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Abstract

A persistent challenge present in inverse or parameter estimation problems

with interior data is how to deal with uncertainty in the boundary conditions

employed in the forward or state model. In this work we focus on a linear

plane stress inverse elasticity problem with measured displacement data where

one component of the measured displacement field is known with considerably

greater precision than the other. This situation is commonly encountered when

the displacement field is measured using ultrasound or optical coherence to-

mography. We present a novel computational formulation in which no displace-

ment or traction boundary conditions are assumed. The formulation results in

coupling the state and adjoint equations, that are typically uncoupled when a

well-posed state model is available. Two variants of residual-based stabilization

are added. Our approach is applied to a simulated data set and experimental

data from an ultrasound phantom.
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1 1. Introduction

2 Biomechanical Imaging (BMI) refers to the quantitative mapping of mechan-

3 ical property distributions of biological tissues for applications in disease diag-

4 nosis, monitoring, and treatment. Broadly, in BMI heterogeneous mechanical

5 properties fields within a tissue region of interest are inferred from non-invasive

6 measurements of tissue deformation. The partial differential equation (PDE)

7 used to model the motion of the tissue is invariably the momentum equation.

8 Specific problems differ in the imaging system used to measure displacement

9 or velocity (e.g. ultrasound (US), magnetic resonance imaging (MRI), opti-

10 cal coherence tomography (OCT)), the type of tissue deformation (quasi-static,

11 time-harmonic, or transient), and the constitutive model (e.g. linear elastic,

12 hyperelastic, poroelastic, viscoelastic, anisotropic) employed for the tissue's me-

13 chanical response [EL].

14 Image processing techniques applied to medical image (e.g. US, MRI, OCT)

15 data acquired during deformation provide full-field measurements of displace-

16 ment within an internal tissue region of interest. With US and OCT in particu-

17 lar, these techniques provide highly accurate motion estimates in one direction,

18 the axial or beam direction, but provide much noisier estimates for displacement

19 components along other (referred to as lateral and elevational) directions.

20 In this work we focus on determination of the linear elastic shear modu-

21 lus where the deformation is an applied compression that has been measured

22 with these type of displacement estimation techniques. The time scale for the

23 deformation is slow (less than one Hz), so the inertial term in the momentum

24 equation is negligible and can be ignored. Thus the equilibrium equation is the

25 PDE of interest.

26 For multiple reasons, we choose to utilize an isotropic, incompressible linear

27 plane stress model in this paper. We focus on small (< 2%) strains in this

28 paper which justifies the linear assumption. Further, while three-dimensional

29 displacement field estimation is possible, two-dimensional measurements are

30 predominant. Finally, soft tissue is often assumed to be incompressible because
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31 it contains a significant amount of water.

32 The choice of plane stress versus plane strain is determined by the loading

33 conditions and the geometry of the sample. Generally speaking if the sample

34 is thin in the out of plane direction, or the loading is confined to small extent

35 in this direction, the plane stress assumption is preferred. In other instances,

36 the plane strain assumption may be more appropriate. Here we focus on plane

37 stress.

38 The iterative approach to solving the BMI problem can be loosely described

39 as a guided guess and check procedure. One begins with an initial shear mod-

40 ulus distribution and numerically computes the displacement field that results

41 from that distribution by solving the equilibrium equation. The displacement

42 field predicted by the model is then quantitatively compared to the measure-

43 ments. The mechanical property field is varied in a manner that will diminish

44 the mismatch between the measurements and predictions through the use of

45 optimization, and the process repeats until a convergence criterion is met. For-

46 mally, this process known as PDE-constrained optimization.

47 The success of the BMI inversion procedure critically depends on the ability

48 to model the experimental conditions, i.e. the accuracy of the forward model is

49 paramount. In most cases, the deformation in the PDE model is driven solely

50 by displacement boundary conditions (BCs) inferred from the measurements,

51 as we assume body forces are negligible. While the measured displacement

52 field is a potential source of Dirichlet data, in practice a pure Dirichlet problem

53 can produce poor modulus reconstructions due to the considerable uncertainty

54 in non-axial components of the measurement. Further, this approach is not

55 viable in incompressible plane strain and 3D as the prescribed BCs will almost

56 certainly not satisfy the incompressibility constraint.

57 Therefore a mixture of Neumann and Dirichlet data is often used in the for-

58 ward (also referred to as the state) model. Unfortunately, there are no measure-

59 ment techniques capable of accurately and non-invasively measuring traction

60 within tissue. One strategy, which we refer to as the "assumed BCs" approach,

61 that has found some practical success is to assume that the traction along the
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62 non-axial components of the boundary (i.e. the lateral direction in 2D) vanishes

63 [2]. This assumption introduces a bias into the modulus reconstruction and is
64 thus a potential source of additional error.

65 It is reasonable to question whether forward boundary conditions are re-

66 quired to determine the modulus distribution under conditions of incompress-

67 ible plane stress. Babaniyi, et al. [®] show that a single measured displacement
68 component is sufficient to determine the other displacement component up to

69 four undetermined constants, in a medium that is piecewise homogeneous. On

70 the other hand, it is known that when the full displacement field is known, then

71 the modulus distribution is determined up to a single constant [4, 5, fi]. In-

72 deed, direct approaches to the elastic inverse problem for incompressible plane

73 stress [7i, 8] demonstrate that when the full displacement field is given, then

74 the inverse problem for modulus can be computed stably with just a single cal-

75 ibration condition. Taken together, these results suggest that, apart from a

76 calibration condition, the shear modulus distribution ought to be determinate

77 without boundary conditions in either the forward or inverse problem.

78 Previous studies have attempted to address the errors introduced by as-

79 suming BCs in forward and inverse elasticity through various means. In [®]
80 "compliance BCs were estimated and utilized in linear and nonlinear forward

81 elastic materials with application to phantom data and patient-specific models.

82 A similar approach motivated by Bayesian estimation methods leads to elasti-

83 cally restrained or "sprine boundary conditions [C133]. In [111] the authors treat

84 the non-axial traction BCs as unknowns to be determined by PDE-constrained

85 optimization in concert with the shear modulus field. Finally, in [12, [13, CIA

86 BC-free variants of the Modified Error in the Constitutive Equation (MECE)

87 approach were presented. Connections between our formulation and the MECE

88 formulation are identified in section 15.1

89 Our goal in this paper is to present a computational method for the inverse

90 elasticity problem that does not require assuming any displacement or traction

91 BCs. In our path to deriving this method, we first consider the simpler problem

92 of determining the full-field displacement for a problem where the distribution
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93 of the material parameters is known, and a full-field estimate of the displace-

94 ment field has been measured. We then determine a close-by displacement field

95 that satisfies the physical constraint of the equations of equilibrium. This prob-

96 lem is one of data assimilation and has its own applications independent of the

97 material parameter estimation problem. In the present context, we consider a

98 deterministic data assimilation problem with PDE constraints, and our focus is

99 on identifying reliable discrete representations of that problem. We find that

100 even in the linear data assimilation context, the discretized PDE constraint

101 cannot be used to estimate the system's state when displacement and trac-

102 tion BCs are absent. Therefore, we introduce two residual-based stabilization

103 schemes to ensure the stability of the discretization. We make the observation

104 that the Euler-Lagrange equations describe a coupled system that consists of

105 the normally uncoupled state and adjoint PDEs present in the inverse problem

106 formulation, which motivates the name for our method and the title of this

107 paper.

108 Once an appropriate discrete representation of the system and its update

109 is available, that update can be accomplished by any of a variety of methods

110 including a Kalman filter. The Kalman filter and its variants (e.g. extended,

111 unscented, ensemble) have been successfully applied to a wide range of discrete,

112 stochastic, data assimilation problems [FF51, EL61, 1171]. We note, however, that the

113 Kalman filter is often modified when applied to systems with state constraints

114 [S] , as is the case here.

115 After developing a method for determining the full-field displacement we

116 return to the inverse elasticity problem of estimating the material parameters.

117 There we employ this method to determine the adjoint-based computation of the

118 gradient of the inverse problem objective function with respect to the material

119 parameter field.

120 The rest of the paper is arranged according to the following outline. First,

121 in section g we describe a novel BC-free approach to solving a linear elasticity
122 data assimilation problem called the Coupled Adjoint-State Equation (CASE).

123 Then in section ® we show how CASE can be used to solve elastic parameter

5



124 estimation problems (i.e. inverse elasticity problems). Next, we provide results

125 from the application of CASE to data assimilation and parameter estimation

126 problems with simulated and US phantom data.

127 After discussing the results in section 5, we also discuss nonlinear extensions

128 to CASE, and identify theoretical connections between CASE and previously

129 published MECE approaches. We conclude with section 6.

130 2. Data Assimilation Problem

131 In this section we introduce a variational data assimilation problem for the

132 state field that takes a full-field noisy measurement as input and produces a

133 full-field estimate that satisfies a physics-based constraint as its output. The

134 most novel aspect of this formulation is its complete lack of specification of the

135 BCs normally present in boundary value problems.

136 We consider an incompressible linear elastic isotropic material. The stress is

137 given by a = —pI + 2µc, where p is the pressure, it is the modulus of rigidity or

138 shear modulus, and c is the linearized strain. For a thin sheet in plane stress,

139 o-33 = 0 which leads to p = —2/./(cxx +Eyy). Therefore, we may write the in-plane

140 stress as a = µA(u), where u represents the in-plane displacement field in the

141 sheet, and A(u) := 2(V • u)I + (Vu VuT) is the incompressible plane stress

142 operator.

143 The boundary F is partitioned into disjoint sections Fu, and Ft over which

144 known displacement and traction fields g and h are prescribed, respectively.

145 These partitions must satisfy F = U Ft in order for the problem to be well-

146 posed. With negligible body forces, the equilibrium equation and boundary

147 conditions for the sheet are the following:

V • [itA(u)] = 0 in S2,

u = g on ru,

stiA(u) • n = h on rt.
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148 Our goal is to derive a data assimilation formulation that satisfies (1) but

149 does not require (2) or (3). We do so by introducing a Lagrangian that contains

150 (1) as a constraint and a weighted least squares data match term. We as-

151 sume that a full-field and possibly noise-corrupted measured displacement field

152 Um is given and the shear modulus is known. The symmetric positive-definite

153 weighting operator T is also known, and its entries are chosen to reflect the

154 component-wise precision in Um .

155 Throughout this paper we will use the notation (., •) for the L2 inner product

156 over S2 and 11 • 11 for the corresponding norm. Angle brackets .) indicate a

157 duality pairing over P.

158 The Lagrangian is

(u, w) = 2 11T(u — um)112 (w ,V • [I-tA(u)]) • (4)

159 2.1. Weak Form

160 We first perform integration by parts on the constraint term. The function

161 spaces for the forward and adjoint variables are identical in this approach, as

162 there are no essential boundary conditions.

— (w, V [pA(u)]) = (V w , AA(u)) — (w, AA(u) n)

u,w E := {I) E

(5)

(6)

163 The weak forms that serve as the basis for our computational solution are

164 obtained by taking variations Su and Sw E V with respect to u and w by means

165 of the Gâteaux derivative DvF(v) • Sv := tie [F(v + E6v)] Lo. For convenience,

166 we introduce D := TT T .

DuG • Su = (6u, D(u — um)) (7)

+ (V w , it.,4(6u)) — (w, RA(Su) • n) 
set 

0 b Su E V

Du,G • Sw = (V 6w, pA(u)) — (5w, AA(u) • n) 
Set 

0 bSw E V (8)
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167

168 We integrate equations (

169 equations and natural BCs.

170

171

172

173

2. 2. Euler-Lagrange Equations

7) and (8) by parts to determine the Euler-Lagrange

(Su, D(u - um) - V • [fuA(w)])

+ (Su,itA(w) • n) - (w,p,A(Su) • n)

- , V • [itA(u)])

The last term in (9

(9)

= 0 VSu E V

= 0 V (5w E V (10)

) is not of standard form, and it is not immediately

obvious what natural BC it implies. We show in Appendix A that it implies

that w vanishes on the boundary. Using this result and equations (

we state the Euler-Lagrange equations:

9) and(10)

V • [p,A(u)] = 0 in 12, (11)

Du — V • [1,1A(w)] = Du' in 52, (12)

w = 0 on F, (13)

pA(w) • n = 0 on F. (14)

174 This system of coupled equations has no BCs specified on the displacement

175 field, however, the Lagrange multiplier has two BCs.

176 2. 3. Discretization

177 We now discretize the weak forms (7) and (8) and introduce some notation

178 that will be used throughout the article. We discretize u and w with finite

179 element basis functions to obtain the discretized solution fields tth := 711:Arb(x)

180 and Wh := ullVa(x). The discrete representations of the shear modulus field

181 ph and weighting tensor Dh are expressed in a similar fashion.
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(Su, Du)  disc.> SuciWaNNcArbul.; OulT[MD]ful (15)

(V6w, tiA(u)) 
disc.>

64Na,jµeN,A(ubNb)ij dSl < > {sw}T[K]ful (16)

(Sw, tiA(u) • n)  disc.> I (54NapeNcA(ubNb)ijnj dr < > {(5w}T[B]ful (17)

(Vw, µA(Su))  
disc.>

ulNa,. It' N,A(Sub Nb)ij dlt < > {w}T[K]Oul (18)

= Our [K]T {w}

PA(Su) • n)  disc.> wc:NapCN,A(6ubNb),3nj dr {w}T[B]{(50 (19)

our 
[B]T 

{w}

182 Putting everything together, we obtain the symmetric block linear system

183 (20). We call this a Coupled Adjoint-State Equation (CASE) system because

184 the adjoint and state PDEs are coupled.

[M D] ([K]T [gT ) 11} {[MD]um 1
(20)

([K] — [B]) 0 w 0

185 The block system (20) violates the discrete inf-sup condition. To see this,

186 we note that both [MD] and [K] — [B] are N x N. Further, by construction,

187 the rank of [K] — [B] is m < N. It must be less than N, for otherwise the

188 state equation, which reads ([K] — [B] )u = 0, would require u = 0. Since

189 ([K] — [B] ), is singular, then so is ([K] — [B] )T . Hence, there are vectors w

190 for which ([K] — [B])T w = 0; these directions are not determined by (20). In

191 short, we have too many w's. We now present two stabilization approaches that

192 restore solvability to this system by constraining w.

193 2.4. Stabilization

194 2.4.1. Weak Stabilization

195 First we use residual-based stabilization. A Galerkin least-squares term

196 based on equation (13) is appended to the Lagrangian. We scale this term
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197 by a positive constant T and mesh-dependent parameter h in a manner that is

198 consistent with jump penalization in the discontinuous Galerkin literature [19].

199 We use T = 1 for all of the results in the paper, but in practice it may be defined

200 by the user provided it is not O( h). The stabilized Lagrangian is

LSTAB (u, 
w) = .C(u,w) — —

T

2h (1 v

201 and the corresponding weak form is

DwLSTAB SW Dux
Th , 

set 
Wu, E V .

(21)

(22)

202 We note that the stabilization term is residual-based because as indicated in

203 (13) for the exact solution w = 0 on r and therefore this term vanishes.
204 In this formulation, a negative semi-definite "mass-like matrix appears in

205 the lower right block of the saddle point system.

[MD] ([K]T [B]l{U} {[MD]ttm}

([K] — [B]) —[S] w 0

—
T

h 
f 57_115ijNaNbW11 dr <  {sw}T[S]fwl
r

(23)

(24)

206 2.4.2. Strong Stabilization

Our second approach to stabilizing the discrete saddle point system involves

enforcing the natural boundary condition (13) strongly. This is achieved by

changing the function space for the Lagrange multiplier w to be

w E Vo := {v vi E H1(52), vi = 0 on (25)

207 The corresponding weak forms are

DuG • Su = (Su, .13(u — um)) + (V w , µ24.(Su)) V 0 VSu E Vo,

DwG • Sw = (V5w, µA(u)) sg 0 V5w E Vo.

10
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208 Note that these equations are simpler than the weak forms in the weakly-

209 stabilized formulation. Upon discretization, we obtain a system similar to (20)

210 where the [B] matrices have disappeared, the [K] matrices are now rectangular,

211 and the overall size of the linear system has been reduced by the number of

212 boundary nodes times two, viz:

[MD] [K]l{u} {[MD]um}
(28)

[K] 0 w 0

213 To summarize, in this section we have developed a formulation for deter-

214 mining a physically consistent displacement field from noisy measurements of

215 displacement data. This formulation, which we refer to as CASE, couples the

216 solution of a state problem with that of an adjoint problem. In the next sec-

217 tion, we will use CASE to solve an inverse problem for determining the shear

218 modulus.

219 We would like to note that the forward CASE formulation by itself is also

220 useful. For example, it could find applications in traction force microscopy

221 [®, 21] where the displacement field within a matrix whose material properties
222 are known is measured in response to an unknown traction field that is applied

223 at a boundary. The goal is to determine this traction field. This field could be

224 determined by first recovering the CASE displacement field everywhere in the

225 matrix, and then using this to compute the stress and hence the traction field

226 at the boundary of interest.

227 3. Inverse Problem Formulation

228 In this section we introduce an extension of the data assimilation formulation

229 where CASE is used to determine a heterogeneous shear modulus field ii, through

230 a PDE-constrained optimization approach. We utilize the following weakly-

231 stabilized Lagrangian as the basis for a BC-free variational formulation of the

232 inverse problem:
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i(u, w, p) = (u — , D(u — um)) + a'R,(p), (29)

GIP (u,w , p) = — (w, V • [pA(u)]) + —
7

2h (w 'w) 
(30)

233 where denotes the objective functional and TZ(µ) denotes a regularization

234 operator scaled by a constant a.

235 The relevant function spaces for u and w are

u ES:={v

W E V := {v

vi E H1(Q)},

V, E

(31)

(32)

236 and the function space utilized for µ will depend on the definition of 'R(µ). We

237 note that the strongly-stabilized CASE formulation can be obtained by setting

238 V = Vo := {v vi E H1(12), vi = 0 on F}.

239 Minimization of (30) w.r.t u and w followed by integration by parts yields

240 the weakly-stabilized CASE formulation described in the previous section. We

241 define i(p) to be the restriction of (29) to the surface in (u, w, it) space that

242 satisfies the CASE PDEs. We observe that on this surface the strong form

243 equations (11) and (13) imply the equality of Š(µ) and LIP. Therefore, their

244 variations w.r.t it will coincide as well, and we can compute the gradient of i(p)

245 according to

—
dp 

• S p, = D1,,GiP • Sp = (V w, pA(u)) — (w , d pA(u) • n) + ceD A'R, • 8µ. (33)

246 Thus the iterative solution of the inverse problem proceeds as follows. Given

247 um and an initial guess for we solve a CASE data assimilation problem for

248 u and w. We can now evaluate the reduced-space objective function Š(µ) and

249 its gradient. These quantities are then passed to a gradient-based optimization

250 algorithm which will return an update to it. This process repeats until a termi-

251 nation criterion is met and the final µ iterate is taken to be the solution of the

252 inverse problem.
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253 Appendix BI contains a more complicated inverse problem formulation where

254 the CASE data assimilation formulation is used to define the PDE constraint in

255 a generic weighted least-squares PDE-constrained optimization problem. All of

256 the inverse results presented in the next section were obtained using the inverse

257 formulation described above in this section.

258 4. Results

259 4.1. Simulated Data

260 We first apply the formulations presented in the previous sections to a simu-

261 lated dataset motivated by quasi-static US BMI compression experiments with

262 non-dimensionalized units. The 2D shear modulus distribution and applied

263 loading are shown in Figure 1. The shear moduli of the diamond, ellipse, and

264 circle-shaped inclusions are 4, 3, and 2, respectively, and the value of the back-

265 ground is 1. The size of the domain is 70 x 70, and there are 280 quadrilateral

266 elements along each direction.

267 The loading is designed to loosely emulate conditions encountered in US

268 elasticity imaging. A constant downward displacement of 0.7 (corresponding to

269 about 1% axial compressive strain) is applied at the top of the domain and the

270 bottom is "stuck", i.e. both components of the displacement field are fixed to

271 zero. The sides of the domain are free to expand. In breast elasticity imaging,

272 the US transducer compresses the tissue, and the chest wall prevents displace-

273 ment at a greater depth.

274 Noiseless displacement fields were obtained by solving a forward problem

275 using the loading and reference shear modulus distribution described above

276 as the input to a incompressible linear plane stress finite element model with

277 bilinear shape functions. These displacement fields can then be used as input

278 data to the inverse problem.

279 Inversion algorithms tend to perform unrealistically well (i.e. commit an

280 "inverse crime) when the same discrete model that was used to generate the

281 data is used to solve the inverse problem. We avoid committing an inverse crime
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1 1 1 1 1 1 1 1 1 1 1 1 1
t4.0

=3,2

2.5

1.8

11.0

Figure 1: Synthetic inversion problem setup. Left: BCs include a constant downward dis-

placement at the top, no displacement at the bottom, and traction-free sides. Right: The

shear modulus distribution contains three inclusions of varying stiffness and shape.

282 by corrupting the displacements with noise, applying margins to the domain,

283 and downsampling the data.

uY
.4107

-0.20

-0.34

0.47

1-0.61

Figure 2: Input data for the inverse problem created by solving a forward problem with the

BCs and modulus field shown in Figure 1. The amount of noise added to ux component is

greater than that added to uv. Margins are applied to the computational domain to emulate

experimental conditions encountered in practice.

284 Additive, independent Gaussian noise ni(x) was added to each displacement

285 component to create simulated "measure& displacement fields um* for the

286 inverse problem. In accordance with US displacement data 2% noise was added

287 to the y component and 10% noise was added to the x component. The formula

288 for % noise is given by equation (35

14



289 Margins of 10 on each side were applied to emulate the fact that in experi-

290 ments a portion of the interior (rather than the entire physical object) is imaged.

291 Finally, the data were downsampled by a factor of 4 in each direction. After

292 these modifications the dimensions of the computational domain were 50 x 50

293 and there were 50 quadrilateral elements along each direction. The synthetic

294 inverse problem data is shown in Figure g.

u (x) = ui(x) + ni(x) , i = 1, 2

n
% noise u?  x 100 , i = 1, 2

(34)

(35)

295 4 . I . I . Data Assimilation Results

The CASE formulation can serve as a tool for data assimilation. It takes the

measured displacement field urn and a modulus field µ as input and produces an

output predicted displacement field u. Our goal in this example is to evaluate

errors in CASE as a tool for data assimilation, so for µ we use the exact modulus

field evaluated on the 50 x 50 mesh. The entries of the T weighting tensor (

present in (

lateral.

36)

4) were chosen to emphasize the axial displacement field over the

[T] =
0 1

(36)

296 Here, Txx ITyy is chosen to be 0.1. Our experience with other values ranging

297 from 0.001 to 0.2, a range of more than two orders of magnitude, resulted in

298 relatively small changes (a few percent) in the recovered shear modulus distri-

299 butions.

300 The solutions of the data assimilation problem obtained using weakly-stabilized

301 CASE are shown in Figure 3 . They are close to the measurements and satisfy

302 the equilibrium constraint. Figures 4 and 5 display the signed difference be-

303 tween the "exact" (i.e. noiseless downsampled displacement fields with margins

304 applied) and CASE displacement fields Sx and 4. Table 1 reports the L2 norm
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ux

1
1.48e-01

7.44e-02

-4.19e-04

1-7.36e-02

-1.48e-01

uy

1
-8.24e-02

-2.12e-01

--3.42e-01

14.72e-01

-6.02e-01

Figure 3: Displacement fields produced by weakly-stabilized CASE driven by the noise-

corrupted displacement fields shown in Figure g. They visually resemble a denoised version
of the measurements.

(5z
8.69e-02

[4.34e-02

-T-1.31e-04

14.36e-02

.-8.72e-02

(5y

.2.32e-02

1.26e-02

2.01e-03

,-8.60e-03

1-1.92e-02

Figure 4: Difference between the "exact" displacement field and CASE output for the strong

stabilization formulation. Errors are disproportionately greater near the boundaries.

305 of the error fields displayed in these figures. In the strong formulation, the er-

306 rors are largest on the boundary and contain high-frequency noise. The results

307 from the weak formulation display a more even spatial distribution of error, and

308 smoother variation along the boundary. A detailed comparison of the recovered

309 displacement fields by the strong and weak stabilization methods shows them to

310 be nearly identical except for values located within a few element widths of the

311 boundary, where the weak stabilization results are more accurate. Therefore

312 the weak formulation is clearly the more effective of the two with regards to

313 removing noise from measured data. This is supported quantitatively by the

314 values reported in Table I.

16



Table 1: L2 norms of Data Assimilation CASE Solution Errors

Weak (5x Weak 8y Strong (5x Strong 8y

0.15 0.085 0.38 0.14

--5.14e-04

I-8.04e-03

-1.56e-02

8y

8.39e-03

14.346-03

=2.95e-04

I3.75e-03

-7.80e-03

Figure 5: Difference between the "exact" displacement fields and CASE output for the weak

stabilization formulation. Error is more evenly dispersed throughout the domain.

315 4.1.2. Inverse Results

316 Next we evaluate the use of CASE in the inverse problem. The primary

317 computational tasks in the inversion algorithm are the formation and solution

318 of the block linear system, evaluation of the objective function and its gradient,

319 and calculation of the update to the shear modulus field.

320 We chose to use 0 := log (tef) as the optimization variable in the inverse

321 problem rather than it itself. As discussed in [22], this formulation avoids biasing

322 the solution space by adopting a "stiffness" interpretation (vs compliance) of

323 the material property field. We set /Ira = 1 in this work.

324 The gradient-based optimization routine L-BFGS-B [23] was used for mini-

325 mization. The initial guess for 0 was 0 (the value of the background), and it was

326 constrained to lie within the interval [0, log (10)]. We terminated the optimiza-

327 tion algorithm when the magnitude of the relative reduction in the objective

328 function over five iterations fell below a tolerance, i.e. I < 10-5.

329 We used a total variation (TV) with offset regularization term, as given by

330 equation (37). TV regularization biases the solution space towards piecewise-
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331 constant fields, which is desirable because the true solution is piecewise-constant.

332 We set the regularization constant a to 8 x 10-5. The offset 0 regularizes the

333 non-differentiable corner of the absolute value function and was fixed to 1 x10-3.

R,(0) = f N/Vq5 • VO + 02 dSZ (37)

334 The reconstructed shear modulus fields obtained by both strongly and weakly

335 stabilized formulations are shown in Figure Q. They visually appear to be nearly

336 identical. Thus although the strong and weak stabilization approaches produce

337 notably different displacement fields, the recovered shear modulus fields are

338 quite similar. This finding is significant from a computational implementation

339 and cost standpoint, as the strong approach is considerably easier to implement

340 due to the lack of boundary terms and the size of the block linear system is

341 slightly smaller.

/-1
3.80

=3.10

=2.40

1.70

1.00

di!

3.88

13.16

[1.73

1.01

Figure 6: Inverse problem results for the simulated dataset. The weak (left) and strong (right)

variants of CASE produce similar modulus fields.

342 4.2. Experimental Phantom Data

343 This section contains results from an US phantom study. 2D displacement

344 fields were estimated from radiofrequency US images and analyzed with the

345 CASE-based inverse formulation described in section 3. This data was acquired

346 by Timothy Hall's medical imaging laboratory at the University of Wisconsin,
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347 Madison. Like in the simulated results, we compare the modulus fields recon-

348 structed using the strongly and weakly-stabilized CASE formulations.

349 The US phantom was a 100 mm cube made of tissue-mimicking agar-gelatin

350 that contained four coplanar 10 mm diameter spherical inclusions, which we

351 refer to as "targete . The procedures used to create, characterize the mechanical

352 properties, and measure the displacement due to compression of the phantom

353 are documented in [®] and [®].

354 The phantom was imaged with US while being compressed uniformly. A

355 modified block matching method [®] was used to determine the incremental

356 displacement field. Displacement data acquired at roughly 1.5% overall applied

357 strain was used in the CASE inverse problem formulation to estimate the shear

358 modulus distribution.

359 Figure 7 contains both the measured displacement fields (the input to the in-

360 verse problem) and the predicted displacement fields obtained from the weakly-

361 stabilized CASE approach (one of the outputs) for Target 1 (for brevity, the

362 rest of these fields are given in Appendix B). We again observe fluctuations on

363 the boundaries, although unlike in the simulated results they are considerably

364 more pronounced in the lateral displacement field.

365 The dimensions of the computational domain were 38.8 mm (axial) by 25.8

366 mm (lateral). The discretization was chosen so that each node in the finite

367 element mesh contained a displacement measurement (i.e. we did not down-

368 sample the measured displacement data), which resulted in a mesh with 53,212

369 uniformly-sized quadrilateral elements. There were 251 and 212 elements along

370 the axial and lateral directions, respectively, and we employed bilinear finite el-

371 ement shape functions. Thus, the dimension of the parameter space was 53,676.

372 We now specify details specific to the inverse problem. The entries of the

373 T weighting tensor are the same as those utilized in the simulated dataset and

374 are given by equation (36). A different regularization constant a was utilized

375 in each of the four problems, as the signal-to-noise ratio in each measurement

376 was distinct due to the different moduli of each target. These regularization

377 constants, as well as the contrast between the shear modulus of each inclusion
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Figure 7: The measured (top row) and predicted (bottom row) displacement fields (in mm)

obtained from the weakly-stabilized formulation for Target 1. The amount of noise in the

measured lateral displacement field is considerably greater than that observed in the axial

field. The lateral displacement field fluctuates on the boundary.

378 and its background material as measured by independent mechanical testing,

379 are reported in Table 2. The rest of the details that pertain to the optimization,

380 namely optimization algorithm, initial guess, optimization variable transforma-

381 tion, and convergence criterion, are identical to those utilized for the simulated

382 data set.

383 The reconstructed shear modulus fields for all targets as obtained from the

384 weakly-stabilized CASE formulation are shown in Figure 5. In all cases we ob-

385 serve a roughly circular inclusion embedded within a softer background, and the

386 degree of uniformity of the background and inclusion vary between reconstruc-

20



Table 2: Regularization constants and reference shear modulus contrasts for the phantom

data.

Target 1 2 3 4

a 5.0e-5 6.0e-5 4.0e-5 9.0e-6

Reference Contrast 2.83 2.27 3.54 5.26

387 tions. The inclusions appear to be slightly elongated along the axial direction,

388 which could be a consequence of the plane stress approximation. We note that

389 the contrasts between the minimum and maximum values of the modulus fields

390 are within 20% and generally lower than the values reported in Table 2.

391 In Figure Q we present the signed difference in the shear modulus between

392 the weakly and strongly-stabilized reconstructions. We find that these differ-

393 ences are relatively small compared to the lower bound of the reconstructions.

394 Interestingly, these differences are not confined to the boundaries of the domain,

395 although the largest values (except for Target 3) occur near them. These results,

396 along with those from the simulated data set, suggest that choosing the sim-

397 pler strongly-stabilized formulation over the weakly-stabilized approach would

398 be beneficial in practice.

399 5. Discussion

400 In this section we provide some commentary on our the simulated and ex-

401 perimental results and their broader implications for inverse problems outside of

402 the plane stress model studied in this work. We also include a comparison to the

403 MECE method, another inverse method that avoids prescribing displacement

404 and traction BCs. More specifically, we show that under certain assumptions it

405 closely approximates strongly-stabilized CASE.

406 First, we find the successful applications of CASE documented in section

407 to be encouraging enough to motivate its extension to other modeling contexts,

408 in particular incompressible plane strain and 3D linear elasticity. A key compli-

409 cation that arises in those models is the need for additional stabilization terms
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Figure 8: Inversion results from the weakly-stabilized CASE formulation.

410 due to the presence of the incompressibility constraint. An initial extension to

411 finite-deformation nonlinear elasticity problems is presented in section

412 More generally, we believe that the CASE approach will be useful in any

413 inverse problem that contains a non-negligible amount of uncertainty in the

414 BCs of the PDE constraint. Generalizing CASE to time-harmonic PDEs will be

415 considerably easier than transient PDEs, as in the latter the entire time-histories

416 of the forward and adjoint solutions will be coupled. Several of these extensions

417 have already been considered for the similar MECE approaches discussed in

418 One drawback of CASE, however, is that the cost of solving the coupled
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Figure 9: Signed difference between the modulus reconstructions obtained by the strongly and

weakly-stabilized approaches.

419 system at each iteration is increased over that of the decoupled system. We

420 have not observed a noticeable difference in convergence behavior between the

421 coupled and decoupled formulations.

422 5.1. Nonlinear CASE

423 We now wish to discuss how CASE changes when the constraint PDE is

424 a nonlinear function of u, as would occur in finite-deformation elasticity. In

425 this derivation we only consider the strongly stabilized variant and assume that

426 there exists a generic vector parameter field p that depends on the constitutive
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427 model employed in the constraint. We use the following Lagrangian

LNL(u, 
Iv) = 

_1
2 llT(u — um)1l2 — (w, V • F (u)S (u, p)) , (38)

428 where F is the deformation gradient and S denotes the second Piola-Kirchhoff

429 stress tensor. We make use of the functions spaces V and Vo defined in (

430 (25)•
431 We integrate (38

6) and

) by parts and use the definition of Vo to eliminate the

432 boundary terms to obtain

LNL(u, w 
) 
=

IIT(u — um)II2 + ,A(w, ,u;13),

433 where the semilinear form ..4(w ,u; p) := (V w , F S).

434 Next we differentiate (

435 the following weak forms:

39

(39)

) with respect to each of its arguments to obtain

DuLNL • 6u = (Su, D(u — um)) + Du,...4(w,u;p) • Su 'sg 0 V Su E V, (40)

D w LNL . 6W = A.(6/ v , u; p) sg 0 b'Sw E Vo. (41)

436 The system represented by (40) and (41) contains a coupled linear PDE (the

437 adjoint equation) and nonlinear PDE (the state equation). We utilize Newton's

438 method to linearize it and solve for the incremental updates Au and Aw defined

439 such that Av := vn+1 — un. The coupled linearized system is

(Su, D Au) + {Du [Du,,A(wn, u; p) • Su] • Au} l u=u,, (42)

+ [Du,A(Aw,u;p) • Su] Iu=u,, = — [DuLNL . 6u, , i u—u,,,w—wn V Su E V,

[DuA(Sw, , u; p)] I u=u, ' Au = — 
[Dw -

L
NL .

6wflu=un WU) E yo. (43)

440 We observe that nonlinear CASE contains an extra term that involves two

441 derivatives of the semilinear form. The discrete block linear Newton system is

[[MD] + [N] [K]T 1 Au } 1 —Ru

[K] 0 Aw —Hu,
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442 where [N] denotes the discretized term that is exclusive to nonlinear CASE,

443 [K] is now a tangent stiffness matrix, and the vectors Ra and R„, represent the

444 discrete versions of the right hand sides of (42) and (43), respectively. Once

445 u and w are known, we can evaluate the appropriately discretized form of the

446 gradient DpA(w,u;p) • Sp.

447 5.2. Comparison to MECE

448 We would like to compare and contrast CASE to another BC-free elastic

449 inversion technique known as the Modified Error in the Constitutive Equation

450 (MECE) approach. It has been applied to inverse elasticity problems in various

451 contexts such as time-harmonic viscous [12] and non-viscous models ra, 113, Eld,

452 fluid-structure interaction gsb and elastodynamics [4.

453 In the MECE formulation the Cauchy stress a is introduced as an indepen-

454 dent variable. In this section we still step away from the plane stress context in

455 which we have been operating to general quasi-static isotropic elasticity where

456 C is a fourth-order tensor with major and minor symmetries that depends lin-

457 early on one (incompressible) or two (compressible) elastic constants, which we

458 will collect into the parameter vector p. The incompressible plane stress special-

459 ization of (45) is recovered by choosing C so that a = pA(u). In this setting

460 the constitutive equation and strain-displacement relation are

o = Ce(u),

e(u) = 
1 
(Vu +VuT) .

(45)

(46)

461 We assume that body forces are negligible and there are no specified dis-

462 placement or traction BCs. The MECE Lagrangian is

LMECE (0.  u, _
ID* 1-211T(u - um)112

1
+

lc 
(a - C e(u), C-1 (a - C e(u))) + (Vw, a) - (w , a • n).
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463 The second term in (47) is a weighted least-squares penalty on the consti-

464 tutive equation. The constraint term can be simplified by replacing Vw with

465 c(w), as a is a symmetric tensor. The constant lc controls the relative impor-

466 tance of matching the data and satisfying the constitutive relation. We require

467 that 0 < < oo. Note that imposing the condition Q= Ce(u) causes this

468 Lagrangian to be identical to the one we started with for the CASE derivation.

469 We now make the Lagrangian stationary w.r.t. a, u, and w and derive the

470 gradient equation for P. The relevant function spaces are

471

Z := T Tij E L2(1.2),Tij =

V := {v I vi E H1(Q)},

M := {m I mi E L"(9)}.

(48)

(49)

(50)

The stationary conditions are

D,GMECE • 6a = (-1 (C-1 a — c(u)) + c(w), 6a) — (w, Sa • n) (51)

V 0 V8o- E Z,

Du LMECE • 6u = (D(u — um), Su) — (a — C e(u), e(6u)) (52)

V 0 V8u E V,

DiDCMECE • Sw = (c(Sw), a) — (6w, a • n) 
set 
0 V Sw E V, (53)

and the gradient equation is

6p 1 dC-1
Dp MEC E • 813 = -

[2(cr C6(u), 
dp (a - C c(u))) (54)

- - Ce(u), C-1 cicrCp c(u))1.

Following [12, 13, EIA, we impose the conditions implied by (51) strongly to

472 obtain

a = C e(u — kw)

w = 0
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473

474

475

We observe that the justification for imposing Dirichlet boundary conditions

on w strongly originates from (51), while in CASE it comes from (13) which is

obtained by taking variations w.r.t. w. We introduce Vo C V to be

Vo := {v vi E = 0}. (57)

476 The weak forms and gradient equation (  52 )-(  54 ) simplify to

DuGMECE • Su = (D(u — um), Su) + (C c(w), c(lSu)) (58)

st 0 Wu e V,

Di° LNIECE 6w (c(Sw),C c(u — kw)) 
set 
0 V Stv E Vo,

C 1d 
CE(w))

(59)

DPGMECE • Sp = Sp • (60)r (C €(w),
2 dp

+ (c(w),
C 

c(u))].
dp 

477 We obtain the strong form of the coupled system for u and w by integrating

478 (

479

480

481

482

483

58) and (59) by parts:

Equations (

V • [C c(w)] = D(u — um) in SZ, (61)

V • [Cc(u)] = WV • [CE(w)] in S2, (62)

w = 0 on F, (63)

on F. (64)C c(w) • n = 0

61) and (62) can be combined to produce

V • [C e(u)] = sD (u — um) in SZ, (65)

which implies that a forced version of the equilibrium constraint (1) is satis-

fied. We note that in the time-harmonic version of MECE the presence of the

inertial term makes this reduction to a single PDE for u impossible. A similar

manipulation in that context yields
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V • [C c(u)] + 2 pu = K [13(u — um) — w2 pw] in 1-2, (66)

484 where p is the density field and w is the angular frequency of the excitation.

485 The quasi-static MECE discretized block linear system for the u and w

486 degrees of freedom (borrowing notation from earlier in the paper) is

[M D] [K]T 111 1[M D]um}

[K] - K[E] w 0

487 The sole difference between the block MECE system (67) and (unregularized)

488 strongly-stabilized CASE (28) is the presence of the — K[E] term in the lower-

489 right block, where [E] is a square matrix that arises from the last term in (59).

(67)

490 MECE resembles CASE most closely when ic R.-• 0. In this scenario for

491 incompressible plane stress we have

cr R-.: it A.(u) , (68)

V • [µA(u)] R-z, 0 , (69)

DALMECE • Sp, ,,-:-.: (Vw,6µA(u)). (70)

492 To summarize, the MECE formulation provides another BC-free approach

493 to solve for u given um and p . The significant distinctions between it and CASE

494 are the presence of the constant ic, a forced version of the equilibrium equation

495 (65) is satisfied, and the existence of an extra term in the gradient equation

496 (60)•

497 6. Conclusion

498 In this work we derived the CASE data assimilation formulation and applied

499 it to simulated and experimental datasets associated with the BMI problem.

500 By design, the use of CASE in forward and inverse elasticity problems produces
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501 displacement fields that satisfy the equilibrium PDE without assuming displace-

502 ment or traction BCs. Of the modulus reconstructions presented in this work,

503 all were within acceptable accuracy ranges defined by either the exact solution

504 in the simulated examples or the experimentally-measured contrast values for

505 the phantom datasets. In particular, compared to reconstructions published

506 previously that were obtained by using measured displacement fields on the

507 boundary [1:11], the reconstructions obtained by CASE had more accurate con-

508 trast and more homogeneous background values. Outside of the linear elastic,

509 incompressible plane stress problems studied in this work, a lack of information

510 with respect to BCs is not uncommon, and we therefore expect modifications

511 and extensions of CASE to be useful in such problems.
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Using the Euler-Lagrange equation (

condition:

12) in (9) yields the weak boundary

(5u, p,A(w) • n) — (w, uA(Su) • n) = 0 V(5u E V (A.1)

We now introduce a scalar field cb(x) that is equal to a constant C for all x E r
and is greater than C for all x E a We then define Su as:

Substituting (A.2) into (A.1

Su := Ow.

) yields

(A.2)

fr Owi(µAij(w)ni ) dr — f wi (µAii (0w)ni ) dr = o dOw E V. (A.3)

Note that the definition of implies that

vo(x)lx E r = —WOO/.

Therefore Aii(Ow)ni for x E F may be computed to be:

(q5 ) j = [20,kwk(Sij + + (1),jtvi]nj + [20wk,kk + Owi,i + Owi,j]nj,

= —11V0(x)11[2nkakSij + niaj + nj nj + cbAjj (w)ni ,

= —311V0(x)iinian VO(x) ai + c5Aij (w)nj,

In (A.5

= —411v0(x)Ilniam — 11v0(x) II ajrij + 0Aii (w)ni .

(A.4)

(A.5)

), we introduced Tij = Sij - ninj, which gives the tangential compo-

nent of any vector, and an := aini. Substituting (A.5) into (

— f itwi( 411V0(x)llniwn — 11V 0(x)liwjrij) dr

A.3) gives

= f IiIIVO(x)11(4wnwn + wrwr) dF = 0 V Ow E V.

641 The integrand in (

(A.6)

) is clearly non-negative for any w, so we conclude that

642 w must vanish on the boundary.

643 Appendix B. General CASE Inverse Formulation

644 In this appendix we discuss a more general CASE-based inverse formulation

645 that allows for the use of different weighting tensors in the data match terms

646 for the CASE and inverse problem Lagrangians.
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647 We utilize the following Lagrangian to define the CASE data assimilation

648 PDEs, which will serve as the PDE constraint in the inverse problem:

LCASE(u  w) = 1—
2 
(u — um , D(u — um)) a(w, u; it) — 

2h 
— (w, w) , (B.1)

where

a(w, u; := (V w , pitl(u)) — (w , AA(u) • n) . (B.2)

649 For this problem we classify u and w as state variables and use Greek letters

650 y and A for the adjoint variables. The relevant function spaces are

651

652

653

u,y E S := {v vi E H1(11)},

w, a E V := {v v, E H1(12)}.

(B.3)

(B.4)

As in section 3, the strongly-stabilized CASE variant can be obtained by

setting V = Vo := {v v, E H1(C2), vi = 0 on F}.

We take variations of (

Du LCASE

D GCASE A
w

Equations (

linear form:

B.5) and (

B.1) to obtain the following weak forms:

= (- y, D(u um))o + a(w, -y; it) sg O Vy E S (B.5)

= a(A, u; — —hr (A, w)r sg O VA e V (B.6)

) motivate the introduction of the following tetra-B.6

b(-y, A, u, w; (-y, D(u — um))Q a(w ,-y; a(A, u; /1) — —
1 
(A, w)r (B.7)

654 The Lagrangian that defines the PDE-constrained optimization problem,

655 LOPT, can use a data match term that is completely different from the one

656 presented in LCASE. For demonstration purposes we choose a least squares

657 term with an arbitrary weighting tensor W. We also include a regularization

658 term R.(a) and constant a that determines its strength. The Lagrangian is

£013T (7, u, w, A) = 2 (u — um, W(u — um)) + a'R.(µ) b(y, A, u, w; //).

(B.8)
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659 The forward problem is derived by taking variations of (

660 variables:

B.8) w.r.t the adjoint

661

Thr,COPT • 5-y +Dx.CoPT • 5A = b(S-y, SA, u, w; /./) sg 0 V(5-y, SA) E S x V. (B.9)

The discrete form of the forward problem (borrowing notation from the

662 previous section) is

[ [MD]

[K]

[K]l{u}

—[S]

{[MD]um}

w 0
(B.10)

663 The adjoint problem is obtained by taking variations of ( B.8 ) w.r.t. the

664 state equation variables:

DurOPT • Su = (Su, W (u — um))0 + (-y, D5u)0 + a(A, Su; A)

sg 0 VSu E S,

DW.COPT • Sw = a(Sw,-y; µ) — —
h
(Sw,-y)r sg O V(51.v E V.

(B.11)

(B.12)

665 Next we discretize( l3.11 ) and ( B.12 ) and observe that the block matrix in

666 the discrete adjoint system (B.13) is the transpose of the one in (3.10). These
667 matrices are, however,identical because [MD] and [S] are symmetric. Thus the

668 forward and adjoint systems differ only in their right hand sides.

[[MD] [K]T {7 } { — [Mw](u — urn)}
(B.13)

[K] —[S] À 0

669 To determine the gradient we examine the total differential of L°PT and

670 note that after solving( p3.10 ) and (  B.13 ) only the µ variation is non-zero.

sroPT = 12ccr5,1, ±DA_Lc_R_T--,--a (B.14)

+ D,,,.../_:),,,v + ALLOPT • sit

D prOPT • 5 µ = a(w,-y, SA) + a(A, u, Su) + (ID i,R, • Sp (B.15)
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671 We now present a simplification that occurs when W = D. Expanding (

672 using (B.7) yields

673

674

(6-y , .13(u — um))1-2 + a(w, , .5-y; it) + a(6 A, u; it) — Ttl (SA, w)r

= 0 V(.5-y, 6A) E S x V.

We combine equations (B.11) and (B.12) to produce

B.9)

(B.16)

1
(-y,M5u)n + a(A, Su; µ) + (Su,W(u — um))O + a(r5w,y; µ) — T (Stv, A)r

675 in (

= 0 V(Su, 6w) E S x V.

(B.17)

The zero function is a member of V. We make the substitutions 0 SA, Sw

B.16) and (B.17), and Su <— (5-y in (B.16) to arrive at

(Su, D(u — um)a + a(w , (Su; ii,) = 0 V(Su E S,

(-y,D6u) + a(A, Su; it) + (6u,W(u — um))0 = 0 V(Su E S.

676 Now we choose W = D and subtract (B.18) from (P.19) to obtain

(B.18)

(B.19)

(7, EiSu)o + a(A — w, Su; it) = 0 V(Su E S. (B.20)

) is satisfied identically by the fields 7 = 0 and A = w.677 We find that (B.20

678 Application of these results to equation (

679 expression for the gradient:

B.15) yields the following simplified

DILLOPT • Sit =c2(3/2,-7;erat + a(w, u; Sit) + aDAR, • SA. (B.21)

680 Thus if we use the same data match terms in LCASE and LOPT the solution of

681 a single linear system (B.10) is necessary to obtain the fields used to compute the

682 value of the objective function and its gradient, consistent with the formulation

683 presented in section 3. Otherwise we must solve two block linear systems with

684 different right hand sides.
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685 Appendix C. Phantom Displacement Fields

686 This appendix contains the measured and predicted displacement fields from

687 the phantom datasets, excluding those from Target 1 that are contained in

688 section 4. We also present the lateral displacement fields obtained from the

689 strongly-stabilized CASE formulation for comparison purposes.
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Figure C.10: The measured (top row) and predicted (bottom row) displacement fields (in

mm) obtained from the weakly-stabilized formulation for Target 2.
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Figure C.11: The measured (top row) and predicted (bottom row) displacement fields (in

mm) obtained from the weakly-stabilized formulation for Target 3.
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Figure C.12: The measured (top row) and predicted (bottom row) displacement fields (in

mm) obtained from the weakly-stabilized formulation for Target 4.
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Figure C.13: The predicted ].ateral displacement fields (in mm) for all targets from the

strongly-stabilized formulation. The fluctuations on the boundary are larger and higher in

frequency than those observed in the weakly-stabilized results.
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