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Abstract 
 
The 2016 Parameterized Reduced Order Modeling (PROM) Workshop was held in June, 2016, 
in Albuquerque, NM. This workshop included 30 researchers who took part in a two day 
discussion regarding the state of the art for PROMs, complimentary reduced order modeling 
(ROM) theories, and discussion of the future directions of PROM research. The goals of the 
workshop were three-fold: to assess the relative accuracy, efficiency, and merits of the different 
PROM methods; to discuss the state of the art for ROMs and how PROMs can benefit from these 
advances; and to define the pressing challenges for PROMs and a path for future research 
collaborations. 
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1.  BACKGROUND 

 
The focus of the 2016 Parameterized Reduced Order Modeling (PROM) Workshop is the 
development and accuracy of existing PROM tools. A number of theories for developing 
PROMs have recently been put forward [1, 2, 3, 4, 5, 6, 7], leading to the goals of this workshop:  

‐ Assessing the relative accuracy, efficiency, and merits of different PROM approaches 
‐ Discussing the state-of-the-art for reduced order models (ROMs) and how PROMs can 

benefit from these advances 
‐ Defining the pressing challenges for PROMs and a path for future research 

collaborations. 
 
The impetus for PROMs is found in modern engineering analysis, which must take into account 
the effects of aleatoric (parametric) uncertainty in the analysis of a system. As a real system is 
manufactured, part-to-part variations are introduced that can have significant ramifications on the 
functionality of the system. Thus, in order to account for these variations at the design stage, a 
methodology is needed to assess the performance of many (often thousands) of permutations of a 
design to qualify the performance of a manufactured system. 
 
The most common method to simulate the performance of a system is via high fidelity modeling, 
such as using the finite element (FE) method. High fidelity computational simulations often can 
provide very accurate predictions; however, they have a very high computational cost. In order to 
develop simulations that are both efficient and sufficiently accurate, ROMs often are used as 
surrogates for a full order model in order to decrease the computational expense of analysis. 
 
To model the perturbations that are found in manufactured systems without a systematic and 
efficient reduced order approach would be prohibitively expensive. For example, consider a 
scenario where it takes several weeks to develop a high quality mesh for one relatively simple 
component. To quantify the aleatoric uncertainty associated with manufacturing, thousands of 
perturbations of the ideal geometry are necessary, and each likely requires a new mesh. Even 
with factoring in time saved from some automation of the process, the number of man hours 
required to construct these meshes is on the order of decades. In addition, the computational time 
to analyze all of these models is on the order of years assuming that an entire super computer can 
be dedicated to the analysis. Clearly, decades of time are infeasible constraints to be incorporated 
into a design cycle. One method of accounting for these perturbations is to create a PROM of the 
system. 
 
In what follows, the details of the 2016 PROM Workshop are presented. In Section 2, the 
programmatic details for the organization of the 2016 PROM Workshop are discussed. In 
Section 3, both presentations and discussion of presentations from the 2016 PROM Workshop 
are given. Finally, in Section 4, a summary of the discussion from the plenary section of the 
20016 PROM Workshop is given, including the 12 main themes that were identified during the 
2016 PROM Workshop’s presentation sessions. 
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2.  WORKSHOP ORGANIZATION 
 
The workshop was held at the COSMIAC facility (located at 2350 Alamo Ave SE, #100, 
Albuquerque, NM), which is a facility jointly managed by the University of New Mexico and 
Air Force Research Laboratories. The workshop itself spanned two days: June 2nd and 3rd, 2016. 
To achieve the goals of the workshop, it was organized into five sessions: one session 
overviewing recent advances in PROM, two sessions highlighting recent advances in ROMs, one 
session consisting of PROM tutorials and solutions to a round robin problem distributed to 
several attendees in advance of the workshop, and one session focused on discussing future 
directions of PROM research. 
 
2.1 Schedule 
 
The agenda for the workshop followed: 
 
June 2nd 
Greetings 
7:30 – 8:15  Coffee and bagels 
8:15 – 8:30 Welcome and introduction to the workshop 
 
Session 1 
8:30 – 9:05  Bogdan Epureanu, NX-PROMs 
9:05 – 9:40 Harry Millwater, Overview of the ZFEM Multicomplex Finite Element Method 
9:40 – 10:15 Matthew Brake, Hyper Dual Numbers 
10:15 – 
10:50 

Matthew Bonney, Meta-Modeling 

 
11:00 – 1:00 Lunch 
 
Session 2 
1:00 – 1:30  Laura Mainini, Multistep ROM Strategy to Support Real Time Data to Decisions 
1:30 – 2:00 Judy Brown, Quantifying the Impact of Material-Model Error on Macroscale 

Quantities 
2:00 – 2:30 Ben Pacini, Experimental ROMs 
 
2:30 – 2:45 Break 
 
Session 3 
2:45 – 3:15  Gustavo Castelluccio, Multiscale Modeling Applications 
3:15 – 3:45 Manuel Garcia, 2-Dimensional Curvilinear Progressive Fracture Using 

Multicomplex FEM 
3:45 – 4:15 Rob Kuether, Viscoelastic ROMs  
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June 3rd 
 
7:30 – 8:00  Coffee and Bagels 
 
Sessions 4 and 5 
8:00 – 8:05  Overview of Day 2 
8:05  – 8:45 Jau-Ching, NX-PROM Round Robin and Tutorial 
8:45 – 9:25 Jeff Fike, Hyper Dual Number Round Robin and Tutorial 
9:25 – 10:05 Matthew Bonney, Meta-Modeling Round Robin and Tutorial 
10:05 – 
10:35 

Andres Aguirre, A Library for Multi-Complex and Multi-Dual Numbers 

10:35 – 
10:45 

Break if time allows 

10:45 – 
12:30 

Plenary Discussion on the Future of PROM Research 

 
 
2.2 Participants 
 
Thirty researchers attended this invitation only workshop: 
 
Attendee  Institute  Email 

Andres Aguirre  EAFIT  aaguirr2@eafit.edu.co 

Arturo Montoya  UT San Antonio  Arturo.Montoya@utsa.edu 

Ben Pacini  Sandia  brpacin@sandia.gov  

Bogdan Epureanu  Michigan  epureanu@umich.edu 

Brenton Taft  AFRL  brenton.taft@us.af.mil  

Brian Robbins  Sandia  barobbi@sandia.gov  

David Day  Sandia  dmday@sandia.gov  

Derek Hengeveld  AFRL  dhengeveld@loadpath.com  

Garth Reese  Sandia  gmreese@sandia.gov 

Gustavo 
Castelluccio 

Sandia  gmcaste@sandia.gov  

Harry Millwater  UT San Antonio  harry.millwater@utsa.edu 

Jau‐Ching Lu  Michigan  jauching@umich.edu 

Jeffrey Fike  Sandia  jafike@sandia.gov  

Joe Bishop  Sandia  jebisho@sandia.gov  

Jordan Massad  Sandia  jemassa@sandia.gov  

Judy Brown  Sandia  judbrow@sandia.gov  

Kevin Irick  AFRL  kevin.irick.1.cttr@us.af.mil  

Kevin Troyer  Sandia  kltroye@sandia.gov  

Kirsten Peterson  Colorado State  kirstenpeterson999@gmail.com 
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Laura Mainini  MIT  lmainini@mit.edu  

Lynn Munday  Sandia  lmunday@hotmail.com  

Manuel Garcia  EAFIT  mgarcia@eafit.edu.co 

Matthew Bonney  Wisconsin  msbonney@wisc.edu 

Matthew Brake  Sandia  mrbrake@sandia.gov  

Matthew Castanier  USARMY 
TARDEC 

matthew.p.castanier.civ@mail.mil 

Mikhail Mesh  Sandia  mmesh@sandia.gov  

Pania Newell  Sandia  pnewell@sandia.gov  

Rob Kuether  Sandia  rjkueth@sandia.gov  

Scott Grutzik  Sandia  sjgrutz@sandia.gov  

Vit Babuska  Sandia  vbabusk@sandia.gov  
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3. PROM PRESENTATIONS 
 
In what follows, only the presentations from the PROM talks are reproduced. Many of the 
presentations from the second and third sessions are in the process of being published, and are 
thus withheld to protect the authors’ interests. 
 
3.1 Session 1 Presentations – PROM Methodology Overview 
 
The first session of the 2016 PROM workshop focused on presenting the four main branches of 
PROM research. This set of four presentations is at a higher level to both introduce the 
methodologies and to demonstrate their strengths and weaknesses.  
 

3.1.1 NX-PROMs, Bogdan Epureanu 
 
The Next Generation PROMs (NX-PROMs) [1, 2] and their precursors developed by Bogdan 
Epureanu et al. at the University of Michigan and Matthew Castanier of the US Army TARDEC, 
represent some of the first work within the field of PROMs. The premise of this family of 
PROMs is that four perturbations of a model in a dimension of interest are calculated. These 
perturbations are then combined, using a special weighting function formulated based off of the 
element formulation from the high fidelity model, to create a finite difference-based PROM. This 
approach has proven very effective for single variable expansions, but more work is needed for 
multivariate expansions. 
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3.1.2 Multicomplex FEA, Harry Millwater and Manuel Garcia 
 
The multicomplex method, based on higher order complex numbers in which multiple imaginary 
number systems are defined, is developed by Harry Millwater et al. at the University of Texas at 
San Antonio. The advantage of using these multicomplex numbers is that they allow for either 
higher order derivatives to be calculated (including cross derivatives) or for perturbations in 
multiple dimensions to be considered simultaneously. To date, this method has focused on 
modeling crack propagation [5, 6]. The advantage of this approach is two-fold: one, the 
multicomplex numbers allow for very accurate calculations of local derivatives, and two, the 
implementation in commercial FEA code is non-intrusive. Two presentations were given on this 
method, the first by Harry Millwater, and the second by Manuel Garcia. 
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Manuel Garcia’s presentation on progressive fracture: 
 

 



48 



49 



50 



51 



52 



53 



54 



55 

 
 

  



56 

3.1.3 Hyper Dual Numbers, Matthew Brake 
 
The Hyper Dual number approach to PROM development (developed by Matthew Brake and 
Jeff Fike at Sandia National Laboratories) combines the ideas developed within the NX-PROM 
research with the usage of higher order, generalized complex numbers (similar to the 
multicomplex number approach) to calculate derivatives. Dual numbers are defined as the non-
zero square root of zero, and are best thought of as an orthogonal number system to the real 
number system. Because of their well-defined mathematical properties, dual numbers allow for 
the exact calculation of derivatives of functions. The PROMs based on dual numbers (and hyper-
dual numbers for higher order representations – termed HD PROMs) allow for very accurate 
local perturbations based on a single finite element model [7]; however, the accuracy for large 
perturbations is not guaranteed as the derivative information is all developed locally. 
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3.1.4 Meta-Modeling, Matthew Bonney 
 
The meta-modeling approach, developed by Daniel Kammer and Matthew Bonney of the 
University of Wisconsin, Madison, use sets of HD PROMs to develop globally accurate PROMs 
based off of a small number of numerical models. The advantage of this approach is that it does 
not depend on a single type of PROM formulation (it can be applied to HD PROMs, NX 
PROMs, or other types of PROMs), and that it can result in a globally accurate formulation for 
multivariate expansions. The trade-off, of course, is the high computational times necessitated by 
multiple PROM formulations. 
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3.2 Summary of Sessions 2 & 3 – Complimentary Theories 
 
The second and third sessions of the 2016 PROM Workshop focused on complimentary ROM 
techniques. The goals of this session were to inform the community about recent advances in 
other areas of ROM research, and to determine if there was any potential for adoption of those 
techniques into PROM methodologies. The five talks during these two sessions highlighted 
several topics: 
 

 Multiscale modeling for material microstructure models (“Quantifying the Impact of 
Material-Model Error on Macroscale Quantities,” by Judy Brown, and “Multiscale 
Modeling Applications,” by Gustavo Castelluccio, both of Sandia National Laboratories); 

 Proper Orthogonal Decompositions (POD) combined with Self Organizing Maps for real 
time data to decision ROMs (by Laura Mainini, MIT); 

 Nonlinear ROM development (“Experimentally derived ROMs” by Ben Pacini and 
“Viscoelastic ROMs” by Rob Kuether, both of Sandia National Laboratories). 

 
In particular, these talks focused on nonlinear models (both due to the material model and due to 
the structural model), alternative ROM strategies (such as the POD), and multiscale modeling 
frameworks (see [8], for instance). Themes that emerged from these presentations, in addition to 
opportunities to combine these theories with the PROM methodologies, are further discussed in 
Section 4. 
 
3.3 Session 4 Presentations – Implementation Details and Round 
Robin Results 
 
The last session of presentations at the 2016 PROM Workshop focused on two topics: one, to 
discuss the details of implementation for each methodology, and two, present the results of a 
round robin challenge organized specifically for this workshop. 
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3.3.1 NX-PROM Round Robin and Tutorial, Jau-Ching Lu 
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3.3.2 Hyper Dual Number Round Robin and Tutorial, Jeff Fike 
 

 



92 



93 



94 



95 



96 



97 



98 



99 



100 



101 



102 



103 



104 



105 



106 



107 



108 



109 



110 



111 



112 



113 



114 



115 



116 



117 



118 



119 



120 



121 



122 

 



123 



124 



125 



126 



127 



128 



129 



130 



131 



132 



133 



134 



135 



136 



137 



138 



139 



140 



141 



142 



143 



144 



145 



146 



147 



148 



149 

 



150 

3.3.3 Meta-Modeling Round Robin and Tutorial, Matthew Bonney 
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3.3.4 Library for Multi-Complex and Multi-Dual Numbers, Andres Aguirre 
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4. PLENARY DISCUSSION THEMES 
 
Following the discussions from the four sessions of presentations, 12 topic areas for further 
discussion were identified: 
 

1. Terminology (i.e. multi-dual versus hyper dual); 
2. Multivariate expansions; 
3. Computer memory related issues for calculating PROMs; 
4. Polynomial expansion functions for the PROM formulations; 
5. “Killer” applications; 
6. Moving nodes or changing the number of nodes within a high fidelity model; 
7. Mixed sets of elements within a high fidelity model; 
8. Element independent formulations; 
9. Selection of model points for the PROM formulations; 
10. How do we know the valid extent of parameterization? 
11. Is it possible to reduce or remove terms in the multivariate expansions? 
12. Nonlinear materials/models – how can we cross ideas from structural dynamics to solid 

mechanics to materials? 
 
Several other questions included: 
 

 What problems will break the dual/complex calculations? (None found so far) 
 Is mesh refinement necessary for higher order derivatives? For third order? For fifth 

order? (There is some evidence that this may be the case) 
 Does the order of the element matter to the formulations? 

 
4.1 Terminology 
 
During discussion of the PROM methodologies, it became clear that there is a need for 
consensus in terms of nomenclature. Two different sets of terminology were used to refer to the 
same concept: hyper dual numbers and multi dual numbers. At issue is that hyper complex 
numbers is a previously defined term that includes each family of generalized complex numbers 
(complex, double, dual, etc.). Thus, the use of hyper dual could be confusing. However, hyper 
dual is currently used by a number of researchers, whereas the suggested alternative, multi dual, 
is a new term that has not been adopted outside of a limited number of research groups. No 
consensus on a path forward has been reached, but due to the wide use of hyper dual to mean 
higher order dual numbers, it is most likely that this terminology will persist. The use of multi 
dual is acceptable provided that it is accompanied by a statement such as “also known as hyper 
dual numbers [9].” In order to help alleviate confusion in the future, Jeffrey Fike and Andres 
Aguirre have been tasked with creating a Wikipedia article on the subject. 
 
4.2 Multivariate Expansions 
 
One of the greatest challenges for extending the use and applicability of PROMs is developing 
efficient, multivariate expansions. As the number of parameterized variables increase, the 
number of terms in the expansion significantly increases. Thus, an open question is “How should 
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the increase of terms for multivariate, higher order expansions be managed?” Related to the 
eleventh theme, one suggestion was the development of an algorithm to assess the necessary 
terms (i.e. calculating the sensitivities of the derivatives is automatic as higher order derivatives 
is taken, once a sensitivity goes to zero, no other terms are needed in that branch of derivatives).  
 
Central to this, is that multivariate expansions convolute two separate problems: 
parameterizations of variables of interest, and formulations of ROMs. Both problems represent 
significant research challenges that will require significant innovation for advancement. 
 
4.3 Nonlinear Models 
 
For nonlinear structures, there is no clear definition of mode shapes or superposition. This results 
in a challenge for PROM formulations as they are based on modal reductions from structural 
dynamics. Thus, the difficulty of defining a PROM from a local calculation is that the extent of 
validity is expected to be too small to be useful (e.g. consider using nonlinear strain information 
calculated about one design point for predicting how geometric changes might affect a system). 
Consequently, the meta-modeling approach seems attractive for studying nonlinear systems as 
this approach is able to capture global influences of parameters instead of just local. 
 
4.4 Meta-Modeling 
 
With the attractiveness of meta-modeling for extending the validity of PROMs and addressing 
concerns raised from the nonlinear modeling standpoint, several questions arose: 
 

 How can it be determined when a new design point needs to be included in the meta-
model expansion? 

 How should the design points for the meta-model expansion be chosen? (e.g. Gaussian 
points, stochastic reduced order models, etc.) 

 How should new design points be incorporated? 
 How should the parameterization be optimally constructed? (e.g. splines) 

 
With regards to this last question, some insight comes from the NX-PROM work: a more 
accurate parameterization is able to be achieved by using an element-dependent expansion 
function. Thus, the optimal parameterization may depend on physical information and the finite 
difference formulation.  
 
4.5 Microstructure Parameterization 
 
One area that is promising for extensions of parameterized modeling is developing 
methodologies for representing microstructures. With the maturation of multi-scale modeling 
approaches, such as highlighted in the talks given by G. Castelluccio and J. Brown, can the meta-
modeling approach or other PROM concepts be extended to representative volume elements in 
order to improve the understanding of the link between material properties and physical 
processes? Another way to view this question is: “Are there intuition based material modeling 
approaches that can be replaced with a rigorous approach?” An example might be knowing both 
information about a granular structure and some uncertainty quantification for it, what is the 
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optimal macroscale material model – isotropic, anisotropic, etc.? One particular area of 
applicability might be the optimization of composites. 
 
4.6 Multidisciplinary Collaborations 
 
In the workshop, there were two distinct populations of researchers: solid mechanics and 
structural dynamics. There needs to be a greater level of collaboration between these two 
communities as they are closely related. The concepts of ROMs in structural dynamics and 
multi-scale modeling in solid mechanics are, to some extent, inter-related in terms of ultimate 
goals and the necessity for mathematical methods to reduce the system equations. One example 
of an area that is well posed for collaboration is developing reduced order models for materials. 
That is, developing a methodology to investigate specific material models in structural dynamics 
ROMs (such as anisotropic, viscoelastic, etc.); this would result in being able to answer 
questions such as “If a material was welded in one direction versus another, how does that affect 
the dynamic response?” i.e. how does the grain structure or microstructure affect the dynamic 
response or system processes? 
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