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Abstract 21 

Accurately modeling membrane processes is critical to evaluating novel process configurations, designing 22 
scalable membrane systems, informing process cost estimates, and directing future research.  Most 23 
membrane process models trade accuracy for computational efficiency by employing simplified 24 
approximations of the process (i.e. no salt flux, no pressure drop) and solution properties (i.e. ideal 25 
solution, and constant density, viscosity, and diffusivity).  This work presents a detailed one-dimensional 26 
finite difference model for evaluating membrane processes that avoids these common simplifications.  We 27 
apply this model to quantify the error introduced by these simplifications for case studies of reverse 28 
osmosis, osmotically assisted reverse osmosis, forward osmosis, and pressure retarded osmosis.  While 29 
the magnitude of error introduced by these simplifications is dependent on the case study parameters and 30 
specifications, we find that existing model formulations can underestimate or overestimate average water 31 
flux by nearly 50% for some membrane processes operating under standard conditions.  Finally, we 32 
investigate the error introduced by simplified inlet-outlet models that do not solve the governing system 33 
of differential equations, and we assess the accuracy of novel inlet-outlet formulations that use a log and 34 
geometric mean, instead of the typical arithmetic mean, to represent non-linear water flux profiles. 35 

1. Introduction 36 
Computational models are essential to describing and predicting the performance of pressure and 37 

osmotically driven membrane based processes, but the modeling framework and embedded assumptions 38 
used to describe these membrane processes vary widely.  For example, some models provide simple point 39 
estimates of water flux,1 while others use two and three dimensional computational fluid dynamics 40 
models to estimate membrane performance.2-3 As a result, there is often significant deviation in 41 
performance estimates between process models, and few models exhibit high experimental fidelity across 42 
a range of process conditions.  Shortcomings in these performance models can obscure high impact 43 
research needs for technology development, inhibit direct comparisons between processes or process 44 
configurations, impede technology scale up from the lab and facilitate sustained research in non-45 
competitive technologies.   46 

Detailed one-dimensional process models relate the design, operating, state, and process variables 47 
of a membrane stage using a system of differential equations.  When these models are solved for a given 48 
design and operating condition, the solution describes the profiles of variables along the membrane stage 49 
(e.g. solute concentration, flow rate, water flux, etc.) and provides estimates of the overall process 50 
performance (e.g. water recovery, average water flux, pressure drop, salt passage, etc.).  These stage-level 51 
process models can also be integrated into systems-scale models to estimate and optimize other key 52 
metrics like net energy consumption and cost.4 53 

These detailed process models of reverse osmosis (RO) assume that the permeate side of the 54 
membrane has a negligible impact on the driving force and solve this system of differential equations 55 
using traditional ordinary differential equation solvers (e.g. Runge-Kutta method and its modified 56 
forms).5 For counterflow membrane processes, such as osmotically assisted reverse osmosis (OARO),4, 6-7 57 
forward osmosis (FO),8-9 pressure retarded osmosis (PRO),10 the system of differential equations is 58 
implicit and cannot be solved with traditional differential equation solvers.  Instead this system of 59 
differential equations is commonly approximated using a finite difference approach and solved using 60 
numerical methods (e.g. Newton’s method and trust-region methods).10 The accuracy of the finite 61 
difference approximation is dependent on the number of finite nodes, which are typically increased until 62 
there is little change between the nth and nth plus one solutions. 63 
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In contrast to detailed process models that solve for the profiles of variables along the length of 64 
the module, simplified inlet-outlet models estimate the overall process performance by averaging the inlet 65 
and outlet values of the variables.11-12 For instance, an arithmetic mean of the inlet and outlet of a variable 66 
could be used to precisely represent the average value of a variable with a linear profile.  This formulation 67 
preserves the key decision variables and reduces the number of variables and equations, making it 68 
attractive for use in optimization models.   69 

The accuracy of the arithmetic mean inlet-outlet model solution breaks down, however, if there is 70 
low fidelity between the actual and assumed linear profile of the variables along the length of the module.  71 
For example, many membrane processes exhibit non-linear water flux profiles.  The average of these non-72 
linear profiles may be more accurately represented with a log or geometric mean, where the average is 73 
more heavily weighted to the lower values.  This weighting reflects the common shape of non-linear 74 
water flux profiles in membrane processes, but we are unaware of previous work applying these means to 75 
inlet-outlet modeling formulations for membrane systems. 76 

In addition to assumptions embedded in the modeling structure, most detailed process models and 77 
simplified inlet-outlet models make several additional simplifying assumptions about the process and 78 
solution properties.  Common simplifications include no salt flux across the membrane, no pressure drop 79 
across the length of the stage, ideal solution properties, and constant density, viscosity, and solute 80 
diffusion coefficient (diffusivity).  While these simplifications reduce the computational demand of the 81 
models, most studies do not perform a sensitivity analysis or quantitatively assess the error introduced by 82 
these simplifications.  Further, even though a more accurate representation without the common 83 
simplifications may not be essential to clarifying specific phenomenon in membrane separation processes, 84 
accurate water fluxes are important when assessing the techno-economic feasibility of membrane 85 
technologies. 86 

The present work formulates detailed process models and simplified inlet-outlet models for RO, 87 
OARO, FO, and PRO membrane processes that do not employ common simplifications for the process 88 
and solution properties described above.  We use these models to quantify the error associated with each 89 
simplification.  We also investigate the effect of assumptions embedded in modeling structure by 90 
assessing the impact of the number of nodes on the accuracy of the finite difference approximation 91 
method.  Finally, we propose and assess the accuracy of novel simplified inlet-outlet models that use 92 
either a log or a geometric mean, as opposed to the traditional arithmetic mean, to determine the average 93 
water flux.  94 
 95 
2. Theory  96 
2.1 Water and salt flux 97 

Water and salt transport in pressure driven membrane processes are generally described by Eq. 1 98 
and 2. 99 

𝐽𝑤 = 𝐴(∆𝑃 − ∆𝜋)       (1) 100 

𝐽𝑠 = 𝐵 ∆𝐶         (2) 101 

Where 𝐽𝑤 is the water flux [m3/m2-h], 𝐴 is the water permeability coefficient [m/bar-h], ∆𝑃 (𝑃𝑓-𝑃𝑝) is 102 

the hydraulic pressure difference [bar], ∆𝜋 (𝜋𝑓-𝜋𝑝) is the osmotic pressure difference [bar], 𝐽𝑠 is the salt 103 

flux [kg/m2-h], 𝐵 is the salt permeability coefficient [m/h], and ∆𝐶 (𝐶𝑓-𝐶𝑝) is the salt concentration 104 

difference [kg/m3 or g/L].  The direction of the water and salt flux is defined as from the feed (𝑓) to the 105 

permeate (𝑝) side. For the specified flux direction, the salt flux is positive for RO and OARO and is 106 
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negative for FO and PRO.  These water and salt flux equations assume the effect of the reflection 107 
coefficient in the Spiegler-Kedem model is negligible (i.e. a value of 1),13 which is typical for membranes 108 
with high salt rejection and low salt permeability.14-15 If the reflection coefficient is substantially less than 109 
1, as is common in nanofiltration membranes or solutions with poorly rejected solutes, then our model 110 
will underestimate the water flux for hydraulically driven processes (RO, OARO) and overestimate the 111 
water flux osmotically (FO, PRO) driven processes.14, 16 112 

2.2 Solution properties 113 

 The osmotic pressure is a function of the salt concentration, as shown in Eq. 3a. 114 

𝜋 = 𝑖 𝜙 𝐶
1

𝑀𝑊
 𝑅 𝑇       (3a) 115 

Where 𝜋 is the osmotic pressure [bar], 𝑖 is the number of dissociating ions [-], 𝜙 is the osmotic coefficient 116 

[-], 𝐶 is the salt concentration [g/L], 𝑀𝑊 is the molecular weight [g/mol], 𝑅 is the gas constant [8.314E-2 117 

L-bar/mol-K], and 𝑇 is the temperature [K]. When the solution is assumed to be ideal, the osmotic 118 

coefficient (𝜙) is 1. In this work, we assume the solute is NaCl and the temperature is 25°C and we 119 
account for non-ideal behavior by modeling the osmotic coefficient as a function of concentration.17 We 120 
determine the osmotic coefficient function from a quadratic fit of experimental results, observing close 121 
agreement (less than 1% or 0.1 bar) to a more detailed osmotic coefficient relationship presented in 122 
Mistry and Lienhard 2013.17-19 The osmotic pressure of a NaCl solution as a function of only 123 
concentration is presented in Eq. 3b. 124 

𝜋 = 𝐾 𝜙(𝐶) 𝐶 = 0.848 (3.14𝐸­6 C2  + 2.13𝐸­4 C + 0.917) 𝐶  (3b) 125 

Where 𝐾 is the lumped constants in Eq. 3a (i.e. 𝑖 𝑅 𝑇/𝑀𝑊) and 𝜙(𝐶) is the osmotic coefficient as a 126 

function of concentration.  127 

  In addition to osmotic pressure, other key solution properties are a function of salt concentration 128 
or mass fraction, including: density, viscosity, and diffusivity. The density, viscosity, and diffusivity as a 129 
function of mass fraction are shown in Eq. 4-6. We determine these relationships from polynomial fits of 130 
NaCl solution property tables.18, 20-21 Additional details on the osmotic pressure, density, viscosity, and 131 
diffusivity are included in SI Section S1. 132 

𝜌 = 756 𝑋 + 995        (4) 133 

𝜇 = 2.15𝐸­3 𝑋 + 9.80𝐸­4       (5) 134 

𝐷 = 153 𝑋4 − 122 𝑋3 + 30.1 𝑋2 − 2.00 𝑋 + 1.51   (6) 135 

Where 𝜌 is the density [kg/m3 or g/L], 𝜇 is the viscosity [Pa-s], 𝐷 is the diffusivity [1E-9 m2/s], and 𝑋 is 136 

the salt mass fraction [kg of solute/kg of solution]. The salt concentration is related to the density and salt 137 
mass fraction as shown in Eq. 7. 138 

𝐶 = 𝜌 𝑋 = 756 𝑋2 + 995 𝑋      (7) 139 

2.3 Concentration polarization 140 

The concentration and osmotic pressure difference in Eq. 1 and 2 are evaluated at the membrane 141 
interface. The qualitative relationship between the concentration at the membrane interface and bulk 142 
concentration for RO, OARO, FO, and PRO on both the feed and permeate side are shown in Figure 1. 143 
When internal and external concentration polarization are accounted for with steady state film theory, the 144 
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quantitative relationship between the feed and permeate side concentration at the membrane interface and 145 
bulk concentration are determined in Eq. 8 and 9. For all membrane processes, we assume the porous 146 
support is on the side with low pressure (i.e. permeate side for RO, OARO, and FO and feed side for 147 
PRO).  148 

𝐶𝑚𝑓 = 𝐶𝑏𝑓 exp (
𝐽𝑤

𝑘𝑓
) −

𝐽𝑠

𝐽𝑤
(exp (

𝐽𝑤

𝑘𝑓
) − 1)     (8a) 149 

𝐶𝑚𝑓 = 𝐶𝑏𝑓 exp (𝐽𝑤 [
1

𝑘𝑓
+

𝑆

𝐷
]) −

𝐽𝑠

𝐽𝑤
(exp (𝐽𝑤 [

1

𝑘𝑓
+

𝑆

𝐷
]) − 1)   (8b) 150 

𝐶𝑚𝑝 = 𝐶𝑏𝑝 exp (−𝐽𝑤 [
𝑆

𝐷
+

1

𝑘𝑝
]) +

𝐽𝑠

𝐽𝑤
(1 − exp (−𝐽𝑤 [

𝑆

𝐷
+

1

𝑘𝑝
])) (9a) 151 

𝐶𝑚𝑝 = 𝐶𝑏𝑝 exp (−
𝐽𝑤

𝑘𝑝
) +

𝐽𝑠

𝐽𝑤
(1 − exp (−

𝐽𝑤

𝑘𝑝
))     (9b) 152 

Where Eq. 8a and 9a are valid for processes with the porous support on the permeate side (i.e. RO, 153 
OARO, and FO) and Eq. 8b and 9b are valid for processes with the porous support on the feed side (i.e. 154 
PRO). The concentrations are subscripted for the side, feed (𝑓) and permeate (𝑝), and location, membrane 155 

interface (𝑚) and bulk (𝑏). The external concentration polarization on each side is modeled with the mass 156 

transfer coefficient, 𝑘, [m/h]. We assume that internal and external concentration polarization on the 157 

permeate side is negligible for RO. The internal concentration polarization is modeled with the structural 158 
parameter, 𝑆, [m] and diffusion coefficient of the solute, 𝐷, [m2/s]. These concentration polarization 159 

relationships are similar to other work on the individual processes.4, 22-24 However, differences may arise 160 
due to the specified direction of the salt flux. The derivations of these relationships are included in SI 161 
section S.2. 162 

 163 
Figure 1. Schematic of process configuration and concentration polarization for A) RO, B) OARO, C) 164 
PRO/FO. The relationship between the feed and permeate-side concentration (𝐶𝑓, 𝐶𝑝) in the bulk (𝑏) and 165 

at the membrane interface (𝑚) is noted within the boundary layer (dotted line). An inequality indicates 166 

whether the feed or permeate-side hydraulic pressure (𝑃𝑓, 𝑃𝑝) is greater. We assume that the membrane 167 
porous support is on the side with the lower hydraulic pressure and on the draw-side for FO. 168 
 169 
 The mass transfer coefficient, 𝑘, is determined by Eq. 10. 170 
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𝑘 =
𝐷 𝑆ℎ

𝑑ℎ
         (10) 171 

Where 𝑆ℎ is the Sherwood number [-] and 𝑑ℎ is the hydraulic diameter [m]. The Sherwood number is a 172 

dimensionless number that is a function of the Reynolds (𝑅𝑒) and Schmidt (𝑆𝑐) number. We estimate the 173 
Sherwood number with Eq. 11, which was developed from computational fluid dynamic simulations of 174 
mesh filled rectangular channels.25 The definition of the hydraulic diameter is shown in Eq. 12 and is 175 
determined based on channel dimensions and mesh configuration as described further in SI Section S3.  176 

𝑆ℎ =  0.46(𝑅𝑒 𝑆𝑐)0.36        (11) 177 

𝑑ℎ =
4 (𝑓𝑙𝑜𝑤 𝑎𝑟𝑒𝑎)

(𝑤𝑒𝑡𝑡𝑒𝑑 𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟)
        (12) 178 

2.4 Pressure drop 179 

In addition to the water and salt flux, another key phenomenon is the pressure drop across the 180 
membrane stage. The pressure loss per unit length can be determined by Eq. 13.  181 

𝑃𝐿 =
𝐹 𝜌 𝑣2

2 𝑑ℎ
 [

1 𝑏𝑎𝑟

1𝐸5 𝑃𝑎
]       (13) 182 

Where 𝑃𝐿 is the pressure loss per unit length [bar/m], 𝐹 is the friction factor [-], 𝜌 is the fluid density 183 

[kg/m3], 𝑣 is the fluid velocity [m/s]. For both the pressure drop and Reynolds number calculations, the 184 
fluid velocity is the average axial velocity determined from the fluid flowrate, channel cross-sectional 185 

area, and mesh void space.  𝐹 is approximated in Eq. 14 by a correlation developed for a simulated mesh 186 

filled channel.25 The presented 𝛼 and 𝛽 parameters are for a filament with a circular cross section and 187 

effective cross-section of 25% (diameter of filament/height of channel).  188 

𝐹 = 𝛼 +
𝛽

𝑅𝑒
= 0.42 +

189.3

𝑅𝑒
       (14) 189 

2.5 Governing system of equations  190 

The governing system of differential equations for a one-dimensional model is composed of mass 191 
transfer and pressure drop equations shown in Eq. 15-20. 192 

𝑑𝑀𝑓

𝑑𝑧
= ­(𝐽𝑤 𝜌𝑤 + 𝐽𝑠) 𝑊      (15) 193 

𝑑(𝑀𝑓 𝑋𝑓)

𝑑𝑧
= ­𝐽𝑠 𝑊       (16) 194 

𝑑𝑀𝑝

𝑑𝑧
= (𝐽𝑤 𝜌𝑤 + 𝐽𝑠) 𝑊       (17) 195 

𝑑(𝑀𝑝 𝑋𝑝)

𝑑𝑧
= 𝐽𝑠 𝑊       (18) 196 

𝑑𝑃𝑓

𝑑𝑧
= ­𝑃𝐿𝑓         (19) 197 

𝑑𝑃𝑝

𝑑𝑧
= ­𝑃𝐿𝑝        (20) 198 

Where 𝑀, 𝑋, and 𝑃 are the state variables: mass flow rate [kg/h], salt mass fraction [-], and hydraulic 199 

pressure [bar], respectively, for the feed (𝑓) and permeate (𝑝) side; 𝐽𝑤, 𝐽𝑠, and 𝑃𝐿 are the process 200 
variables: water flux [m3/m2-h or LMH], salt flux [kg/m2-h], and pressure loss [bar/m], respectively; z is 201 
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the dimension along the length of membrane [m]; and 𝜌𝑤 is the density of water [kg/m3]. 𝑧 is defined 202 

such that z=0 at the inlet (e.g. 𝑀𝑓(0) = 𝑀𝑓𝑖𝑛
, 𝑀𝑝(0) = 𝑀𝑝,𝑖𝑛) and z=𝐿, the stage length, at the outlet (e.g. 203 

𝑀𝑓(𝐿) = 𝑀𝑓,𝑜𝑢𝑡, 𝑀𝑝(𝐿) = 𝑀𝑝,𝑜𝑢𝑡). Note that the process variables (i.e. 𝐽𝑤, 𝐽𝑠, 𝑃𝐿) are functions of the 204 

state variables as described in the preceding section. The initial conditions of this system of differential 205 
equations are the specified inlet values for the state variables. The solution of the system of differential 206 
equations provides the profiles of the state and process variables along the stage, which can be used to 207 
extract key metrics, including: average water and salt flux, water recovery, salt passage, and feed and 208 
permeate side outlet flow rate, concentration, and pressure drop. 209 

3. Model development 210 

3.1 Detailed process model 211 

We develop a detailed process model based on the finite difference approximation of the governing 212 
system of equations (Eq. 15-20). This finite difference approach discretizes the membrane stage into a 213 
series of nodes (Fig. 2). At each node, the state variables (e.g. flow rate, concentration, and pressure) and 214 
process variables (e.g. water flux, salt flux, and pressure drop) are evaluated. The process model spans the 215 
level of detail presented in section 2, where solution properties are a function of concentration and mass 216 
transfer coefficients and friction factors are determined from dimensionless numbers (e.g. Reynolds, 217 
Schmidt) that vary along the stage. The solution of this model provides the key performance metrics (e.g. 218 
average water flux, water recovery, and pressure drop) and the one-dimensional profiles of the state and 219 
process variables along the stage for a specified case. 220 

We formulated and specified the detailed process model with the following specifications and 221 
assumptions. First, we formulate the model on a mass basis instead of a volumetric basis. The volumetric 222 
basis is the most common approach for membrane models that assume constant density. However, when 223 
density is modeled as a function of concentration, the volumetric balance does not satisfy the conservation 224 
of mass. Second, we make several assumptions that are consistent with our previous work regarding the 225 
design and operation of the membrane process.4 Specifically, we assume:  226 

• The solute is NaCl and the non-ideal solution osmotic pressure matches experimental results.17 227 

• The membrane units have a flat plate geometry with counter-current flow and are composed of an 228 
asymmetric membrane with the porous support on the low hydraulic pressure-side. 229 

• The mass transfer coefficient and pressure drop are adequately estimated by Sherwood number 230 
and friction factor correlations that were developed by Guillen and Hoek 2009 from simulations 231 
on channels with a mesh spacer.25 Despite the limitations of this study, including assumptions of 232 
constant solution properties, isolated filaments, and a Reynolds number between 10-400, these 233 
are currently the best available correlations relevant to membrane channels with a mesh. 234 

• The continuous membrane dimensions, length and width, adequately represent a membrane stage 235 
that may be comprised of multiple modules in series and parallel. 236 

• The outlet hydraulic pressure is 1 bar for the non-pressurized streams. 237 
 238 
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 239 
Figure 2. A) Finite difference model for hydraulic and osmotically driven membrane-based processes 240 
with five nodes. 𝛳 are inlet and outlet stage variables that include: mass flowrate, mass fraction, and 241 

hydraulic pressure. 𝛷 are inter-node variables that include: mass flowrate, mass fraction, and pressure 242 

loss. 𝜔 are nodal variables that include: bulk concentration, concentration at the membrane interface, 243 
hydraulic and osmotic pressure, and water and salt flux. B) Water flux profiles for a different number of 244 
nodes. Water flux values are representative of the RO case study for a feed of 35 g/L TDS with 50% 245 
water recovery.  Additional details are provided in Section 3.3. 246 
 247 

The finite difference approximations of the governing mass transfer equations (Eq. 15-18) are 248 
shown in Eq. 21-32. 249 

𝑀𝑓,𝑘 = 𝑀𝑓,𝑘−1 −
𝐴𝑚𝑒𝑚

𝑁
  (𝐽𝑤𝑘 𝜌𝑤 + 𝐽𝑠𝑘)     ∀𝑘, 𝑘 ≠ 𝑘1   (21) 250 

𝑀𝑓,𝑘𝑋𝑓,𝑘 = 𝑀𝑓,𝑘−1𝑋𝑓,𝑘−1 −
𝐴𝑚𝑒𝑚

𝑁
 𝐽𝑠𝑘   ∀𝑘, 𝑘 ≠ 𝑘1   (22) 251 

𝑀𝑓,𝑘1 = 𝑀𝑓,𝑖𝑛 −
𝐴𝑚𝑒𝑚

𝑁
( 𝐽𝑤𝑘1 𝜌𝑤 + 𝐽𝑠𝑘1)    (23) 252 

𝑀𝑓,𝑘1𝑀𝑓,𝑘1 = 𝑀𝑓,𝑖𝑛𝑋𝑓,𝑖𝑛 −
𝐴𝑚𝑒𝑚

𝑁
 𝐽𝑠𝑘1     (24) 253 

𝑀𝑓,𝑜𝑢𝑡 = 𝑀𝑓,𝑘𝑁        (25) 254 

𝑋𝑓,𝑜𝑢𝑡 = 𝑋𝑓,𝑘𝑁        (26) 255 

𝑀𝑝,𝑘 = 𝑀𝑝,𝑘+1 +
𝐴𝑚𝑒𝑚

𝑁
  (𝐽𝑤𝑘 𝜌𝑤 + 𝐽𝑠𝑘)   ∀𝑘, 𝑘 ≠ 𝑘𝑁   (27) 256 

𝑀𝑝,𝑘𝑋𝑝,𝑘 = 𝑀𝑝,𝑘+1𝑋𝑝,𝑘+1 +
𝐴𝑚𝑒𝑚

𝑁
 𝐽𝑠𝑘   ∀𝑘, 𝑘 ≠ 𝑘𝑁   (28) 257 

𝑀𝑝,𝑘𝑁 = 𝑀𝑝,𝑖𝑛 +
𝐴𝑚𝑒𝑚

𝑁
 (𝐽𝑤𝑘𝑁 𝜌𝑤 + 𝐽𝑠𝑘𝑁)    (29) 258 

𝑀𝑝,𝑘𝑁𝑋𝑝,𝑘𝑁 = 𝑀𝑝,𝑖𝑛𝑋𝑝,𝑖𝑛 +
𝐴𝑚𝑒𝑚

𝑁
 𝐽𝑠𝑘𝑁     (30) 259 

𝑀𝑝,𝑜𝑢𝑡 = 𝑀𝑝,𝑘1        (31) 260 
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𝑋𝑝,𝑜𝑢𝑡 = 𝑋𝑝,𝑘1        (32) 261 

Where 𝐴𝑚𝑒𝑚 is the total stage membrane area and the state and process variables are either indexed by 262 

the node (𝑘), stage inlet (𝑖𝑛), or stage outlet (𝑜𝑢𝑡). The set of nodes, 𝐾, has 𝑁 number of nodes and is 263 

enumerated from 𝑘1 to 𝑘𝑁, starting at the feed side inlet (permeate side outlet) and ending at the feed side 264 
outlet (permeate side inlet).  265 

The finite difference approximations of the governing pressure drop equations (Eq. 19 and 20) are 266 
shown in Eq. 33-38. The slight difference between the mass transfer and pressure drop approximations 267 
(e.g. 1/𝑁 term in Eq. 23 compared to 1/2𝑁 term in Eq. 34) arises because hydraulic pressure is a nodal 268 

variable (𝑤 in Fig. 2) and mass flow rate and mass fraction are inter-node variables (𝜙 in Fig. 2). 269 

𝑃𝑓,𝑘 = 𝑃𝑓,𝑘−1 − 𝑃𝐿𝑓,𝑘−1
𝐿

𝑁
   ∀𝑘, 𝑘 ≠ 𝑘1     (33) 270 

𝑃𝑓,𝑘1 = 𝑃𝑓,𝑖𝑛 − 𝑃𝐿𝑓,𝑖𝑛
𝐿

2𝑁
      (34) 271 

𝑃𝑓,𝑜𝑢𝑡 = 𝑃𝑓.𝑘𝑁 − 𝑃𝐿𝑓,𝑘𝑁
𝐿

2𝑁
      (35) 272 

𝑃𝑝,𝑘 = 𝑃𝑝,𝑘+1 − 𝑃𝐿𝑝,𝑘+1  
𝐿

𝑁
   ∀𝑘, 𝑘 ≠ 𝑘𝑁    (36) 273 

𝑃𝑝,𝑘𝑁 = 𝑃𝑝,𝑖𝑛 − 𝑃𝐿𝑝,𝑖𝑛
𝐿

2𝑁
      (37) 274 

𝑃𝑝,𝑜𝑢𝑡 = 𝑃𝑝,𝑘1 − 𝑃𝐿𝑝,𝑘1
𝐿

2𝑁
      (38) 275 

In the following model description, we frequently use functions (𝑓∗) that relate the specified 276 

variable to other variables (e.g. the osmotic pressure as a function of concentration is represented by 277 
𝑓𝜋(𝐶)). Previously described functions include: 𝑓𝜋(𝐶) as Eq. 3, 𝑓𝜌(𝑋) as Eq. 4, 𝑓𝜇(𝑋) as Eq. 5, 𝑓𝐷(𝑋) as 278 

Eq. 6, 𝑓𝐶(𝑋) as Eq. 7, 𝑓𝐶𝑚𝑓
(𝐶𝑏𝑓 , 𝐽𝑤, 𝐽𝑠, 𝑘𝑓 , 𝐷) as Eq. 8, and 𝑓𝐶𝑚𝑝

(𝐶𝑏𝑝, 𝐽𝑤, 𝐽𝑠, 𝑘𝑝, 𝐷) as Eq. 9. 279 

Additionally, functions for the mass transfer coefficient (𝑓𝑘), pressure loss per unit length (𝑓𝑃𝐿), and 280 

Reynolds number (𝑓𝑅𝑒) are formulated for the variables considered in our model, as shown in Eq. 39-41.  281 

𝑓𝑘(𝑋, 𝑅𝑒, 𝑆𝑐) =
𝑓𝐷(𝑋)

𝑑ℎ
 0.46(𝑅𝑒 𝑆𝑐)0.36      (39) 282 

𝑓𝑃𝐿(𝑀, 𝑋, 𝑅𝑒, 𝑊) =
(0.42+

189.3

𝑅𝑒
)𝑀2

2 𝑑ℎ  𝑓𝜌(𝑋) 𝐻2 𝑊2  𝜀2  [
1 ℎ

3600 𝑠
]

2
[

1 𝑏𝑎𝑟

1𝐸5 𝑃𝑎
]    (40) 283 

𝑓𝑅𝑒(𝑀, 𝑋, 𝑊) =
𝑀 𝑑ℎ

𝑓𝜇(𝑋) 𝐻 𝑊 𝜀
[

1 ℎ

3600 𝑠
]     (41) 284 

Where 𝜀 is the void space of the mesh filled channel (assumed to be 97% for consistency with the 285 

Sherwood number and friction factor assumptions).  286 

The nodal variables (𝜔 in Fig. 2): water flux, salt flux, osmotic pressure, concentration at the 287 
membrane interface, bulk concentration, mass transfer coefficient, and diffusivity are determined with Eq. 288 
42-57. 289 

𝐽𝑤𝑘 = 𝐴 ((𝑃𝑓,𝑘 − 𝑃𝑝,𝑘) − (𝜋𝑓,𝑘 − 𝜋𝑝,𝑘))   ∀𝑘     (42) 290 

𝐽𝑠𝑘 = 𝐵(𝐶𝑚𝑓,𝑘 − 𝐶𝑚𝑝,𝑘)   ∀𝑘      (43) 291 
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π𝑠,𝑘 = 𝑓𝜋(𝐶𝑚𝑠,𝑘)   ∀𝑠 ∈ (𝑓, 𝑝), ∀𝑘     (44) 292 

𝐶𝑚𝑠,𝑘 = 𝑓𝐶𝑚𝑠
(𝐶𝑏𝑠,𝑘, 𝐽𝑤𝑘 , 𝐽𝑠𝑘, 𝑘𝑠,𝑘 , 𝐷𝑠,𝑘)   ∀𝑠 ∈ (𝑓, 𝑝), ∀𝑘   (45) 293 

𝐶𝑏𝑓,𝑘 =
𝑓𝐶(𝑋𝑓,𝑘)+𝑓𝐶(𝑋𝑓,𝑘−1)

2
   ∀𝑘, 𝑘 ≠ 𝑘1     (46) 294 

𝐶𝑏𝑓,𝑘1 =
𝑓𝐶(𝑋𝑓,𝑖𝑛)+𝑓𝐶(𝑋𝑓,𝑘1)

2
      (47) 295 

𝐶𝑏𝑝,𝑘 =
𝑓𝐶(𝑋𝑝,𝑘)+𝑓𝐶(𝑋𝑝,𝑘+1)

2
   ∀𝑘, 𝑘 ≠ 𝑘𝑁     (48) 296 

𝐶𝑏𝑝,𝑘𝑁 =
𝑓𝐶(𝑋𝑝,𝑖𝑛)+𝑓𝐶(𝑋𝑝,𝑘𝑁)

2
      (49) 297 

𝑘𝑓,𝑘 =
𝑓𝑘(𝑋𝑓,𝑘,𝑅𝑒𝑓,𝑘,𝑆𝑐𝑓,𝑘)+𝑓𝑘(𝑋𝑓,𝑘−1𝑅𝑒𝑓𝑘−1,𝑆𝑐𝑓𝑘−1)

2
   ∀𝑘, 𝑘 ≠ 𝑘1  (50) 298 

𝑘𝑓,𝑘1 =
𝑓𝑘(𝑋𝑓,𝑖𝑛,𝑅𝑒𝑓,𝑖𝑛,𝑆𝑐𝑓,𝑖𝑛)+𝑓𝑘(𝑋𝑓,𝑘,𝑅𝑒𝑓,𝑘,𝑆𝑐𝑓,𝑘)

2
    (51) 299 

𝑘𝑝,𝑘 =
𝑓𝑘(𝑋𝑝,𝑘,𝑅𝑒𝑝,𝑘,𝑆𝑐𝑝,𝑘)+𝑓𝑘(𝑋𝑝,𝑘+1,𝑅𝑒𝑝,𝑘+1,𝑆𝑐𝑝,𝑘+1)

2
   ∀𝑘, 𝑘 ≠ 𝑘𝑁  (52) 300 

𝑘𝑝,𝑘𝑁 =
𝑓𝑘(𝑋𝑝,𝑖𝑛,𝑅𝑒𝑝,𝑖𝑛,𝑆𝑐𝑝,𝑖𝑛)+𝑓𝑘(𝑋𝑝,𝑘𝑁,𝑅𝑒𝑝,𝑘𝑁,𝑆𝑐𝑝,𝑘𝑁)

2
   (53) 301 

𝐷𝑓,𝑘 =
𝑓𝐷(𝑋𝑓,𝑘)+𝑓𝐷(𝑋𝑓,𝑘−1)

2
   ∀𝑘, 𝑘 ≠ 𝑘1     (54) 302 

𝐷𝑓,𝑘1 =
𝑓𝐷(𝑋𝑓,𝑖𝑛)+𝑓𝐷(𝑋𝑓,𝑘1)

2
      (55) 303 

𝐷𝑝,𝑘 =
𝑓𝐷(𝑋𝑝,𝑘)+𝑓𝐷(𝑋𝑝,𝑘+1)

2
   ∀𝑘, 𝑘 ≠ 𝑘𝑁     (56) 304 

𝐷𝑝,𝑘𝑁 =
𝑓𝐷(𝑋𝑝,𝑖𝑛)+𝑓𝐷(𝑋𝑝,𝑘𝑁)

2
      (57) 305 

Where the subscript s denotes either the feed (𝑓) or sweep (𝑠) side. Note that the bulk concentration, the 306 

mass transfer coefficient, and the solute diffusion coefficient (nodal variables) are determined from the 307 
average of their functions evaluated at the adjacent inter-node variables.  308 

 The inter-node variables (𝜙 in Fig. 2): pressure loss per unit length, Reynolds number, and 309 
Schmidt number are determined with Eq. 58-60.  310 

𝑃𝐿𝑠,𝑢 = 𝑓𝑃𝐿(𝑀𝑠,𝑢, 𝑋𝑠,𝑢, 𝑅𝑒𝑠,𝑢, 𝑊)   ∀𝑠 ∈ (𝑓, 𝑝), ∀𝑢 ∈ (𝐾, 𝑖𝑛)  (58) 311 

𝑅𝑒𝑠,𝑢 = 𝑓𝑅𝑒(𝑀𝑓𝑢, 𝑋𝑓𝑢, 𝑊)   ∀𝑠 ∈ (𝑓, 𝑝), ∀𝑢 ∈ (𝐾, 𝑖𝑛)   (59) 312 

𝑆𝑐𝑠,𝑢 =
𝑓𝜇(𝑋𝑠,𝑢)

𝑓𝜌(𝑋𝑠,𝑢) 𝑓𝐷(𝑋𝑠,𝑢)
   ∀𝑠 ∈ (𝑓, 𝑝), ∀𝑢 ∈ (𝐾, 𝑖𝑛)   (60) 313 

 Previously described stage level variables: membrane area, length, and width are related by Eq. 314 
61. Other stage level variables include: average water flux (𝐽𝑤𝑎𝑣𝑔), average salt flux (𝐽𝑠𝑎𝑣𝑔), water 315 

recovery (𝑅𝑤), salt passage (𝑅𝑠), and pressure drop on the feed and permeate side (∆𝑃𝑓, ∆𝑃𝑝). These 316 

variables are determined in Eq. 62-66. 317 
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𝐴𝑚𝑒𝑚 = 𝑊 𝐿          (61) 318 

𝐽𝑤𝑎𝑣𝑔 =
1

𝑁
 ∑ 𝐽𝑤𝑘𝑘          (62) 319 

𝐽𝑠𝑎𝑣𝑔 =
1

𝑁
 ∑ 𝐽𝑠𝑘𝑘          (63) 320 

𝑅𝑤 =
𝐽𝑤𝑎𝑣𝑔 𝐴𝑚𝑒𝑚

𝑀𝑓,𝑖𝑛 (1−𝑋𝑓,𝑖𝑛)
         (64) 321 

𝑅𝑠 =
𝐽𝑠𝑎𝑣𝑔 𝐴𝑚𝑒𝑚

𝑀𝑓,𝑖𝑛 𝑋𝑓,𝑖𝑛
       (65a) 322 

𝑅𝑠 =
−𝐽𝑠𝑎𝑣𝑔 𝐴𝑚𝑒𝑚

𝑀𝑝,𝑖𝑛 𝑋𝑝,𝑖𝑛
       (65b) 323 

∆𝑃𝑠 = 𝑃𝑠,𝑖𝑛 − 𝑃𝑠,𝑜𝑢𝑡   ∀𝑠 ∈ (𝑓, 𝑝)       (66) 324 

Where Eq. 65a is valid for processes with positive salt flux (i.e. RO and OARO) and Eq. 65b is valid for 325 
processes with negative salt flux (i.e. FO and PRO). Note that water recovery is defined as the fraction of 326 
permeated water mass flow rate over the feed inlet water mass flow rate, as opposed to the inlet feed 327 
volume reduction, which is commonly used in literature. An issue with the volumetric reduction 328 
definition of water recovery is that it determines the solution recovery rather than the water recovery. The 329 
deviation between the mass and volumetric-based water recovery is small when the initial feed 330 
concentration is dilute, but they deviate at higher salinities that are common for OARO and FO.   331 
 332 
3.2 Simplified inlet-outlet model 333 
 The detailed process model can be simplified to an inlet-outlet model. This approach reduces the 334 
dimension of the model from one to zero by disregarding the governing system of differential equations. 335 
Instead, the inlet-outlet model estimates the overall performance of the membrane process by averaging 336 
variables at the inlet and outlet of the stage. The inlet-outlet model is computationally leaner because it 337 
has significantly fewer variables and constraints; however, its solutions are less detailed and accurate (i.e. 338 
no profiles of variables along the membrane stage). 339 
 In this work, we consider three inlet-outlet model formulations that estimate the average with: 1) 340 
the arithmetic mean, 2) the log mean, and 3) the geometric mean. These means are specified in Eq. 67a, 341 
67b, and 67c, respectively. We approximate the log mean with an approximation developed by Chen 1987 342 
because the log mean can be undefined over the domain of feasible variables.26-27  343 

𝑓𝑎𝑣𝑔(𝑌1, 𝑌2) =
(𝑌1+𝑌2)

2
       (67a) 344 

𝑓𝑎𝑣𝑔(𝑌1, 𝑌2) =
𝑌1−𝑌2

ln(
𝑌1
𝑌2

)
≈ (𝑌1 𝑌2

(𝑌1+ 𝑌2)

2
)

1

3
     (67b) 345 

𝑓𝑎𝑣𝑔(𝑌1, 𝑌2) = (𝑌1 𝑌2)
1

2       (67c) 346 

 The mass balance and pressure drop equations around the membrane stage are shown in Eq. 68-347 
72. 348 

𝑀𝑓,𝑜𝑢𝑡 = 𝑀𝑓,𝑖𝑛 − 𝐴𝑚𝑒𝑚(𝐽𝑤𝑎𝑣𝑔 𝜌𝑤 + 𝐽𝑠𝑎𝑣𝑔)    (68) 349 

𝑀𝑓,𝑜𝑢𝑡 𝑋𝑓,𝑜𝑢𝑡 = 𝑀𝑓,𝑖𝑛 𝑋𝑓,𝑖𝑛 − 𝐴𝑚𝑒𝑚 𝐽𝑠𝑎𝑣𝑔    (69) 350 
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𝑀𝑝,𝑜𝑢𝑡 = 𝑀𝑝,𝑖𝑛 + 𝐴𝑚𝑒𝑚(𝐽𝑤𝑎𝑣𝑔 𝜌𝑤 + 𝐽𝑠𝑎𝑣𝑔)    (70) 351 

𝑀𝑝,𝑜𝑢𝑡  𝑋𝑝,𝑜𝑢𝑡 = 𝑀𝑝,𝑖𝑛 𝑋𝑝,𝑖𝑛 + 𝐴𝑚𝑒𝑚 𝐽𝑠𝑎𝑣𝑔    (71) 352 

𝑃𝑠,𝑜𝑢𝑡 = 𝑃𝑠,𝑖𝑛 + 𝑃𝐿𝑠,𝑎𝑣𝑔 𝐿   ∀𝑠 ∈ (𝑓, 𝑝)     (72) 353 

The averaged process variables 𝐽𝑤𝑎𝑣𝑔, 𝐽𝑠𝑎𝑣𝑔, and 𝑃𝐿𝑠,𝑎𝑣𝑔 are determined in Eq. 73-75. 354 

𝐽𝑤𝑎𝑣𝑔 = 𝑓𝑎𝑣𝑔(𝐽𝑤1, 𝐽𝑤2)      (73) 355 

𝐽𝑠𝑎𝑣𝑔 =
𝐽𝑠1+𝐽𝑠2

2
        (74) 356 

𝑃𝐿𝑠,𝑎𝑣𝑔 = 𝑓𝑎𝑣𝑔(𝑃𝐿𝑠,𝑖𝑛, 𝑃𝐿𝑠,𝑜𝑢𝑡)      (75) 357 

Where 𝑓𝑎𝑣𝑔 is Eq. 67a, 67b, or 67c depending on the mean formulation, the numbered subscript denotes 358 

the membrane stage end: 1 for feed side inlet and permeate side outlet, and 2 for feed side outlet and 359 
permeate side inlet. We determine the average salt flux using the arithmetic mean for all inlet-outlet 360 
models since we observe nearly constant or linear salt flux profiles from our detailed one-dimensional 361 
model. 362 

 The water flux, salt flux, and pressure loss are determined at each end of the membrane stage 363 
with Eq. 76-80. 364 

𝐽𝑤1 = 𝐴 ((𝑃𝑓,𝑖𝑛 − 𝑃𝑝,𝑜𝑢𝑡) − (𝜋𝑓,𝑖𝑛 − 𝜋𝑝,𝑜𝑢𝑡))    (76) 365 

𝐽𝑤2 = 𝐴 ((𝑃𝑓,𝑜𝑢𝑡 − 𝑃𝑝,𝑖𝑛) − (𝜋𝑓,𝑜𝑢𝑡 − 𝜋𝑝,𝑖𝑛))    (77) 366 

𝐽𝑠1 = 𝐵(𝐶𝑚𝑓,𝑖𝑛 − 𝐶𝑚𝑝,𝑜𝑢𝑡)      (78) 367 

𝐽𝑠2 = 𝐵(𝐶𝑚𝑓,𝑜𝑢𝑡 − 𝐶𝑚𝑝,𝑖𝑛)      (79) 368 

𝑃𝐿𝑠,𝑢 = 𝑓𝑃𝐿(𝑀𝑠,𝑢, 𝑋𝑠,𝑢, 𝑅𝑒𝑠,𝑢, 𝑊)   ∀𝑠 ∈ (𝑓, 𝑝), ∀𝑢 ∈ (𝑖𝑛, 𝑜𝑢𝑡)  (80) 369 

 All other variables, including: osmotic pressure, concentration at the membrane interface, bulk 370 
concentration, mass transfer coefficient, Reynolds number, and Schmidt number are determined in Eq.  371 
81-89. 372 

𝜋𝑠,𝑢 = 𝑓𝜋(𝐶𝑚𝑠,𝑢)   ∀𝑠 ∈ (𝑓, 𝑝), ∀𝑢 ∈ (𝑖𝑛, 𝑜𝑢𝑡)    (81) 373 

𝐶𝑚𝑓,𝑖𝑛 = 𝑓𝐶𝑚𝑓
(𝐶𝑏𝑓,𝑖𝑛, 𝐽𝑤1, 𝑘𝑓,𝑖𝑛, 𝐷𝑓,𝑖𝑛)     (82) 374 

𝐶𝑚𝑓,𝑜𝑢𝑡 = 𝑓𝐶𝑚𝑓
(𝐶𝑏𝑓,𝑜𝑢𝑡, 𝐽𝑤2, 𝑘𝑓,𝑜𝑢𝑡, 𝐷𝑓,𝑜𝑢𝑡)    (83) 375 

𝐶𝑚𝑝,𝑖𝑛 = 𝑓𝐶𝑚𝑝
(𝐶𝑏𝑝,𝑖𝑛, 𝐽𝑤2, 𝑘𝑝,𝑖𝑛, 𝐷𝑝,𝑖𝑛)     (84) 376 

𝐶𝑚𝑝,𝑜𝑢𝑡 = 𝑓𝐶𝑚𝑝
(𝐶𝑏𝑝,𝑜𝑢𝑡 , 𝐽𝑤1, 𝑘𝑝,𝑜𝑢𝑡, 𝐷𝑝,𝑜𝑢𝑡)    (85) 377 

𝐶𝑏𝑠,𝑢 = 𝑓𝐶(𝑋𝑠,𝑢)   ∀𝑠 ∈ (𝑓, 𝑝), ∀𝑢 ∈ (𝑖𝑛, 𝑜𝑢𝑡)    (86) 378 

𝐷𝑠,𝑢 = 𝑓𝐷(𝑋𝑠,𝑢)   ∀𝑠 ∈ (𝑓, 𝑝), ∀𝑢 ∈ (𝑖𝑛, 𝑜𝑢𝑡)    (87) 379 
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𝑅𝑒𝑠,𝑢 = 𝑓𝑅𝑒(𝑀𝑓𝑢, 𝑋𝑓𝑢, 𝑊)   ∀𝑠 ∈ (𝑓, 𝑝), ∀𝑢 ∈ (𝑖𝑛, 𝑜𝑢𝑡)   (88) 380 

𝑆𝑐𝑠,𝑢 =
𝑓𝜇(𝑋𝑠,𝑢)

𝑓𝜌(𝑋𝑠,𝑢)𝐷𝑠,𝑢
   ∀𝑠 ∈ (𝑓, 𝑝), ∀𝑢 ∈ (𝑖𝑛, 𝑜𝑢𝑡)    (89) 381 

 The inlet-outlet model uses the same equations as the detailed process model (Eq. 61 and 64-66) 382 
for the stage level variables. 383 

 384 
3.3 Case studies 385 

We apply our detailed process model and inlet-outlet models to case studies for RO, OARO, FO, and 386 
PRO membrane technologies. The membrane properties (Table 1) were estimated from the literature.12, 28-387 
30 The case study specifications (Table 1) were selected for representativeness and ease of comparison 388 
with similar process modeling exercises.4, 8, 10, 12 In addition to the values defined by the case studies, we 389 
also perform a Monte Carlo analysis to assess the sensitivity of our results to the specified parameters.  In 390 
the Monte Carlo simulations, we develop a set of 100 cases that are created by randomly sampling the 391 
parameters between +/-5% of the specified case study value. 392 

 393 
  394 
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Table 1. Case study parameter specifications. Not applicable (NA) and not specified (NS) variables are 395 
noted. We assume a basis of 1000 kg/h of feed side inlet mass flowrate. The permeate side inlet mass 396 
flowrate is determined with its mass flowrate fraction defined as 𝑀𝑝𝑖𝑛/(𝑀𝑝𝑖𝑛 + 𝑀𝑓𝑖𝑛). Specifications 397 
that are varied in the Monte Carlo analysis are noted with ±5%.  398 

  RO OARO FO PRO 

Membrane and module properties     

Water permeability coefficient [1E-12 m Pa-1 s-1] 4.2 ±5% [12] 1.0 ±5% [28] 3.2 ±5% [29] 6.9 ±5% [30] 

Salt permeability coefficient [1E-8 m s-1] 3.5 ±5% [12] 7.7 ±5% [28] 13 ±5% [29] 11 ±5% [30] 

Structural parameter [μm] NA 1200 ±5% [4] 500 ±5% [29] 560 ±5% [30] 

Inlet specifications     

Feed side inlet mass flowrate [kg h-1] 1000 1000 1000 1000 

Feed side inlet concentration [g L-1] 35 ±5% 75 ±5% 35 ±5% 2.9 ±5% 

Feed side inlet pressure [bar] 70 ±5% 65 ±5% NS NS 

Permeate side inlet mass flowrate fraction [-] 0 0.33 ±5% 0.33 ±5% 0.5 ±5% 

Permeate side inlet concentration [g L-1] 0 100 ±5% 175 ±5% 35 ±5% 

Permeate side inlet pressure [bar] NS NS NS 13 ±5% 

Outlet specifications     

Feed side outlet pressure [bar] NS NS 1 1 

Permeate side outlet pressure [bar] 1 1 1 NS 

Additional specifications     

Water recovery [%] 50 ±5% 50 ±5% 50 ±5% 50 ±5% 

Feed side inlet Reynolds number [-] 400 ±5% 400 ±5% 400 ±5% 300 ±5% 

Channel height [mm] 1 ±5% 2 ±5% 2 ±5% 2 ±5% 

 399 
3.4 Solving the models 400 

The size of the detailed process model is dependent on the number of nodes (N): 24N+27 variables, 401 
and 24N + 19 equality constraints. The simplified inlet-outlet model has 53 variables and 45 equality 402 
constraints. Both models have 8 degrees of freedom, which are reduced to zero with the case study 403 
specifications in Table 1. We create the models in Python using the open source software package Pyomo 404 
and solve for the single feasible solution using GAMS 24.5.6/CONOPT3. Additional details on bounding 405 
and initializing the variables is provided in SI Section S4. 406 
 407 
4. Results and Discussion 408 

This work systematically evaluates the accuracy implications of common simplifications adopted 409 
in RO, OARO, FO, and PRO membrane process models.  We begin by assessing the effect of the number 410 
of nodes on the results of the finite difference approximation for water flux.  We then evaluate the effect 411 
of common simplifications used in describing the process and solution properties by quantifying the 412 
difference in average water flux with and without implementation of these simplifications.  Finally, we 413 
quantify the average water flux error that originates from the use of simplified inlet-outlet modeling and 414 
evaluate the performance of novel inlet-outlet model formulations that use the log and geometric means to 415 
estimate the average water flux and pressure loss. 416 
 417 
4.1 Detailed process model results 418 

The detailed process model with 100 nodes is solved in less than 2 seconds when using an Intel i7 419 
CPU 2.6 GHz processor with 8 GB of memory for each of the four membrane processes.  While we 420 
obtain short solution times with the solver CONOPT, the largest benefit of the commercial solver is that 421 
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the solution is tractable with crude variable bounds and initialization (SI Section S4).  This solver 422 
performance contrasts with the Matlab nonlinear systems of equations solver, fsolve, which was unable to 423 
converge on a solution for the same bounds and initialization.  424 

 425 
The solutions to the optimal process specifications and performance metrics, including average water 426 

and salt flux; salt recovery; membrane area; and feed and permeate side pressure drop, outlet 427 
concentration, average Reynolds number, and average mass transfer coefficient are reported in Table 2.  428 
We observe that our process model results are consistent with expected modeling results for the outlet 429 
concentrations, average water flux, and pressure drop.4, 8, 10, 12 430 

 431 
Table 2. Detailed process model results for the RO, OARO, FO, and PRO case studies.  432 

Key variables and performance metrics RO OARO FO PRO 

Average water flux [L m-2 h-1] 25.6 3.0 6.1 4.5 

Average salt flux [g m-2 h-1] 8.1 17.4 -3.1 -6.6 

Salt passage [%] 0.5 4.0 0.3 2.2 

Feed side pressure drop [bar] 1.5 1.9 0.9 0.5 

Permeate side pressure drop [bar] NA 1.7 0.9 1.0 

Feed side outlet concentration [g L-1] 69 131.5 69.8 7.3 

Permeate side outlet concentration [g L-1] 0.3 52.9 84.1 22.7 

Membrane area [m2] 19 155 80 112 

Membrane width [m] 1.2 1.1 1.2 1.7 

Membrane length [m] 16 141 68 67 

Feed side average Reynolds number 272 273 297 226 

Permeate side average Reynolds number NA 274 261 359 

Feed side average mass trans. coef. [mm h-1] 113 58 58 52 

Permeate side average mass trans. coef. [mm h-1] NA 57 58 62 

  433 

 434 

The detailed process model also provides the profile of each variable along the length of the 435 
membrane, with feed concentration, permeate concentration, and water flux plotted in Figure 3.  In RO 436 
and OARO, we observe the characteristically steep water flux decline along the membrane length that 437 
results from the pressure drop and the increasing feed side concentration, and in OARO, from the dilution 438 
of the sweep.  In contrast, we observe a modest water flux increase from the feed inlet to the feed outlet 439 
for FO and PRO.   440 
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 441 
Figure 3. Bulk concentration (black) and water flux (blue) profiles along the stage for the 100 node finite 442 
difference model case studies: A) RO, B) OARO, C) FO, and D) PRO. The feed side (solid) and permeate 443 
side (dotted) concentrations are noted with line style and the flowrate directions for the streams are noted 444 
with arrows. The case study specifications and parameters are described in Section 3.3 and Table 1. Note 445 
that the RO water flux has a different scale than the other processes.  446 
 447 

The fidelity between the detailed process model outputs and experimental measurements will depend 448 
upon the accuracy of the underlying assumptions. As noted above, the model assumes that the membranes 449 
are configured in a flat plate geometry, modules are operated in counter-current flow, friction factors and 450 
mass transfer coefficients can be described with correlations from a simulated computational fluid 451 
dynamic model, and the membrane parameters (e.g. A, B, and S) are independent of operating variables 452 
(e.g. feed and sweep side pressure and concentration).  Thus, this model will not accurately describe 453 
membrane modules with different geometries (e.g. spiral wound or hollow fiber), cross flow operation, 454 
and large dead zones.  We expect that our assumed flat plate geometry with only one membrane active 455 
layer bordering the flow will have longer modules than spiral wound (2 layers) or hollow fiber modules 456 
and that our assumed counter-current flow operation will have a higher average permeate-side 457 
concentration compared to the more common cross flow operation for RO processes.  Finally, our model 458 
does not reflect the greater pressure drop that is expected on the low hydraulic pressure side of OARO 459 
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and PRO processes due to the lack of experimental data and friction factor correlations for those 460 
conditions. 461 

4.2 Accuracy implications of decreasing the number of nodes in the finite difference approximation.   462 

We assess the accuracy implications of decreasing the computational intensity of the finite difference 463 
model by decreasing the number of model nodes.  In Figure 4, we plot the average difference in water 464 
flux between the n node approximation and the 100 node approximation.  For each approximation, we use 465 
a Monte Carlo simulation that perturbs the specified inlet variables by ±5%, as described in Section 3.3, to 466 
assess the sensitivity of the average water flux error to the specified conditions.  467 

We observe that the 1 node approximation deviates from the 100 node approximation of average 468 
water flux by less than 11% for each membrane process.  As the number of nodes increases, the deviation 469 
decreases to less than 1% and 0.1% for 5 and 10 nodes, respectively.  Deeming 0.1% accuracy sufficient 470 
for our current work, we use the 10 node approximation for all subsequent simulations.   471 

Generally, deviations tend to increase with decreasing driving force and increasing membrane area, as 472 
low node approximations are less accurate at representing the profile of long modules. Whether the 473 
average water flux is over or underestimated is highly dependent on the case study parameters, and we 474 
observe that even the relatively small perturbation of ±5% can result in either an over or underestimate for 475 
RO and PRO. 476 

  477 
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 478 
Figure 4. Accuracy of the n-node finite difference model relative to the 100 node model for A) RO, B) 479 
OARO, C) FO, and D) PRO. The water flux solution for the 100 node model is assumed to be the true 480 
value because there is an undetectable change (less than 0.001%) associated with a further increase in the 481 
number of nodes. The distribution of average water flux errors was developed using a Monte Carlo 482 
simulation that varied the specified parameters by ±5%, as noted in Table 1. 483 
 484 
4.3 Effect of process and solution property simplifications on model accuracy 485 

We determine the average water flux percent error for common modeling simplifications, including: 486 
no salt flux, no pressure drop, ideal solution, and constant density, viscosity, and diffusivity for the 10 487 
node case (Figure 5). We find that the simplifications result in water flux errors in our case studies of up 488 
to 20% for RO, 30% for OARO, 10% for FO, and 40% for PRO. 489 

The no salt flux simplification can result in large errors (>30%) for osmotically driven membrane 490 
processes. In these processes, salt flux has a large effect on the interfacial solute concentration and 491 
therefore on the osmotic driving force.  In RO and OARO, the no salt flux simplification artificially 492 
increases the interfacial solute concentration on the feed side and decreases the concentration on the 493 
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permeate side, decreasing the overall driving force and leading to an underestimation of average water 494 
flux.  The inverse is true for both FO and PRO processes, which exhibit negative salt flux.  Note that the 495 
no salt flux simplification results in significantly smaller errors in FO than in PRO because 1) the FO case 496 
study resulted in a lower average salt flux (Table 2), and 2) the orientation of the porous support on the 497 
permeate side in the FO case study reduces the feed side concentration polarization, which dampens the 498 
effect of assuming no salt flux.  499 

The no pressure drop simplification results in large errors (up to 30%) for PRO and small errors 500 
(<10%) for the other membrane processes.  We observe a large error for the PRO case study because 501 
neglecting the pressure drop decreases the overall driving force.  When pressure drop is included, the inlet 502 
feed side pressure is greater than 1 bar and the outlet permeate side pressure is less than the specified 503 
permeate side inlet pressure.  The pressure drop therefore increases the driving force at the end of the 504 
membrane stage with the feed inlet.   505 

In contrast, when pressure drop is included for RO and OARO, the driving force decreases along the 506 
membrane length. If RO and OARO are operated at higher Reynolds numbers than those specified in our 507 
case study, the associated error with neglecting pressure drop would increase. We observe the smallest 508 
error from the no pressure drop simplification for FO because, while including the pressure drop increases 509 
the driving force at the feed inlet, it also decreases the driving force at the feed outlet and mitigates the 510 
change in average driving force along the stage.  While this work only assesses the error on the average 511 
water flux, neglecting the pressure drop could result in large errors in the estimated energy consumption 512 
(or production, in the case of PRO) of the membrane processes. 513 

The ideal solution simplification results in larger errors (>10%) for RO and PRO modeling and small 514 
errors (<5%) for RO and FO. OARO and FO are less impacted by the ideal solution assumption because 515 
the error in the osmotic pressure calculation occurs on both the feed and permeate side, effectively 516 
mitigating the net error.  In contrast, the error in RO and PRO is large because only one side has a 517 
significant amount of osmotic pressure.  This finding is especially significant because low concentration 518 
feeds are often used to justify the use of the ideal solution simplification in RO and PRO models.  519 

The constant density assumption results in moderate errors (5-10%) for RO, OARO, FO, and PRO. 520 
Even though the density does not change by more than 5% between the inlet and outlet of each stream in 521 
the case studies, the constant density assumption results in moderate errors because assuming constant 522 
density leads to underestimates of the change in concentration.  The magnitude of this error is directly 523 
related to the concentrations of the feed and permeate streams, with OARO and FO having the highest 524 
concentrations and the highest errors. 525 

The constant viscosity assumption results in negligible errors (<2%) for all processes, despite the 526 
large viscosity change of over 50% across the solubility of NaCl.  While viscosity has a proportional 527 
effect on the Reynolds number, it does not significantly affect the overall driving force when operating 528 
the membrane system at typical flow velocities. 529 

The constant diffusivity assumption results in negligible errors (<0.1%) for all processes.  This 530 
finding is unsurprising given that diffusivity has a limited effect on the average water flux and only varies 531 
by 10% across the solubility of NaCl at 25 °C.  For processes with depressed, elevated, or non-constant 532 
temperatures, the constant diffusivity assumption may contribute to higher average water flux errors.  533 

The cumulative error of these simplifications depends upon the process and the case study 534 
specifications.  For RO and OARO, the cumulative error is less than the maximum error from a single 535 
simplification because some simplifications result in an overestimation of flux, while others result in 536 
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underestimation.  In contrast, the cumulative error is largest for FO and PRO. We observe that the 537 
cumulative errors are less than 15%, 10%, 10%, and 50% for the RO, OARO, FO, and PRO cases, 538 
respectively.  While these errors may be significant for some cases, we find that adopting these 539 
simplifications reduces the solution time of the detailed model by roughly a factor of 3. 540 

 541 
Figure 5. Effect of common simplifications on the accuracy of water flux estimates for the four membrane 542 
process case studies: A) RO, B) OARO, C) FO, and D) PRO. All water flux errors are relative to the 10 543 
node finite difference model without employing common simplifications. “All simplifications” includes 544 
the no salt flux, no pressure drop, ideal solution, and constant density, viscosity, and diffusivity 545 
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assumptions.  The right-hand side of the dotted line reports the accuracy of the simplified inlet-outlet (I-546 
O) model formulated with an arithmetic, log, and geometric means.   547 
 548 

4.4 Effect of inlet-outlet formulation on model accuracy 549 

In contrast to the process model described above, inlet-outlet models do not directly estimate the 550 
profiles of variables along the membrane stage. Instead, they estimate the process performance by 551 
averaging the inlet and outlet variables. These models are frequently used because they have reduced 552 
computational complexity and are readily incorporated into system-scale optimization models that have 553 
higher degrees of freedom. In our work, we find that the inlet-outlet model solves 10 times faster than the 554 
detailed model. 555 

We determine the water flux percent error relative to the 10 node finite difference model of the three 556 
inlet-outlet modeling formulations. We observe that the arithmetic mean formulation results in large 557 
errors (>10%) for the RO and OARO case studies and small errors (<5%) for FO and PRO case studies.  558 
Generally, the arithmetic mean overestimates the average water flux for the membrane processes with 559 
non-linear water flux profiles. 560 

The log and geometric mean formulations will yield lower average water flux compared to the 561 
arithmetic mean.  We find that these means underestimate the water flux by up to 40% in the RO case 562 
study.  In contrast, for the OARO case, the log mean has significantly lower average water flux errors 563 
than the geometric or arithmetic means.  Finally, in the FO and PRO cases, we find that there is little 564 
difference between the means because both cases have relatively flat water flux profiles.  When we 565 
modify the specifications in the case studies to produce steeper water flux profiles, we find that there is no 566 
consistent formulation that results in the lowest error for FO and PRO (Fig. S6).  FO and PRO do not 567 
have a most accurate formulation because they can be operated with a variety of water flux profiles (e.g. 568 
linear or non-linear, increasing or decreasing along the stage), whereas the shape of the water flux profile 569 
in RO and OARO are more consistent.  Further discussion on the additional FO and PRO case studies are 570 
provided in SI section S.5.   571 

One drawback of the log and geometric mean models is that they can incorrectly predict some process 572 
configurations as infeasible, meaning that while the target water recovery can be achieved with specified 573 
parameters for the detailed one-dimensional model, the water recovery cannot be achieved for the inlet-574 
outlet models.  We observe this behavior in 4% and 2% of the Monte Carlo simulations from the RO case 575 
study for the log and geometric mean formulations, respectively.  The simulations are infeasible for these 576 
formulations because they significantly underestimate the average water flux and, thus, overestimate the 577 
total membrane area (including membrane length) and total pressure drop.  These inflated pressure drops 578 
cause the specified water recovery and operating conditions to be infeasible.  We do not observe this 579 
diverging behavior for the other membrane processes (i.e. OARO, FO, and PRO) because the difference 580 
between the water flux at both ends of the membrane stage is significantly smaller. 581 

Collectively, these results suggest that the arithmetic and log mean formulations are the most accurate 582 
approaches for inlet-outlet modeling of RO and OARO, respectively.  While inlet-outlet modeling can be 583 
applied to accurately represent FO and PRO, it is important to begin by using a one-dimensional model to 584 
predict the shape of the water flux profile prior to selecting an appropriate mean for estimating the 585 
average.   586 

5. Conclusion 587 
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While all membrane models are approximations of the process conditions observed in real-world 588 
membrane systems, accurate models are critical for developing and predicting the performance of novel 589 
membrane technologies. Fully understanding the limitations of existing models and the tradeoffs between 590 
model simplicity and model accuracy will further improve our ability to use these models to assess and 591 
design novel membrane processes.   592 

This work quantified the errors introduced by common simplifications for the membrane process, 593 
solution properties, and modeling. We demonstrated that the finite difference approximation with 10 594 
nodes is sufficient to accurately describe the average water flux to within 0.1%. We also demonstrated 595 
that the no salt flux, ideal solution, and constant density simplifications result in the largest water flux 596 
errors.  Finally, we demonstrated the value of replacing arithmetic mean approximations with a log mean 597 
approximation in inlet-outlet models for OARO and FO processes where the water flux is significantly 598 
affected by solution conditions on both side of the membrane.   599 

This work has several implications for modeling membrane processes.  The first is that the presented 600 
finite difference model can be solved efficiently without making common simplifications that are 601 
typically rationalized as a means of lowering the computational intensity of the model.  Second, the errors 602 
resulting from both low node approximations and process and solution property simplifications can result 603 
in significant errors in predicted water flux.  While these simplifications are specific to the case study 604 
parameters, we observe water flux errors as large a 50% for some membrane processes operating under 605 
standard conditions.  Finally, for applications where simplified inlet-outlet modeling is preferred (e.g. 606 
system-scale optimization problems), we have explored the accuracy implications of using different 607 
means for all four membrane processes and found that a novel log mean formulation more accurately 608 
represents the non-linear water flux in the OARO process. 609 

  610 
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Nomenclature 611 

Roman symbols 612 

𝐴 – Water permeability coefficient [m/bar-h] 613 

𝐴𝑚𝑒𝑚 – Stage membrane area [m2] 614 

𝐵 – Salt permeability coefficient [m/h] 615 

𝐶 – Concentration [g/L] 616 

𝐶𝑏 – bulk concentration [g/L] 617 

𝐶𝑚 – concentration at the membrane interface [g/L] 618 

𝐷 – diffusion coefficient of the solute [m2/s] 619 

𝑑ℎ – Hydraulic diameter [m] 620 

𝐹 – Friction factor [-] 621 

𝐻 – Channel height [m] 622 

𝐽𝑠 – Salt flux [kg/h] 623 

𝐽𝑤 – Water flux [m3/m2-h] 624 

𝑘 – mass transfer coefficient [m/h] 625 

𝐿 – Membrane stage length [m] 626 

𝑀 – mass flowrate [kg/h] 627 

𝑀𝑊 – Molecular weight [g/mole] 628 

𝑁 – number of nodes 629 

𝑃 – Hydraulic pressure [bar] 630 

𝑃𝐿 – Pressure loss per unit length [bar/m] 631 

𝑅𝑒 – Reynolds number [-] 632 

𝑅𝑠 – salt passage [%] 633 

𝑅𝑤 – water recovery [%] 634 

𝑆 – structural parameter [m]  635 

𝑆𝑐 – Schmidt number [-] 636 

𝑆ℎ – Sherwood number [-] 637 

𝑇 – Temperature [K] 638 

𝑊 – Membrane stage width [m] 639 
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𝑋 – mass fraction [kg of solute/kg of solution] 640 

 641 

Greek symbols 642 

𝜀 – Void space of mesh 643 

𝜃 – Inlet and outlet stage variables 644 

𝜇 – Viscosity [Pa-s] 645 

𝜋 – Osmotic pressure [bar] 646 

𝜌 – Density [kg/m3] 647 

𝜌𝑤 – Pure water density [kg/m3] 648 

𝜙 – Inter-node variables 649 

𝜔 – Nodal variables 650 

 651 

Subscript 652 

𝑎𝑣𝑔 – average 653 

𝑓 – feed-side 654 

𝑝 – permeate-side 655 

𝑖𝑛 – inlet 656 

𝑜𝑢𝑡 – outlet  657 

𝑘 – node in set 𝐾 (𝑘1, 𝑘2, … , 𝑘𝑁) 658 

 659 

Miscellaneous 660 

𝑓𝑦(𝑥) – function that determines 𝑦 from variables 𝑥 661 

 662 

Abbreviations 663 

FO – Forward osmosis 664 

OARO – Osmotically assisted reverse osmosis 665 

PRO – Pressure retarded osmosis 666 

RO – Reverse osmosis 667 

 668 

Disclaimer 669 
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