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Abstract13

Mechanical responses of granular material to rotation of stress principal axes is an issue 14

of both practical and theoretical importance in soil mechanics. Using 2D DEM (two-15

dimensional discrete element method) simulation, this study investigates the 16

deformation of granular material under continuous rotation of stress principal axes 17

maintaining the principal stress values fixed. It is shown that under such rotation the 18

deformation can exceed the one caused by fixed principal stress axes cyclic biaxial 19

compression with a maximum deviatoric stress ratio that equals the fixed stress ratio 20

during rotation. The volumetric strain is overall contractive, while oscillating within 21

each load cycle for specimens with significant fabric anisotropy. Initial fabric 22

anisotropy orientation is shown to have little influence on the overall evolution of 23

volumetric strain, while it does affect shear strain development. During the initial stress 24

principal axes rotation cycles, the dilatancy of granular material, in the contractive 25

direction, is dominated by the evolving orientation of major principal stress axis in 26

reference to the initial major principal stress axis during anisotropic consolidation, and27



the influence of initial fabric anisotropy orientation is trivial. As stress rotation 28

continues, the influence of the relative orientation between stress and fabric becomes 29

prominent, causing the material to dilate when the major principal stress axis rotates 30

from the normal of the bedding plane to being perpendicular to it, and contract during 31

the other half of the cycle.32

Keywords: Granular material; Continuous stress principal axes rotation; Discrete 33

element method; Deformation; Fabric34

35

36

37



1 Introduction38

Stress in soil under natural and engineering loads (e.g. wave loads, seismic loads, 39

traffic loads etc.) rarely evolve with fixed principal axes (Pyke et al., 1975; Seed et al.,40

1978; Ishihara and Towhata, 1983; Li, 1996; Chang, 2011; Tong et al., 2014). The 41

rotation of stress principal axes (PA) has been suggested to significantly influence the 42

mechanical response of soil, increasing deformation and reducing liquefaction 43

resistance, compared with loading involving only stress magnitude variation along 44

fixed principal axes (Seed et al., 1978; Arthur et al., 1979; Ishihara and Yamazaki, 1980;45

Tokimatsu and Yoshimi, 1982; Towhata and Ishihara, 1985) even when the magnitudes 46

of principal stresses in the two scenarios are the same.47

Laboratory experiments (Arthur et al., 1977; Hight et al., 1983; Matsuoka et al.,48

1985; Miura et al., 1986 a, b; Symes et al., 1988; Vaid et al., 1990; Wijewickreme and 49

Vaid, 1993; Yang et al., 2007; Tong et al., 2010; Jiang et al. 2013; Cai et al., 2013) and 50

DEM (Discrete Element Method, Cundall and Strack, 1979) numerical simulations51

(Tsutsumi and Kaneko 2008; Jiang et al., 2006; Li and Yu, 2010; Tong et al., 2014; Wan 52

and Hadda, 2015; Theocharis et al., 2017) have been conducted to study soil behavior 53

under continuous stress PA rotation. Since Ishihara and Towhata (1983) pointed out that 54

the strain increment direction does not align with the stress direction during stress PA55

rotation, this phenomenon has become a major focus in studies concerning stress PA56

rotation. The non-coaxiality between strain increment and stress has been analyzed in 57

detail (Miura et al., 1986 a, b; Gutierrez et al., 1991; Cai et al., 2013; Tong et al., 2014;58

Xiong et al., 2015; Yan et al., 2015). For example, Gutierrez et al. (1991) studied the 59



dependency of plastic strain increment direction on the stress increment direction 60

through a series of well-designed stress PA rotation and probe tests. These advances 61

have been utilized as explanations for the deformation of soil under principal stress 62

rotation in constitutive modeling efforts (Prandel et al., 1990; Gutierrez et al., 1993;63

Lashkari and Latifi, 2008; Yang and Yu, 2013). Nevertheless, as important as it is, this64

non-coaxiality is only one specific aspect of the loading scheme of soils under stress 65

PA rotation (Tejchman and Wu, 2009), and should not be considered the sole or main 66

fundamental cause for the deformation behavior of soil under such stress path. More 67

recently, constitutive modeling efforts have been made to take into consideration the 68

effect of stress PA rotation through incorporating intrinsic and fundamental soil 69

properties, particularly fabric anisotropy (e.g. Li and Dafalias, 2004; Iai et al., 2003;70

Taha and Shaverdi, 2014, Yao et al., 2017).71

Although existing experimental results have addressed some aspects of the 72

deformation of soil under stress PA rotation (Miura et al., 1986; Tong et al., 2010; Xiong 73

et al., 2015), more comprehensive and extensive study is still needed to investigate the 74

behavior of soil deformation characteristics during stress PA rotation, including 75

volumetric strain, shear strain, and dilatancy (the relationship between volume change 76

and shear deformation). Such studies would enhance rational understanding of the 77

fundamental characteristics of soil deformation under stress PA rotation, and 78

furthermore they will enhance the basic understanding of the fundamental mechanism 79

that defines dilatancy whose understanding and analytical description so far seems to 80

have been restricted to monotonic radial (and co-axial) loading conditions. 81



Recent developments in numerical simulation technologies has offered a powerful 82

tool for the study of soil behavior under complex loading such as stress PA rotation, 83

providing access to grain scale fabric information. Since Thornton’s (2000) pioneering 84

numerical study of granular media under complex three-dimensional loading, DEM has 85

been increasingly utilized to analyze granular material under stress PA rotation (e.g. Li 86

and Yu, 2010; Tong et al (2014); Theocharis et al., 2017). However, the connection 87

between fabric evolution and soil deformation during continuous stress PA rotation still 88

needs to be further studied to properly test the long-existing hypothesis that the 89

deformation of granular material under stress PA rotation is caused by anisotropy of the 90

material (Li and Dafalias, 2004; Iai et al., 2003; Taha and Shaverdi, 2014).91

The current study aims to address the aforementioned needs by conducting an in-92

depth analysis of deformation patterns of granular material and the connection between 93

fabric evolution and deformation of granular material under continuous stress PA94

rotation. In this work, such rotation refers to the process in which the stress principal 95

axes rotate continuously for a considerable number of cycles without any change in the 96

principal stress magnitudes and rotation direction (i.e. clockwise or counterclockwise), 97

and is abbreviated as “stress rotation”. A load cycle is complete when the principal 98

stress rotates by 180° due to symmetry. This continuous stress rotation is the simplest 99

and most fundamental form of stress PA rotation, and has been identified as the stress 100

path induced in soil by waves load on seabed (Ishihara and Towhata, 1983), an issue of 101

great practical values for seabed foundation geotechnical engineering. The simulation 102

method and program adopted in this study are presented in Section 2. Typical 103



deformation development and fabric evolution results during stress rotation are104

presented in Section 3, including one case of deformation caused by cyclic biaxial 105

loading of same deviatoric stress amplitude. The volumetric strain, shear strain, and 106

dilatancy under stress rotation is analyzed in sections 4 to 6, respectively, with special 107

focus on the role of fabric anisotropy. The influence of initial fabric anisotropy intensity 108

and loading history is discussed in section 7.109

2 DEM simulation program110

2.1 Simulation method111

2D DEM simulations of elliptical particles are conducted in this study to investigate 112

the deformation of granular materials under stress rotation using PPDEM (Polyarc 113

Parallel-processing Discrete Element Modeling, Fu et al. 2012). 3D granular materials 114

and 2D particle-based models behave differently in certain aspects. For instance, 2D 115

particle assemblies generally have lower void ratio and coordination numbers than their 116

3D counterparts. However, 2D DEM’s ability to quantify, in high fidelity, grain-scale 117

processes and qualitatively predict granular material behavior, including previously 118

unknown behavior has been proven by numerous studies, including prior applications 119

of the PPDEM code (e.g. Fu and Dafalias, 2011 a, b; Tong et al, 2014; Fu and Dafalias,120

2015; Wang et al, 2016; Wang et al 2017, a, b). Moreover, PPDEM’s parallel 121

computation capability makes the long-duration simulations (involving many loading 122

cycles) conducted in this study computationally tractable, which amounted to over 5000 123

core-hours on Intel Xeon E5-2697 CPUs.124

A total of 16 DEM simulations are conducted in this study, including 15 stress 125

rotation simulations, and one cyclic biaxial simulation with fixed principal stress axes, 126



as listed in Table 1. The naming convention for the simulation IDs reflects important 127

characteristics of each simulation. The first letter in the simulation ID represents the 128

density of the specimen, L stands for relatively loose, D stands for relatively dense, and 129

M stands for medium. The second letter represents the fabrication method of the 130

specimen, G stands for gravity deposition, C stands for centripetal acceleration, and R 131

means the specimen is reconsolidated from a previous specimen that has experienced 132

certain load histories. The first number following the letters indicates the deviatoric 133

stress magnitude in kPa. The second number, if applicable, is the initial bedding plane 134

orientation in degrees relative to the horizontal plane. CB at the end of the ID indicates 135

that the simulation is a cyclic biaxial with fixed PSA.136

Table 1. Continuous cyclic principal stress rotation simulation program137

ID ein Fabrication method q (kPa) Ψ (°) αcin αpin

DG-25-0 0.1818 gravity deposition 25 0 0.075 0.126

DG-0 0.1821 gravity deposition 0 0 0.057 0.127

DG-25-0-CB 0.1818 gravity deposition 25 0 0.075 0.126

DG-25-30 0.1817 gravity deposition 25 30 0.069 0.125

DG-25-60 0.182 gravity deposition 25 60 0.043 0.128

DG-25-90 0.1819 gravity deposition 25 90 0.022 0.126

DG-10-0 0.1819 gravity deposition 10 0 0.062 0.126

DG-40-0 0.182 gravity deposition 40 0 0.102 0.124

LG-25-0 0.2172 gravity deposition 25 0 0.135 0.218

LG-25-30 0.217 gravity deposition 25 30 0.126 0.217

LG-25-60 0.2168 gravity deposition 25 60 0.101 0.216

LG-25-90 0.2162 gravity deposition 25 90 0.076 0.221

LG-10-0 0.2174 gravity deposition 10 0 0.123 0.216

LG-40-0 0.2165 gravity deposition 40 0 0.155 0.219

DC-25 0.1819 centripetal acceleration 25 / 0.024 0.008

MR-25 0.1964 reconstructed from LG-25-0 25 / 0.071 0.119

Note: The initial void ratio ein, contact normal fabric anisotropy intensity αcin, and particle 138

orientation fabric anisotropy intensity αpin are measured after consolidation under deviatoric stress.139

The cyclic biaxial simulation DG-25-0-CB provides a comparison baseline for the 140

deformation of granular material under principal stress rotation. A simulation DG-0, in 141

which the applied isotropic stress is numerically rotated, is conducted to validate the 142



algorithm of applying rotating stress boundary conditions. Among the other 14143

principal stress rotation simulations, the influences of initial void ratio (ein), initial 144

fabric anisotropy, deviatoric stress ratio (η), and stress history are investigated. Two 145

series of stress rotation simulations on specimens with different initial void ratios are 146

conducted, namely the DG and LG series. Within each series, variations in initial fabric 147

anisotropy orientation is achieved by altering the initial bedding plane angle ψ, i.e. the 148

angle between the bedding plane and the horizontal plane (Fig. 1). Simulations under 149

three different deviatoric stress levels are also conducted within each of the DG and LG 150

series. The influence of initial fabric anisotropy intensity is evaluated through151

comparison of the DG series with a simulation on an initially isotropic specimen (DC-152

25-0). The influence of loading history is isolated and investigated using a specimen 153

that had undergone previous loading (MR-25) to achieve approximately the same initial 154

fabric anisotropy as that of DG-25-0. All the simulations in this study are conducted 155

under a mean effective stress of 125 kPa. Note, the unit of stress in 2D is expressed in 156

per meter (out-of-the-plane direction) terms in this study to be consistent with the 157

conventional stress unit of kPa.158

159



160
Fig. 1. Schematic diagram of the loading of specimens: (a) stress principal axes rotation applied on 161

a specimen with an initial bedding plane angle of ψ; (b) cyclic biaxial loading. Both specimens are 162

circular in shape, cut out from the granular material, and then consolidated to the initial stress state.163

Initially anisotropic granular material is fabricated by pluviating 100,000 randomly 164

generated elliptical particles under gravity following procedures presented by Fu and 165

Dafalias (2011 a), whereas the initially isotropic specimen (DC-25) is fabricated by 166

applying centripetal acceleration to 100,000 particles with a uniform distribution of 167

original orientations. The method of fabricating initially isotropic granular material 168

under centripetal acceleration has been proved successful in achieving an isotropic 169

initial state by Wang et al. (2017 b). The homogeneity of the fabricated material is 170

checked carefully following the procedures of Fu and Dafalias (2011 a). Circular 171

specimens (Fig. 1) consisting of approximately 15,000 particles each are then cut out 172

from the fabricated anisotropic and isotropic materials, with the circular shape of the 173

specimen chosen for the convenience of the homogeneous application of the stress 174

boundary condition during principal stress rotation.175

Stress boundary condition with arbitrary principal values and orientations is 176

achieved following a method of applying distributed forces along the principal stress 177

directions directly to boundary particles proposed by Tong et al (2014), guaranteeing 178

the homogeneity of the applied stress and the free deformation of the specimen. In this 179



paper, the orientation of the major principal stress axes θσ1 is referred to as the angle 180

between the current major principal stress axis and the horizontal direction (Fig. 1). The 181

circular specimens cut out from the virtual granular material are first rotated to the 182

designated initial bedding plane angle ψ (Fig. 1), and then consolidated under the 183

desired stress state before rotational loading. At the initiation of stress rotation, the 184

major principal stress orientation coincides with the vertical direction (y axis), and the 185

minor principal stress orientation coincides with the horizontal direction (x axis), i.e. 186

σy=σ1 and σx=σ2. During stress rotation loading, the applied stress, with magnitudes of 187

principal components fixed, is rotated clockwise continuously in a quasi-static state188

until termination of the simulation when the void ratio of the specimens reaches a 189

relatively steady value (after 60~100 cycles), maintaining the two principal stress 190

values fixed. Other stress paths including biaxial loading with fixed principal stress 191

axes, as in simulation LG-25-0-CB, can also be easily achieved using the boundary 192

stress application method (Fig. 1 (b)).193

The virtual granular material used consists of elliptical particles with an aspect ratio 194

of 1.5:1, Dmin= 0.3mm, Dmax= 1.0mm, D50= 0.72mm, and inter-particle friction angle 195

of 35°. The elliptical particle shape makes it easy to obtain significant inherent fabric 196

anisotropy through the fabrication process. The inter-particle contact law by Fu and 197

Dafalias (2011 a) is adopted, where the normal force between two contacting particles 198

is proportional to the overlap area. The contact normal stiffness parameter (Kn) is 500 199

GPa/m (force/overlap area/unit thickness), and the tangential stiffness parameter Ks= 200

1/3 Kn. See Fu et al. (2012) for a detailed description of the contact law including the 201



treatment of a minor thermodynamic inconsistency associated with this class of contact 202

law as discovered by Elata and Berrman (1996). The efficacy of the DEM code, 203

simulation method, and contact model have been proved by Tong et al. (2014) in 204

validations against stress rotation laboratory test results on actual sand.205

2.2 Stress, strain, and fabric measurement206

The stress within the DEM specimens is calculated as (Bagi 1996):207

1

1 cN
k k

ij i j
k

f l
S




                           (1)208

where S is the area (2D) of the measuring domain; k is an index that runs over all 209

the inter-particle contact points, and Nc is the total number of contacts; fi
k is the i-210

component of the kth contact force; lik is the i-component of the branch vector 211

connecting the centers of the two particles of the kth contact. In this study, the stress is 212

measured within the center portion of the circular specimens with more than 10,000 213

particles, which along with quasi-static loading state guarantees Eq. (1) complies with 214

the uniformity assumptions (Caillerie, 1991) and that secondary terms of the calculated 215

stress tensor are negligible. The deviatoric stress can then defined as q = (σ1-σ2)/2, and 216

mean stress p = (σ1+σ2)/2.217

Local strain in DEM can be inferred from deformation of a reference triangle with 218

vertices attached to the centers of three reference particles, based on a method proposed 219

by Fu and Dafalias (2011 b). The average strains of the specimens are measured with a 220

Delaunay triangulation within the center portion of the circular specimens. Thus, errors221

caused the occasional large displacement of individual particles at the boundary of the 222

specimen are avoided. In this study, compressive stress and strain are denoted as 223



positive, following soil mechanics sign conventions.224

The second-order contact normal and particle orientation fabric tensors provide 225

information on the fabric anisotropy orientation and intensity of the material. These 226

fabric tensors can unveil important characteristics of granular material relating to its227

response to principal stress rotation, and can be calculated based on the following 228

general formulation (Satake 1982):229

1

1 N
k k

kN 

 F v v                      (2)230

where N is the number of inter-particle contacts or particles in the measuring 231

domain,  denotes tensor product, and the superscript k is the kth contact or kth particle 232

in the measuring domain. When the directional entity v is the unit contact normal 233

orientation vector vc, the contact normal fabric tensor Fc is obtained; when it is the unit 234

particle orientation vector vp, the particle orientation fabric tensor Fp is obtained. The 235

measuring domains for the fabric tensors are consistent with those of stress and strain 236

measurements. A fabric tensor in 2D can be uniquely determined by the “intensity” of 237

the anisotropy and the orientation of the fabric, as the trace of the tensor is always unity. 238

The intensity of the anisotropy is the difference between the major and minor principal 239

components of a fabric tensor, or α=F1-F2, and the orientation of the fabric tensor can 240

be depicted by its major principal direction θ.241

3 Typical results242

To verify the efficacy of the simulation method and highlight the significance of the 243

granular materials’ deformation under stress rotation, the simulation results from DG-244

25-0 and DG-25-0-CB are first compared in this section. These two simulations have 245



identical initial conditions and experience the same amplitude of deviatoric stress (q=25 246

kPa), but are subjected to different loading modes, i.e. stress rotation vs. cyclic biaxial 247

compression. Fig. 2 depicts the stress path of these two simulations, based on actually 248

“measured” stresses according to equation (1), in the p-q space and the τxy-σx space. In 249

the p-q space, the stress path of DG-25-0-CB follows a vertical line with oscillating q250

and constant p, while that of DG-25-0 is only a single dot, indicating that the principal 251

stress values in DG-25-0 remains constant. In the τxy-σx space, the stress path of DG-252

25-0-CB follows a horizontal line with no shear stress in the x-y plane, while that of 253

DG-25-0 forms a full circle, indicating the continuous rotation of the principal stress 254

axes. These results show that the adopted simulation method is effective in achieving 255

the target stress paths in high fidelity.256

257

Fig. 2. Measured stress path in DEM simulations for continuous cyclic principal stress rotation (DG-258

25-0) and cyclic biaxial loading (DG-25-0-CB): (a) stress path in p-q space; (b) stress path in σx-τxy259

space. Stress paths in 100 cycles of stress rotation and 100 cycles of biaxial loading are 260



superimposed.261

The deformation caused by stress rotation in simulations DG-25-0, and that caused 262

by cyclic loading with fixed principal stress axes in simulation DG-25-0-CB are 263

presented in Fig. 3, along with that of the validation simulation DG-0 subjected to 264

isotropic stress rotation. The strains presented in Fig. 3 include the strains in the x-y 265

coordinate system (εx, εy, and γxy), the maximum in-plane shear strain (γ = ((εx - εy)2 +266

γxy
2)1/2 = (2e:e)1/2, e being the deviatoric strain tensor), and the volumetric strain (εv). In267

both simulations DG-25-0 and DG-25-0-CB, the strains accumulate as stress rotation 268

progresses until gradually reaching their respective steady levels, and the specimen 269

experiences overall contraction during loading. However, for these two simulations 270

with exactly the same initial states, stress rotation induces larger strains than biaxial 271

loading does. For example, the eventual volumetric strain in simulation DG-25-0 272

oscillates around 0.9%, while that of DG-25-0-CB oscillates around 0.5%. The 273

oscillation amplitude in the former is greater than that of cyclic biaxial loading, 274

apparent in the close-up views shown in Fig. 3 (b) and (f). These results suggest that 275

deformation caused by stress rotation can be very significant for granular materials, and 276

is at least comparable in magnitude to that caused by cyclic biaxial loading. Hence, 277

inadequate consideration for principal stress rotation may cause significant 278

underestimation of soil deformation under many natural and engineering loading 279

scenarios. The results from simulation DG-0 where no discernible deformation occurs 280

during the rotation of the applied isotropic stress (Fig. 3 (c) and (d)) provide verification281

that the deformation observed due to principal stress rotation in this study is not an 282

artifact induced by the adopted simulation method.283



284
Fig. 3. Strains in simulations: (a) DG-25-0 during 0~100 load cycles, (b) close-up of DG-25-0 285

during 50~55 load cycles, (c) DG-0 during 0~100 load cycles, (d) close-up of DG-0 during 50~55 286

load cycles, (e) DG-25-0-CB during 0~100 load cycles, and (f) close-up of DG-25-0-CB during 287

50~55 load cycles. Five strain components are shown, including normal strain εx and εy, engineering 288

shear strain γxy, maximum in-plane engineering shear strain γ, and volumetric strain εv.289

Fig. 4 shows the rose diagrams for initial contact normal and particle orientation for 290

simulations DG-25-0, DG-25-30, DG-25-60, and DG-25-90 after anisotropic 291

consolidation and immediately before principal stress rotation. These four simulations 292

use the same circular specimen cut out from the gravity-deposited granular material, 293

with the specimen rotated to have initial bedding plane angles of 0°, 30°, 60°, and 90°, 294

respectively. The rose diagrams for the specimen under isotropic stress (p=125 kPa) are 295

also shown as a comparison baseline (Fig. 4 (e)). During consolidation under 296

anisotropic stress (p=125 kPa, q=25 kPa in these four simulations), the contact normal 297

fabric is observed to experience notable changes, which is a characteristic that the 298

anisotropic stress imposes on the material. In general, consolidation under the 299

anisotropic stress induces a contact normal fabric increment in the same direction as 300



the anisotropic stress. This results in the specimen consolidated under anisotropic stress 301

with initial bedding plane angle ψ = 0° having greater contact normal fabric anisotropy 302

intensity, and the specimen with ψ = 90° having a smaller contact normal fabric 303

anisotropy intensity, compared with the specimen under isotropic stress state. The 304

influence of the changes induced by the anisotropic consolidation stress on the 305

deformation of the specimens is discussed in later sections. In contrast to the contact 306

normal fabric, the particle orientation fabric remains largely unchanged during 307

consolidation, with the only difference among the four being the initial orientation of 308

the fabric, which is within ±2.1° of the bedding plane angle (i.e. θp0 ≈ ψ). This difference 309

in the evolution of various fabric tensors under anisotropic biaxial stress has been 310

attributed to the difference in the restriction of each fabric measurement by the 311

geometrical configurations of the granular system in a previous study by Wang et al. 312

(2017 b). 313

314

Fig. 4. Initial contact normal and particle orientation fabric rose diagram in simulation series DG. 315

(The numbers 0, 30, 60, and 90 in the simulation IDs represent the initial bedding plane angle of 316

each specimen)317

During stress rotation, the intensity of contact normal fabric anisotropy αc oscillates 318

between approximately 0.025 and 0.070 in all four simulations (Fig. 5 (a) and (b)), 319



which is close to the range of the initial αc0 values of among the four simulations 320

(αc0=0.22 in DG-25-90 and 0.075 in DG-25-0). The contact normal fabric orientation 321

θc oscillates within approximately ±10° of each specimen’s respective initial contact 322

normal fabric orientation θc0 (Fig. 5 (c) and (d)). In comparison with the contact normal 323

fabric, the particle orientation fabric shows minimal change during principal stress 324

rotation, in terms of both fabric anisotropy intensity and orientation (Fig. 5 (e)~(h)). 325

The variation of particle orientation fabric anisotropy intensity αp are all within ±0.005 326

of the initial value, or less than 4% of the initial values. The particle orientation fabric 327

orientation θp only deviate from its initial orientation θp0 within ±1.0°. These observed 328

differences in the evolution of the particle orientation fabric and contact normal fabric 329

are attributed to the fact that contact normal is much easier to adjust to external loading, 330

while particle orientation is more strongly constrained by the geometrical arrangement 331

of the granular assembly, unless very large deformation permits significant particle 332

rotations (Fu and Dafalias, 2011a).333



334

Fig. 5. Evolution of contact normal and particle orientation fabrics during continuous cyclic 335

principal stress rotation in simulation series DG: (a) Contact normal fabric anisotropy intensity αc 336

during 0~100 load cycles, (b) close-up of contact normal fabric anisotropy intensity αc during 50~55 337

load cycles, (c) major principal contact normal fabric orientation θc during 0~100 load cycles, (d) 338

close-up of major principal contact normal fabric orientation θc during 50~55 load cycles, (e) 339

particle orientation fabric anisotropy intensity αp during 0~100 load cycles, (f) close-up of particle 340

orientation fabric anisotropy intensity αp during 50~55 load cycles, (g) major principal particle 341

orientation fabric orientation θp during 0~100 load cycles, and (h) close-up of major principal 342

particle orientation fabric orientation θp during 50~55 load cycles.343

4 Volumetric and shear strains under principal stress rotation344

The volumetric strain during stress rotation in simulation series DG (DG-25-0, DG-345

25-30, DG-25-60, and DG-25-90) and LG (the lower density counterparts, namely LG-346

25-0, LG-25-30, LG-25-60, and LG-25-90) are plotted in Fig. 6, to analyse the 347

influence of initial fabric orientation and void ratio on volumetric strain development.348

The ultimate steady volumetric strains in the four DG series simulations are very similar, 349



ranging between 0.83% and 0.89% on the contractive side. The overall volumetric 350

strain evolution in the LG series also appears to be largely independent of the initial 351

fabric orientation, with the ultimate volumetric strains of the four simulations within 352

1.94%-2.14%. This is reasonable as the initial difference in fabric, which is in terms of 353

the orientation or rotation from a common state, becomes insignificant during many 354

cycles of stress rotations. However, it is somewhat surprising that even during the initial 355

loading cycles, there seems to be no discernible difference in the volumetric strain 356

within each simulation series (Fig. 4 (d)), suggesting that the initial fabric orientation 357

has little influence on the development of volumetric strain. These observations will be 358

discussed in more detail in correlation with dilatancy in Section 5. The volumetric strain 359

in the looser LG series experiences more than twice the contraction of the denser DG 360

series, suggesting that the contractive volumetric strain increases with decreasing 361

relative density.362

363

Fig. 6. Volumetric strain during continuous cyclic principal stress rotation in: (a) simulation series 364

DG and LG during 0~100 load cycles, (b) simulation series LG during 50~55 load cycles, (c) 365

simulation series DG during 50~55 load cycles; (d) simulation series DG and LG during 0~5 load 366



cycles. (D and L represent dense and loose, respectively)367

The volumetric strain of DG-40-0, DG-25-0, and DG-10-0 are plotted in Fig. 7 (a), 368

and that of LG-40-0, LG-25-0, and LG-10-0 are plotted in Fig. 7 (b), to analyze the 369

influence of deviatoric stress on volumetric strain. For both the DG and LG series, as 370

the deviatoric stress increases, the contractive volumetric strain increases. For example, 371

the final volumetric strain in DG-40-0 is 1.99%, while that of DG-10-0 is only 0.11%. 372

This naturally raises a question: Will granular material contract or dilate under principal 373

stress rotation when the stress state is above the dilatancy line in the p-q space? During 374

monotonic loading, a material changes from contractive to dilative when it crosses the 375

dilatancy line. In order to answer this question, monotonic biaxial loading with constant 376

p = 125 kPa is applied to the specimen used in both the DG and LG series with initial 377

bedding plane angle of 0°, starting from an isotropically consolidated state. The shear 378

strain γ and volumetric strain εv during loading are shown against the deviatoric stress 379

q in Fig. 8, where the q values when the stress rotation begun are also annotated. The 380

peak q for the two specimens under monotonic biaxial loading are 62kPa and 53KPa, 381

respectively (Fig. 8 (a)). The specimen in the DG series with initial bedding plane angle 382

of 0° begins to dilate when the deviatoric stress q exceeds 30kPa (Fig. 8 (b)). This 383

means that even though the DG-40-0 simulation is in a stress state that is above the 384

dilatancy line, the volumetric strain induced by principal stress rotation is still 385

contractive. These results suggest that the overall volumetric strain is always 386

contractive under stress rotation, at least for a 2D case, and the magnitude of contraction 387

increases with increasing deviatoric stress, irrespective of whether or not the stress state 388

is above the dilatancy line.389



390

Fig. 7. Influence of deviatoric stress on volumetric strain: (a) DG series, (b) LG series. (The numbers 391

40, 25, and 10 in the simulation IDs represent the deviatoric stress q in the simulations)392

393

Fig. 8. Volumetric strain under monotonic biaxial loading with constant p = 125kPa in the specimen 394

used in the DG series with initial bedding plane angle of 0°.395

Apart from the volumetric strain, another important aspect of the deformation of 396

granular material under stress rotation is the shear strain. The maximum in-plane shear 397

strain γ in the DG series of simulations with varying bedding plane angles (DG-25-0, 398

DG-25-30, DG-25-60, and DG-25-90) are plotted in Fig. 9 (a) and (b). γ oscillates at a 399

largely constant amplitude during loading. The ultimate γ oscillates around values 400

which decrease from 0.8% to 0.3% as the bedding plane angle increases from 0° to 90°. 401

The orientation of the major principal strain θε1 is plotted in Fig. 9 (c) and (d), which is 402



at a 45° angle with the normal of the plane that γ occur and can uniquely reflect the 403

orientation of the maximum in-plane shear strain. The orientation θε1 in the DG series 404

show some limited variation in accordance to the variation of bedding plane angle, all 405

oscillating within ±30° the horizontal direction.406

407

Fig. 9. Evolution of shear strain: (a) maximum shear strain in simulation series DG during 0~100 408

load cycles, (b) close-up of maximum shear strain in simulation series DG during 50-55 load cycles, 409

(c) orientation of principal strain (45° from the orientation of maximum shear strain) in simulation 410

series DG during 0~100 load cycles, (d) close-up of orientation of principal strain in simulation 411

series DG during 50~55 load cycles, (e) maximum shear strain in simulation series LG during 0~100 412

load cycles, (f) close-up of maximum shear strain in simulation series LG during 50-55 load cycles, 413

(g) orientation of principal strain in simulation series LG during 0~100 load cycles, (h) close-up of 414

orientation of principal strain in simulation series LG during 50~55 load cycles.415

For each simulation in the LG series (LG-25-0, LG-25-30, LG-25-60, and LG-25-416

90), γmax increases gradually during loading and oscillates around a stabilized value 417



after about 40 cycles, (Fig. 9 (e) and (f)), which is significantly later than their DG 418

counterparts. Similar to the DG series, the ultimate γ also oscillates around values that 419

decrease as the bedding plane angle increases, though the difference between the 420

stabilized γ is more significant, ranging between 0.5% and 1.5%. In contrast to the DG 421

series, θε1 in the LG series has a clear correspondence with the bedding plane angle, 422

with the eventual θε1 oscillating around values approximately equal to the bedding plane 423

angle (Fig. 9 (g) and (h)). The amplitude of oscillation of θε1 in the LG is also 424

significantly smaller than that in the DG series. These observations could be related to 425

the fact that the initial fabric anisotropy intensity in the LG series is significantly greater 426

than that in the DG series (Table 1), providing stronger constraint on the orientation of 427

the shear strain. This hypothesis is also supported by observations in Fig. 9 (d) and (h), 428

where the oscillation amplitude of shear strain orientation in simulation DG-25-0 is 429

smaller than that in simulation DG-25-90, but similar to that in simulation LG-25-0, 430

with the initial contact normal fabric anisotropy αcin of the three simulations being 0.075, 431

0.022, and 0.076, respectively (Table 1). These results indicate that unlike the 432

volumetric strain, which is independent of the bedding plane angle, the shear strain 433

induced by stress rotation is dependent on the bedding plane in terms of both magnitude 434

and orientation, thus being dependent on the initial fabric orientation. The magnitude 435

and orientation of shear strain, along with their dependency on initial bedding plane 436

angle are significantly influenced by the density of the material.437

Similar to the volumetric strain, the deviatoric stress level also influences the shear 438

strain, as illustrated in Fig. 10. In both the DG series (DG-40-0, DG-25-0, and DG-10-439



0) and LG (LG-40-0, LG-25-0, and LG-10-0) series of simulations with varying 440

deviatoric stress, the stabilized maximum in-plane shear strain γ increases as the 441

deviatoric stress q increases (Fig. 10 (a) and (c)). Interestingly, the oscillation amplitude 442

of θε1 decreases as the deviatoric stress increases (Fig. 10 (b) and (d)), which could 443

again be related to the increase of initial fabric anisotropy intensity as deviatoric stress 444

increases (Table 1).445

  446

Fig. 10. Influence of deviatoric stress on shear strain: (a) maximum shear strain in series DG, (b) 447

orientation of principal strain in series DG, (c) maximum shear strain in series LG, (d) orientation 448

of principal strain in series LG.449

5 Dilatancy under principal stress rotation450

Detailed investigation into the relationship between volume change and shear 451

deformation during stress rotation, which is referred to in this paper as dilatancy, can 452

then be conducted based on the volumetric and shear strain measurements. As the 453

strains exhibit two distinct stages of initial accumulation and eventual oscillation 454

around stabilized values, dilatancy of both stages are analyzed.455

Close-ups of the volumetric and maximum shear strain values during the first load 456

cycle in the DG series of simulations with varying bedding plane angles are illustrated 457



in Fig. 11 (a) and (b), respectively. Fig. 11 shows that the volumetric and maximum 458

shear strain magnitudes during the first load cycle are almost completely independent 459

of the bedding plane angle and initial fabric orientation. This somewhat surprising result 460

has also been observed in laboratory principal stress rotation experiments by Xiong et 461

al. (2016) on Toyoura sand conducted using a hollow cylinder apparatus, as shown in 462

Fig. 12. Under stress rotation, the relative accumulation of volumetric strain to shear 463

strain is significantly greater than that under monotonic loading (Figs. 8 and 11). Hence, 464

the analysis of volumetric deformation and dilatancy should be a focus in investigating 465

the behavior of granular materials under stress rotation. It should also be pointed out 466

that Fig. 11 (a) and (b) have different vertical axis scales, the accumulated volumetric 467

strain during the first load cycle is about 0.15%, during which the accumulated shear 468

strain is also about 0.2%.469

470

Fig. 11. Deformation in simulation series DG during the first load cycle: (a) volumetric strain, and 471

(b) maximum shear strain.472

The dilatancy ratio (Δεv/Δγ) (also called simply dilatancy) during the first load cycle 473

in the DG simulation series is plotted in Fig. 13 against the orientation of the major 474

principal stress axis θσ1, which rotates from 90° to -90° (starting at the vertical direction 475



of 90°) during each cycle. During the first load cycle, the dilatancy ratio is always 476

positive for all the simulations in the DG series, echoing the contraction observed in 477

Fig. 11. For all four simulations with different bedding plane angles, the dilatancy peaks 478

when the major principal stress axis θσ1 is around 0°, which is the direction where the 479

specimen has been “compressed less” during initial consolidation under anisotropic 480

stress, and is perpendicular to contact normal fabric increment induced by consolidation 481

under anisotropic stress. The results in Figs. 11~13 indicate that the deformation of 482

granular material during the initial cycle of principal stress rotation is mostly dependent 483

on the orientation of the major principal stress axis in reference to that of the initial 484

major principal stress axis during anisotropic consolidation, and is almost independent 485

of the initial bedding plane angle and fabric anisotropy orientation.486

487

Fig. 12. Volumetric and shear strain during the first load cycle in laboratory principal stress rotation 488

experiments on Toyoura sand using a hollow cylinder apparatus: (a) volumetric strain, (b) maximum 489

shear strain. (The experiment results are obtained from data reported by Xiong et al. (2016). The 490

experiment IDs R0~R90 represent the bedding plane angle, which is the angle between the initial 491

major principal stress and the normal of the bedding plane)492



493

Fig. 13. Dependency of dilatancy rate on the orientation of principal stress during the first load cycle 494

in simulation series DG. (The rotation direction for θσ1 is from 90° to -90° during each cycle).495

During later load cycles, the deformation caused by principal stress rotation is 496

observed to oscillate around a steady value. Fig. 14 shows the close-ups of the 497

volumetric and maximum shear strain values during the 78th-80th load cycles in the DG 498

series of simulations with varying bedding plane angles. Although the overall 499

volumetric strain levels are similar for all four simulations as discussed in the previous 500

section, clear phase difference in the periodic oscillation of the volumetric strain can be 501

observed in Fig. 14 (a). The peak volumetric strain occurs at full cycles for DG-25-0, 502

at half cycles for DG-25-90, at 5/6 for DG-25-30 and 2/3 cycles for DG-25-60. The 503

maximum in-plane shear strain γ for the four simulations shows significant difference 504

in value and slight phase difference during the 78th-80th load cycles (Fig. 14 (b)).505

506

Fig. 14. Deformation in simulation series DG during the 78th-80th load cycle: (a) volumetric strain, 507

and (b) maximum shear strain.508



Fig. 15 (a) and (b) plot volumetric strain increment per increment of stress rotation 509

angle and per increment of max shear strain (the latter is also called the dilatancy ratio), 510

respectively, versus the angle between the major principal stress axis and the normal of 511

the bedding plane, namely ψ - θσ1 + 90°. This reflects the relative orientation of both 512

stress and initial fabric anisotropy, unlike that in Fig. 13. During loading the rotation 513

direction for ψ - θσ1 + 90° is from 0° to 180°, while ψ - θσ1 + 90° initiates at 0°, 30°, 514

60°, and 90° for simulations DG-25-0, DG-25-30, DG-25-60, and DG-25-90, 515

respectively. Fig. 15 (a) clearly shows that the volumetric strain increment in terms of 516

increment of stress rotation angle in later load cycles is uniquely determined by the 517

angle ψ - θσ1 + 90°. The dilatancy ratio in Fig. 15 (b) follows similar patterns as that in 518

Fig. 15 (a), but with more fluctuations. During the steady oscillation stage under 519

principal stress rotation, the dilatancy is zero when the either principal stress axis 520

coincides with the normal of the bedding plane. When the major principal stress axis 521

rotates from being aligned with the normal of the bedding plane to being perpendicular 522

to it, i.e. ψ - θσ1 + 90° rotates from 0° to 90°, dilatancy occurs. When the major principal 523

stress axis rotates from being perpendicular to the normal of the bedding plane to being 524

aligned with it, i.e. ψ - θσ1 + 90° rotates from 90° to 180°, contraction occurs. The results 525

in Figs. 14~15 indicate that the deformation of granular material after an adequate 526

number of cycles of principal stress rotation is dependent not only on the orientation of 527

stress itself, but also on the fabric anisotropy orientation, in terms of the particle 528

orientation fabric, which changes very little during stress rotation.529



530

Fig. 15. Dependency of dilatancy on the angle between the orientation of principal stress and the 531

initial bedding plane angle during the 78th-80th load cycles in simulation series DG: (a) volumetric 532

strain increment rate (in terms of stress rotation angle θσ1); (b) dilatancy rate. (The rotation direction 533

for ψ - θσ1 + 90° is from 0° to 180°).534

Based on these evidence, we tentatively conclude that the orientation of stress in 535

reference to its orientation during anisotropic consolidation and the angle between the 536

stress and fabric anisotropy orientation both affect the dilatancy of granular material 537

during stress rotation. During the initial loading stage, the influence of the orientation 538

of stress in reference to its orientation during anisotropic consolidation dominates and 539

causes substantial contraction, obscuring the role of initial fabric anisotropy orientation. 540

As stress rotation continues, the influence of the orientation of stress alone gradually 541

diminishes, and the influence of the angle between the stress and fabric anisotropy 542

orientation becomes prominent, causing oscillations in the volumetric strain from 543

dilative to contractive in each cycle. The volumetric strain results in Fig. 11 and Fig. 12 544

can provide some justification for the combination of these two different effects. 545

Although the influence of the orientation of stress is overwhelmingly dominant, the 546

volumetric strain during the second half of the first load cycle is slightly concave for 547

the specimens with 0° bedding plane angle in Fig. 11 and Fig. 12. This means that the 548



volumetric strain is more to the contractive side when the major principal stress axis 549

rotates towards the normal of the bedding plane. However, the volumetric strain during 550

the same stage is slightly convex for the specimens with 90° bedding plane angle, 551

meaning that the volumetric strain is more to the dilative side when the major principal 552

stress axis rotates away from the normal of the bedding plane.553

6 Influence of initial fabric anisotropy intensity and loading history554

Having shown that the initial fabric anisotropy orientation influences the oscillation 555

of volumetric strain but has insignificant effect on its ultimate value in the stabilized 556

stage of stress rotations, it is natural to further investigate the influence of fabric 557

anisotropy intensity. Hence, an initially isotropic specimen is fabricated under 558

centripetal acceleration, consolidated under anisotropic stress, and then subjected to559

stress rotation simulation (DC-25). The initial fabric anisotropy intensity for specimen 560

DC-25 is significantly smaller than its anisotropic counterpart DG-25-0 (Table 1) 561

deposited under gravity, although the two specimens have almost the same initial void 562

ratio. The slight initial contact normal fabric anisotropy intensity αc in DC-25 is almost 563

completely induced by consolidation under anisotropic stress, increasing from 0.006 to 564

0.024 during consolidation. No change in the particle orientation fabric is observed 565

during consolidation of the specimen in DC-25, with the particle orientation fabric 566

anisotropy intensity αp remaining constant at 0.008.567

Fig. 16 compares the deformation in simulations DC-25 with that of DG-25-0. Fig. 568

16 (a) shows that the overall volumetric strain development in the two simulations are 569

very similar, reaching approximately the same ultimate stabilized value. However, a 570



major difference between them is that the initially isotropic DC-25 does not exhibit the 571

oscillation of volumetric strain (Fig. 16 (a)), an expected behaviour considering the 572

observed influence of the angle between the stress and initial fabric anisotropy 573

orientation on such oscillation in initially anisotropic specimens. Hence, oscillations of 574

dilatancy also does not exist for DC-25. The maximum shear strains for the two 575

simulations are also different, with that of DC-25 being much smaller than that of DG-576

25-0 (Fig. 16 (b)). Fig. 17 plots the evolution of the contact normal fabric during stress 577

rotation. Unlike its initially anisotropic counterpart in Fig. 5, the contact normal fabric 578

orientation rotates in full circles along with the continuous rotation of the principal 579

stress (Fig. 17 (b) and (d)) due to the fact that the slight initial anisotropy in DC-25 is 580

purely induced by anisotropic consolidation. The particle orientation fabric is 581

minimally altered by the principal stress rotation, and is not shown. The influence of 582

initial fabric anisotropy intensity on the deformation of granular materials under stress 583

rotation should be further analyzed, and it would be presumptuous yet to conclude that 584

initial fabric anisotropy intensity does not affect the ultimate volumetric strain.585

  586

Fig. 16. Comparison of the deformation under continuous principal stress axis rotation in specimens 587



with and without significant initial fabric anisotropy (DG-25-0 and DC-25): (a) volumetric strain 588

during; (b) maximum shear strain.589

590

591

Fig. 17. Evolution of contact normal fabric during continuous cyclic principal stress rotation in 592

simulation DC-25: (a) contact normal fabric anisotropy intensity during 100 load cycles; (b) close-593

up of contact normal fabric anisotropy intensity during 50~55 load cycles; (c) major principal 594

contact normal fabric orientation; (b) close-up of major principal contact normal fabric orientation 595

during 50~55 load cycles. (DC-25 is an initially isotropic specimen fabricated under centripetal 596

acceleration)597

The possible influence of loading history on the deformation of granular material 598

under principal stress rotation is also investigated. A specimen (MR-25) that has 599

approximately the same initial contact normal and particle orientation fabric as those of 600

DG-25-0, but greater void ratio (0.1954 vs. 0.1818 as shown in Table 1), is 601

reconstructed from the specimen of LG-25-0 by applying biaxial stress histories. The 602

evolution of contact normal fabric, particle orientation fabric, and void ratio under 603

stress rotation in MR-25 is compared with those of DG-25-0 in Fig. 18. The specimen 604

of simulation DG-25-0 at load cycle 0, the initial state, has the same void ratio, contact 605

normal fabric, and particle orientation fabric as those in the specimen of MR-25 at load 606

cycle 21. This is highlighted in Fig. 18 by plotting the results of the two simulations on 607

two different horizontal axes, where cycle 0 in simulation DG-25-0 corresponds to 608

cycle 21 in simulation MR-25. From such a point on, if loading history has no influence 609

on the response of granular material under stress rotation, the two simulations should 610



become the same. However, although the fabric evolutions in the two simulations are 611

almost identical (Fig. 18 (a)-(d)), the two simulations do not reach the same ultimate 612

void ratio, the void ratio curves for the two simulations are eventually almost parallel 613

to each other (Fig. 18 (e)). This means that loading history clearly has a strong influence 614

on the deformation of granular material under principal stress rotation, and warrants 615

further future analysis.616

617
Fig. 18. The evolution of contact normal fabric, particle orientation fabric, and void ratio under 100 618

continuous principal stress axis rotation load cycles in simulations DG-25-0 and MR-25: (a) contact 619

normal fabric anisotropy intensity; (b) major principal contact normal fabric orientation; (c) particle 620

orientation fabric anisotropy intensity; (d) major principal particle orientation fabric orientation; (e) 621

void ratio. Note the two simulations are plotted on different horizontal axis so that load cycle 0 in 622

DG-25-0 coincides with load cycle 21.4 in MR-25 at which instant the two specimens have almost 623

the same void ratio, contact normal fabric, and particle orientation fabric. (MR-25 is reconstructed 624

from LG-25-0 after applying cyclic biaxial load history)625



7 Conclusions626

The purpose of this study is to investigate deformation behavior of granular material 627

under continuous cyclic principal stress rotation, focusing on the volumetric strain, 628

shear strain, dilatancy, and their relationship with fabric anisotropy. We found that the 629

deformation induced by stress rotation is at least comparable to that induced by cyclic 630

biaxial loading under the same level of deviatoric stress. The overall volumetric strain631

under stress rotation is contractive, irrespective of the initial void ratio of the material 632

and the applied deviatoric stress ratio. However, the ultimate stabilized volumetric and 633

shear deformation magnitudes are strongly influenced by the initial void ratio and 634

applied deviatoric stress ratio, with looser specimen and greater deviatoric stress ratio 635

generally resulting in larger deformation. For initially anisotropic specimens fabricated 636

under gravity pluviation, the volumetric strain oscillates around a stabilized level after 637

an adequate amount of load cycles.638

The contact normal fabric oscillates significantly during stress rotation for initially 639

anisotropic specimens, while the particle orientation experiences negligible change. 640

The initial fabric orientation is shown to have little influence on the magnitude of 641

volumetric strain, both during the initial load cycles and in the ultimate stabilized stage. 642

In comparison, the value and orientation of the maximum shear strain is affected by the 643

initial fabric anisotropy orientation, with the final maximum shear strain orientation 644

tending to oscillate around the direction 45° to the bedding plane for looser specimens.645

Using the volumetric and shear strain results, dilatancy that describes the 646

relationship between volume change and shear deformation is also analyzed. The 647



results show that in early loading cycles, the dilatancy of granular material is dominated 648

by the orientation of the major principal stress axis in reference to that of the initial 649

major principal stress axis during anisotropic consolidation, causing contraction, and 650

obscuring the influence of initial fabric anisotropy orientation. The contraction ratio651

during the initial load cycles is the greatest when the major principal stress is 652

perpendicular to its initial orientation. For initially anisotropic specimens, as principal 653

stress axes rotation continues, the influence of the orientation of stress gradually 654

diminishes, and the influence of the angle between the stress and initial fabric 655

anisotropy orientation becomes prominent, causing oscillations in the volumetric strain 656

transitioning from dilative to contractive during each cycle. At the stabilized volumetric 657

strain oscillation stage, the material dilates when the major principal stress axis rotates 658

from the normal of the bedding plane to being perpendicular to it, and contracts when 659

the major principal stress axis rotates from being perpendicular to the normal of the 660

bedding plane to being aligned with it.661

The influence of initial fabric anisotropy intensity and loading history on the 662

deformation under principal stress rotation was also explored. A simulation on an 663

initially isotropic specimen suggests that it is possible for specimens with the same void 664

ratio but drastically different initial fabric anisotropy intensities to experience the same 665

ultimate volumetric strain under stress rotation. The simulation on initially isotropic 666

specimen does not exhibit the oscillation of volumetric strain that is observed for 667

initially anisotropic specimens, while its contact normal fabric rotates in full circles 668

following the rotation of stress. A simulation on a specimen that had been loaded under 669



cyclic biaxial prior to stress rotation shows that loading history has a strong influence 670

on the deformation of granular material under principal stress rotation. The effects of 671

initial fabric anisotropy intensity and loading history should be given further attention 672

in future studies.673
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