l—min{P>t 
s}PT±;q

C lulip(c) Ologhlhq.

This means that by combining, we find

II U — VhllL2 (0) C VIlog hihmin{"—s} min{ 
Q2t-28}

/(t—s))

where we have used that min{p, t — s} min{q, 2t — 2s}/(t — s) G q. Finally, we find

IMu - vhIM - vh + IkIS IIU - vh1L2(-2)
+ ids hminfp,t—s} min{q,2t-28}/(t—s)Cluirig(0) IhminfAt—s}

Remark 5.5. Given a right-hand side function f E (C2), the regularity result
in Proposition 3.5 gives that the solution to the fractional Helmholtz problem has
regularity of order r 2s. Using elements of order p, we want to select M and eigen-
value approximations Am to satisfy Assumption 5.3 for t = max{0,min{r,p— s}} +2s.
Satisfying the conditions for larger values of t will not lead to any improvements in
the approximation result. This also shows that the method cannot take advantage of
right-hand side regularity r > p — s.

THEOREM 5.6. Let f E HT (1-2), r > —s. Assume that Assumption 5.3 is satisfied
for t = max{0, mix{r, p — s}} + 2s and that the conditions of Theorem 5.4 hold, and
that

(5.8) N/Iloghl Ikl)s (h Ik1)2s]
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for small enough constant 7 that is independent of h and k. Let U E 9-11 be the
solution of (wExt) and Uh E Vh the solution of (wExth) and u and uh be their
respective traces on 12. Then

lu — uhlris(o) C — Uh6-Q C IMU Uh01 Ch r+s,< rninfP'

[ti uhL2(o)
< Chmin{P+s,r+2s} Olog I f

where the constants are independent of h and k.

Proof. Without loss of generality, assume that r+s < p. Let g E L2 (52). Then the
solution SZg has regularity q = 2s < max{0, + 2s = t. Since t—s = max{0, T.} + <
p, we find min{p, t — 8}H = q — s = s, and

t — min{ q, 2t — 2s}/(t — s) = min{ q, 2t — 2s} = min{ 2s, 2 max{0, r} + 2s} = 2s.

Hence, by applying Theorem 5.4, we have

< CNAlog Idle [1 + (h .

Combining the latter with Theorem 5.1 and (5.8), we obtain that the discrete inf-sup
condition holds.

Now, let f E lir (Q). Then the solution of the fractional Helmholtz problem is in
Hr+28 \ and hence, applying Theorem 5.4 with q = r +28 < t, we obtain that

inf IIIU — 17h1 C lUifir+2s (o) hlhr+8 + (hlkl)5]
Vh E Vh

= C If (-2) VIloghllir+8 [1 + (h1k1)S]

Combining with Theorem 5.2 and (5.8), we obtain the estimates

Ilu — Uh III < chminfP,r+81 VIlog hl If Ifir ,

IIU — uhML2(o) < chminfp+s,r+281  VIlog If I ii,(Q)

We conclude by noting that due to the trace inequality

IIu—uhllHs(0) c w— uhll I c W—uh 11. 0

6. Solution of the Linear System. Let {41)ir 1 denote the nodal basis func-
tions of the finite element solution space Sh, then the solution of the discretized
fractional Helmholtz problem can be written as uh (4 = (Y) = tlh • (1' (4 •

Here, for the ease of notation, we have assumed that the eigenvalue approxima-
tions Am, m = 0, , M — 1, are all distinct. We refer to [1] for the procedure that

selects M distinct eigenvalue approximations, M < M.
By expanding the finite element functions as linear combinations with respect to

the basis functions 43„ the solution Uh (A y) of the extension problem (wExth) can
be written in the form

M -1 n

Uh y) = E (Y) /-&,/ (Y) E Vh
m=0 i=1

15



with the coefficients (ci,m) = tjh obtained by solving the linear system

(6.1) [M FE (S, — k28.1fia) S FE ® M 0] Uh = Fh,

where

MFE = (f j) • S FE = (f VCV(13 j)

M, = (f

ri

 = (I" uPmP0

B a = - ,

Fh = fh riVi) fh = ((f, '10) •

Here, r-Ay is the vector of ones of length M. The approximation to the solution of the
fractional Helmholtz problem is then obtained by taking the trace of Uh on a

M-1

(6.2) Uh = tr0 Uh = E ci,m(i=1 m=0
)./., (g) ,

where we recall the normalization 1/,m (0) = 1. In matrix form, the trace operator is

given by I 0 111- E EknxAr, so that flh = [I 0 f11-] fih•

PROPOSITION 6.1. There exist weights wm and shift coefficients such that

m-1
1 1

(6.3) = E pw-FElim + S FEJ ih•
m=0

When k2s is real, all 1,1,m are real and at most one coefficient itrn is negative.

Proof. We consider the following generalized eigenvalue problem:

(6.4) (So. — k2sBcr)Q = M

with the normalization QH M„Q = I and it, a diagonal matrix with entries pm. If
k2s is real, then all pm are real. Then

® QH) [MFE ® (Scr — k2sBa) SFE Mc] (I ® Q) MFE ® SFE ® I.

Hence, we have

[MFE ® (So. — k28.13,r) SFE ® Ma] 1 = (I ® Q) [MFE P SFE ® I] 1 (I QH) .

Since Fh = fh I'm- and uh = [I 017---]Oh, we obtain

"dh

M-1
_7, 2

= E (QH 1.M) (- WEI-4n S FE) 1 fh•
m—O
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Both the spectral mass matrix M, and the spectral stiffness matrix S„ are real-

valued, symmetric and non-negative, and so we know that the eigenvalues µ2) of the
related problem

So-Clo= 114-0-QoPO, QDVIaClo=

are all real and non-negative. Here, the entries of the diagonal matrix tt° are /4,°).

Without loss of generality, we assume that 0 < 
ite) < < < ,,(o) 1.  The

eigenvalues Am, in turn, satisfy the characteristic equation

0 = det (Su — k28.13„ — µMa)

= det (Q0)-2 det (ito k2s,&•03)

where z= QUE-4.. Here, we have exploited the tensor product structure of Ba.
This means that we are interested in the impact on the spectrum of a rank one
perturbation of a diagonal matrix. The eigenvalues of the rank one perturbation are

—k2s 11z112 with multiplicity one and 0 with multiplicity M — 1. If k2s is real, then
ILO k2

S irr is Hermitian and all itm are real. We assume without loss of generality
that tio < µl < • • • < it.A7_1. Applying Weyl's theorem [12, Theorem 4.3.7], one can
show then that

,e) - k2.9 ito(0 ) ,
iim,(0) < < it(°), for m > 1.

Since all /479,) are non-negative, we can conclude that at most one eigenvalue itm is
negative. 0

The above proposition shows that we need to solve a sequence of systems with
matrix of the form

MFEll+ SFE, l6 E C.

Depending on it, we use different solver strategies:
• µ is real and non-negative (this corresponds to a classical, integer-order reaction-

diffusion problem):
We employ a conjugate gradient solver with standard geometric multigrid
preconditioner.

• µ is real and negative (this corresponds to an integer-order Helmholtz prob-
lem):
We use GMRES preconditioned by geometric multigrid which has been con-
structed from the shifted system SFE (1+0),LIMFE with ,(3 = 0.5.

• tt is complex, Re µ is non-negative:
We use GMRES preconditioned by standard geometric multigrid.

• µ is complex, Re µ is negative:
Let µ =: —v(1+ia) with v E 11:>0 and a E R. We use GMRES preconditioned
by geometric multigrid which has been constructed from the shifted system
SFE — 11(1+ 0) MFE with f3 = 0.5.

We note that this solution approach exposes a significant amount of parallelism.
The solution of the M decoupled problems is embarrassingly parallel, and each of
the integer-order problems can be performed in parallel. We also note that these
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FIG. 6.1. Convergence of the shift coefficient µ, closest to —k2 .

10°

solvers merely reuse existing solver technologies. In particular, this implies that any
improvements that can be made for the (potentially costly) solution of the integer-
order Helmholtz equation will benefit the solution of its fractional equivalent.

In practice, we observe that one of the shift coefficients {pm} approaches —k2 as
h 0. In Figure 6.1, we plot the distance between this shift coefficient and —k2 for
• = [0, 1]3, s E {0.6, 0.9} and different wave numbers k.

6.1. Comparison with the integer-order case. When k2s is real, only a
single pm is negative according to Proposition 6.1. The above observation entails
that the single integer-order Helmholtz problem that needs to be solved has wave
number (very close to) k. This permits to compare the solution complexity of the
classical integer-order Helmholtz problem to the fractional case. The fractional-order
case differs in that we need to

• compute eigenvalue approximations m = 0, „
• solve a generalized eigenvalue problem to obtain shifts itm and weights zum,
m = , M,

• solve M — 1 reaction-diffusion type systems.

The generalized eigenvalue problem (6.4) can be solved in 0 (M3) operations, and

the weights turn can be computed in 0 (M2) operations. Since finding the eigenvalue

approximations is also an inexpensive operation (cf. [1]), the computations are entirely
dominated by the the linear solves. Solving an integer-order Helmholtz problem can
be significantly more costly than solving reaction-diffusion problems, especially when
the wave number k is large. Therefore, we expect that the overall cost of solving the
fractional Helmholtz problem is comparable to the classical integer-order case.

6.2. Solving sequences of problems with variable fractional order. If
the eigenvalue approximations are chosen such that they satisfy Assumption 5.3 for

18



a range of fractional orders [smin, max] C (0, 1), the resulting solver can be used to
solve fractional Helmholtz problems of order smm < s < smax without rediscretization.
This is quite beneficial since the exact value of the fractional exponent s is generally
unknown and needs to be determined through repeated linear solves with varying s
in the framework of an inverse problem. See for instance, [22, 2], and [5], where the
exponent s is spatially dependent. We do not explore the property further in the
context of the present work.

7. Numerical examples. Let 52 = [0, 1]d. We solve the fractional-order Helmholtz
equation

{ (—A)s u — k2su = f , x E
u(x) = 0, x E 852.

In order to evaluate the error convergence rates, we prescribe the analytic solution

u = C 1 [xj(1 - x2)]"+2s-1/2, with a given right-hand side regularity of index r
and C chosen to normalize u. We obtain an approximation of the corresponding
right-hand side function f via the discrete sine transform. We observe that

f E Hr (C2) ,
{ 

C" (5-2) for r 2s E N + 3/2,
u E —

Hr+25 (Q) else.

We have to resort to this approach, since we are not aware of any non-trivial analytic
pairs of right-hand side and solution for the fractional Helmholtz problem that reflect
the regularity properties of the equation. We also note that prescribing the solution,
and finding an approximation to the right-hand side function f , instead of the other
way around, permits us to compute the L2-error as follows:

— 2 (u,uh)L2(o) + 2(o)h111,2 (0) = 174L2 (o)

Here, the first term can be evaluated analytically and the second and third term can
be evaluated using quadrature of sufficiently high order. The 741-error is given by

11U — UhL = u, L2(s2) — (f,uh)L2(-2)+ k2s uhrL2 (o) •

Here, we have used the variational formulation given in (wExt). Since the expansion
coefficients um and the exact eigenvalues Am are know, we can use the expansion

00

(f, u)L2(s-2) = E _k2.) 11112mm=0
to approximate the true value by truncating the sum to a sufficient number of terms,
as long as we make sure that the truncation error is dominated by the discretization
error. As stated in Theorem 5.6 the Hs-error is bounded by the 741-error.

It is important to note that the fact that the domains S2 are hypercubes is exploited
only to obtain good approximations for pairs of solutions and right-hand sides in order
to compute error norms. The discretization of the problem as well as the solver are
entirely oblivious to this fact and do not take advantage of it.

In what follows, we solve the above problem for the d-hypercube, d = 3, fractional
order s {0.6, , 0.9} and

I a low regularity case (r = 1/2), using piecewise linear (p = 1) elements and
real-valued wave number k E {5, 20},
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II a low regularity case (r = 1/2), using piecewise quadratic (p = 2) elements
and real-valued wave number k E {5,20},

III a high regularity case (r = 2), using piecewise quadratic (p = 2) elements
and real-valued wave number k E {5,20},

IV a low regularity case (r = 1/2), using piecewise linear (p = 1) elements and
complex-valued wave number k = 20 + 5i.

In all settings, we use quasi-uniform meshes.
In Figure 7.1, we display the solution errors measured in 71“,1- and in L2 (Q)-

norm for the first two test cases, I and II. In Figure 7.2, the convergence results
of the latter two test cases, III and IV, are shown. As predicted by Theorem 5.6,
order hmin{p,r+s} convergence is observed in 'Ill-norm. For the L2-error, convergence
of order hminfp+1,r+251 is observed. This is better than the rate of hminfp+s,r-1-281

predicted by Theorem 5.6. We notice an apparent slowdown of convergence in the
first two plots of Figure 7.2. This is an artifact of the inefficient way of obtaining
the right-hand side function f using the discrete sine transform. Given the limited
regularity of the function, we need to use many Fourier terms to obtain an accurate
representation of f. The slowdown is due to the fact that we cannot increase the
number of terms any further without exceeding the available memory of our machine.
We point out however that this is merely a drawback of how we obtain pairs of known
solutions and right-hand sides, but not of the presented method.

All computations are performed on a dual socket Intel Xeon E5-2650V3, 2.30GHz,
20 core workstation. In Figure 7.3 we display timings for the solution of the linear
problems. We display both the total solve time as well as the cumulative time for
all reaction-diffusion type solves. We observe that as expected, the integer-order
Helmholtz solve dominates the overall solution time for larger wave number k. This
shows that for high wave number k solution of the fractional problem and its integer-
order equivalent have very comparable cost. We also observe that for fixed k, the
solution time scales roughly linearly with the number of degrees of freedom n = dim Sh
of the finite element space.

8. Anticipated outcomes and impact. An immediate application of the frac-
tional Helmholtz equation is the acoustic/electromagnetic interrogation of fractured
media - weapon system components; rocks abused by hydrofracking, earthquakes or
weapons testing.

In this context, a natural next step would be to learn the a priori unknown
fractional order s from available experimental data. The presented solver was designed
with this application in mind and supports solving sequences of fractional Helmholtz
problems without rediscretization. Therefore, our work enables the use of high-fidelity
fractional-order models in optimal control and uncertainty quantification which rely
on repeated and efficient solution of the forward problem. A key demonstration for the
presented algorithm development would be to compare results (efficiency, accuracy,
etc) against existing algorithms HiFEM and FrachNet.

The presented solver and its theoretical underpinning also lend themselves nat-
urally to be generalized to other types of fractional-order equations. In the context
of geophysics, a natural extension would be to consider not a fractional Helmholtz
equation, but the full set of time-dependent Maxwell's equations, without making
any of the simplifying assumptions. Other Sandia application areas that could bene-
fit from improved linear solve times are nuclear waste disposal and subsurface damage
caused by carbon sequestration, where fractional-order equations provide improved
predictive capability.
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FIG. 7.1. L2 -errors (x ) and 'Ill-errors (*) for the solution of the fractional Helmholtz problem
on the unit cube for test cases I and II: wave nMnber k = 5 (left) and k = 20 (right), fractional
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FIG. 7.3. Solution times for the fractional Helmholtz problem on the unit cube. Total time (x)
and time for all reaction-diffusion type sub-problems (..).

An important follow-up question that needs to be addressed to make fractional
order models more widely available to Sandia applications is how to extend to spatially
dependent fractional orders instead of assuming a constant exponent s throughout
the domain. Neither theoretical nor computational aspects of this question have been
exhaustively explored. However, allowing for spatially dependent fractional orders is
of uttermost importance for the accurate modeling of the transition between different
regimes, e.g. of different material layers in the subsurface.

Another topic, with potentially very wide reaching consequences, is whether there
exists a mapping between a class of kernel functions (such as k (i,il) = 1/ ilid-F2s

in the case of the fractional Laplacian) that can be mapped in a similar fashion to
an extension problem. The existence of such a mapping would allow to solve a much
larger class of nonlocal problems in much the same fashion (and with similar efficiency)
as the fractional Helmholtz problem.

Having a fast solver for a class of fractional-order equations at our disposal, we
are confident that we could address these next steps in a follow-up Laboratory Di-
rected Research & Development (LDRD) project. Given the breadth of applications
of fractional-order models, and the multitude of theoretical and computational issues
that we would like to address, we believe that an application in the Computer &
Information Sciences (CIS) Investment Area would be appropriate.

9. Conclusion. In this work, we have presented a fractional-order Helmholtz
problem. We have discussed well-posedness and convergence of a hybrid finite ele-
ment - spectral discretization. An efficient solver has been proposed that scales as
well as the best possible solver for the integer-order Helmholtz equation, making the,
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more appropriate, fractional equation a preferable alternative for geophysical electro-
magnetics modeling. Numerical examples have been used to illustrate the obtained
theoretical results.

Appendix A. Proof of Theorems 5.1 and 5.2.

Proof of Theorem 5.1. Let Uh E Vh \ {0} be arbitrary and take Z E 9-1,21 to be
Z := (k2s + lkl2s)SZ tro Uh. Take Zh E Vh to be the best approximation to Z with
respect to the l-norm and set Vh := Uh + Zh E Vh. Then, by using the Gårding's
(in)equality

A (Uh, Vh) — A (Uh, Uh) + A (Uh, Z) + A (Uh, Zh —

= — k2s IlUh II,2(o) + k2s Ouh1,20-2) + lk12s Rid,20-0 + A(Uh, Zh — Z)

= Ill uh III2 + A (Uh, Zh — Z) .

Hence due to the continuity of A

(A.1)

Since

and

we also obtain

IA (Uh, V 01 > IIIU h — C OIU h III IIIZ — Z •

DIZ — ZhIll 27/ Ikl28 IIUhIIL2(o) 27/ Ikls IIIUhIII

IIIZIII 2Cd(k)Ikl2.5 11U4,20-0 2Cd(k)Ikl8 IIIUIII

III vh III < IIIUhIII+IIIZIII+IIIZ—ZhIII
uh + 2Cd(k) Ikls IIIUhIII + 2711kIs IIIUhIII

(A.2) = (1+ 2(Cd(k) + *18)

Combining (A.2), (A.1)

IA(Uh,Vh)l >  IIIUhIII — c IIIZ — ZhIII 
Illuh III Illvh — (1 + 2(cd(k) + n) Ik15) IIIUhIII

1 — CI) 1k18 1 — Ccy
— 1 + 2(Cd(k) + Ikr — 1 + 2(Cd(k) + Ikls.

Hence

inf sup
IA (Uh,Vh)I 1 — Cry 

UhEvh VhEVh h IIIV h — 1+ 2(Cd(k) + n) Ikls.

Proof of Theorem 5.2. Take Y E 7-C to be Y := S* (U — Uh).
Galerkin orthogonality and for arbitrary Yh E Vh

0

Then, due to

II — uh11,20-,) = A (U — uh,Y) = A (U — uh, Y — Yh) C — uh III IIIY — Yh III •

Taking Yh to be the best approximation to Y, we have

IIIY YhIll Ilu — uhIlL2(-,) ,
24



Hence, we find

— Uh 0 L2 (o) Uh 11 •

Due to the Gårding's inequality, Galerkin orthogonality and continuity of A, we have
for arbitrary Vh E Vh

IIIU — UhMI (U — Uh, U — Uh)l + 21k128 OU — Ud2L2(o)

= (U — Uh7U Vh)l 21k128 UhM2L2 (1)

< C 111U — UhIII IIIU — V h + 27/2 lies 1U Uhe •

Therefore, since we assume (5.1),

III — uh 1 — 2172 I k I 2s 
III — C IMU — •

Since this holds for arbitrary Vh E Vh, we have that

IIIU — C inf — •
Vh EV h
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