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Abstract

This paper develops an analytical solution to the equations governing the solution-diffusion-
electromigration transport of the ions from two salts that contain a common ion. The
analytical expressions, which rely on constant ion permeances, readily enable simple
spreadsheet computations of the permeate ion concentrations in nanofiltration (NF). Despite
the model simplicity, calculations of ion rejections as a function of transmembrane volume
fluxes, feed-solution compositions, and permeance values reproduce experimental trends,
with ion permeances as the only adjustable parameters. For example, with solutions
containing dissolved MA and M,B, when the membrane permeance to B is much lower than
the permeances to A" and M*, plots of A" rejection versus transmembrane volume flux show
the negative minimum that is often characteristic of NF. Moreover, B* rejection increases with
increasing MA in the feed solution, reflecting a decreasing electric field in the membrane. The
analytical solution also enables spreadsheet computations of electric fields in membrane
separation layers and effectively models experimental data for intrinsic rejections as a function
of transmembrane volume flow. Interestingly, the model suggests that with sufficiently high
permeances of A (relative to M*), at certain feed compositions the A/B? selectivity may
increase without bound as a function of volume flow. Otherwise, this selectivity does not vary
greatly with feed composition and quickly reaches a limit as the volume flow increases.
Despite the simplifying approximation of constant ion permeances, using only a few adjustable
parameters this model readily reveals trends in NF ion rejections and may help to identify the
desired ion permeances or solution compositions for specific separations.
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Introduction

Nanofiltration (NF) is an effective, commercial method for water softening and salt
purification.[1, 2] In contrast to reverse osmosis membranes, which reject nearly all salts in
desalination, NF membranes selectively reject divalent ions and organic molecules with
molecular weights >150-500 Da.[1, 3] Moreover, NF membranes are more permeable to water
than reverse osmosis membranes and thus require relatively low operating pressures if the
osmotic pressure is not high.[3] However, ion rejections in selective NF membranes vary with
solution composition, and rejections in single-salt solutions can differ greatly from those with
salt mixtures.[4-8] Additionally, in experiments with salt mixtures containing ions whose
permeances are very different, NF membranes often show negative ion rejections (higher ion
concentrations in the permeate than in the feed) for the more permeable ions.[9-11] This
paper develops the solution-diffusion-electromigration model to calculate ion rejections over a
range of feed compositions and transmembrane volume fluxes. We provide an analytical
solution to the differential equations that describe ion transport during NF of solutions
containing two mixed salts with a common ion. As with other algebraic solutions of transport
equations,[12] this analytical solution enables rapid exploration of trends in the behavior of
membrane systems. The specific model assumes a solution-diffusion-electromigration
mechanism with constant ion permeances and allows rapid spreadsheet calculations of
individual ion fluxes to examine trends in selectivities and ion rejections as a function of ion
permeances, feed solution compositions, and transmembrane volume fluxes. Additionally, we
determine the conditions needed to observe large negative rejections.

Many models of NF membranes invoke nanoporous materials that exhibit hindered transport
of ions along with steric, electric and dielectric exclusion.[13-20] These models adequately fit
filtration data, but they require parameters such as volume charge and dielectric constant that
vary with the feed solution for a given membrane.[6, 16, 21-23] Experimental assessment of
the many variables in these complex models is a major challenge. Moreover, two recent
studies suggest that the diffusion coefficients of dyes in nanoporous membranes are
incompatible with the diameters of nanopores obtained from convective transport.[24, 25]
Other work implies that convective ion transport in some NF membranes is negligible.[26] The
very low salt permeances of membranes with ultrathin barrier layers [27-30] are also likely
incompatible with the model of nanoporous membranes.

An alternative approach, which we employ in this work, describes ion transport in terms of
phenomenological ionic permeances [26] and as a first approximation assumes that these
permeances are independent of ion concentrations. Importantly, the use of single-ion
permeances, rather than salt permeances, captures electromigration phenomena due to
electrical potentials that arise from different permeances to cations and anions.[31, 32]
Although this simple approach does not provide the mechanisms behind ion permeances, it
allows modeling with only a few parameters that one may obtain through fitting of data.



Additionally, it may provide previously unavailable input for comparison with mechanistic
models.

Membrane permeances to individual ions are difficult to determine,[33] but large differences
among the rejections of salts such as NaCl and Na,SO4 or NaCl and MgCl, imply that for a given
membrane the permeances to monovalent and divalent ions are very different.[4, 34, 35] For
example, commercial NF membranes show Na;SO4 rejections around 99% and NaCl rejections
of only 50-60% in single-salt measurements.[36-38] Additionally, polyelectrolyte multilayer
membranes exhibit highly selective transport of monovalent cations relative to divalent
cations.[39-42] In electrodialysis with such membranes, K*/Mg?* selectivities may be
>1000.[42] These highly different permeances of monovalent and divalent ions should lead to
unusual trends in NF ion rejections as a function of transmembrane water fluxes and feed
compositions. Such trends are practically important because the pronounced NF selectivity
between monovalent and multivalent ions leads to potential applications such as sulfate
removal from chloralkali brines,[43] in-vacuum salt production[44] and metal/acid
recovery.[45]

We should note that salt permeances can vary with concentration or composition, particularly
for highly charged membranes.[26, 46-49] In studies of sulfonated polymers, Geise and
coworkers showed that NaCl permeability increases with concentration, although MgCl,
permeability is relatively constant.[49-51] Nevertheless, a constant permeance can provide a
reasonable first-order approximation of membrane performance,[32] particularly if feed
solutions do not vary greatly. Additionally, for the model that we employ, permeances could
depend on the feed concentration as long as the permeance across the membrane is a
constant. This is similar to the Spiegler-Kedem model, which considers the solute permeability
and reflection coefficient constant during the integration of transport equations across the
membrane but has been frequently used to extract feed-concentration-dependent membrane
parameters from experimental data.[34, 52, 53] As long as the permeance is constant across
the membrane, we can model rejection as a function of volume flow for a specific feed
composition.

This study expands on our recently developed approach to the solution-diffusion-
electromigration model [31] to provide an analytical solution to the constant-permeance
model. The solution enables simple spread-sheet type calculations that reproduce trends in
NF ion rejections from ternary electrolytes containing both monovalent and divalent ions.
Analytical solutions are already available for modest rejections [11] or the cases of large and
small transmembrane volume fluxes.[10, 54-56] However, those flux limits are often not
accessible experimentally. In principle, our analysis applies to any flux, but we do neglect
concentration polarization (CP) for simplicity. In interpretation of experiments one should
correct for CP and obtain intrinsic rejections.[37, 57]

Theory

Eq(1) describes the flux, j;, of ion i through a membrane.

dc;
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—ji=Pi- (dx +ciZ; d—z) (1)



In this equation, ¢ is the dimensionless (in F/RT units) electrostatic potential in a virtual
solution, ¢; is the concentration of ion i in the virtual solution, x is the transmembrane
coordinate scaled on the membrane thickness, and Z; is the ion charge. The virtual (or
reference) solution is a bulk electrolyte solution that could be in thermodynamic equilibrium
with a given point inside the membrane. The virtual solution treatment is equivalent to the
Nernst-Planck equation (see the supplementary material, SM), but because we use virtual
concentrations, the permeances, P;, include the partition coefficients. Thus, we do not need
to separately specify partition and diffusion coefficients. Additionally, virtual solutions are
electrically neutral, whereas solutions in a membrane may deviate from electroneutrality,
especially if the membrane contains immobile charge or is ultrathin.[58]

For two salts with a common ion, Eq(1) is a system of three equations (one equation for each
ion). At steady state j; is constant, and we assume constant values of P; throughout the
membrane. Thus, the three equations represented in Eq(1) contain four variables, namely
three virtual ion concentrations and the virtual potential. Because of electrical neutrality in
the virtual solution, only two of the concentrations are independent, and we can solve the
differential equations for the three independent variables. In principle, commercial software
can readily solve this system of ordinary differential equations, but the iterative process of
matching ion fluxes and permeate concentrations becomes multivariable in the case of
electrolyte mixtures. Such a process is non-trivial because of the sensitivity to the choice of
guess values and the possible existence of several local minima along with the true global
minimum. The solution we present overcomes this challenge and uses analytical equations to
calculate both permeate ion concentrations and volume flow as a function of a single variable,
uy, which is defined as twice the ratio of the ionic strength to total ion concentration in the
permeate (see Eq(2) and Fig. 1 below). The treatment follows the general scheme we outlined
previously,[31] but we specifically examine the case of three ions of different charges and give
an explicit parametric analytical solution. The SM derives the solution, and we present the
resulting equations below. Although the form of the solution appears complicated, one can
readily program this solution into a spreadsheet to find permeate concentrations for given
values of the feed concentration and flow rate. The SM gives a spreadsheet that implements
the solution to Eq(1).

The solution to the equation relies on the definition of the relative double ionic strength, u,
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in Eq(2) where C is the total ion concentration, ¢; + ¢, + c3, and 21 is the double ionic
strength. The numeric subscripts refer to the different ions. Due to the electrical neutrality of
the permeate solutions, one can express the permeate ion concentrations in terms of u,, (the
subscript p refers to the permeate solution) and the total ion concentration in the permeate,
Cp.
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Thus, an expression for C,, as a function of u,, will enable calculation of all of the ion

concentrations in the permeate. Eq(4) gives such an expression, where the values of
Fm(up) Fp(up)

Fm(up)+u0]Fp(up)+Fm(up) _ [Fp(up)—uo]Fp(up)+Fm(up)

Fin (up)+1up Fp(up)—up

Cp=C(uy)=Co- [ (4)

of F, and F,,, depend only on u,, and ion charges and permeances according to Eqs(5-8). The
constants uy and Cyin Eq(5) are the relative double ionic strength and total ion concentration
in the feed solution, respectively, and we know these constants from specification of the feed
composition.
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Finally, Eq(9) gives an expression for the volume flux, J,, as a function of u,, to allow

correlation of J,, with permeate ion concentrations or ion rejections.
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Eqs(4,9) provide a parametric relationship between the transmembrane volume flux and the
total ion concentration in the permeate, C,, as functions of u,,. We then use Eq(3) to calculate

the permeate concentrations of specific ions for the given values of u, and C,,.

Summary of the Calculation Procedure. From values for the charges and permeances of the
three ions, we first calculate the needed values of ,Bij, I1, and X using Eqs(6-8). The specified
feed composition allows computation of uy with Eq(2). Subsequently, for a range of values of
u,, we calculate the constants E, (up) and Fm(up) from Eq(5). Finally, the E, (up) and Fm(up)
values enable determination of C(up) from Eq(4), and we compute],,(up) from Eq(9).
Concentrations of the specific ions in the permeate then follow from Eq(3). For calculations of
permeate ion concentrations as a function of the feed composition at a fixed J,, value, we
repeat the procedure for each feed composition, using Eq(9) to iteratively determine the value
of u,, that corresponds to J,,. With a composition-dependent u, (J,,), for each feed solution
one can compute C(up) from Eq(4) and specific ion concentrations from Eq(3). The Excel™
file in the SM gives an example of using these equations to calculate ion rejections as functions
of volume flux and feed composition.



Selectivity and the Range of u,, Values. For definiteness, below we consider the ions “1” and
“2” as anions and the common ion “3” as a cation. We will also consider the charge of ion “2”
as larger than the charge of ion “1”. As an example, in a solution containing salts MA and M;B,
ions “1”7, “2” and “3” correspond to A", B¥, and M*, respectively. Using Eq(3) and the
corresponding equations for the feed solution (Eq(S26), SM), one can define the ion selectivity,
S, forion “1” overion “2”

cp1/Co1 _ UptZyZs ug+ZyZ3

S, = = . 10
12 Ccp2/Coz Ug+ZyZ3 UptZiZs ( )

To effectively use the parametric relationship of Eqs(4,9), we should determine the range of
values that u,, may take. Fig. 1 shows the physically possible values of u for any solution
containing the salts MA and MB. In addition to giving the range of u, the figure shows the

relationship between u and a variable with a more intuitive meaning, Xwma, the salt mole
fraction of MA in a solution containing MA and M,B. For solutions of MA and M2B, u ranges
from a value of 2 when no MA is present to 1 when M;B is absent. However, depending on the
ion permeances and initial solution compositions, varying the transmembrane volume flux, J,,,

will not give permeates whose compositions cover the entire range from Xua=0 to Xma =1. For
example, if the feed solution contains both MA and M;B, and the permeance of B is low
compared to the permeances of other ions, the permeate will never contain a smaller salt
fraction of MA than the feed. Additionally, unlimited A/B? selectivities are only possible for
certain ranges of feed compositions and ion permeances. Next we develop explicit
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Fig. 1. Values of the relative double ionic strength, u (see Eq(2)), as a function the mole fraction
of MA, xwma, in a solution containing the salts MA and MB where A" and BZ are the salt anions.
More precisely, xma=[MA]/([MA]+[M:B]).

expressions for the range of possible w, values.



At very small transmembrane volume fluxes, the solution composition in the permeate is the
same as in the feed, i.e. the membrane approaches equilibrium and the compositions on both
sides are nearly the same. Therefore, u,, - u,. When the permeance to anion “2” (e.g. B%)is
less than to anion “1” (e.g. A’), ug is the maximum value for u,,. According to Eq(9), for very
large transmembrane volume fluxes the total ion concentration in the permeate, C(up), must
tend to zero (below we will see that the second factor in the right-hand side of Eq(9) remains
finite at any physically meaningful value of u,,).

Based on Eq(4), the total ion concentration in the permeate should approach zero when either

Fy(up) —up— 0 (11)
or
Fn(up) +u, -0 (12)

Eq (11) makes the second term in brackets in Eq(4) go to zero. Because of the negative
exponent of the first term in brackets in Eq(4), the denominator in this bracketed term must go
to zero for C(up) to approach zero, and this gives Eq(12). From Eqs(11,5), we obtain the
minimum value of w;,, Upmn, Which occurs when C, — 0 (see the SM for details of this

Ui = — U8 -B-11+UoBoz+1-Bos (13)
pmin ug Bor+ig Br2+11B11

solution). Depending on the permeances of the three ions, (upmin + ZlZ3) will either be
positive for all physical values of u, (see below) or turn negative for a certain range of feed
compositions. A negative value of (upmin + ZlZ3) implies negative concentrations of ion “2”
in the permeate (see Eq(3)), so for such situations Eq(11) does not apply, and one should use
Eq(12) to determine the value of wy,;;,. Solving Eq(12) gives Eq(14) (see the SM).

Upmin = o AVA (14)

Eqs(14,3) imply that at this wy,;, the permeate contains no anion “2”. Below, we will see that
the values of the ion permeances determine whether Eq(11) or Eq(12) applies to a given
system. Physically, for some permeance values and feed concentrations, the permeate can
never become pure MA and contain no anion “2” (B%). In such situations, Eq(11) applies. The
transition between the conditions for Eqs(11 and 12) yields a qualitative difference in ion-
transport selectivity as a function of transmembrane volume flux. Fig. 2 shows some examples
of G, (up) calculated using Eq(4). Indeed, depending on the ionic permeances and feed
composition (see below for more details) C, tends to zero either at values of u,, > —Z,Z; or at

u, = —ZyZs3. For this simulation —Z;Z5 = 1.

We have considered the case of two anions and a common cation. For mixtures with two
cations and a common anion, Eqs(11,12) change to

Fm(up) +uy;—0 (15)

and



By (up) —up — 0 (16)

These changes occur because the exponents in Eq(4) have different signs on going from a
common cation to a common anion. Otherwise, the behavior remains the same.
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Fig. 2. Calculated total ion concentrations in the permeate, Cp, as a function of Up and u,. In this
example Cy = 1, and u, values of 1.3, 1.6, and 1.9 correspond to xma values of 0.778, 0.500, and
0.143, respectively, where the ions “1”, “2”, and “3” are A", B¥, and M*, respectively. The
permeances are: (a) Py- = 1um/s; Pgz- = 0.01 um/s; Py+ = 10 pm/s and (b) Py- =
10um/s; Pgz- = 0.01 um/s; P+ =1 um/s. Figure (c) enlarges the x-axis of Figure (b) at
low values of u,,. Note that the minimum value of u,, depends on the values of both u, and ion
permeances.



Results and Discussion

This section first discusses the limiting case of single salts and shows that the 3-ion model is
consistent with the solution-diffusion model for transport of a single salt. Subsequently, we
show how salt rejections and ion-transport selectivities vary with the transmembrane volume
flux and solution composition, and discuss calculated electric fields and modeling of some
specific literature experimental data. Finally, we describe the conditions that lead to strong,
observable negative rejections in NF.

Limiting case of single salts

In the limiting case of a single-salt, the 3-ion transport model presented here should simplify to
the typical solution-diffusion model,[59, 60] in which Eq(17) relates the salt concentration in
the permeate to the transmembrane volume flux.

ji _ Ps(co—cp)
c, =Lt=2090 P 17
L v 17)
In this equation, F; is the salt permeance of the membrane, and ¢, and ¢, are salt
concentrations in the feed and permeate, respectively. Rearrangement of Eq(17) gives

]vz(c_o_ )Ps (18)
‘%

Eqs(9,18) have similar forms, but in Eq(9) the coefficient analogous to P is not constant but a
function of u,,, which depends on the permeate composition. In the limiting cases of either
single salt (e.g. a solution containing only MA or only MB), the parameter u (see Eq(2))

changes neither across the membrane nor with the transmembrane volume flux and is

where i = 1 ori = 2. Using the definitions of §;; in Eq(6), and substituting Eq(19) for u,, into
the part of Eq(9) that is analogous to P; (left-hand side of Eq(20)), one can show that

(Z1—23)(Z3—23)(Z1—Z3) _ (Zi—Z3)'Pi'P3
= =P 20
M-B_11+Bo1Up ZiPi—Z3P3 s (20)

The middle expression in Eq(20) is the definition of the salt permeance, P, to either of two
single salts consisting of ions “1” and “3” or “2” and “3”. Thus, Eq(9) satisfies the limiting cases
for either single salt as it should.

The expression on the left-hand side of Eq(20) depends monotonically on u,, and the two
possible values for the middle of Eq(20) correspond to substitution of u,, for either of the two
single salts. Moreover, the values of u,, for these salts are the upper and lower bounds of
physical u, values (see Fig. 1). Thus, the left-hand side of Eq(20) is finite. Looking at Eq(9), this
implies that as the transmembrane volume flux tends toward infinity, the total ion
concentration in the permeate must tend to zero as expected in a solution diffusion model and
as we assumed in the Theory section when defining the range of u,, values.



Rejections as a function of transmembrane volume flux in the three-ion system

As Eq(18) shows, in single-salt experiments the concentration of salt in the permeate
decreases with increasing volume flux, J,,, so salt rejection increases with increasing J,,. Eq(21)
defines the rejection, R;, of a specific ion.

Coi

For the single-salt case, the rejections of the cation and anion are equal. In contrast, with a 3-
ion system, the ratios of ions in the permeate can vary while still maintaining electroneutrality,
and specific ion rejections need not increase monotonically with J,,.

Fig. 3 shows calculated ion rejections as a function of J,, for a solution containing equimolar
MA and M3B (xua=0.5). (For the notation in this paper this equimolar solution corresponds to
uy = 1.6, and A, B, and M?* are ions “1”, “2”, and “3”, respectively.) In Fig. 3, the divalent
ion B% has the lowest permeance of the ions and hence shows the highest rejection, which
increases monotonically with the transmembrane volume flux. The rejection of the
monovalent anion, A’ is negative at low volume fluxes but eventually turns positive as the flow
increases. In this case, negative rejection stems from spontaneously arising electric fields that
accelerate anions and decelerate cations to give zero net current. This field appears
predominantly because of the low permeance to BZ, so it is especially pronounced when the
feed fraction of monovalent anions is low. Nonetheless, Fig. 3 shows that significant negative
rejections occur even at a 1:1 MA:M;B feed composition (#y=1.6). Monovalent anion
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Fig. 3. Calculated ion rejections vs. transmembrane volume flux, J,,, for a solution containing
equimolar MA and M:B salts dissolved in the feed solution. The assumed ionic permeances (in
um/s)are (a) Py~ =1;Pge- =0.01; P+ = 10; and (b) Py;- =10; Pgz- = 0.01;Pp+ = 1.
The equimolar, xma=0.5, solution corresponds to u, = 1.6, and the log scale on the x-axis
improves the visibility of differences in the range where the transmembrane volume flux is low.
Dashed-dot red lines, dashed green lines, and solid blue lines correspond to rejection of B, M*

and A’, respectively.
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rejections initially become more negative with increasing transmembrane volume flux because
faster flow decreases the concentrations of B> and M* in the permeate. These lower
permeate concentrations give rise to higher concentration gradients for diffusion of M* and B>
and, hence, larger electric fields that accelerate A" and B% and decelerate M* to maintain zero
current. As J,, initially increases, the electrical migration of A" (toward the permeate) increases
more rapidly than J,, increases, so the rejection becomes more negative. However, eventually
J» increases more rapidly than the electrical migration of A", and dilution of the permeate leads
to positive rejections.

The rejection of M* lies between the rejections of the two anions and gets closer to the
rejection of A" with increasing volume flux because the rejection of the doubly charged anion
approaches 100%. When the permeate contains minimal B%, the concentrations of Aand M*
in the permeate are essentially equal, but their rejections are not equal because their feed
concentrations differ.

Figs. 3(a) and 3(b) show two distinct cases of lower and higher permeance for the monovalent
anion (P4-) relative to the permeance of the common monovalent cation (Py+). There are no
clearly discernible qualitative differences between these two cases. Nevertheless, below we
show that this is due to the poor visibility of differences in ion rejections when they approach
100%. In terms of ion selectivity, the difference between these two cases is much more visible.

Ion Rejection versus Feed Solution Composition

In some situations, the feed composition dramatically affects the electric fields that
spontaneously arise in the membrane and thus greatly alters ion rejections.[4, 11] Fora
volume flux of 10 um/s, Fig. 4a shows how the rejection of A", R4-, varies with the feed mole

fraction, Xma, of MA relative to the total dissolved salt, i.e. Xma =[MA]/([MA]+[M,B]). When

P4~ is 10 times the permeance of M* (solid blue line, Fig. 4a), R4- decreases with the addition

of M,B (decreasing Xma) and eventually becomes negative when Xmais about 0.1. This is
consistent with NF data that frequently show negative rejections of trace monovalent ions.[11,
37] In contrast, if Py,+ is 10 times P4—, R4- is nearly constant over a wide range of solution
compositions (dashed red line, Fig. 4a). This essentially constant R4- implies that the
spontaneously arising electric field does not vary greatly with solution composition when P+
is an order of magnitude greater than P,-. With a relatively high P,,+ value, the electric field
maintains zero electric current primarily through deceleration of M7, regardless of whether A°
or B% is the dominant anion (see the scheme in Fig. 5a). Thus, at the relatively high volume
flux and rejections in Fig. 4a (dashed red line), the electric field that overcomes most of the
diffusive M* transport does not vary strongly with solution composition, so R4- is nearly
constant. On the other hand, when P4- is an order of magnitude greater than P+, at high

values of Xma the electric field maintains zero electric current primarily by decelerating A" (see

Fig. 5b). However, as Xma declines and B* becomes the dominant ion, the electric field will

decrease and eventually change sign to decelerate M* and accelerate anions (Fig. 5¢). The
decrease and eventual change in the direction of the electric field leads to diminishing and

eventually negative rejection of A” as Xma decreases (Fig. 4a, blue line).
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Fig. 5. Qualitative diagrams of ion transport, electrical potentials, and ion fluxes (diffusion,
electromigration, and net) as a function of ion permeances and salt mole fractions, xwma, in the
feed. In all cases, Pg2-is low compared to the permeances of A" and M*, so the flux of BZ is
negligible. Lengths of green, red and blue arrow qualitatively represent fluxes.

Due to the low permeance that we assumed for B, its rejection remains above 0.997
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regardless of solution composition at a volume flux of 10 um/s. However, a plot of (1-
rejection), or ion passage, clearly shows that B> passage decreases (rejection increases) for
solutions containing an increasing fraction of MA (Fig. 4b). The effect is more pronounced
when Py- = 10 um/s and Py+ = 1 um/s than when P,- = 1 um/s and Py+ = 10 um/s.
The decrease in the passage of a divalent ion with the addition of a monovalent salt is often,
though not always, a feature of NF.[61-64] In the absence of MA, the electric field achieves
zero electric current by decelerating M* (large effect) and accelerating B> (small effect due to
the low Pgz-). With the addition of MA, the field can decelerate additional M* and accelerate
the more permeable A" to achieve zero current with a smaller electric field (e.g. Fig. 5¢c). The
decrease in electric field decreases the passage of B due to reduced electromigration of this
ion. When A is less permeable than M*, the addition of MA has less of an effect on the
transport of B. For the permeances we chose, Rpgz- is always high, but with higher values of
Pg2-, rejection of B* will decrease and changes in Rgz- will become more apparent. In water
softening, the rejection of divalent ions will generally increase as the concentration of
monovalent salts increases.

Rejections of M* (not shown) decrease monotonically with increasing Xua because of the low
permeance of B relative to A. The initial decrease as Xwma increases is most dramatic with a

high value of P4-. At Xma=0 and Xma=1, Rj+ is equal to Rgz- and R4-, respectively.

As discussed above, trends in the rejection of individual ions as a function of feed composition
depend on the relative permeances of the monovalent anion and the common monovalent

cation (Fig. 4). However, according to Eq(20) and Fig. 4a, the rejection of MA salt when Xma=1
(no M;B) is the same for P4,- = 10 um/s, P+ = 1 um/s and P+ = 10, P4~ = 1 um/s. This
occurs because we simply switched the permeances of M* and A". The MB rejection when
Xma=0 (no MA) is also essentially the same for P4- = 10 um/s, P+ = 1 um/s and P+ = 10,
P,- = 1 um/s because of the very low value of Pg2-. Thus, ion rejections for the two limiting
cases of single salts are insensitive to whether the monovalent cation or the monovalent anion
has the order of magnitude greater permeance. In contrast, in solutions that contain mixed
salts ion rejections vary greatly depending on the relative permeances of the monovalent
anion and common monovalent cation.

We should emphasize that the calculations in this section assume that permeance does not
vary with feed composition. A previous study with NF270 membranes revealed only small
(<50%) variations in the permeances of Na* and CI" in solutions containing NaCl, MgSO,,
Na,S0,, and MgCl; as the dominant salts.[37] Sulfate showed low permeances in solutions of
several different salts. Thus, the assumption of constant permeance should approximate ion
rejections well in that case. However, for other ions such as Mg?* and other membranes or
widely varying salt concentrations, permeances may show greater variation with feed
composition.[37, 49, 65]
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Calculation of Electric Fields and Concentration Profiles in the Membrane Selective
Layer

The previous section showed that trends in rejection as a function of feed concentration often
reflect the electric fields that arise spontaneously during transport. Section S3 of the SM
describes how to compute electric fields and concentration profiles as a function of u,, and
Fig.6 shows the electric fields calculated for the conditions depicted in Fig. 5. To transform to

a dimensional electric field, one should multiply the dimensionless field by RT /FL where L is
the membrane thickness. For a selective layer thickness of 25 nm, RT /FL is 10°V /m, so the
dimensional fields are in the range of megavolts per meter. Additionally, the field varies greatly
across the membrane and is a strongly non-linear function of coordinate. Therefore, the
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Fig. 6. Calculated dimensionless electric fields as a function of scaled distance into the membrane

selective layer. The calculation employs J, = 10 um/s and permeances (in um/s) as indicated in

the legend. The permeance of B> was 0.01 um/s, and the figure indicates the salt mole fraction

of MA, defined as [MA]/([MA]+[M2B]). The Xwma values of 0.7 and 0.05 correspond to u values of

1.391 and 1.966, respectively.
approximation of constant electric field clearly does not apply to our system. The signs of the
electric fields in Fig. 6 are consistent with the electrical potentials depicted in Fig. 5,
remembering that the electric field is the negative of the spatial derivative of the electrical
potential.

In most cases, the virtual concentration profiles in the separation layer are essentially linear,
which is consistent with an electric field that increases greatly near the permeate side to
maintain a constant electromigration flux in this region despite low ion concentrations. For
ions with negative rejections, however, the concentration profile is not linear and shows a
minimum somewhere in the selective layer.

Modeling Literature Nanofiltration Data

This section explores modeling of literature data with the analytical solution for 3-ion
transport. Fig. 7 shows reported rejections of Na*, CI, and Ca?* ions during nanofiltration of a
solution containing dissolved NaCl and CaCl,.[66] These data are corrected for concentration
polarization to represent real (intrinsic) rejections. To fit the data, we first obtained the
average CaCl; permeance from a single-salt literature experiment that measured CaCl,
rejections (corrected for concentration polarization) as a function of volume flux.[66] The
combination of this CaCl, permeance, Eq(20), and a guess value for the ClI" permeance gives a
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Fig. 7. Experimental (squares) and simulated (lines) real ion rejections during nanofiltration of a
solution containing 0.0286 M CaCl; and 0.429 M NaCl (0.667 ratio of Ca* to Na%*) through a Desal
DK membrane. The literature data come from Figure 8b in reference [66], and the simulation
employs ion permeances of 0.57 um/s for Ca?* and 24 um/s for CI" and Na*.
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value for the Ca®* permeance. Assuming equal permeances for CI and Na%, we then calculated
rejections of the three ions as a function of volumetric flux using Eqs(4,9,2). We varied the
value of CI" permeance until the calculated data showed the best visual agreement with the
trends in literature data (Fig. 7). Thus, the fit to the data employs only one adjustable
parameter because we assumed equal ClI" and Na?* permeances. The calculated and
experimental rejections differ by less than 0.1, although at the lower values of J, in Fig. 7 the
differences increase between the calculated and experimental intrinsic rejections for Ca** and
Cl. This may result from the challenge in correcting the literature data for concentration
polarization, as even with the single-salt data, the CaCl, permeance approximately doubles on
going from the lowest to the highest volume flux (see Table S1). Fig. S2 in the SM shows the
fitting of data at different ratios of Ca®* to Na* in the feed solution. Higher ratios of Ca®* to Na*
require lower values of the CIand Na* permeances to fit the data, which could stem from Ca?*
adsorption that decreases the membrane permeability. Nevertheless, when the Ca?* to Na*
ratio varies from 0.67 to 4, the values of fitted CI and Na* permeances only change from 24 to
20.

Fig. S3a (SM) shows modeling of a set of data for nanofiltration of a solution containing
dissolved NaCl and MgCl,.[67] The fit is similar to that in Fig. 7, showing that the model gives
reasonable agreement for two different systems. In the modeling of Fig. S3, we had to use two
permeances as fitting parameters because MgCl; single-salt rejections are anomalously low
(See Table S2 for values). Nevertheless, variation of the Mg?* permeance has only a minor
effect on the fitted value for the Cl"and Na* permeances. Thus, fitting of two permeances is
feasible. We should note, however, that from these data we cannot determine separate values
of CI"and Na* permeances, as varying these parameters independently does not yield obviously
better fits to the data (see Figure S3b).

Ion Selectivity vs Ionic Permeances

As mentioned in the theory section, for some combinations of ion permeances and feed
compositions u, cannot take the full range of values (—Z, Z3 to —Z,Z3) specified by two
permeates that each contain only one of the two anions (see Fig. 2). This section
demonstrates that these changes in the behavior of w;,;, as a function of u, correspond to
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qualitative changes in the variation of selectivity vs. transmembrane volume flux. The
definition of ion selectivity (Eq(10)) shows that when u,, —» —Z, Z3 the selectivity for ion “1”
over “ion “2” increases without bound as the transmembrane volume flux increases. In
contrast, for systems where u,, = uypmin > —Z1Z3, the limiting selectivity as J,, » o is finite.
We can detect these two kinds of behavior using Eq(13) and considering if (upmin + ZlZ3)
becomes negative for physically-meaningful values of uy. Specifically, from Eq(13) one can
show (see the SM for details) that (upmm + ZlZ3) can take negative values when
Py > Z2—Z3 (22)
Py Z-Z;
Notably, the criterion of Eq(22) does not depend on the permeance to ion “2”. If Eq(22) is
satisfied, within a part of the range of u, (feed composition), the minimum value of relative
double ionic strength in the permeate, Uy, defined by Eq(13) becomes smaller than the
physical limit set by Eq(14). This occurs when
_ N TP e T

21725 <uy < —II 7P 7P (23)
Outside the range of Eq(23) and the condition specified in Eq(22), upmin > —Z1Z3 so Eq(13)
defines the lower limit of variation of w,,, and the ion selectivity remains finite. If the condition

of Eq(22) is not satisfied, ion selectivity remains finite at any feed composition.

Fig. 8 illustrates these trends. In Fig. 8a the calculations use a P; /P3 (equivalently Py-/Py+)
value that does not satisfy Eq(22) so selectivity depends only modestly on the feed
composition and quickly tends to saturation with increasing transmembrane volume flux. In
contrast, the P; /P; value for Fig. 7b satisfies Eq(22), and the ion selectivity depends more on
the feed composition. The selectivity changes from unlimited to limited when the feed
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Fig. 8. Calculated ion selectivities, A/B%, as a function of transmembrane volume flux, J,, and
feed solution composition (represented by u,). In this calculation u, values of 1.3, 1.6, and
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composition changes from uy = 1.6 to uy = 1.9. Using Eq(23) one can show that for the ion
permeances in Fig.3b the qualitative change of behavior occurs at uy = 1.64.

Qualitatively we can understand these trends based on the electric fields that spontaneously
arise due to the differences in membrane permeances to various ions (see Fig. 6 for some
examples). These electric fields increase with increasing volume fluxes because the ion
concentrations decrease in the permeate and diffusive flux increases. We consider first the
case where P+ > P4~ (Fig. 8a), and the spontaneous electric field accelerates A" and B*.
These conditions do not satisfy Eq(22). As J, increases from zero, initially selectivity increases
because the permeate concentrations depart more and more from the feed concentrations,
and Py- is higher than Pz2-. Once the permeate concentrations are small compared to the
feed concentrations, the electric field and the selectivity are essentially constant. Note that
the selectivity is less than P4-/Pg2- because the charges on the ions are not the same and the
ratio of electromigration fluxes of the two ions is not just the ratio of their permeances.

When P,- > P+ (Fig. 8b) and the feed mole fraction of B is not too high (u, is low), the
spontaneously arising electric field retards both A”and B?. This considerably increases the
rejection of anion B* in particular due to its larger charge. Thus, as J,, increases and diffusion
increases, the increasing electric field affects the flux of B* more than the flux of anion A",
Even at fairly large J,, values, small increases in the electric field decrease the flux of B* to near
zero values to increase selectivity. However, as the feed mole fraction of B> increases (u,
increases), the difference in the membrane permeances to B2 and M* will eventually control
the spontaneously arising electric field, which will change direction to accelerate anions and
decelerate cations. Accordingly, the field will then lower the rejection of both B* and A".
Because electrical migration and diffusion are both proportional to permeance, the selectivity
becomes essentially constant when the volume flow is large.

The above discussion shows that the ion selectivity behaves in fundamentally different ways
depending on whether P,-/P,,+ is sufficiently high to satisfy Eq(22). Although the model is
phenomenological and does not specify the mechanisms of relationships between the ionic
permeances, it is useful to briefly consider examples where Eq(22) should or should not apply.
We recently developed a model where unequal anion and cation partitioning into ultra-thin
membrane barrier layers leads to significant space-charge regions in the barrier.[58] This
model postulates that due to differences among ions in their excess solvation energies,
selective ion dissolution in the barrier leads to charge separation and electrical potential
gradients that tend to equalize partition coefficients. For example, if due to excess solvation
energies a barrier layer excludes doubly charged anions more than monovalent cations (this
assumption agrees with lower permeances to doubly charged anions), the inter-phase
electrostatic potential will attract anions to and repel cations from the barrier layer. As a
result, the partitioning of monovalent anions and cations will increase and decrease,
respectively, relative to the hypothetical situation of intrinsic partitioning due to the excess
solvation energies of monovalent ions alone. If additionally the excess solvation energies are
approximately equal for the monovalent cations and anions, the inter-phase potential (due to
exclusion of the doubly charged anions) will make the partition coefficient of monovalent
anions larger than that of monovalent cations. For a sufficiently high electrostatic potential,
this effect might make the membrane permeance to the monovalent anions large enough to
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satisfy the condition of Eq(22). In this case, the monovalent/divalent anion selectivity could
continually increase with increasing volume flows.

In contrast, a negative surface charge or a larger intrinsic excess solvation energy for
monovalent anions than monovalent cations will lead to higher permeances for the
monovalent cation relative to the monovalent anion. If these factors dominate, the condition
of Eq(22) will not occur and selectivity over a divalent anion will remain finite as J,, increases.
In summary, depending on the barrier-layer properties either of the two situations in Fig. 8
may occur. With typical negatively charged commercial NF membranes, the condition of
Eq(22) (or its counterpart for two salts with a common anion) is more likely to occur for
mixtures with doubly charged cations than with doubly charged anions.

Negative rejections of ions

Negative rejection of specific ions is a signature feature of NF of multi-ion solutions. Fig. 9
shows some examples of particularly large calculated negative rejections. Two important
parameters characterize the negative rejection: the location (/,, value) of the minimum and its
depth.

Eq(24) defines the condition for the location of the minimum, which occurs at the maximum
permeate concentration of ion “1”, or A".

depq(up)
4, - 0 (24)

Using Eq(9), one can show that

dJp(up)
“au, 7% (25)

Therefore, the criterion of the minimum is also

deps (up) =0 (26)

dupy

Using Eq(3), we can further specify the criterion of Eq(26) as

dinc 1
L =0 (27)
duP up +ZzZ3

Finally, using Eq(4) we obtain

dinCp _ FpFm—FnFp (Fm+u0 ) Fp—up) Up—Up [ FyFy _ FynFip

dup (Fp+Fm)2 Fmtup Fp—uo Fp+Fn  |(Fp~up)(Fp=to)  (Fm+up)(Fntitg)

Up

—— (28)
(Fp—up)(Fn+up)
where we have denoted

r = AFpm(up)
Fp:m - dup (29)
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E, and E, are algebraic functions of w,,. Therefore, one can further expand Eq(28) by using
the definitions of Eqs(5-8) but the resulting expression is cumbersome so we do not include it
here. In any case, the equation for the dimensionless permeate relative double ionic strength
that corresponds to the strongest negative rejection is transcendental and requires numerical
solution. To obtain the location (transmembrane volume flux) and the depth of the minimum
we substitute the value of u,, found from Eqs(27,28) into Eqs(3,4,9).
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Fig.9. Calculated A rejections vs. transmembrane volume flux, J,,, for a solution containing MA
and M:B salts in the feed solution. The assumed ionic permeances (in um/s) are (a) P,- =
1;Pg2- = 0.01; Ppy+ = 10; and (b) P;- = 10; Pgz- = 0.01; P);+ = 1. The indicated u, values
of 1.3, 1.6, and 1.9 correpond to correspond to Xma values of 0.778, 0.5, and 0.143.

Negative rejections usually occur at low transmembrane volume fluxes (see Fig.9), which
makes experimental observation of their minima difficult. Frequently, one only observes the
ascending branch to the right of the minimum . Nevertheless, sometimes the minima are
detectable.[37]

Fig. 10 provides some insight into the minima “observability”. When Pg2- (P,) is very low, the
minima are deep (Figs. 10c and 10d), but they appear at very small volume fluxes, especially
when the feed mole fraction of M;B is not too large (i.e. when u, approaches 1, see Figs. 10a
and 10b). At relatively large Pg2-, the minima appear at “measurable” volume fluxes but are
shallow. The best “observability” (sufficiently deep minima located at workable
transmembrane volume fluxes) occurs at the intermediate value of P, = 0.01 um/s especially
in the case P4~ > P,,+. This agrees with the experimental observation of a minimum for traces
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of Na* added to dominant MgCl,,[37] which should occur with a moderately low permeance to
Mg?* in combination with a high permeance to Na* and P;;- < Py ,+. However, the same study
observed only the ascending branch for experiments with traces of Cl- added to Na,SO,4 and
MgSO. (primarily due to the very low membrane permeance to SO4%). Interestingly, for
relatively large P, at sufficiently small feed mole fractions of doubly charged anions, negative
rejections do not occur. This corresponds to the volume flux of the minimum going to zero at
some ug > —Z,1Z3.
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Fig.10. Calculated transmembrane volume flux at the minimum of negative rejection of ion A
(a,b) and rejection at the point of minimum (c,d) during filtration of a solution containing MA and
M:B at the feed compositions indicated by u,. For this calculation: Py~ = 1 um/s; Py+ =

10 um/s (a,c); P»- = 10 um/s; P+ = 1 um/s (b,d); permeances to B> are indicated on the
graphs as P,.

The feed fraction of B is also an important parameter. Expectedly, the minimum location
shifts towards higher values of transmembrane volume flux when this fraction increases and,
especially, when the B> fraction approaches 100% (u, = 2). Minima appear at especially large
volume fluxes when the permeance to A" is high and the permeance to M* is relatively low. In
this case the monovalent anions make a significant contribution to the membrane electrical
conductance even when their fraction is relatively small. This reduces the spontaneously
arising transmembrane electric fields and the negative rejections caused by them. When this
contribution vanishes at small feed fractions of monovalent anions, there is a sharp increase in
the magnitude of negative rejections and their occurrence moves to larger volume fluxes.
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Conclusions

This paper develops an analytical solution to the differential equations that govern the coupled
transport of three ions through NF membranes. This solution enables the calculation of ion
permeate concentrations with a simple spreadsheet, which in turn allows exploration of ion
rejections over a wide range of volume fluxes, solution compositions, and permeance values.
Calculated trends in ion rejections for solutions containing monovalent and divalent ions are
consistent with NF results that show (a) increasing divalent ion rejection with the addition of a
monovalent salt, (b) minima in the negative rejection of monovalent ions as a function of
transmembrane volume flux, and (c) increasingly negative monovalent anion rejections as the
ratio of monovalent to divalent anions decreases.

The approximation of constant permeances is vital to obtaining a simple analytical solution to
the coupled transport equations for three ions and comparing transport under different
conditions. However, there are certainly cases in which permeances will vary with solution
composition. Electrostatic effects on ion partitioning, for example, depend on the ionic
strength of the solution. Moreover, divalent ion adsorption, and hence membrane surface
charge, may depend on the concentration of the divalent ions. Nevertheless, the constant
permeance model is often a useful approximation and effectively captures many experimental
trends typical for NF.[32] Additionally, one could allow ion permeances to depend on feed
composition as long as they do not vary across the membrane for a specific experiment. Given
the ease of calculating ion rejections with this simple model, we think it may aid in designing
specific NF separations and explaining unusual trends in NF ion rejections.
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Description of Symbols

C; concentration of ion i in the virtual solution

Co salt concentration in the feed solution

Cp salt concentration in the permeate solution

Cpi concentration of ion i in the permeate solution
Coi concentration of ion i in the feed solution

C(x) sum of the concentrations of all ions in the virtual solution
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Co sum of the concentrations of all ions in the feed solution

Cp sum of the concentrations of all ions in the permeate solution
E electric field in the membrane selective layer

F, function defined in Eq(5) to develop a concise solution

E, function defined in Eq(5) to develop a concise solution

i index representing a specific ion

Ji flux of ion i

I volume flux

I(x) ionic strength in the virtual solution

P; membrane permeance to ion i

P, salt permeance of the membrane

R; membrane rejection of ion i

S12 transport selectivity for ion / overion 2

u %, double ionic strength divided by the total ion concentration, or relative double ionic
strength

Up value of relative double ionic strength in the permeate solution

Upmin SMallest possible physical value of relative double ionic strength in the permeate

solution

Ug
x
Z;
Bij
I1
X

@

Xma

value of relative double ionic strength in the feed solution
dimensionless distance into the membrane barrier layer
charge of ion i

constants in Eq(6), defined for concisely presenting equations
Z1Z,Z4, product of the charges of the three ions

Z1 + Zy + Z3, sum of the charges on the three ions

virtual electrostatic potential in F/RT units

[MA]/([MA]+[M2B]), salt mole fraction of MA in a solution containing MA and M,B
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