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Quantum Information Science



Information Theory

C. Shannon, Bell Syst. Tech. J. 27, 379 (1948)



Classical Information

? Information measured in bits: 0,1

? Encoded in two-level classical systems













Quantum Information

? Information encoded in qubits



Quantum Information

? Information encoded in entangled qubits



Quantum Information Processing

x encoding−−−−−→ ψx
process−−−−→ ψx̃ = Uψx

meas.−−−→ x̃

M. A. Nielsen and I. L. Chuang, Quantum Computation and Quan-
tum Information, Cambridge University Press (2000)



Key point: the source of advantage is always
coherence/entanglement of ψx



Theory vs Practice

J. Preskill, Quantum 2, 79 (2018)



Theory vs Practice

J. Preskill, Quantum 2, 79 (2018)



Noisy Quantum Information
Processing



Noisy Quantum Information Processing

? ψ ⇒ ρ =
∑

i pi |ψi〉 〈ψi| ,
∑

i pi = 1, ρ = ρ† ≥ 0

? U ⇒ Λ : Λ(ρ) is a quantum state

U. Fano, RMP 29, 74 (1957); E. C. G. Sudarshan et al., Phys. Rev.

121, 920 (1961)

x encoding−−−−−→ ρx
process−−−−→ ρx̃ = Λ(ρx)

meas.−−−→ x̃



Quantum Resource Theories

? Mathematical methods to identify,
quantify and study coherence and
correlations in ρ

E. Chitambar, G. Gour, RMP 91, 025001 (2019)



How much quantum is a quantum state ψ?

? ψ = a |0〉 +
√

1− a2 |1〉

? ψ12 = a |00〉12 +
√

1− a2 |11〉12



Quantumness of noisy states

ρ12 =


(1 + a)/4 0 0 a/2

0 (1− a)/4 0 0
0 0 (1− a)/4 0

a/2 0 0 (1 + a)/4


? How much coherence in ρ12?

? How much entanglement in ρ12?



Quantumness of noisy states

ρ12 =

 0.437 0.126 + 0.197i 0.0271 − 0.0258i −0.274 + 0.0997i
0.126 − 0.197i 0.154 −0.0115 − 0.0187i −0.0315 + 0.170i

0.0271 + 0.0258i −0.0115 + 0.0187i 0.0370 0.00219 − 0.0367i
−0.274 − 0.00997i −0.0315 − 0.170i 0.00219 + 0.0367i 0.372



? How much coherence in ρ12?

? How much entanglement in ρ12?



Resource hierarchy in bipartite systems



Discord: Quantumness without
Entanglement

? Discord: ρ12 6=
∑

ij pij |i〉 〈i|1⊗|j〉 〈j|2 ,
∑

ij pij = 1
L. Henderson, V. Vedral, J. Phys. A 34, 6899 (2001); H. Ollivier,
W. H. Zurek, PRL 88, 017901 (2002).

? Entanglement: ρ12 6=
∑

i piρ
i
1 ⊗ ρi

2,
∑

i pi = 1

! Methods to compute Discord
D. Girolami, G. Adesso, PRL 108, 150503 (2012); I. Almeida, D.
Girolami, et al., PRL 109, 190502 (2012); G. Adesso, D. Girolami,
A. Serafini, PRL 110,140501 (2013)



Discord as a resource for noisy phase
estimation !

Discord = minimum
sensitivity to local
perturbation
D. Girolami, T. Tufarelli, G.
Adesso, PRL 110, 240402
(2013), Editors’ Suggestion
and Cover



Experimental implementation

NMR System

A 

B 

D. Girolami et al., PRL 112, 210401 (2014), Editors’ Suggestion



Detection



Detecting resources in n noisy qubits

? O(4n) measurements to reconstruct ρ

? We just need to know about resources...

? Yet, they are not directly measurable,
i.e. not linear!



Result: Detecting Coherence in noisy
qubits
? Coherence/Superposition: ρ 6=

∑
ĩ λĩ

∣∣∣̃i〉〈ĩ
∣∣∣

? Solution: prepare two copies ρ1, ρ2 and rotate
Uρ2U†,U = e−iHt,H =

∑
i hi

∣∣∣̃i〉〈ĩ
∣∣∣

? Iff Tr(ρ2) 6= Tr(ρUρU†), there is coherence in
Ham. eigenbasis

∣∣∣̃i〉
? Experimental scheme to evaluate Tr(ρ2),Tr(ρUρU†)

with O(3n) measurements

D. Girolami, PRL 113, 170401 (2014)



C. Zhang et al. PRA 96, 042327 (2017)



How difficult is it to prepare a
quantum state?

D. Girolami, PRL 122, 010505 (2019), Editors’
Suggestion



Quantumness vs experimental resources

? |001010〉 → |101011〉 is classical, i.e.
easy

? UH |0〉 = (|0〉 + |1〉)/
√

2 is not easy

? UCNOT |+〉 |0〉 = (|00〉 + |11〉)/
√

2 is not
easy

? How many non-easy gates are needed
for ρ→ τ?



Geometry of a process γt
? Quantum map:
γt =

∑
i λi(t) |i(t)〉 〈i(t)| , t ∈ [0,T]

? γ : t→ γt is curve on the manifold of statesM
from γ0 ≡ ρ to γT ≡ τ



Classical operations: γt ∈MiR,∀t



Differential Geometry onM

? Energy of curve γt:

Eγt(ρ→ τ ) :=

∫ T

0
||γ̇t||2dt, γ0 ≡ ρ, γT ≡ τ

? Eγt(ρ→ τ ) = Eγt
c (ρ→ τ ) + Eγt

q (ρ→ τ )

S. Amari and H. Nagaoka, Methods of Information Geometry (Ame-
rican Math. Soc., 2007); I. Bengtsson and K. Zyczkowski, Geome-
try of Quantum States (Cambridge University Press, Cambridge,
2007)



Geometric measure of quantumness

Qρ(τ ) := min
ρ̃∈MiR

,γ̃t:ρ̃ 7→τ
Eγ̃t

q (ρ̃→ τ )



Qu
ρ(τ ) := Eγ̄u

t (ρ̄u → τ ) ≥ Qρ(τ )



Optimal path γ̄u
t = |γ̄u

t 〉 〈γ̄u
t |, pure target

τ = |ψτ〉 〈ψτ |

∣∣ψγ̄u
t

〉
= (cos θ−sin θ/ tan d) |ψρ̄u〉+

(sin θ/ sin d) |ψτ〉

θ = d t/T,d := DFS(ψρ̄u, ψτ)

A. Uhlmann, Rep.Math.Phys. 9, 273 (1976); H. N. Barnum, Quan-
tum Information Theory, PhD Thesis, University of New Mexico
(1998)





Bound for commuting gates

? |+〉⊗|0〉⊗N → |0〉⊗(N+1)+|1〉⊗(N+1)



Bound for commuting gates

? τ = e−iHT ρ eiHT

? H =
∑N

i=1 Hi, [Hi,Hj] = 0

? Ei = hi
max − hi

min, E =
∑

i Ei/N
S. Boixo, S. T. Flammia, C. M. Caves, J. M. Geremia, PRL 98,
090401 (2007); M. Zwierz, C. A. Perez-Delgado, P. Kok, PRL 105,
180402 (2010)

Ngates E
√

T ≥ 2
√

Qu
ρ(τ )



Future



1) Quantifying Multipartite Quantum
Resources



? Quantifying multipartite correlations,
in particular genuine k-partite correlations

? Detecting multipartite correlations
(quantitative bounds with O(n)
measurements)



2) Optimizing Noisy QIP



? Bounds and optimal strategies for
non-commuting gate algorithms

? Bounds and optimal strategies for dynamics
engineering



Optimizing Control of Noisy QIP



? Bounds and optimal strategies for feedback
controlled state engineering

? Bounds and optimal strategies for feedback
controlled dynamics engineering



Summary

? Quantum Information Science

? Noisy Quantum Information
Processing

? How difficult is it to prepare a
quantum state?

? Future



The End

Email: davegirolami@gmail.com

Website: https://sites.google.com/site/davegirolami/


