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Abstract. Curvilinear-coordinate Monte Carlo phase space integration and a series of
full-dimensional fitted potential energy surfaces are used to study the effectiveness of
reduced-dimensional models for predicting rovibrational anharmonicity at high
temperatures. Fully coupled and fully anharmonic, but classical, rovibrational partition
functions Q are computed for fourteen species with two or three fluxional modes
(inversions or torsions) and as many as thirty degrees of freedom. These results are
converted to semiclassical anharmonicity correction factors f and are analyzed alongside
results obtained previously for twenty-two species with up to two fluxional modes. As
expected, fluxional species show considerable variation in f at high temperatures; f'is as
small as 0.2 for acetone and is as large as 9 for methylene glycol at 2500 K. This set of
full-dimensional results is used to test the accuracy of reduced-dimensional models where
fluxional modes are treated as coupled to one another but as separable from the remaining
nonfluxional modes. For most systems, we find that such an approximation is accurate at
high temperatures, with average errors in Q of just ~25%. For some systems, however,
larger errors are found, and these are attributed to strong coupling of the fluxional modes
to one or more nonfluxional modes. In particular, we identify strong coupling to low-
frequency bends for some systems, and we show that by comparing curvilinear and
rectilinear harmonic frequencies for the fluxional modes we can estimate the effect of this
coupling on rovibrational anharmonicity. We also quantify the accuracy of the more
severe but common assumption of treating fluxional modes as separable from one
another, i.e., as sets of uncoupled one-dimensional inversions and torsions. This approach
can work well for methyl and alkyl rotors, but it is shown to have errors as large as a
factor of seven at high temperatures for more complex systems. Finally, we note that
while the present analysis focuses on the treatment of fluxional modes, the collective
anharmonicity correction associated with the more numerous nonfluxional modes, while
simpler to describe, comprises a significant fraction of the overall anharmonicity.
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1. Introduction

The a priori accuracy of gas phase theoretical rate constants and thermochemistry
continues to improve and, in many cases, now rivals that of the best measurements.!?
These improvements may largely be attributed to advances in electronic structure theory,
which have reduced the errors associated with threshold energies, frequencies, and
rotational constants. When high-level electronic structure theory methods are used, the
leading remaining sources of error often include the treatment of rovibrational
anharmonicity.

Rovibrational anharmonicity corrections include both changes to the zero point
energy as well as deviations from uncoupled harmonic vibrational level progressions. The
former effect alters the threshold energy (i.e., the barrier height or reaction energy) and
thus introduces an error that is largest at low temperatures. Here we consider the error
associated with the latter effect, which, in contrast, is exactly zero at the threshold energy
and 0 K but increases with energy and can be quite large at high temperatures.

A variety of theoretical methods have been advanced for characterizing
rovibrational anharmonicity, including diffusion Monte Carlo,** variational approaches,>
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16 path integrals, !7~2* direct product diagonalization, empirical methods, 3¢ 37

perturbation theories,*® 47 specialized methods for torsions,*s~38

and other separable
approaches.’*%2 Many of these methods are designed for spectroscopic applications and
are most reliably applied to predict high-accuracy zero point energies and fundamental
transition energies. There has been relatively less work done to characterize
anharmonicity at high temperatures and energies.

Here we use Monte Carlo phase space integration®*~’! (MCPSI) to compute fully
anharmonic and fully coupled, but classical, rovibrational partition functions. These are
used to determine rovibrational Pitzer—-Gwinn*® anharmonicity corrections f, which is one
of several semiclassical strategies’>”’8 that have been developed for improving MCPSI
predictions. MCPSI is well-suited for studying rovibrational anharmonicity at high
energies and temperatures, as it describes the classical limit without approximation.

We focus on the treatment of fluxional systems, i.e., systems with low-barrier

inversions, torsions, or both. Fluxional systems are poorly described as collections of

harmonic oscillators. They may have multiple minima, weakly hindered internal



rotations, squarer-than-quadratic inversions, etc., each of which can contribute large
positive or negative anharmonicities. The overall anharmonicity is generally difficult to
anticipate as it results from the partial cancellation of a variety of positive and negative
effects. This is particularly true at high energies and temperatures where the
anharmonicity of nonfluxional modes cannot be safely neglected, and the overall
anharmonicity may therefore depend strongly on a large number of rovibrational modes
and their coupling.

The looseness of fluxional modes presents a challenge to MCPSI sampling. We
recently demonstrated the utility of a curvilinear coordinate implementation of MCPSI,
and rovibrational anharmonicity corrections f were computed for twenty-two systems
with zero, one, or two fluxional modes and as many as eight atoms. ”° Here we consider
fourteen more systems with challenging vibrational structures, with two or three fluxional
modes, and with as many as eleven atoms. The full set of thirty-six systems is used to
study trends in rovibrational anharmonicity as a function of system size and for different
types of fluxional modes. The full-dimensional semiclassical MCPSI results are also used
as benchmarks to quantify the accuracy of simple reduced-dimensional descriptions of
fluxional modes.

This paper is organized as follows. In Sec. 2.1, the full-dimensional rovibrational
anharmonicity correction to the partition function, f, and its relationship to the per-mode
anharmonicity correction I' are defined. A reduced-dimensional approach for describing
the impact of fluxional modes on f'is described in Sec. 2.2, along with variations in its
implementation that will be tested throughout Sec. 3. Sections 2.3 and 2.4 briefly provide
details related to high performance computing and to the potential energy surfaces used
here, respectively. Throughout Secs. 3.1, 3.2, and 3.3, per-mode anharmonicities I" are
presented for each of the thirty-six systems, and various reduced-dimensional models are
tested for the thirty-one systems with fluxional modes. A summary of the results of these
tests is collected in Table 1. Section 3.4 and Table 4 present an alternate summary of
these same results focused on quantifying errors in the total rovibrational anharmonicity
correction f, with the goal of providing useful error estimates for reduced-dimensional

approaches for modeling rovibrational anharmonicity at elevated temperatures.



2. Theory
2.1. Curvilinear coordinate Monte Carlo phase space integration

Our implementation’® of curvilinear coordinate MCPSI was recently adapted for
treating fluxional species.” The result of an MCPSI calculation is the total classical
rovibrational partition O, which is the fully-coupled and fully-anharmonic partition
function for all vibrations and rotations. This in turn may be used to define a rovibrational

anharmonicity correction factor
f=5070400k > (1)

where o is the number of classically distinguishable lowest-energy minima, and Qno and
Orr are harmonic oscillator and rigid rotor partition functions, respectively. The partition
functions in eq 1 are all evaluated classically, with Ono and Qrr calculated analytically
using harmonic frequencies and geometries for the lowest-energy local minimum.

The exact (fully-coupled, fully-anharmonic, and quantum mechanical) total
rovibrational partition function Q can be approximated using f and Pitzer and Gwinn’s*®
“useful approximation,”

Q = f QRRQHO > (2)
where the tilde distinguishes quantum mechanical partition functions from classical ones.
Although not motivated in this way by Pitzer and Gwinn in 1942, the above expression
can be derived as an approximation to the path integral formulation of 0 8081 which is an
exact quantum mechanical theory, by assuming that the forces governing the imaginary-
time paths are harmonic with geometry-independent frequencies corresponding to those
used in the expression for QHO. This idea is central to several semiclassical corrections
that have been developed for improving Q.33

Anharmonicity corrections to the partition function arising from changes to the
zero point energy (which can be significant®?#) are not accounted for in f. Instead, f — 1
as the temperature 7 — 0 by construction, and f is therefore the finite-temperature
anharmonicity correction or, equivalently, the semiclassical Pitzer—Gwinn approximation
to the error in the RRHO partition function with its reference energy set to its zero point

energy.

It is useful to consider both the total anharmonicity correction factor f and the



average anharmonicity correction per mode I'. These quantities are related via
f=1+ I 3)
~[1+T'T/T1*3" 4
where « is the number of rotational and vibrational degrees of freedom, and overall
rotations (of which there are always three for the systems considered here) contribute
fractional powers while vibrational modes contribute whole powers. In eq 3, the
temperature dependence of I'(7) is explicitly indicated, while in eq 4 just the linear-in-7
term has been retained. The coefficient I'" in eq 4 is independent of temperature, and 7" is
a reference temperature, which we set to 1000 K.

Equation 4 is a good approximation to eq 3 for nonfluxional species’ and often
for nonfluxional modes in fluxional species, as demonstrated below. When eq 4 is an
appropriate representation of eq 3 and with 7" = 1000 K, "' has the useful interpretation
as the average anharmonicity correction to the total partition function per vibrational
mode and per 1000 K. The temperature-dependence of the anharmonicity correction
associated with the three modes for overall rotational is more complex, but, notably, we
typically find that both types of anharmonicity can be usefully characterized via a single
shared parameter I' when f'and I are related as in eq 3.

Here we report fand I" for fourteen species with up to three fluxional modes, and
these new results are analyzed alongside values of f obtained previously” for twenty-two
species with zero, one, or two fluxional modes. These thirty-six species are considered in
groups labeled (NV;,N;) based on their numbers of torsions N; and inversions N;.

As reported in Ref. 79, very similar values of I' are obtained for all of the
members of the nonfluxional (N;N;) = (0,0) group. This useful result allows us to
empirically interpret the average value of I for the (0,0) group (which we label I'0,0) and
quantify in Sec. 3.1) as representative of nonfluxional species generally. The anharmonic
effects of fluxional modes on Q can be quantified by comparing this standard value for
nonfluxional species, ['(0,0), with I' computed for the fluxional species comprising the
(Nu,N;) = (0,1), (1,0), (1,1), (2,0), (2,1), (1,2), and (3,0) groups. As expected and as
detailed throughout Sec. 3, the average values of I' for the fluxional groups differ

significantly from I'(0,0).



2.2. Reduced-dimensional models for fluxional modes

A major goal of this work is to test the accuracy of reduced-dimensional models
for describing the anharmonic effects of fluxional torsions and inversions. The reduced-
dimensional approaches tested all involve the A-dimensional (fD) fluxional mode

partition function

B
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where £ is the number of fluxional modes included in the correction, ¢; is the angular
coordinate for fluxional mode i, 4; is its effective internal rotational/inversion constant,
and V3 is a partially-relaxed f-dimensional potential energy surface, where all of the
modes not included in Vy (i.e., all of the nonfluxional modes) have been optimized. The
PD model in eq 5 includes full potential coupling between fluxional modes, while the
potential coupling between the fluxional and nonfluxional modes is treated adiabatically
via the partial optimizations in Vs No kinetic coupling to or among the fluxional modes
is included in eq 5 as the geometry dependence of 4; has been ignored.

For torsions, ¢; is the dihedral angle and 4; is evaluated as the reduced moment of
inertia of the two rotating fragments at their equilibrium geometries about their
connecting bond, as usual.*® For bends and inversions, an analogous approach is taken,
where 4; is evaluated for infinitesimal changes to the angular coordinate with the rest of
the internal coordinates fixed at their equilibrium geometries. For inversions, ¢; is
defined as the trisector angle,® i.e., the angle that any of the three participating bonds
makes with respect to a vector through the central atom defined such that all three angles
are equal.

Equation 5 is used to define a f~dimensional fluxional mode correction factor
analogous to eq 1,

/P = ¢™lquo-, (6)
where gno+ is the product of £ one-dimensional classical harmonic oscillator partition
functions; these are evaluated using frequencies @;* obtained by diagonalizing the

curvilinear-coordinate hessian of the reduced-dimensional potential V3 and using the



effective masses defined by 4;. With this set of choices, the correction factor /P in eq 6 is
independent of 4;, and f/° — 1 as T — 0.
With the A fluxional modes described by ¢”P, the average per-mode

anharmonicity correction I'”" for the remaining nonfluxional modes is computed
FLEP=141P(1) 17 %)
[T /T (8)
We find that for some systems I shows a linear dependence on 7 and has a magnitude

very close to I'(0,0). We interpret the deviation of I*° from I'(0,) as a measure of the per-
mode error in the reduced-dimensional model in eq 5. Implicit in this analysis is the
assumption that (o) represents not only the average per-mode anharmonicity correction
in nonfluxional species, but that [0 also represents the average per-mode
anharmonicity correction of nonfluxional modes in fluxional species. As demonstrated

throughout Sec. 3, this assumption appears, at least empirically, to be a useful one. For
example, for several systems with relatively large deviations of T from To0), we

consider various improvements to the ¢ model and show that these improvements

generally lead to closer agreement of I and I'(o). While more direct tests of these
methods would certainly be desirable, high-accuracy calculations of partition functions
for systems with complex rovibrational structures at high energies and temperatures are
likely to remain difficult to obtain for some time. The present empirical approach thus
provides some means of quantifying errors, or at least sensitivities, in reduced-
dimensional approaches, such as the simple ones considered here.

Throughout the analyses presented in Sec. 3, several improvements to the
reduced-dimensional model described by eqs 5 and 6 are tested. In one such test, the
neglect of kinetic coupling and of coupling to external (overall) rotation in eq 5 is
addressed via an implementation of eq 5 where the geometry dependence of A; due to
fluxional motion is incorporated. The analogous modification to Orr via the fluxional-
mode geometry dependence of the overall rotational constants, which we refer to
collectively as B;, is also tested.

We also test a modification to the reduced-dimensional anharmonicity correction



factor /P that approximately accounts for any missing coupling between fluxional and
nonfluxional modes while retaining much of the simplicity of the approach. Specifically,
we compute

f=guor / o, 9)
where grno* and guo are the quantum mechanical harmonic oscillator partition functions
for the g fluxional modes evaluated using reduced-dimensional curvilinear-coordinate
frequencies @/* and the usual Cartesian normal mode frequencies @;, respectively. When
w* =~ @;, the anharmonic character of the fluxional modes is localized to the motions
included in the reduced-dimensional potential V5 and the correction described by eq 9 is
small (f~1). In contrast, when @* # @ and fdeviates significantly from unity, the
magnitude of this deviation is one measure of the coupling of the fluxional modes to one
or more nonfluxional modes.

As demonstrated below, when this “fluxional mode projection” correction factor f
deviates from unity by less than ~10%, it is found to be useful as a quantitative correction
to /. We test such a model where /© = ff°, and per-mode anharmonicity corrections
for the nonfluxional modes, TP, are defined as in eqs 7 and 8. When f deviates more
significantly from unity, fis no longer useful as a quantitative correction but is instead
diagnostic of significant coupling to one or more nonfluxional modes, such as low-
frequency bending motions. When this is the case, improved reduced-dimensional
descriptions may require that these modes be explicitly included in Vp, although such an
approach is not tested here.

Finally, we consider a simpler model than eq 5 where fluxional modes are treated
as uncoupled from one another. To do so we use eqs 5—8 but with eq 5 evaluated for a

separable fluxional potential. For = 3, for example, such a separable potential is

P (0,0,09) = Via(o) + Vialo,) + Vi5(0y), (10)
where the zeroes of energy are defined so that that V](gofq) = 0, and V1, is a one-
dimensional cut through 73 along fluxional mode i where all coordinates other than ¢;
have been optimized. This is equivalent to describing the set of £ fluxional modes via
multiple independent 1D corrections, one for each fluxional mode, via £ successive one-

dimensional applications of eq 6. We label this strategy “fx 1D” to distinguish it from



the coupled AD method, and we note that for a system with one fluxional mode (f=1)
the two methods are equivalent.

The separable fx 1D model is not always easy to apply. For example, the path
obtained via a constrained optimization along a torsional scan may involve an inversion,
such that the resulting one-dimensional potentials V1; computed for the inversion and the
torsion are identical. More generally, 1D constrained optimizations can result in identical
minima being over or under counted, the results of the scans can depend on starting
location and other details of the optimization, and species-specific constraints may need
to be implemented. These complications, of course, are a consequence of the nature of
fluxional modes and their typically strong coupling to one another, which motivates the
PD approach in the first place. It is nonetheless of practical interest to test the fx 1D
approach when possible, as this strategy is a common one used in thermochemistry and
kinetics. Furthermore, comparing the fx1D and AD results allows us to quantify the

physical effect of fluxional mode coupling on anharmonicity.

2.3. Sampling error estimates and high-performance computing scalability

The Monte Carlo sampling procedures used here were described previously.”®”
Briefly, sampling of the nonfluxional modes was biased toward the bottom of the well,
whereas unbiased sampling was used for the fluxional modes in order to fully explore
these low-energy motions. In Ref. 79, sample sizes of, typically, Neamp = 10° to 107 were
shown to converge Q to better than 1%. Here we consider larger species with up to three
fluxional modes and use sample sizes of Neamp = 108, 10°, or 10'°. We confirmed that O
calculated using Nsamp differed by less than 3% from Q calculated using Nsamp/10 for
temperatures larger than 500 K for all of the systems studied here. Assuming the usual
error scaling with Neamp, this suggests errors of less than 1% in the present results.

Due to their more complex structures, some of the systems considered here
required large fitting bases such that the resulting analytic potential energy surfaces
(PESs) were up to five times more expensive to evaluate than those considered
previously.” This increase, along with larger values of Neamp required here, results in
calculations that are up to ~103 times more computationally demanding than those from

Ref. 79. This challenge was addressed in part using Argonne’s petascale computer, Theta,
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where a weak scaling parallel efficiency of 82% was achieved on 4,096 nodes (262,144
cores). Typical calculations for this work involved 100-300 nodes and ran for less than

two hours.

2.4. Potential energy surfaces

Some of the analytic PESs used here were published previously,* with the rest
constructed for this work using similar procedures. Briefly, a Metropolis sampling
algorithm was employed to generate a set of ab initio energies for each system. These
were least-squares-fit using permutationally invariant polynomials® constructed as
polynomials of Morse variables® for all atom—atom distances. Fits of this type are
increasingly difficult to accurately parametrize as the size of system increases. The
present strategy was found to be suitably efficient for the systems considered here (with
as many as 11 atoms) by fully exploiting permutational symmetry. Typically, the
CCSD(T)/cc-pVTZ method was used, energies of up to 50 kcal/mol (~17500 cm™') above
the classical minimum were included in the fits, and weights were used to emphasize
lower-energy regions.

Fitted critical points reproduced calculated ones to better than a few cm™' for low-
lying wells and saddle points. For example, CH3CHOH has a low-lying secondary local
minimum with CCSD(T)/cc-pVTZ and fitted energies of 82.0 and 81.9 cm™,
respectively, relative to the global minimum. Fitting errors were just ~5 cm™ for
CH3CHOH’s two inversion saddle points (with CCSD(T)/cc-pVTZ energies of 346.2 and
431.1 em™) and just ~3 ecm™! for its two lower-energy torsional saddle points (with
CCSD(T)/cc-pVTZ energies of 558.0 and 761.8 cm™). A somewhat larger fitting error
(24 cm™) was found for the higher-energy torsional saddle point at 1493.4 cm™'.

3. Results and Discussion
3.1. Previously computed anharmonicities for systems with zero or one fluxional
mode

Rovibrational anharmonicity corrections f for five (0,0) systems, four (0,1)
systems, and nine (1,0) systems were calculated in our previous study.” These results are

re-analyzed here to quantify I and I'" and to test the reduced-dimensional models
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described in Sec. 2. Results for these relatively simple systems serve as useful
comparisons for the more challenging systems considered in Secs. 3.2 and 3.3.

Nonfluxional species. In Fig. 1, average per-mode anharmonicities I" are shown
for the (0,0) group consisting of H,O, HO,, CH,O, CH4, and CH>CH», where it can be
seen that I" varies nearly linearly with 7" and is similar in magnitude for all five species.
Using 7" = 1000 K to define I'" via eq 4, we find that, averaged over this set of
nonfluxional species, ["'0,0) = 0.0126 + 0.0013, where 0.0013 is one standard deviation of
the five results. Expressed as a percentage, we interpret 0,0y to indicate that, on average,
each vibrational mode in a nonfluxional species increases the total rovibrational partition
function by 1.26% per 1000 K. The three rotational modes, which carry fractional powers
in eqs 3 and 4 and therefore show a more complex temperature dependence, together
increase the rovibrational partition function by a factor of 1.90% = (1.0126>2 — 1) x 100%
at 1000 K.

The narrow distribution of I"'(0,0) for the (0,0) group is perhaps surprising, as I"0,0)
includes the positive Morse-type anharmonicities typically associated with stretches and
often associated with bends as well as anharmonic mode-mode coupling and coupling to
overall rotation, which may contribute positively or negatively to the overall
anharmonicity. Although the current set of five species is admittedly small, it does
feature some variation, including different relative numbers of stretches and bends, atom
types, and bond energies. This consistency in I'" for the (0,0) group allows us to
empirically interpret [''o0) = 1.26 £ 0.13% as a standard per-mode per-1000 K

rovibrational anharmonicity correction for nonfluxional species. This value is

summarized in Table 1, where it will be compared with T'" and T'"® computed for groups
of species with fluxional modes, with and without various reduced-dimensional models
applied.

We note that the linear dependence shown in Fig. 1 down to low temperatures
simplifies our quantification of I'" and clarifies the present analyses. Despite its
usefulness, this behavior is qualitatively incorrect at low temperatures and is in fact an
artifact of the present semiclassical approach that effectively allows for fractional

(classical) quantum numbers and, in turn, artificial partial excitation of high-frequency
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modes at low temperatures. The semiclassical anharmonicity corrections f therefore
increase from 1 earlier (i.e., at lower temperatures) than would be observed in more
accurate and properly quantized models. Quantitatively, these errors at low temperatures
have small absolute magnitudes, which for many applications may be small enough to
neglect. At higher temperatures (>1000 K), where the anharmonicity corrections are
largest and where the present approaches are most usefully applied, we expect small
absolute and small relative errors in f.3370.85-87

Species with one inversion and no torsions. Average per-mode anharmonicities I’
for four (0,1) systems (CH», CHs, NH3, and CH>CH) are shown in Fig. 2(a), along with
the reference nonfluxional value I'(0,0) quantified above. There is more variation in I" for
the (0,1) group than for the (0,0) group, and CH3 can be seen as a clear outlier due to the
large negative anharmonicity associated with its unhindered umbrella motion. Results for
the other three systems are closer in magnitude to the (0,0) reference but show a clear
less-than-linear dependence on 7. Despite this deviation from linearity, we again quantify
these observations using eq 4 and compute I"0,1) = 1.03 £+ 1.50%, as summarized in Table
1. The large standard deviation for this group reflects the fact that, as may be expected,
the overall anharmonicity correction for a (0,1) species is strongly determined by its
fluxional inversion, such that, unlike for the nonfluxional (0,0) group, no useful standard
per-mode anharmonicity correction can be derived.

Next, we apply the 1D correction defined by eqs 5 and 6 (= 1), and compute the
average anharmonicity correction for the remaining nonfluxional modes, I'", using eq 7.
The results are shown in Fig. 2(b). With the inversion described by f°, I'® for the
remaining modes is found to be in excellent agreement with the nonfluxional reference
curve I'(o0) for three (CHs, NH3, and CH2CH) of the four cases. For these three species,
I’y = 1.13 £ 0.20%, on average, which is in close agreement with I',0) = 1.26 + 0.13%
quantified for the (0,0) group. If we assume that "o is representative not only of
nonfluxional modes in nonfluxional species but also of nonfluxional modes in fluxional
species, we can interpret the close agreement of F’(lé?l) and I'',0) as indicating that the

simple 1D model in eq 5 accurately describes the effect of the inversion on the partition

function for three of the four (0,1) systems.



13

CHg3 is a special case due to the strong coupling of its bending motion with overall
rotation. We commented on this in Ref. 78, where we considered the vibrational partition
function QOvib along with the rovibrational partition function Q. Typically, the
anharmonicity correction factor associated with overall rotational (which can be
computed as O/QvibOrr) is positive and contributes a factor of ~(1 + I'(7))*? to the total
rovibrational anharmonicity correction, as built into our definition of I in eq 3. For CHo,
however, this factor is less than one, presumably due to strong coupling of the bending
mode to overall rotation (e.g., at linear geometries, one of the rotational modes becomes a

bending mode). To support this explanation for CHa, we recomputed I'"'P

using Ovib
instead of Q, i.e., with the effect of anharmonic coupling to rotations removed, and again
using the 1D model for the CH, bend. With this effect removed and as shown in Fig.
2(b), the leftover anharmonicity for the two remaining nonfluxional modes (two C—H
stretches) is found to be in quantitative agreement with ['(0,0) and with " for the other
(0,1) species.

In summary, we interpret these results to indicate that for three of the four species
in the (0,1) group, the use of the very simple 1D model for the inversion in eq 5
accurately describes the anharmonicity associated with this fluxional mode. This is
demonstrated by the close agreement of I''P, the per-mode anharmonicity factor for the
remaining nonfluxional modes, with (o), our reference value for nonfluxional modes.
For CHa, the bend is strongly coupled to overall rotation, and a separable 1D model for
the bend is not accurate.

Species with one torsion and no inversions. Six systems with a methyl rotor
(CH3CH, CH3CO, CH30OH, CH3;00, CH3CHO, and CH3CH3) and three other (1,0)
systems with a single torsion (H,0,, CHCHO, and HC(O)OH) were considered in Ref.
79. The rovibrational anharmonicity correction factors f previously computed for these
species have been converted to per-mode anharmonicity corrections I" via eq 3, and these
are shown in Fig. 3(a).

There is significant scatter in I' for the (1,0) systems. Large positive
anharmonicities are found for HC(O)OH and CH>CHOH; these species both feature low-
lying secondary minima (higher-energy conformers) that increase their partition functions

relative to the single-conformer references used here to define f. In contrast, significant
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negative anharmonicities are found for CH;CO and CH3CH, both of which feature low
torsional barriers and nearly free rotation. The anharmonicity correction factor f'is close
to zero for the remaining five systems. If, as above, we assume that each nonfluxional
mode in these species contributes, on average, ["'o,0) = 1.26% of positive anharmonicity
per 1000 K, values of f near zero at elevated temperatures indicate significant
cancellation of the positive anharmonicities associated with a/l of the nonfluxional modes
(as many as 20 for C;He) with the negative anharmonicity associated with the single
torsional mode.

The average per-mode per-1000 K anharmonicity correction for this group, I'{1.,0)
=1.24 + 2.11%, is close to our nonfluxional reference value I"'(0,0) = 1.26%. The standard
deviation of the results, however, is larger than the value itself, again demonstrating the
well-known significance of the torsion in determining overall rovibrational properties.
Clearly, I''1,0) itself is not a useful predictor of anharmonicity for (1,0) species.

The 1D model defined by eq 5 was used to describe the torsion for each species in
the (1,0) group, and the resulting per-mode anharmonicity corrections, I''P, for the
remaining nonfluxional modes are plotted in Fig. 3(b). Despite the significant and varied
influence of the torsion apparent in Fig. 3(a), the results in Fig. 3(b) are seen to all
increase approximately linearly with temperature and to be clustered around the
nonfluxional mode reference curve, ['(00). As above when discussing the (0,1) systems,
we again interpret the close agreement of I''P and I'(o,0) to indicate that the 1D model
accurately describes the anharmonicity associated with the torsion.

To quantify this observation, we computed the average and standard deviation of
the results in Fig. 3(b), I = 1.08 + 0.40% (see Table 1), which is in fair agreement
with the reference I'0,0) = 1.26%. The discrepancy between F’(IEO) and I''o0) may be
interpreted as an indicator of the error in the 1D model. We emphasize that this
discrepancy is nearly an order of magnitude smaller than I''(p) itself. Using the
relationship between f and I'"'P in eq 8, a difference in of T'"'P of 1.16 — 1.08 = 0.18
translates into an error estimate for f of just 4% and 10% at 1000 and 2000 K,
respectively, for the largest system in the (1,0) group, CH3CHs.

Despite the smallness of these errors, we nonetheless consider improvements to
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the 1D model in eq 5, and we again quantify the magnitude of each of these
improvements via comparisons of the results with the reference value, I"'0,0). These tests
are described next and are intended to provide guidance regarding the optimal balance of
computational cost, complexity, and accuracy when implementing reduced-dimensional
treatments for systems with complex rovibrational structures at high temperatures.

We first consider the projection correction factor, £, described by eq 9, designed to
approximate the effect of coupling between the fluxional and nonfluxional modes. The
710 =7£D model was used to describe the torsion for each of the nine species in (1,0)
group, and the resulting per-mode anharmonicities for the remaining nonfluxional modes
are shown in Fig. 3(c). The results are again clustered around T(o). In every case, /< 1,
and T''P is therefore increased somewhat relative to I'P, with () = 1.18 + 0.38% and
in better agreement with I"'0) than F’(lll?o). The correction factor f; as defined by eq 9,
incorporates some, but not all, of the coupling between the torsion and the remaining
nonfluxional modes that is missing in the reduced-dimensional 1D model of eq 5, and it
is interesting to note that applying this correction reduces the deviation in the average
per-mode anharmonicity for nonfluxional modes from the reference value I"0,0) roughly
in half. If we again use this deviation and the relationship in eq 8 to estimate the error in
/. we can quantify that the use of the projection correction freduces the error in the 1D
model by approximately a factor of two, on average.

We emphasize that the magnitude of the f correction is small for the species in the
(1,0) group, much smaller than the total anharmonicity correction f and the 1D torsional
correction f1P. These correction factors are compared in Table 2 at 1000 and 2500 K for
the nine (1,0) systems. For just two of the nine cases, / has an effect larger than 5% on the
total partition function (—16% and —6% for CH3CO and CH3CHO), whereas there is much
greater variation in fand /'° (40 to +280% and —56 to +95%, respectively).

The largest deviation of # from unity for the species in the (1,0) group is found for
CH3CO (f= 0.84). This system has the smallest value of I'"'P = 0.54% and the largest
value of T"'P = 1.92%, both of which deviate notably from the reference value I'00) =
1.26%, suggesting that neither model may be accurate. This system has a low barrier for

internal rotation (161 ¢cm™) and two low normal mode frequencies (99 and 480 cm™)
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associated with the torsion and heavy-atom (C—C-O) bend, respectively. The smallness
and closeness of these frequencies suggest that they may be coupled and that this system
may be more accurately modeled using a two-dimensional reduced-dimensional
treatment that included the heavy-atom bend along with the torsion. For comparison, the
CH;CH system has an even lower torsional barrier (115 cm™), but is better described by
the reduced-dimensional 1D models with values of T'"'P = 0.97% and T"'P = 1.11%, both

closer to the reference value I'(0,0) and showing a clear improvement with the correction

factor applied (7= 0.98). The better performance of the 1D models for CH;CH relative to
CH3CO may be attributed to the lighter mass of the terminal atom, which leads to higher
and more separated frequencies for the torsion and bend (192 and 776 cm™!, respectively)
and presumably smaller coupling between them. These two examples demonstrate the
utility of fas a diagnostic of the strength of the coupling between the modes included in
the reduced-dimensional model and those that are not. When f is small it is useful as a
quantitative correction factor to f'°, as in the CH3CH example, while larger values of f
suggest that additional modes may need to be explicitly coupled to the fluxional ones, as
is likely the case for CH3CO.

Next, we consider improvements to the 1D model via inclusion of geometry-
dependent effective moments of inertia (4; in eq 5) due to internal rotation, as well as the
analogous correction to the constants for overall rotation (collectively, B;). The 1D
fluxional model in eqs 5-8 neglects both effects. The correction to A; in eq 5 appears as
(4/<A4>)"2, where here we have just a single torsion and so we have dropped the subscript
i, A is the internal rotational constant evaluated at the equilibrium geometry, and <4> is
the internal rotational constant properly averaged over the torsional angle. (More
precisely, <4>"12 is the Boltzmann-weighted average of A(¢)"?.) This correction factor
is shown in Table 2, along with the analogous correction factor to the overall rotational
partition function, labeled (B/<B>)"?, where B is the product of the three overall
rotational constants. For seven of the nine cases, the two correction factors have opposite
effects, and they partially cancel each other out. For the five systems considered here
with methyl rotors and for HO», both the individual and total corrections are negligibly
small, resulting in less than a 0.5% change to the total partition function at 1000 K.

Somewhat larger changes to the overall rotational partition function are found for
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HC(O)OH and CH>CHOH, where including this geometry-dependence decreases the
overall rotational partition function by 3 and 10% at 1000 K, respectively. While small,

with these corrections applied, T”/2;, = 1.30 + 0.32%, in very close agreement with the
(1,0) y g

reference value I"(0,0), as shown in Table 1. The standard deviation of the results remains
somewhat larger for this group than for the (0,0) and (1,0) groups, however.

To summarize the results in Table 2, we emphasize that magnitude of the
corrections to the simple 1D model are small, typically much smaller than the 1D
correction itself. Together, the corrections affect the total partition function by just 3—4%
from 1000 to 2500 K, on average, with just two systems (CH3CO and CH,CHOH) having
corrections larger than 5%. For CH3;CO, f contributes an 18% correction (largely
independent of temperature) to the total partition function, which may be interpreted as
indicating strong coupling to the low-frequency C—C—O bend, as noted above. For
CH>CHOH, the (B/<B>)"? correction to overall rotational partition function is 11-13%
from 1000 to 2500 K. The magnitude of the 1D corrections themselves are much larger,
varying from —33 to +95% at 1000 K and from —56% to +75% at 2500 K. Based on the
relative magnitudes of the correction factors in Table 2, we can conclude the simplest
implementation of the 1D model in eq 5 is may be sufficiently accurate for (1,0) species

in many applications.

3.2. Systems with two fluxional modes

Species with one torsion and one inversion. The (1,1) group consists of four
species. Two species, CH,OH and CH3CHa, feature CH»X inversions with low barriers of
just 139 and 32 cm™!, respectively. These weakly hindered inversions couple strongly
with the torsion; the effect of this coupling on the zero point energy was previously
quantified,* and its effect on Q was previously discussed qualitatively.”” We compare
results for these species with those for two species featuring NH>X inversions, which are
much more strongly hindered with barriers of 4633 and 2166 ¢cm™ for NH>OH and
CH3NHo, respectively. The larger inversion barriers for the N-centered inversions suggest
less coupling between the inversion and torsion than for the C-centered inversions, as
tested below.

Figure 4(a) shows I' for the four (1,1) systems. Considerable variation in the
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results can be seen, with a per-mode anharmonicity correction as low as —8% at 2500 K
for CH3CH: (due to the large negative anharmonicity associated with its nearly free rotor)
and as high as +9% at 2500 K for NH2OH (due to its higher-energy secondary
minimum). For CH>OH and CH3NH>, the per mode corrections are closer to zero, and, on
average, the anharmonicity corrections for this group are I''q,1) = 0.15 + 4.15%. The
dispersion in the results for the (1,1) group is the largest observed so far, again
demonstrating that fluxional modes dominate the rovibrational structure. The dispersion
in I'" for the (1,1) group, which features two fluxional modes, is approximately twice as
large as was observed for the single-fluxional-mode (0,1) and (1,0) groups.

The torsion and inversion were modeled as coupled to one another and as coupled
adiabatically to the remaining modes using the 72° model, as defined by eqs 5-9. The
anharmonicity corrections associated with the remaining nonfluxional modes, I'?P, are
shown in Fig. 4(b). For all four systems, TP shows a linear dependence on T with little

scatter. On average, f’%ll?l) = 1.36 = 0.15% for this group, in close agreement with our

nonfluxional reference value I'(00) = 1.26%. The projection correction factor fis small
for this group and is less than 5% at all temperatures considered for these four systems.
Results without fapplied are not presented in detail; without this correction F’%El) =1.38
+ 0.40%, as shown in Table 1.

The difference between f’%ll?l) and I",0) is small, which we interpret to indicate

that the projected reduced-dimensional 2D partition function, /2°, accurately describes the
effect of the two coupled fluxional modes on Q. This error is similar in magnitude to (but
opposite in sign from) the errors quantified above for the (1,0) and (0,1) groups.
Presumably, more sophisticated reduced-dimensional models could further reduce this
error, similar to the reductions demonstrated above for the (1,0) group. We do not attempt
such tests here. Instead we emphasize that the magnitude of these refinements is likely
much smaller than the 2D anharmonicity corrections themselves, while requiring in some
cases considerable extra effort. The 2D model, which includes explicit potential coupling
between fluxional modes, while neglecting kinetic coupling and treating other potential
coupling only approximately, recovers the majority of the anharmonic effects of the

fluxional modes despite these simplifications.
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It is of interest to test the accuracy of even simpler models in which the two
fluxional modes are treated as uncoupled from one another. These models are commonly
used, particularly to describe species with multiple torsions, but it is rarely possible to
quantify their accuracy, particularly at high temperatures. The present strategy of
choosing a model for the fluxional modes and then comparing the “leftover”
anharmonicity for the nonfluxional modes with our reference value I"',0) allows for such
a test, as detailed next.

The challenge in applying separable 1D corrections for systems with strongly
coupled fluxional modes can be seen in Fig. 5, where V> for the four (1,1) systems are
plotted. For the two CH>X systems (Figs. 5(a) and 5(b)), the potential energy surfaces
show such strong coupling between the torsion and inversion that separate 1D cuts cannot
readily be identified. For CH2OH, one could imagine tracing an optimized torsional path
running through all four equivalent minima, but such a path would feature a full inversion
cycle along it. Alternatively, one could artificially trace separate torsion and inversion
paths that each passed through two of the minima and one saddle point, but these paths
would not naturally follow steepest descent or slowest ascent paths without additional
constraints. For CH3CH>, the coupling is even more pronounced, as the inversion and
torsion share a saddle point.

For the two NH>X systems, in contrast, the potential energy surfaces in Figs. 5(c)
and 5(d) show less coupling between the inversion and the torsion, and one can identify
clearly separate 1D motions for each of the two modes. These systems illustrate another
source of ambiguity when applying separable models for systems with multiple fluxional
modes, however. The inversion changes the phase of the torsion, such that, e.g., the
minimum torsional angle for NH2OH is 180° on one side of the inversion and 360° on the
other, where, instead, a higher-energy secondary well is found at 180°. One can imagine
tracing a torsional path on one side of the inversion that passes through each minimum
once and then tracing an inversion path that again passes through each minimum once.
Together, these paths would encounter the starting well just once and the secondary well
twice, when the true symmetry of the problem has both wells appearing with equal
frequency. Furthermore, the results of these paths would depend on which well they were

initiated from. This is a common problem that is difficult to address generally,
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particularly for systems where the fluxional space cannot be exhaustively explored; this
issue may even go unnoticed in some applications, as the energies along the individual
paths can appear reasonable.

Here we note that for systems with a single symmetric inversion, we can avoid
these ambiguities by restricting the 1D inversion paths to one side of the inversion (e.g.,
<90°). This is a fair approximation for the NH»X systems, with their large inversion
barriers, but is a poor one for the CH>X systems, with their strongly coupled motions.
This is quantified in Fig. 4(c), where the fluxional modes have been described using the
2x1D model described in Sec. 2, along with the projection correction factor £, and the per-
mode anharmonicity corrections for the remaining nonfluxional modes TP are plotted.
Results for the two NH>X systems are in close agreement with I'0,0), indicating that there
is no significant error in treating the inversion and torsion as separable motions for these
systems. In contrast and as expected from Figs. 5(a) and 5(b), the separable 2x1D
description fails qualitatively for the strongly coupled CH>X systems.

Species with two torsions and no inversions. The (2,0) group consists of seven
systems with two torsions, CH;CH>CH3, CH3;OCH3, CH3CH>OH, OC(CH3),, CH300H,
HOCH>0H, and OC(OH),. As shown in Fig. 6(a), the per-mode anharmonicities, I', vary
significantly for this group. The two diols both feature low-lying secondary minima and
values of I' > 6% above 1000 K, while I' < —3% for acetone, which has low torsional
barriers. Averaging " at 1000 K gives I''2,0) = 2.43 + 3.93%, where, as observed above
for the (1,1) group, the dispersion in the results for this two-fluxional-mode group is
approximately twice that for the (0,1) and (1,0) groups.

Next, we test the accuracy of treating the coupled torsions using the projected 2D
model. In Fig. 6(b), the per-mode anharmonicities for the remaining nonfluxional modes,
2P, are plotted, and once again they are found to be in good agreement with the

nonfluxional mode reference I'(,0). Averaging the results in Fig. 6(b) at 1000 K gives

I = 1.17 + 0.43%, again summarized in Table 1, in good agreement with "o, =

1.26% and very close to the result for the single-torsion (1,0) group of species, as shown
in Table 1. Presumably, the refinements to the 1D approach tested above for the (1,0)

group, such as including geometry dependence in the rotational constants, could further
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reduce the discrepancy between f’%zl?o) and I"0,0), but these refinements are not explored
here. The similarity of f’%zl?o) and f’(lll?o) suggests that the error in the present D approach
scales regularly with the number of modes and that there appears to be no significant
additional error for systems with two torsions relative to systems with a single torsion.

The effect of the projection correction factor /s larger for this group, on average,
than for the groups considered above. These values are summarized in Table 3 along with
comparisons of TP and T2° at 1000 K. For four of the seven systems, frepresents a
correction greater than 10%, and without this correction I'?P is close to or below zero for
these systems, deviating significantly from the reference value, I'(0,0). The most extreme
example is acetone, OC(CHs)2, where f= 0.38 and I'?P = —3.41% before applying the
projection correction f.

When discussing the (1,0) group above, we attributed the large deviation of f from
unity for CH3CO to coupling of the torsion to heavy-atom bend. All of the species in the
(2,0) group feature such a bend, as one is necessarily formed by the relative motion of the
two torsional axes about their shared atom. Just as for the (1,0) group, the presence of
such a bend doesn’t guarantee a large projection factor correction, however, with f
deviating from unity by more than 5% for two of four (1,0) species with heavy-atom
bends and five of seven (2,0) species.

Table 3 gives the two Cartesian normal mode harmonic frequencies @ most
closely associated with the torsions as well as the curvilinear coordinate frequencies
@* obtained by diagonalizing the Hessian for the reduced-dimensional surface V>. The
ratio of these frequencies is the high-temperature (classical) limit of 7, as indicated by eq
9. Typical differences between w and w* are just a few tens of cm™!. The two systems
with one heavy-atom bend and two methyl rotors, CH;CH>CH3 and CH3OCH3, show the
smallest differences between @ and o*, while the di-ols HOCH,OH and acetone,
OC(CHj3), show the largest. The particularly large deviation of f from unity for acetone
can be attributed to the smallness of its torsional frequencies (@ = 30 and 141 cm™), such
that absolute differences between @ and w* of a few tens of cm™! are large relative
differences.

The Cartesian normal mode frequencies most closely associated with the heavy-
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atom bends, @vend, are also shown in Table 3. These frequencies are close in magnitude to
the torsional frequencies, and in one case, OC(OH)., are not clearly separated from them.
It may be worthwhile to consider improved reduced-dimensional models for fluxional
systems where heavy-atom bends are explicitly coupled to the fluxional modes, e.g., by
treating them as “fluxional” modes and including them in V5 Such an approach is not
pursued here.

Figure 7 shows V> for acetone, where the strong torsional coupling due to very
low barriers (242 cm™) is evident by the rotated axes of the lowest contours. This
coupling is also evident by comparing uncoupled and coupled torsional frequencies.
Using curvilinear coordinates and treating the two identical torsions as independent, we
obtain degenerate torsional frequencies of 125 c¢cm™!. Diagonalizing the 2D projected
Hessian splits the degeneracy, giving @* = 72 and 161 cm™'. Experimentally, the two
lowest frequencies are 77 and 125 cm™,%® with the coupled 2D treatment clearly
improving the description of the lowest-frequency mode. There is a large relative error in
the lowest Cartesian normal mode harmonic frequency (@ = 30 cm™'), which can be
expected generally for very small frequencies.

Finally, we consider the accuracy of treating the two torsions as separable 1D
hindered rotors, which is a widely used approximation for systems with multiple rotors.
As indicated by the contour plots in Fig. 8, the four systems with methyl rotors may be
expected to show good separability, independent of the identity of the central group (O
atom or CHz) and independent of the identity of the second rotor (CH3 or OH). Although
the contour plots the two di-methyl systems in Figs. 8(a) and (b) look superficially
similar to that for OC(CHz), in Fig. 7, the former suggest significantly less torsion—
torsion coupling than the latter. This is perhaps most clearly indicated by differences in
the first- and second-order saddle points. For the CH3CH>CH3 and CH3;OCH3 systems in
Fig. 8, the energies of the second-order saddle points are close to twice that of the first-
order ones, as would be expected for uncoupled motions. For acetone, OC(CHz3)2, in
contrast, the second-order saddle point energy is more than 3x that of the first-order
saddle point. We also note the differences in the 2D curvilinear frequencies for the
degenerate torsions. For CH3CH2CH3 and CH3OCH3, the 2D curvilinear frequencies are

split by 3040 cm™!, whereas this splitting is 90 cm™! for acetone; furthermore, these
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splittings represent a change in the frequencies of just 10%—20% for CH;CH>CH3 and
CH30CH3, relative to the uncoupled 1D frequencies, but 70% for acetone.

Fig. 6(c) shows the result of treating the two torsions using the separable 2x1D
approach and including the projection correction . As anticipated, results for the 2x1D
model are in fair agreement with those for the 2D model in Fig. 6(b) for the species with
methyl rotors, aside from acetone, OC(CH3),. Table 3 quantifies /P/*P at two
temperatures, where these ratios differ from unity by less than 5% for all but the di-ols
and acetone.

Figure 9 shows contour plots for the two di-ols. The contours follow motions that
appear rotated by 45°, indicating natural motions where the two OH groups are rotating
concertedly either together or in opposite directions. The 360° periodicity for hydroxyl
rotors leads to a more complex landscape than species with methyl rotors and their 120°
periodicity, with multiple minima and multiple distinct first- and second-order saddle
points. Together, these features lead to the observed poorer performance of the 2x1D
model for the di-ols than for the species with methyl rotors.

To summarize the results from Sec. 3.2, we note that despite the larger dispersion
in I for the =2 groups than for the f= 1 groups, the error in the D approach remains
small for both groups. This is despite the greater likelihood of the fluxional modes
coupling strongly to heavy atom bends for f# = 2 than for = 1. The separable 2x1D
model was shown to perform well for methyl and alkyl rotors and for (1,1) systems with
large inversion barriers, but its use resulted in relatively large errors for systems with

low-barrier inversions and coupled OH rotors.

3.3. Systems with three fluxional modes

Species with inversions and torsions. One (1,2) system, NH2NHo>, and three (2,1)
systems, CH;CHCH3, CH;CHOH, and HOCHOH, were considered, and their results are
analyzed together here. As expected, when no fluxional mode correction is applied, the
per-mode anharmonicity corrections vary significantly and feature nonlinear temperature
dependence, as shown in Fig. 10(a). The rovibrational anharmonicity corrections for this
group vary from strongly negative (—4% per mode) for CH;CHCH3s, which may be
expected to behave similarly to CH3CHb», to strongly positive (+10% per mode) for
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HOCHOH, which has low-lying secondary minima. On average, [''12) 0= 4.15 +
4.88%. We note that this value and its standard deviation are larger than those quantified
for any of the one- or two-fluxional-mode groups discussed above, as seen in Table 1.
When the /P model is used to describe the three fluxional modes, the resulting
per-mode anharmonicities for the remaining nonfluxional modes, TP, are once again
found to be in good agreement with the I'() reference, as shown in Fig. 10(b). The

curves vary nearly linearly with temperature, and I'(2}) ;)= 1.14 + 0.23. Despite the

good agreement of this value with I"'o,0) and the small dispersion in the results, we note
that for all four systems, the Cartesian normal mode frequencies associated most closely
with the fluxional modes are not clearly separated from the nonfluxional ones. This leads
to some ambiguity in the application of the fcorrection in the /° model, as discussed
next.

For NH2NHo, the four lowest Cartesian normal mode frequencies computed using
our fitted PES are w= 401, 864, 1046, and 1128 cm™'. The lowest-energy mode is clearly
associated with the torsion, and the 3™ frequency, when visualized, may be
unambiguously assigned as an antisymmetric linear combination of the two —NH:
inversions. The motions associated with the 2" and 4™ frequencies are similar, however,
with both showing some character of the symmetric combination of the inversions as well
as some character of the N-N stretch. Note that the average of the 2" and 4% frequencies
is close to the 3", further suggesting that coupling to the N-N stretch has split the
frequency associated with the symmetric combination of inversions away from a value
more similar to that of the antisymmetric combination.

The N-N stretch was not included in our reduced-dimensional 3D fluxional
model, and the three frequencies calculated using V3 therefore do not include the splitting
arising from coupling to the N-N mode. Instead, o* = 404, 1006, and 1012 cm™'. The
computation of our projection correction fis therefore ambiguous, as it is unclear which
Cartesian normal mode frequency to assign as the 2" inversion. We chose to set this
frequency to the average of the 2" and 4" frequencies, which resulted in a value of T3P
for NH,NH> that is in good agreement with I''0); it is not clear that such an approach

can be relied upon generally. A more rigorous approach may require expanding the
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number of modes included in Vg to include the N—N stretch.

For the three (2,1) systems, all of which feature an X-CH-Y inversion, the
Cartesian normal mode frequency associated the heavy-atom bend is intermediate of the
three fluxional frequencies. Coupling of the bend to the inversion is strongest for
CH3;CHCH3, where the four lowest frequencies are @ = 113, 140, 345, and 403 cm™, with
motions associated with the 3™ and 4" frequencies both including significant bending
character. Coupling is weakest for HOCHOH, where w = 277, 361, 540, and 958 cm™,
with the bend at 540 cm™ separated from the inversion at 958 cm™ and the torsions at
361 cm™! and below. CH;CHOH is an intermediate case, with = 186, 366, 407, and 611
cm™!. For all three species, we chose to use the 1%, 2", and 4" Cartesian normal mode
frequencies in our application of 7. With this choice, /= 0.85 for CH;CHCH; (7> 500 K)
indicating that a more rigorous approach may require expanding the number of modes
included in V5 to include the C—C—C bend. For CH;CHOH and HOCHOH, 7= 0.97 (T >
500 K), but the ambiguity in the assignment of Cartesian frequencies as fluxional modes
again suggests strong coupling to the heavy atom bend.

The (2,1) systems share features with both the (1,1) and (2,0) groups, as evident in
the contour plots shown in Figs. 11 and 12. There considerable complexity in the 3D
space of fluxional modes, including multiple low-energy minima and first- and second-
order saddle points. For CH3CHCH3, the inversion and torsion are strongly coupled (cf.
Fig. 11(a)), as was the case for CH3CH,. HOCHOH, in contrast, has a fairly large barrier
to inversion, but its two OH rotors are strongly coupled (cf. Fig. 11(d)), as was the case
for the di-ols in the (2,0) group. CH3;CHOH is an intermediate case, and one can identify
strong coupling between the inversion and OH torsion, as noted above for CH2OH in Fig.
12(b).

We tested the use of the fully separable 3x1D model for the (1,2) and (2,1)
species, and the resulting values of T°*'P are shown in Fig. 10(c) and given in Table 1.
These calculations considered just half of each inversion when computing its 1D
correction, as motivated above when discussing the (1,1) group. As expected from Figs.
11 and 12, the fully separable 3x1D model performs poorly for these systems.

Species with three torsions. Three (3,0) systems were studied: HOCH,CH>OH,
CH300CH3, and HC(OH)s. Figure 13(a) shows I' for this group, which includes both
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large positive and negative anharmonicity corrections, and I''zo) = 4.09 £ 4.57%, on
average. Notably, the average and dispersion in I3 is similar to those quantified for the
(1,2) and (2,1) species. As seen in Table 1, increasing the number of fluxional modes
generally leads to larger anharmonicity corrections, on average, but, even more
importantly, these corrections become more and more difficult to anticipate as indicated
by the increasing dispersion in I with £.

In Fig. 13(b), the 2 model has been used to describe the three torsions, and the
leftover per-mode anharmonicities for the remaining nonfluxional modes T°" are shown.

This correction results in curves that show a fairly linear temperature dependence and
. =3D
that are close to but somewhat larger than the I'0) reference curve, with '3 ) = 1.40 +

0.20%. We again note some ambiguity when applying the fmodel, as the torsional
frequencies for these three systems are not well separated from the frequencies for the
heavy-atom bends. This is likely a general result, with the f model increasingly difficult
to apply for large system where fluxional modes are less and less likely to be well
separated from nonfluxional ones. When the projection correction is not applied, the

results are found to be in closer agreement with I'(o,0) for this group, with F%]?O) =125+

0.09%.

Figure 13(c) shows the result of treating the three torsions using the projected
3xID model, i.e., as independent 1D rotors and applying the 7 correction. The
independent rotor approximation introduces very little error for CH;OOCH3, which is
readily rationalized by the separable torsional paths evident in the contour plots in Fig.
14.

Multiple OH rotors lead to stronger coupling and more complex potential energy
surfaces, as was observed above for the di-ols in the (2,0) and (2,1) groups. For the tri-ol
CH(OH);, strong coupling of the OH rotors is evident in Fig. 15. HOCH,CH2OH is a
more interesting case, where the OH rotors are clearly strongly coupled to one another
when in its “gauche” configuration (Fig. 16(a)) but much less coupled when in the “anti”
configuration (Fig. 16(b)), i.e., the strength of the OH coupling itself is coupled to the

internal alkyl rotor. Neither multi-ol system is well represented by the 3x1D model.
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3.4. Summary of errors in Q

Throughout Secs. 3.1-3.3, per-mode anharmonicities were used to quantify the
impact of different types of fluxional modes as well as to judge the performance several
reduced-dimensional models. Here we convert this information from per-mode errors to
errors in the total rovibrational partition function. This analysis is intended to give a more
intuitive feeling for the errors identified throughout this work.

We use the full-dimensional, fully coupled MCPSI values of f'as benchmarks, and
we test the performance of several different combinations of models for the fluxional
modes, fr, and for the nonfluxional modes, fxr. In our first set of tests, we consider fr =
7™ or D and we assume that nonfluxional modes are well described, on average,
by the standard value '), i.¢.,

INE = fiooy = [1+ Too(D]* 777, (11)
where o and S are the numbers of total rovibrational modes and fluxional modes,
respectively. For each of the thirty-six systems, we computed the error fefnr — f, which is
the relative error (reported as a percentage error) in the predicted rovibrational
anharmonic partition function. These errors were averaged for several different groups of
species, and their mean and one-sigma standard deviation are reported in Table 4 at 1000
and 2500 K. We emphasize that this analysis relies on two assumptions: (1) that
nonfluxional modes behave uniformly, on average, according to eq 11, and (2) that any
deviation of frfnr from f'may be attributed as an error in the model for fr.

As discussed throughout Sec. 3 and as shown in Table 4, the error in the /7
method performs well for all of the groups considered here, although we note
approximately twice as much error for f = 2 and 3 groups than for = 1 groups, on
average. The error in the f° approach is small when averaged over all thirty-six systems
and is just 0 £ 10% and -3 + 15% at 1000 and 2500 K, respectively. We may further
condense this information into a single error estimate (labeled ~2c in Table 4) by adding
the absolute value of the mean error to twice the standard deviation and then averaging
over the two temperatures. Doing so for the /© method gives a ~2c error estimate of just
27%, as shown in Table 4.

The small magnitude of this error is notable, as in many kinetics applications
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errors of this size will typically be smaller than or similar to other sources of error,?!
such as those associated with practical treatments for computing tunneling,’? collisional
energy transfer,” and/or threshold energies.”* Furthermore, the magnitude of this error is
competitive with experimental error bars assigned in many kinetics studies, thus further
validating a priori theory, alongside experiment, as an independent source of kinetic and
thermochemical information.

The smallness of the error in the /P method is also notable in that the D model
used here is fairly simple in its implementation. By sampling the fluxional coordinates
and Boltzmann-averaging the resulting partially-optimized potential energies, and
avoiding any sophisticated treatments of kinetic couplings, the fluxional modes are
already shown to be very accurately described. While more complicated implementations
can further reduce the error, as demonstrated above for a few such implementations, the
magnitude of the reductions may be expected generally to be quite small; the simplest
approaches may be sufficiently accurate for many applications.

The neglect of coupling between fluxional modes, as in the /*!° model and as is
commonly employed, is a severe approximation, with errors, on average, as large as 17 +
148% at 2500 K (~2c = 249%), as shown in Table 4. For the systems considered here
different fluxional motions in a given species typically involve the same atoms, and so
the strong coupling among these fluxional modes is not surprising. It is interesting to note
that the separable fx1D approach performs notably better at 1000 K than at 2500 K and
performs fairly well for #= 2. These results may explain, in part, the perceived success of
this widely used approach, which is most likely to be tested at lower temperatures and for
smaller systems.

The errors in the /P, 2, and %!P methods may be compared with the error in the
simple single-well RRHO approximation used here as our reference for f; this approach is
labeled frruo in Table 4. A more complete RRHO approximation might include sums of
RRHO partition function for every well in the system, but such an approach is not tested
here. In the context of the present error analysis, the single-well RRHO approximation is
equivalent to setting fr = 1 and fur = 1. As expected, this approximation systematically
underestimates rovibrational anharmonicity and the magnitude of the error increases with

temperature. When averaged over all thirty-six systems, ~2c = 355% for this RRHO
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method, which is notably not too dissimilar from the error assigned to the separable fx1D
approach. These values of ~2c suggest that there may be only marginal gain in applying
the much more complicated and computationally demanding fx1D approach than simply
using the RRHO approach. Of course, this result is system-dependent, but we note it to
emphasize the straightforward point that more complicated calculations are not
necessarily worth the effort. Realistic error estimates, such as the values of ~2c in Table
4, are required to usefully make judgements about the optimal compromise of
computational cost and accuracy.

Finally, we compare results for two approaches where the anharmonicity
associated with the nonfluxional modes is neglected entirely, i.e., where we have set fxr =
1. We label these methods /Pfkruo and f*'Pfkruo in Table 4. Comparing the 7 f;00) and
Pfrruo results allows us to comment on the importance of the nonfluxional modes in
determining the overall anharmonicity. The /°fkrio method performs very poorly, with
~20 = 164%, demonstrating that, again averaged over all the systems considered here, the
cumulative anharmonicity associated with the nonfluxional modes is a significant
component of the overall anharmonicity and cannot be quantitatively neglected at
elevated temperatures. Unlike the anharmonicity in the fluxional modes, the
anharmonicity associated with the nonfluxional modes has a consistent (positive) sign,
and so approximate approaches can benefit from a cancelation of errors. This is perhaps
seen in the results for the 7%'Pfrruo method, where the positive systematic errors for the
77IDf, 0, method for some groups are lowered when using the 7'Pfrruo method. The
7D ferio method has been widely applied in gas phase kinetics, and this cancellation,
along with the method’s fair accuracy at lower temperatures and for g = 2, likely
explains, in part, its relative success. The present comparisons suggest that this

cancellation of errors may not be reliable for larger systems.

4. Conclusions
Full-dimensional fully-coupled semiclassical rovibrational anharmonicity
corrections f were computed and analyzed for several species with up to three fluxional

modes. This set of results was used to quantify the importance of fluxional modes in
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determining rovibrational properties at high temperatures as well as to test the accuracy
of reduced-dimensional approaches. We showed that as the number of fluxional modes
increases, the magnitude of their impact increases and, more importantly, these effects
become more and more difficult to anticipate.

We showed that a fairly simple fD reduced-dimensional approach where all £ of
the fluxional modes are coupled to one another but as uncoupled from the nonfluxional
modes generally performs well, with a derived two-sigma error estimate at high
temperatures (>1000 K) of just ~2c = 27%. More detailed implementations of the SD
approach were tested, and, although these studies generally led to improved results, the
already small errors for the simplest SD approach suggests that more complicated
implementations may not be worth the extra computational cost and complexity.

Although we have emphasized the testing of reduced-dimensional models
throughout this work, we note that one could instead simply compute f in its full-
dimensionality without approximation. The present work demonstrates that such
applications are possible for fairly complex systems with up to eleven atoms and three
fluxional modes. The present calculations benefitted from access to high performance
computing resources and employed fitted potential energy surfaces to converge f'to ~1%.
In more practical applications, where such small statistical uncertainties are not needed,
MCPSI calculations may be possible using direct (on-the-fly) implementations.

We note also the approach described by us in Ref. 71 where the full-dimensional
MCPSI integral for Q is replaced by convolutions of many lower-dimensional ones. This
approach is expected to scale favorably with system size, and this approach is currently
being explored as means of avoiding the need for reduced dimensional strategies.

Although the D method performs well, several ambiguities in its implementation
were pointed out, and one expects these ambiguities to become more and more prevalent
for larger systems. We noted the increasing difficulty in separating the fluxional modes
from the nonfluxional ones, and we specifically highlighted the prevalence of low-
frequency bends that appeared to be coupled strongly to inversions and torsions. By
comparing Cartesian normal mode frequencies with reduced-dimensional (i.e., projected)
curvilinear ones, we showed that f' was sometimes diagnostic of this coupling.

Central to our analysis was the identification of a standard per-mode
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anharmonicity parameter I"(,0) for nonfluxional modes. This value was quantified to be
1.26% per vibrational mode per 1000 K. While this anharmonicity is much more reliably
estimated than the anharmonicity associated with the nonfluxional modes, we note that it
is often neglected entirely in practical applications as it has fairly small per-mode
contribution relative to fluxional modes. Because of the relatively larger number of
nonfluxional modes, however, they can comprise a significant fraction of the overall

anharmonicity, particularly at high temperatures.
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Table 1. Rovibrational anharmonicity corrections per mode and per 1000 K
(N;,Ni)  Systems? ' % A %P, % T4D o,
(()’()) H>0, HO:, CH>0O, CH.4, 1.26 +0.13
CH:CH:
(0,1) CH, CH3 NH;, CH:CH  1.03+£1.50 1.04+0.12° 1.13 £0.20° c
(1,0) H:0: CH;OH, CH;CH,  124+211 1.18+0.38 1.08 £0.40 c
CH;CO, CH;00,
CH;CHO, CH3;CH;,
HC(0)OH, CH:CHOH
(1,1)  CH:0H, CH;CH, 0.15+4.15 136+0.15 1.38 £0.40 —2.29+2.55
NH:0OH, CH3NHz
(2,0) CH:CH:CHs;, OC(OH), 243+393 1.17+0.43 0.03 £1.58 1.13+£0.38
CH;CH.OH, CH;O0H, [1.26 £0.39]¢ [0.61 +0.47]¢ [1.00+0.18]¢
HOCH:0H, CH30CHs,
OC(CHs)2
(1,2), NH:NH> CH;CHCH, 4.15+4.88 1.13+£0.23 0.82 £0.52 —-1.61 +£2.47
(2 1)e HOCHOH, CH;CHOH
(3,0) CH;O0CHs;, HC(OH);,  4.09 +4.57 1.40+0.20 1.25+0.09 -1.22+2.93

HOCH:CH>0OH

Atalics indicate anharmonicity corrections taken from Ref. 79.

®CH, is atypical and was excluded from these results. See text for details.

°The 1D and AD models are equivalent for these groups.

dOC(CH3); is atypical and was excluded from the results in brackets. See text for details.

“These results include both the (1,2) and (2,1) groups.
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Table 2. Correction factors to the total partition function at two temperatures for nine

(1,0) systems?

System T,K f P 7 (A/<A>)'?  (B/<B>)"?
CH;OH 1000 1.183 1.019 1.000 0.999 1.001
2500 1.117 0.748 1.000 0.998 1.001
CH:;CH 1000 0.751 0.665 0.982 0.996 1.003
2500 0.605 0.442 0.981 0.996 1.003
CH;CO 1000 0.815 0.762 0.844 1.004 0.997
2500 0.744 0.515 0.837 1.004 0.997
CH;00 1000 1.177 0.982 1.037 0.999 0.995
2500 1.141 0.709 1.039 0.999 0.994
CH3;CHO 1000 1.156 1.031 0.941 1.001 1.004
2500 1.139 0.763 0.937 1.001 1.005
CH;CH3 1000 1.399 1.173 1.005 0.999 1.000
2500 1.673 1.024 1.006 0.999 1.000
H>0O» 1000 1.159 1.027 1.017 1.002 0.996
2500 1.115 1.750 1.020 1.002 0.996
HC(O)OH 1000 1.329 1.196 1.035 1.000 0.970
2500 2.278 0.849 1.048 1.002 0.904
CH,CHOH 1000 2.223 1.952 1.006 1.004 0.895
2500 3.799 1.132 1.007 1.013 0.869

average 1000 1.24+042 1.09£0.37 0.99+£0.06 1.00+0.00 0.98+0.04
2500 1.51+£0.99 0.88+0.39 0.99+£0.06 1.00+0.00 0.97+0.05

aCorrections larger than 5% are shown in bold.
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Table 3. Projection and anharmonicity corrections at 1000 K, fluxional frequencies

(cm™), and ratios of the 2D and 2x1D corrections at two temperatures for the (2,0) group

System 7 b 2D * ® bend 100];21]()//[2;]30 K
CH3;0CHj3 0.98 1.13% 1.24% 213,254 203,260 420 0.992 0.995
CH3CHCH3z 0.96  0.73 0.88 234,264 216,274 362 0.963 0.970
OC(OH)» 094 1.15 1.73 543,650 529,600 546,602 0.902 0.864
CH;00H 0.87  0.08 1.03 193,308 195,258 449 1.012 0.997
CH;CHOH 0.86 0.18 0.92 271,294 236,281 412 1.031 1.015
HOCH,OH 0.82 0.36 1.75 398,472 377,379 586 0.904 0.712
OC(CHas)2 0.38 -3.41 0.62 72,161 30,141 372,479 1.346 1.404




Table 4. Errors (%) in the rovibrational partition function Q at two temperatures?

Group 7,4 0.0 D800y JRRHO P frrH0 PP frrio
all  0+10 8+ 15 2+92 -56+113 -25+33 -23+93
-3+15 7420 174148 -90+169 —69+84  —53+143

~2c° 27 42 249 355 164 275
L=1 3+6 4+5 3+6 20+ 36 -14+6 ~14+6
0+38 1+8 0+38 42 + 83 42+36  —42+36

2 1+10 8 +22 13+18 49 + 78 26+ 18 ~16 +25
—6+24 8 + 30 27452  —103+162 -79+64  —57+53

3 4+18 6+10 ~16+219 -169+206 -55+64 —62+218
-5+13 7+18 45+347 -203+293 —130+157 -87+332

(0,0) 0+1 0+1 0+1 “11+5 “11+5 “11+5
0+3 0+3 0+3 29+17  -29+17 -29+17

0,1) 1+1 243 1+1 —9+13 —8+3 —8+3
+ 3+4 + 22 +23 23 +11 23 +11

(1,0) 3+7 4+6 3+7 24+ 42 -16+6 -16+6
0+9 0+9 0+9 ~51+99  —51+40  -51+40

(1,1) 0+1 0+6 21429 -8+51 ~14+6 5+ 30
—4+7 5+17 22 +38 -30+91 -39+26  -21+48

(2,0 1+13 29+21 8+9 73 + 85 -33+19  -28+11
-8+ 30 31+29 3061 —144+184 -102+70 —77+47

(1,2), 3+6 11+10 87+62 —112+125 -30+17 39+ 59
2,1 2410 4413 184 +228 —114+128 —71+41 54 + 163
(3,0) —14+25 0+3 ~153+298 -244+298 -90+94 —196 + 299
~10+ 19 11425 —142+439 -322+442 -208+235 -274+445

2Each entry shows the average and one standard deviation for the group. Results at 1000
K are shown above results at 2500 K.
A two-sigma error (%) was estimated as the absolute value of the mean error plus twice

the standard deviation, averaged over the two temperatures.
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Figure Captions

Fig. 1.

Fig. 2.

Fig. 3.

Fig. 4.

Fig. 5.

Fig. 6.

Average rovibrational anharmonicity corrections per-mode for five nonfluxional
species. The average of the five results is shown as a sold black line and labeled
(0,0).

Average rovibrational anharmonicity corrections per-mode for four species with
one inversion. In (a) results for all rotational and vibrational modes are shown.
In (b) the inversion is described using a one-dimensional (1D) model, and I" for
the remaining nonfluxional modes are shown. The average of the results in each
panel is shown as a sold blue line and labeled (0,1), with the reference (0,0)
result included for comparison. In (b) black circles show the result of correcting
for anharmonic coupling to overall rotation for CH».

Average rovibrational anharmonicity corrections per-mode for nine species with
one torsion. In (a) results for all rotational and vibrational modes are shown. In
(b) the inversion is described using a one-dimensional (1D) model, and I" for the
remaining nonfluxional modes are shown. In (¢) the 1D model has been
corrected by the projection correction factor /. The average of the results in each
panel is shown as a sold blue line and labeled (1,0), with the reference (0,0)
result included for comparison.

Average rovibrational anharmonicity corrections per-mode for four species with
one torsion and one inversion. In (a) results for all rotational and vibrational
modes are shown, and in (b) the torsion and inversion are described using the
projected reduced-dimensional 2D model, and results for the remaining
nonfluxional modes are shown. In (c¢) the torsion and inversion are described
using the projected 2x1D model. The average of the results in each panel is
shown as a sold blue line and labeled (1,1), with the reference (0,0) result
included for comparison.

Two-dimensional cuts through the potential energy surfaces for the four (1,1)
systems. Critical point energies are shown in cm™! relative to the minimum-
energy well, and the number of apostrophes indicates the order of the saddle
point.

Average rovibrational anharmonicity corrections per-mode for four species with
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two torsions. In (a) results for all rotational and vibrational modes are shown,
and in (b) the torsions are described using the projected reduced-dimensional
2D model, and results for the remaining nonfluxional modes are shown. In (c)
the torsions are described by the projected 2x1D model. The average of the
results in each panel is shown as a sold blue line and labeled (2,0), with the
reference (0,0) result included for comparison.

Two-dimensional cut through the potential energy surface for acetone. Critical
point energies are shown in cm™ relative to the minimum-energy well, and the
number of apostrophes indicates the order of the saddle point.

Two-dimensional cuts through the potential energy surfaces for four (2,0)
systems. Critical point energies are shown in cm™! relative to the minimum-
energy well, and the number of apostrophes indicates the order of the saddle
point.

Two-dimensional cuts through the potential energy surfaces for two (2,0)
systems. Critical point energies are shown in cm™! relative to the minimum-
energy well, and the number of apostrophes indicates the order of the saddle
point.

Average rovibrational anharmonicity corrections per-mode for four species with
torsions and inversions. In (a) results for all rotational and vibrational modes are
shown, and in (b) the fluxional modes are described using the projected
reduced-dimensional 3D model, and results for the remaining nonfluxional
modes are shown. In (c) the fluxional modes are described by the projected
3x1D model. The average of the results in each panel is shown as a sold blue
line and labeled (2,1),(1,2), with the reference (0,0) result included for
comparison.

Two-dimensional cuts through the potential energy surfaces for two (2,0)
systems. Critical point energies are shown in cm™! relative to the minimum-
energy well, and the number of apostrophes indicates the order of the saddle
point.

Two-dimensional cuts through the potential energy surface for CH3;CHOH.

Critical point energies are shown in cm™ relative to the minimum-energy well,
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and the number of apostrophes indicates the order of the saddle point.

Average rovibrational anharmonicity corrections per-mode for four species with
three torsions. In (a) results for all rotational and vibrational modes are shown,
and in (b) the torsions modes are described using the projected reduced-
dimensional 3D model, and results for the remaining nonfluxional modes are
shown. In (c) the torsions are described by the projected 3x1D model. The
average of the results in each panel is shown as a sold blue line and labeled
(3,0), with the reference (0,0) result included for comparison.

Two-dimensional cuts through the potential energy surface for CH;OOCH:;3.
Critical point energies are shown in cm™ relative to the minimum-energy well,
and the number of apostrophes indicates the order of the saddle point.
Two-dimensional cut through the potential energy surface for CH(OH)s. Critical
point energies are shown in cm™ relative to the minimum-energy well, and the
number of apostrophes indicates the order of the saddle point.

Two-dimensional cuts through the potential energy surface for HOCH>CH>OH.
Critical point energies are shown in cm™ relative to the minimum-energy well,

and the number of apostrophes indicates the order of the saddle point.
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Fig. 1. Average rovibrational anharmonicity corrections per-mode for five nonfluxional
species. The average of the five results is shown as a sold black line and labeled

(0,0).



49

Figure 2
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Fig. 2. Average rovibrational anharmonicity corrections per-mode for four species with
one inversion. In (a) results for all rotational and vibrational modes are shown. In
(b) the inversion is described using a one-dimensional (1D) model, and I" for the
remaining nonfluxional modes are shown. The average of the results in each panel
is shown as a sold blue line and labeled (0,1), with the reference (0,0) result
included for comparison. In (b) black circles show the result of correcting for

anharmonic coupling to overall rotation for CHo.
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Figure 3
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Fig. 3. Average rovibrational anharmonicity corrections per-mode for nine species with

one torsion. In (a) results for all rotational and vibrational modes are shown. In (b)
the inversion is described using a one-dimensional (1D) model, and I" for the
remaining nonfluxional modes are shown. In (c) the 1D model has been corrected
by the projection correction factor /. The average of the results in each panel is
shown as a sold blue line and labeled (1,0), with the reference (0,0) result

included for comparison.
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Figure 4
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Fig. 4. Average rovibrational anharmonicity corrections per-mode for four species with
one torsion and one inversion. In (a) results for all rotational and vibrational
modes are shown, and in (b) the torsion and inversion are described using the
projected reduced-dimensional 2D model, and results for the remaining
nonfluxional modes are shown. In (c) the torsion and inversion are described
using the projected 2x1D model. The average of the results in each panel is shown
as a sold blue line and labeled (1,1), with the reference (0,0) result included for
comparison.
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Figure 5
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Fig. 5. Two-dimensional cuts through the potential energy surfaces for the four (1,1)
systems. Critical point energies are shown in cm™' relative to the minimum-
energy well, and the number of apostrophes indicates the order of the saddle

point.
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Figure 6
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Fig. 6. Average rovibrational anharmonicity corrections per-mode for four species with
two torsions. In (a) results for all rotational and vibrational modes are shown, and
in (b) the torsions are described using the projected reduced-dimensional 2D
model, and results for the remaining nonfluxional modes are shown. In (c) the
torsions are described by the projected 2x1D model. The average of the results in
each panel is shown as a sold blue line and labeled (2,0), with the reference (0,0)
result included for comparison.
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Fig. 7. Two-dimensional cut through the potential energy surface for acetone. Critical
point energies are shown in cm™ relative to the minimum-energy well, and the

number of apostrophes indicates the order of the saddle point.
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Figure 8
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Fig. 8. Two-dimensional cuts through the potential energy surfaces for four (2,0) systems.
Critical point energies are shown in cm™ relative to the minimum-energy well,

and the number of apostrophes indicates the order of the saddle point.
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Figure 9
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Fig. 9. Two-dimensional cuts through the potential energy surfaces for two (2,0) systems.
Critical point energies are shown in cm™ relative to the minimum-energy well,

and the number of apostrophes indicates the order of the saddle point.
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Figure 10
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Fig. 10. Average rovibrational anharmonicity corrections per-mode for four species with
torsions and inversions. In (a) results for all rotational and vibrational modes are
shown, and in (b) the fluxional modes are described using the projected reduced-
dimensional 3D model, and results for the remaining nonfluxional modes are
shown. In (c) the fluxional modes are described by the projected 3x1D model.
The average of the results in each panel is shown as a sold blue line and labeled
(2,1),(1,2), with the reference (0,0) result included for comparison.
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Figure 11
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Fig. 11. Two-dimensional cuts through the potential energy surfaces for two (2,0)
systems. Critical point energies are shown in cm™' relative to the minimum-

energy well, and the number of apostrophes indicates the order of the saddle

point.
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Figure 12
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Fig. 12. Two-dimensional cuts through the potential energy surface for CH3CHOH.
Critical point energies are shown in cm™! relative to the minimum-energy well,

and the number of apostrophes indicates the order of the saddle point.
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Figure 13
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Fig. 13. Average rovibrational anharmonicity corrections per-mode for four species with
three torsions. In (a) results for all rotational and vibrational modes are shown,
and in (b) the torsions modes are described using the projected reduced-
dimensional 3D model, and results for the remaining nonfluxional modes are
shown. In (c) the torsions are described by the projected 3x1D model. The
average of the results in each panel is shown as a sold blue line and labeled (3,0),
with the reference (0,0) result included for comparison.
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Figure 14
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Fig. 14. Two-dimensional cuts through the potential energy surface for CH;OOCH:;3.
Critical point energies are shown in cm™! relative to the minimum-energy well,

and the number of apostrophes indicates the order of the saddle point.



62

Figure 15
360 3000
D 300 2500

e
- 2000

< 240

©
c 180 1500
2 120 1000

£
2 60k 500

0 0

0 60 120 180 240 300 360
Torsional Angle

Fig. 15. Two-dimensional cut through the potential energy surface for CH(OH)s. Critical
point energies are shown in cm™ relative to the minimum-energy well, and the

number of apostrophes indicates the order of the saddle point.
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Figure 16
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Fig. 16. Two-dimensional cuts through the potential energy surface for HOCH>CH>OH.
Critical point energies are shown in cm™! relative to the minimum-energy well,

and the number of apostrophes indicates the order of the saddle point.
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