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Abstract

Accurately modeling membrane processes is critical to evaluating novel process configurations, designing
scalable membrane systems, informing process cost estimates, and directing future research. Most
membrane process models trade accuracy for computational efficiency by employing simplified
approximations of the process (i.e. no salt flux, no pressure drop) and solution properties (i.e. ideal
solution, and constant density, viscosity, and diffusivity). This work presents a detailed one-dimensional
finite difference model for evaluating membrane processes that avoids these common simplifications. We
apply this model to quantify the error introduced by these simplifications for case studies of reverse
osmosis, osmotically assisted reverse osmosis, forward osmosis, and pressure retarded osmosis. While
the magnitude of error introduced by these simplifications is dependent on the case study parameters and
specifications, we find that existing model formulations can underestimate or overestimate average water
flux by nearly 50% for some membrane processes operating under standard conditions. Finally, we
investigate the error introduced by simplified inlet-outlet models that do not solve the governing system
of differential equations, and we assess the accuracy of novel inlet-outlet formulations that use a log and
geometric mean, instead of the typical arithmetic mean, to represent non-linear water flux profiles.

1. Introduction

Computational models are essential to describing and predicting the performance of pressure and
osmotically driven membrane based processes, but the modeling framework and embedded assumptions
used to describe these membrane processes vary widely. For example, some models provide simple point
estimates of water flux,* while others use two and three dimensional computational fluid dynamics
models to estimate membrane performance.? As a result, there is often significant deviation in
performance estimates between process models, and few models exhibit high experimental fidelity across
a range of process conditions. Shortcomings in these performance models can obscure high impact
research needs for technology development, inhibit direct comparisons between processes or process
configurations, impede technology scale up from the lab and facilitate sustained research in non-
competitive technologies.

Detailed one-dimensional process models relate the design, operating, state, and process variables
of a membrane stage using a system of differential equations. When these models are solved for a given
design and operating condition, the solution describes the profiles of variables along the membrane stage
(e.g. solute concentration, flow rate, water flux, etc.) and provides estimates of the overall process
performance (e.g. water recovery, average water flux, pressure drop, salt passage, etc.). These stage-level
process models can also be integrated into systems-scale models to estimate and optimize other key
metrics like net energy consumption and cost.*

These detailed process models of reverse osmosis (RO) assume that the permeate side of the
membrane has a negligible impact on the driving force and solve this system of differential equations
using traditional ordinary differential equation solvers (e.g. Runge-Kutta method and its modified
forms).® For counterflow membrane processes, such as osmotically assisted reverse osmosis (OARO),* &7
forward osmosis (FO),%° pressure retarded osmosis (PRO),%° the system of differential equations is
implicit and cannot be solved with traditional differential equation solvers. Instead this system of
differential equations is commonly approximated using a finite difference approach and solved using
numerical methods (e.g. Newton’s method and trust-region methods).'° The accuracy of the finite
difference approximation is dependent on the number of finite nodes, which are typically increased until
there is little change between the nth and nth plus one solutions.
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In contrast to detailed process models that solve for the profiles of variables along the length of
the module, simplified inlet-outlet models estimate the overall process performance by averaging the inlet
and outlet values of the variables.'*? For instance, an arithmetic mean of the inlet and outlet of a variable
could be used to precisely represent the average value of a variable with a linear profile. This formulation
preserves the key decision variables and reduces the number of variables and equations, making it
attractive for use in optimization models.

The accuracy of the arithmetic mean inlet-outlet model solution breaks down, however, if there is
low fidelity between the actual and assumed linear profile of the variables along the length of the module.
For example, many membrane processes exhibit non-linear water flux profiles. The average of these non-
linear profiles may be more accurately represented with a log or geometric mean, where the average is
more heavily weighted to the lower values. This weighting reflects the common shape of non-linear
water flux profiles in membrane processes, but we are unaware of previous work applying these means to
inlet-outlet modeling formulations for membrane systems.

In addition to assumptions embedded in the modeling structure, most detailed process models and
simplified inlet-outlet models make several additional simplifying assumptions about the process and
solution properties. Common simplifications include no salt flux across the membrane, no pressure drop
across the length of the stage, ideal solution properties, and constant density, viscosity, and solute
diffusion coefficient (diffusivity). While these simplifications reduce the computational demand of the
models, most studies do not perform a sensitivity analysis or quantitatively assess the error introduced by
these simplifications. Further, even though a more accurate representation without the common
simplifications may not be essential to clarifying specific phenomenon in membrane separation processes,
accurate water fluxes are important when assessing the techno-economic feasibility of membrane
technologies.

The present work formulates detailed process models and simplified inlet-outlet models for RO,
OARO, FO, and PRO membrane processes that do not employ common simplifications for the process
and solution properties described above. We use these models to quantify the error associated with each
simplification. We also investigate the effect of assumptions embedded in modeling structure by
assessing the impact of the number of nodes on the accuracy of the finite difference approximation
method. Finally, we propose and assess the accuracy of novel simplified inlet-outlet models that use
either a log or a geometric mean, as opposed to the traditional arithmetic mean, to determine the average
water flux.

2. Theory
2.1 Water and salt flux

Water and salt transport in pressure driven membrane processes are generally described by Eq. 1
and 2.

Jw = A(AP — Am) (D)
Js =BAC (2)

Where Jw is the water flux [m3/m?-h], A is the water permeability coefficient [m/bar-h], AP (Pf-Pp) is
the hydraulic pressure difference [bar], Am (mf-mp) is the osmotic pressure difference [bar], Js is the salt
flux [kg/m?2-h], B is the salt permeability coefficient [m/h], and AC (Cf-Cp) is the salt concentration
difference [kg/m?® or g/L]. The direction of the water and salt flux is defined as from the feed (f) to the
permeate (p) side. For the specified flux direction, the salt flux is positive for RO and OARO and is

3
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negative for FO and PRO. These water and salt flux equations assume the effect of the reflection
coefficient in the Spiegler-Kedem model is negligible (i.e. a value of 1), which is typical for membranes
with high salt rejection and low salt permeability.'** If the reflection coefficient is substantially less than
1, as is common in nanofiltration membranes or solutions with poorly rejected solutes, then our model
will underestimate the water flux for hydraulically driven processes (RO, OARQ) and overestimate the
water flux osmotically (FO, PRO) driven processes.!# 1

2.2 Solution properties

The osmotic pressure is a function of the salt concentration, as shown in Eq. 3a.
, 1
T=i¢C w RT (3&)

Where 1 is the osmotic pressure [bar], i is the number of dissociating ions [-], ¢ is the osmotic coefficient
[-], C is the salt concentration [g/L], MW is the molecular weight [g/mol], R is the gas constant [8.314E-2
L-bar/mol-K], and T is the temperature [K]. When the solution is assumed to be ideal, the osmotic
coefficient (¢) is 1. In this work, we assume the solute is NaCl and the temperature is 25°C and we
account for non-ideal behavior by modeling the osmotic coefficient as a function of concentration.” We
determine the osmotic coefficient function from a quadratic fit of experimental results, observing close
agreement (less than 1% or 0.1 bar) to a more detailed osmotic coefficient relationship presented in
Mistry and Lienhard 2013.17%° The osmotic pressure of a NaCl solution as a function of only
concentration is presented in Eq. 3b.

=K $(C)C =0.848 (3.14E-6 C2 + 2.13E-4C + 0.917) C (3b)

Where K is the lumped constants in Eq. 3a (i.e. i R T/MW) and ¢(C) is the osmotic coefficient as a
function of concentration.

In addition to osmotic pressure, other key solution properties are a function of salt concentration
or mass fraction, including: density, viscosity, and diffusivity. The density, viscosity, and diffusivity as a
function of mass fraction are shown in Eq. 4-6. We determine these relationships from polynomial fits of
NaCl solution property tables.® 202! Additional details on the osmotic pressure, density, viscosity, and
diffusivity are included in Sl Section S1.

p=756X+ 995 @)
u = 2.15E-3 X + 9.80E-4 (5)
D =153X*—122 X3 +30.1 X2 —2.00 X + 1.51 (6)

Where p is the density [kg/m® or g/L], u is the viscosity [Pa-s], D is the diffusivity [1E-9 m?%s], and X is
the salt mass fraction [kg of solute/kg of solution]. The salt concentration is related to the density and salt
mass fraction as shown in Eq. 7.

C=pX =756X?+995X 7)
2.3 Concentration polarization

The concentration and osmotic pressure difference in Eq. 1 and 2 are evaluated at the membrane
interface. The qualitative relationship between the concentration at the membrane interface and bulk
concentration for RO, OARO, FO, and PRO on both the feed and permeate side are shown in Figure 1.
When internal and external concentration polarization are accounted for with steady state film theory, the
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quantitative relationship between the feed and permeate side concentration at the membrane interface and
bulk concentration are determined in Eq. 8 and 9. For all membrane processes, we assume the porous
support is on the side with low pressure (i.e. permeate side for RO, OARO, and FO and feed side for

PRO).
ony = ctyen () {ew ()
ey =cen(wli 1) Eleo(ws) ) e
e =cton( i 2] B -en(wfez]) o
ey =iy oo 2) (1)

Where Eq. 8a and 9a are valid for processes with the porous support on the permeate side (i.e. RO,
OARO, and FO) and Eg. 8b and 9b are valid for processes with the porous support on the feed side (i.e.
PRO). The concentrations are subscripted for the side, feed (f) and permeate (p), and location, membrane
interface (m) and bulk (b). The external concentration polarization on each side is modeled with the mass
transfer coefficient, k, [m/h]. We assume that internal and external concentration polarization on the
permeate side is negligible for RO. The internal concentration polarization is modeled with the structural
parameter, S, [m] and diffusion coefficient of the solute, D, [m?/s]. These concentration polarization
relationships are similar to other work on the individual processes.* 222 However, differences may arise
due to the specified direction of the salt flux. The derivations of these relationships are included in SI
section S.2.

A B €
Feed RO Product Feed OARO Diluted Feed PRO/FO Draw
water Sweep Inlet Outlet
L]

Feed Permeate Feed Permeate Feed | Permeate

Side Side Side Side Side Side

Cp,h
Crp

C/‘ b

Pr>h PRO: P; < P,
Waste Waste Sweep Feed FO: P =P, Draw
Outlet Inlet

Figure 1. Schematic of process configuration and concentration polarization for A) RO, B) OARO, C)
PRO/FO. The relationship between the feed and permeate-side concentration (Cf, Cp) in the bulk (b) and
at the membrane interface (m) is noted within the boundary layer (dotted line). An inequality indicates
whether the feed or permeate-side hydraulic pressure (Pf, Pp) is greater. We assume that the membrane
porous support is on the side with the lower hydraulic pressure and on the draw-side for FO.

The mass transfer coefficient, k, is determined by Eq. 10.
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D Sh
k = rm (10)
Where Sh is the Sherwood number [-] and d, is the hydraulic diameter [m]. The Sherwood number is a
dimensionless number that is a function of the Reynolds (Re) and Schmidt (Sc) number. We estimate the
Sherwood number with Eg. 11, which was developed from computational fluid dynamic simulations of
mesh filled rectangular channels.? The definition of the hydraulic diameter is shown in Eqg. 12 and is
determined based on channel dimensions and mesh configuration as described further in SI Section S3.

Sh = 0.46(Re Sc)?:3° (11)

4 (flow area)

dh - (wetted perimeter) (12)
2.4 Pressure drop

In addition to the water and salt flux, another key phenomenon is the pressure drop across the
membrane stage. The pressure loss per unit length can be determined by Eq. 13.

__ Fpv? [1bar
PL = 2dp [155 Pa] (13)

Where PL is the pressure loss per unit length [bar/m], F is the friction factor [-], p is the fluid density
[kg/m?], v is the fluid velocity [m/s]. For both the pressure drop and Reynolds number calculations, the
fluid velocity is the average axial velocity determined from the fluid flowrate, channel cross-sectional
area, and mesh void space. F is approximated in Eg. 14 by a correlation developed for a simulated mesh
filled channel.?® The presented a and B parameters are for a filament with a circular cross section and
effective cross-section of 25% (diameter of filament/height of channel).

F=a+L=042+22 (14)

—=
2.5 Governing system of equations

The governing system of differential equations for a one-dimensional model is composed of mass
transfer and pressure drop equations shown in Eq. 15-20.

aMy _

-, = Uwpw+]s) W (15)
d(Mf Xf) _
T az -JsW (16)
% =Jwpw+]Js) W (17)
d(Mp Xp) _

dz - ]S w (18)
dpP
—L=-PL; (19)
dP,
d—zp =-PL, (20)

Where M, X, and P are the state variables: mass flow rate [kg/h], salt mass fraction [-], and hydraulic
pressure [bar], respectively, for the feed (f) and permeate (p) side; Jw, Js, and PL are the process
variables: water flux [m®m?2-h or LMH], salt flux [kg/m?-h], and pressure loss [bar/m], respectively; z is
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the dimension along the length of membrane [m]; and pw is the density of water [kg/m®]. z is defined
such that z=0 at the inlet (e.9. M;(0) = My, ,M,(0) = My, ;,) and z=L, the stage length, at the outlet (e.g.
Mg (L) = Mg gy, Mp (L) = M, 4y,¢). Note that the process variables (i.e. jw, Js, PL) are functions of the
state variables as described in the preceding section. The initial conditions of this system of differential
equations are the specified inlet values for the state variables. The solution of the system of differential
equations provides the profiles of the state and process variables along the stage, which can be used to
extract key metrics, including: average water and salt flux, water recovery, salt passage, and feed and
permeate side outlet flow rate, concentration, and pressure drop.

3. Model development
3.1 Detailed process model

We develop a detailed process model based on the finite difference approximation of the governing
system of equations (Eq. 15-20). This finite difference approach discretizes the membrane stage into a
series of nodes (Fig. 2). At each node, the state variables (e.g. flow rate, concentration, and pressure) and
process variables (e.g. water flux, salt flux, and pressure drop) are evaluated. The process model spans the
level of detail presented in section 2, where solution properties are a function of concentration and mass
transfer coefficients and friction factors are determined from dimensionless numbers (e.g. Reynolds,
Schmidt) that vary along the stage. The solution of this model provides the key performance metrics (e.g.
average water flux, water recovery, and pressure drop) and the one-dimensional profiles of the state and
process variables along the stage for a specified case.

We formulated and specified the detailed process model with the following specifications and
assumptions. First, we formulate the model on a mass basis instead of a volumetric basis. The volumetric
basis is the most common approach for membrane models that assume constant density. However, when
density is modeled as a function of concentration, the volumetric balance does not satisfy the conservation
of mass. Second, we make several assumptions that are consistent with our previous work regarding the
design and operation of the membrane process.* Specifically, we assume:

e The solute is NaCl and the non-ideal solution osmotic pressure matches experimental results.’

e The membrane units have a flat plate geometry with counter-current flow and are composed of an
asymmetric membrane with the porous support on the low hydraulic pressure-side.

e The mass transfer coefficient and pressure drop are adequately estimated by Sherwood number
and friction factor correlations that were developed by Guillen and Hoek 2009 from simulations
on channels with a mesh spacer.? Despite the limitations of this study, including assumptions of
constant solution properties, isolated filaments, and a Reynolds nhumber between 10-400, these
are currently the best available correlations relevant to membrane channels with a mesh.

e The continuous membrane dimensions, length and width, adequately represent a membrane stage
that may be comprised of multiple modules in series and parallel.

e The outlet hydraulic pressure is 1 bar for the non-pressurized streams.
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Figure 2. A) Finite difference model for hydraulic and osmotically driven membrane-based processes
with five nodes. 0 are inlet and outlet stage variables that include: mass flowrate, mass fraction, and
hydraulic pressure. @ are inter-node variables that include: mass flowrate, mass fraction, and pressure
loss. w are nodal variables that include: bulk concentration, concentration at the membrane interface,
hydraulic and osmotic pressure, and water and salt flux. B) Water flux profiles for a different number of
nodes. Water flux values are representative of the RO case study for a feed of 35 g/L TDS with 50%
water recovery. Additional details are provided in Section 3.3.

The finite difference approximations of the governing mass transfer equations (Eg. 15-18) are

shown in Eq. 21-32.

A
Mf,k = Mf,k—l - n;tvem (]Wk Pw +]Sk) Vk,k # k1
Mg Xp o = Mpgeo o — o Jsie Yk, ke # k1

Amem

My 1 = My i ——— (JWik1 pw +JSke1)

Amem

Mg 1My jer = Mg inXpin — —3— JSka

My out = Mg kn

X out = Xpkn

My = Mygsr + 5 (Wi pu + i) Yk, ke % kN

Amem
N

Mp,kXp,k = Mp,k+1Xp,k+1 + ]Sk Vk,k # kN

Amem

Mp,kN = Mp,in + N (]WkN Pw +]SkN)

Amem
Mp,kNXp,kN = Mp,inXp,in + N ISkn

Mp,out = Mp,kl

(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)

(31)
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Xp,out = Xp,kl (32)

Where Amem is the total stage membrane area and the state and process variables are either indexed by
the node (k), stage inlet (in), or stage outlet (out). The set of nodes, K, has N number of nodes and is
enumerated from k1 to kN, starting at the feed side inlet (permeate side outlet) and ending at the feed side
outlet (permeate side inlet).

The finite difference approximations of the governing pressure drop equations (Eq. 19 and 20) are
shown in Eq. 33-38. The slight difference between the mass transfer and pressure drop approximations
(e.g. 1/N term in Eq. 23 compared to 1/2N term in Eq. 34) arises because hydraulic pressure is a nodal
variable (w in Fig. 2) and mass flow rate and mass fraction are inter-node variables (¢ in Fig. 2).

L

Pry = Pr—1— PLf,k_lﬁ Vi, k # k1 (33)
Prr1 = Prin — PLf,in% (34)
Pr.out = Praw — Plyen 3 (35)
Ppx = Pp+1 = Plpgiq % Vk,k # kN (36)
Poin = Poin = PLpin 5 37)
Poout = Pokr = Plypji5= (38)

In the following model description, we frequently use functions (f,) that relate the specified
variable to other variables (e.g. the osmotic pressure as a function of concentration is represented by
f=(C)). Previously described functions include: f;(C) as Eq. 3, f,(X) as Eq. 4, f,(X) as Eq. 5, fp(X) as
Eq. 6, f-(X) as Eq. 7, mef(be,]W,]s, ks, D) as Eq. 8, and mep(Cbp,]w,]s, ky, D) as Eq. 9.
Additionally, functions for the mass transfer coefficient (f;,), pressure loss per unit length (fp,), and
Reynolds number (fz,) are formulated for the variables considered in our model, as shown in Eq. 39-41.

f(X, Re, Sc) = 122 ’ji(hx) 0.46(Re Sc)°=¢ (39)
(0.42+1222 )2 1h 12[ 1bar
_ Re
fr(M,X,Re, W) = 2dp fp(X)HZW? g2 [3600 s] [155 Pa] (40)
_ Mdp 1h
fre(M, X, W) = FaCOHW [3600 s] “

Where ¢ is the void space of the mesh filled channel (assumed to be 97% for consistency with the
Sherwood number and friction factor assumptions).

The nodal variables (w in Fig. 2): water flux, salt flux, osmotic pressure, concentration at the
membrane interface, bulk concentration, mass transfer coefficient, and diffusivity are determined with Eq.
42-57.

]Wk =A ((Pf,k - Pp,k) - (nf,k - T[p,k)) vk (42)

Jsk = B(Cmgy — Cmy,y) Vk (43)
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Mgk = fn(Cms,k) Vs € (f' P). Vk (44)

Cmsk = fem, (Chs i Wi JSks ks Dsie) Vs € (f,p), Vk (45)
Chy . = LT Corien) o gy (46)
Chy s = fc(Xf,in);fc(Xf.kl) (47)
Chyy = Lo elloknn) gy je o gy (48)
Chyn = fc(Xp,m)J;fc(xp,kN) (49)
kf,k _ fk(Xf,k,Ref,k,SCf,k)+fk2(xf,k_1Refk_1,5cfk_1) Vi k # k1 (50)
Ky jer = fk(Xf_in,Ref_in,SCf,in?fk(Xf_k,Ref,k,SCf_k) (51)
ke = fk(Xp,k,Rep_k,.s*cp_k)+fk2(Xp_k+1,Rep,k+1,5cp_k+1) vk, k # kN (52)
K jen = fk(Xp,in,Rep_in,SCP_in)+§k(xp,kN,Rep_kN,5cpikN) (53)
Dy = LLEEIIolpics) gy (54)
Dpjr = fD(Xf,in)"Z'fD(Xf.kl) (55)
Dy = Lokl olniens) vy oo gy (56)
Dy = 22z 00810 -

Where the subscript s denotes either the feed (f) or sweep (s) side. Note that the bulk concentration, the
mass transfer coefficient, and the solute diffusion coefficient (nodal variables) are determined from the
average of their functions evaluated at the adjacent inter-node variables.

The inter-node variables (¢ in Fig. 2): pressure loss per unit length, Reynolds number, and
Schmidt number are determined with Eq. 58-60.

PLs,u = fPL(Ms,u'Xs,u'Res,u' W) Vs € (f' p),Vu € (K' in) (58)

Res,u = fRe(Mwawa) Vs € (f' p),Vu € (K,in) (59)
_ fuXsu) .

Scgy = m Vs € (f,p),Vu € (K,in) (60)

Previously described stage level variables: membrane area, length, and width are related by Eqg.
61. Other stage level variables include: average water flux (Jwg,,q), average salt flux (/sg,,q), water

recovery (Rw), salt passage (Rs), and pressure drop on the feed and permeate side (APs, AP,). These
variables are determined in Eq. 62-66.

10
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Amem =W L (61)

1
]Wavg =N 2 Wi (62)
1
]Savg =N i) Sk (63)
JWapg Amem
Rw=—"4%4__ 64
W= M (1 Xpm) (64)
Rg = JSavg Amem (65a)
Mg in Xfin
Rs = —Cwg AT (65b)
p,in &p,in
AP, = Ps,in - Ps,out Vs € (fv p) (66)

Where Eq. 65a is valid for processes with positive salt flux (i.e. RO and OARO) and Eq. 65b is valid for
processes with negative salt flux (i.e. FO and PRO). Note that water recovery is defined as the fraction of
permeated water mass flow rate over the feed inlet water mass flow rate, as opposed to the inlet feed
volume reduction, which is commonly used in literature. An issue with the volumetric reduction
definition of water recovery is that it determines the solution recovery rather than the water recovery. The
deviation between the mass and volumetric-based water recovery is small when the initial feed
concentration is dilute, but they deviate at higher salinities that are common for OARO and FO.

3.2 Simplified inlet-outlet model

The detailed process model can be simplified to an inlet-outlet model. This approach reduces the
dimension of the model from one to zero by disregarding the governing system of differential equations.
Instead, the inlet-outlet model estimates the overall performance of the membrane process by averaging
variables at the inlet and outlet of the stage. The inlet-outlet model is computationally leaner because it
has significantly fewer variables and constraints; however, its solutions are less detailed and accurate (i.e.
no profiles of variables along the membrane stage).

In this work, we consider three inlet-outlet model formulations that estimate the average with: 1)
the arithmetic mean, 2) the log mean, and 3) the geometric mean. These means are specified in Eg. 673,
67b, and 67c, respectively. We approximate the log mean with an approximation developed by Chen 1987
because the log mean can be undefined over the domain of feasible variables.?2

(Y1 +Y3)
favg (Y, Y,) = 172 (67a)
( ) 3
Y, -Y; Yi+Y;
favg (0, Yo) = 2t~ (1 Y, A2 (67b)
n(72)
1
favg (Y, Y2) = (Y; Y2)2 (67¢c)
The mass balance and pressure drop equations around the membrane stage are shown in Eq. 68-
72.
Mf,out = Mf,in - Amem(jwavg Pw +]Savg) (68)
Mf,out Xf,out = Mf,in Xf,in - Amemjsavg (69)
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Mp,out = Mp,in + Amem(jwavg Pw +]Savg) (70)
Mp,out Xp,out = Mp,in Xp,in + Amemlsavg (71)
Ps,out = Ps,in + PLs,avg L Vse€ (f; P) (72)

The averaged process variables Jwgy,g, /Savg, and PLg 41,4 are determined in Eq. 73-75.

IWavg = favg Jwy,Jwy) (73)
]Savg = ]51';'152 (74)
PLs,avg = favg (PLs,invPLs,out) (75)

Where fg,,4 is EQ. 673, 67b, or 67¢ depending on the mean formulation, the numbered subscript denotes
the membrane stage end: 1 for feed side inlet and permeate side outlet, and 2 for feed side outlet and
permeate side inlet. We determine the average salt flux using the arithmetic mean for all inlet-outlet
models since we observe nearly constant or linear salt flux profiles from our detailed one-dimensional
model.

The water flux, salt flux, and pressure loss are determined at each end of the membrane stage
with Eq. 76-80.

Jws = A ((Prin = Pooue) = (Trin — Tpout) ) (76)
Jwz = A (Proue = Poin) = (Tr.oue = Tpin) ) (77)
Js1 = B(Cmy i — Cmy our) (78)
Js2 = B(Cmy oye — Cyy i) (79)
PLgy, = fpr(Mgy, X5, Res, W) Vs € (f,p), Vu € (in, out) (80)

All other variables, including: osmotic pressure, concentration at the membrane interface, bulk
concentration, mass transfer coefficient, Reynolds number, and Schmidt number are determined in Eq.
81-89.

Tsu = fn(Cmsy) Vs € (f,p), Vu € (in, out) (81)
CMpin = fom, (Cbg in,JW1, kg in, Df in) (82)
Cms our = mef (be,out']WZ' kf,out' Df,out) (83)
CMp,in = fom, (Chp,in JW2, Ky, in, Dp,in) (84)
Cmy out = mep(Cbp,outljle kp,out' Dp,out) (85)
Chsy = fc(Xsu) Vs € (f,p), Vu € (in, out) (86)
Dsy = fp(Xsu) Vs € (f,p),Yu € (in, out) (87)
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Res,u = fRe (Mfu'Xfw W) vse (f» p)' Yu € (iTl, Out) (88)

fu(Xsu)

TACART Vs € (f,p),Yu € (in, out) (89)

Scgy =
The inlet-outlet model uses the same equations as the detailed process model (Eq. 61 and 64-66)
for the stage level variables.

3.3 Case studies

We apply our detailed process model and inlet-outlet models to case studies for RO, OARO, FO, and
PRO membrane technologies. The membrane properties (Table 1) were estimated from the literature.'? 2¢-
%0 The case study specifications (Table 1) were selected for representativeness and ease of comparison
with similar process modeling exercises.* 8 1% 12 In addition to the values defined by the case studies, we
also perform a Monte Carlo analysis to assess the sensitivity of our results to the specified parameters. In
the Monte Carlo simulations, we develop a set of 100 cases that are created by randomly sampling the
parameters between +/-5% of the specified case study value.
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Table 1. Case study parameter specifications. Not applicable (NA) and not specified (NS) variables are
noted. We assume a basis of 1000 kg/h of feed side inlet mass flowrate. The permeate side inlet mass
flowrate is determined with its mass flowrate fraction defined as Mp;,,/(Mp;,, + Mf;,). Specifications
that are varied in the Monte Carlo analysis are noted with £5%.

RO OARO FO PRO
Membrane and module properties
Water permeability coefficient [LIE-12 m Pals'] 4.245% [*?] 1.0+5% [*%®] 3.245%[*] 6.9 5% [*]
Salt permeability coefficient [LE-8 m 5] 3545% [ 7.745% [®] 1345%[*] 11 5% [¥]
Structural parameter [pm)] NA 1200 +5% [*] 500 £5% [*°] 560 5% [*]
Inlet specifications
Feed side inlet mass flowrate [kg h] 1000 1000 1000 1000
Feed side inlet concentration [g L] 35 +5% 75 5% 35 5% 2.9 +5%
Feed side inlet pressure [bar] 70 £5% 65 +5% NS NS
Permeate side inlet mass flowrate fraction [-] 0 0.33 +5% 0.33 +5% 0.5 +5%
Permeate side inlet concentration [g L] 0 100 +5% 175 +5% 35 +5%
Permeate side inlet pressure [bar] NS NS NS 13 +5%
Outlet specifications
Feed side outlet pressure [bar] NS NS 1 1
Permeate side outlet pressure [bar] 1 1 1 NS
Additional specifications
Water recovery [%] 50 +5% 50 +5% 50 +5% 50 +5%
Feed side inlet Reynolds number [-] 400 £5% 400 £5% 400 £5% 300 £5%
Channel height [mm] 1+5% 2 5% 2 5% 2 5%

3.4 Solving the models

The size of the detailed process model is dependent on the number of nodes (N): 24N+27 variables,
and 24N + 19 equality constraints. The simplified inlet-outlet model has 53 variables and 45 equality
constraints. Both models have 8 degrees of freedom, which are reduced to zero with the case study
specifications in Table 1. We create the models in Python using the open source software package Pyomo
and solve for the single feasible solution using GAMS 24.5.6/CONOPT3. Additional details on bounding
and initializing the variables is provided in Sl Section S4.

4. Results and Discussion

This work systematically evaluates the accuracy implications of common simplifications adopted
in RO, OARO, FO, and PRO membrane process models. We begin by assessing the effect of the number
of nodes on the results of the finite difference approximation for water flux. We then evaluate the effect
of common simplifications used in describing the process and solution properties by quantifying the
difference in average water flux with and without implementation of these simplifications. Finally, we
guantify the average water flux error that originates from the use of simplified inlet-outlet modeling and
evaluate the performance of novel inlet-outlet model formulations that use the log and geometric means to
estimate the average water flux and pressure loss.

4.1 Detailed process model results

The detailed process model with 100 nodes is solved in less than 2 seconds when using an Intel i7
CPU 2.6 GHz processor with 8 GB of memory for each of the four membrane processes. While we
obtain short solution times with the solver CONOPT, the largest benefit of the commercial solver is that
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the solution is tractable with crude variable bounds and initialization (SI Section S4). This solver
performance contrasts with the Matlab nonlinear systems of equations solver, fsolve, which was unable to
converge on a solution for the same bounds and initialization.

The solutions to the optimal process specifications and performance metrics, including average water
and salt flux; salt recovery; membrane area; and feed and permeate side pressure drop, outlet
concentration, average Reynolds number, and average mass transfer coefficient are reported in Table 2.
We observe that our process model results are consistent with expected modeling results for the outlet
concentrations, average water flux, and pressure drop.* 8 1012

Table 2. Detailed process model results for the RO, OARO, FO, and PRO case studies.

Key variables and performance metrics RO OARO FO PRO
Average water flux [L m?2 h?] 256 3.0 6.1 45
Average salt flux [g m?2 h?] 81 174 -3.1 -6.6
Salt passage [%] 0.5 4.0 03 2.2
Feed side pressure drop [bar] 1.5 1.9 09 05
Permeate side pressure drop [bar] NA 1.7 09 1.0
Feed side outlet concentration [g L] 69 1315 698 73
Permeate side outlet concentration [g L] 0.3 529 841 227
Membrane area [m?] 19 155 80 112
Membrane width [m] 1.2 1.1 1.2 1.7
Membrane length [m] 16 141 68 67

Feed side average Reynolds number 272 273 297 226
Permeate side average Reynolds number NA 274 261 359
Feed side average mass trans. coef. [mm h] 113 58 58 52

Permeate side average mass trans. coef. [mm h] NA 57 58 62

The detailed process model also provides the profile of each variable along the length of the
membrane, with feed concentration, permeate concentration, and water flux plotted in Figure 3. In RO
and OARO, we observe the characteristically steep water flux decline along the membrane length that
results from the pressure drop and the increasing feed side concentration, and in OARO, from the dilution
of the sweep. In contrast, we observe a modest water flux increase from the feed inlet to the feed outlet
for FO and PRO.
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Figure 3. Bulk concentration (black) and water flux (blue) profiles along the stage for the 100 node finite
difference model case studies: A) RO, B) OARO, C) FO, and D) PRO. The feed side (solid) and permeate
side (dotted) concentrations are noted with line style and the flowrate directions for the streams are noted
with arrows. The case study specifications and parameters are described in Section 3.3 and Table 1. Note
that the RO water flux has a different scale than the other processes.

The fidelity between the detailed process model outputs and experimental measurements will depend
upon the accuracy of the underlying assumptions. As noted above, the model assumes that the membranes
are configured in a flat plate geometry, modules are operated in counter-current flow, friction factors and
mass transfer coefficients can be described with correlations from a simulated computational fluid
dynamic model, and the membrane parameters (e.g. A, B, and S) are independent of operating variables
(e.g. feed and sweep side pressure and concentration). Thus, this model will not accurately describe
membrane modules with different geometries (e.g. spiral wound or hollow fiber), cross flow operation,
and large dead zones. We expect that our assumed flat plate geometry with only one membrane active
layer bordering the flow will have longer modules than spiral wound (2 layers) or hollow fiber modules
and that our assumed counter-current flow operation will have a higher average permeate-side
concentration compared to the more common cross flow operation for RO processes. Finally, our model
does not reflect the greater pressure drop that is expected on the low hydraulic pressure side of OARO
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and PRO processes due to the lack of experimental data and friction factor correlations for those
conditions.

4.2 Accuracy implications of decreasing the number of nodes in the finite difference approximation.

We assess the accuracy implications of decreasing the computational intensity of the finite difference
model by decreasing the number of model nodes. In Figure 4, we plot the average difference in water
flux between the n node approximation and the 100 node approximation. For each approximation, we use
a Monte Carlo simulation that perturbs the specified inlet variables by +5%, as described in Section 3.3, to
assess the sensitivity of the average water flux error to the specified conditions.

We observe that the 1 node approximation deviates from the 100 node approximation of average
water flux by less than 11% for each membrane process. As the number of nodes increases, the deviation
decreases to less than 1% and 0.1% for 5 and 10 nodes, respectively. Deeming 0.1% accuracy sufficient
for our current work, we use the 10 node approximation for all subsequent simulations.

Generally, deviations tend to increase with decreasing driving force and increasing membrane area, as
low node approximations are less accurate at representing the profile of long modules. Whether the
average water flux is over or underestimated is highly dependent on the case study parameters, and we
observe that even the relatively small perturbation of 5% can result in either an over or underestimate for
RO and PRO.
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Figure 4. Accuracy of the n-node finite difference model relative to the 100 node model for A) RO, B)
OARO, C) FO, and D) PRO. The water flux solution for the 100 node model is assumed to be the true
value because there is an undetectable change (less than 0.001%) associated with a further increase in the
number of nodes. The distribution of average water flux errors was developed using a Monte Carlo
simulation that varied the specified parameters by £5%, as noted in Table 1.

4.3 Effect of process and solution property simplifications on model accuracy

We determine the average water flux percent error for common modeling simplifications, including:
no salt flux, no pressure drop, ideal solution, and constant density, viscosity, and diffusivity for the 10
node case (Figure 5). We find that the simplifications result in water flux errors in our case studies of up
to 20% for RO, 30% for OARO, 10% for FO, and 40% for PRO.

The no salt flux simplification can result in large errors (>30%) for osmotically driven membrane
processes. In these processes, salt flux has a large effect on the interfacial solute concentration and
therefore on the osmotic driving force. In RO and OARO, the no salt flux simplification artificially
increases the interfacial solute concentration on the feed side and decreases the concentration on the
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permeate side, decreasing the overall driving force and leading to an underestimation of average water
flux. The inverse is true for both FO and PRO processes, which exhibit negative salt flux. Note that the
no salt flux simplification results in significantly smaller errors in FO than in PRO because 1) the FO case
study resulted in a lower average salt flux (Table 2), and 2) the orientation of the porous support on the
permeate side in the FO case study reduces the feed side concentration polarization, which dampens the
effect of assuming no salt flux.

The no pressure drop simplification results in large errors (up to 30%) for PRO and small errors
(<10%) for the other membrane processes. We observe a large error for the PRO case study because
neglecting the pressure drop decreases the overall driving force. When pressure drop is included, the inlet
feed side pressure is greater than 1 bar and the outlet permeate side pressure is less than the specified
permeate side inlet pressure. The pressure drop therefore increases the driving force at the end of the
membrane stage with the feed inlet.

In contrast, when pressure drop is included for RO and OARO, the driving force decreases along the
membrane length. If RO and OARO are operated at higher Reynolds numbers than those specified in our
case study, the associated error with neglecting pressure drop would increase. We observe the smallest
error from the no pressure drop simplification for FO because, while including the pressure drop increases
the driving force at the feed inlet, it also decreases the driving force at the feed outlet and mitigates the
change in average driving force along the stage. While this work only assesses the error on the average
water flux, neglecting the pressure drop could result in large errors in the estimated energy consumption
(or production, in the case of PRO) of the membrane processes.

The ideal solution simplification results in larger errors (>10%) for RO and PRO modeling and small
errors (<5%) for RO and FO. OARO and FO are less impacted by the ideal solution assumption because
the error in the osmotic pressure calculation occurs on both the feed and permeate side, effectively
mitigating the net error. In contrast, the error in RO and PRO is large because only one side has a
significant amount of osmotic pressure. This finding is especially significant because low concentration
feeds are often used to justify the use of the ideal solution simplification in RO and PRO models.

The constant density assumption results in moderate errors (5-10%) for RO, OARO, FO, and PRO.
Even though the density does not change by more than 5% between the inlet and outlet of each stream in
the case studies, the constant density assumption results in moderate errors because assuming constant
density leads to underestimates of the change in concentration. The magnitude of this error is directly
related to the concentrations of the feed and permeate streams, with OARO and FO having the highest
concentrations and the highest errors.

The constant viscosity assumption results in negligible errors (<2%) for all processes, despite the
large viscosity change of over 50% across the solubility of NaCl. While viscosity has a proportional
effect on the Reynolds number, it does not significantly affect the overall driving force when operating
the membrane system at typical flow velocities.

The constant diffusivity assumption results in negligible errors (<0.1%) for all processes. This
finding is unsurprising given that diffusivity has a limited effect on the average water flux and only varies
by 10% across the solubility of NaCl at 25 °C. For processes with depressed, elevated, or non-constant
temperatures, the constant diffusivity assumption may contribute to higher average water flux errors.

The cumulative error of these simplifications depends upon the process and the case study
specifications. For RO and OARO, the cumulative error is less than the maximum error from a single
simplification because some simplifications result in an overestimation of flux, while others result in
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underestimation. In contrast, the cumulative error is largest for FO and PRO. We observe that the
cumulative errors are less than 15%, 10%, 10%, and 50% for the RO, OARO, FO, and PRO cases,
respectively. While these errors may be significant for some cases, we find that adopting these
simplifications reduces the solution time of the detailed model by roughly a factor of 3.
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Figure 5. Effect of common simplifications on the accuracy of water flux estimates for the four membrane
process case studies: A) RO, B) OARO, C) FO, and D) PRO. All water flux errors are relative to the 10
node finite difference model without employing common simplifications. “All simplifications” includes
the no salt flux, no pressure drop, ideal solution, and constant density, viscosity, and diffusivity
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assumptions. The right-hand side of the dotted line reports the accuracy of the simplified inlet-outlet (I-
O) model formulated with an arithmetic, log, and geometric means.

4.4 Effect of inlet-outlet formulation on model accuracy

In contrast to the process model described above, inlet-outlet models do not directly estimate the
profiles of variables along the membrane stage. Instead, they estimate the process performance by
averaging the inlet and outlet variables. These models are frequently used because they have reduced
computational complexity and are readily incorporated into system-scale optimization models that have
higher degrees of freedom. In our work, we find that the inlet-outlet model solves 10 times faster than the
detailed model.

We determine the water flux percent error relative to the 10 node finite difference model of the three
inlet-outlet modeling formulations. We observe that the arithmetic mean formulation results in large
errors (>10%) for the RO and OARO case studies and small errors (<5%) for FO and PRO case studies.
Generally, the arithmetic mean overestimates the average water flux for the membrane processes with
non-linear water flux profiles.

The log and geometric mean formulations will yield lower average water flux compared to the
arithmetic mean. We find that these means underestimate the water flux by up to 40% in the RO case
study. In contrast, for the OARO case, the log mean has significantly lower average water flux errors
than the geometric or arithmetic means. Finally, in the FO and PRO cases, we find that there is little
difference between the means because both cases have relatively flat water flux profiles. When we
modify the specifications in the case studies to produce steeper water flux profiles, we find that there is no
consistent formulation that results in the lowest error for FO and PRO (Fig. S6). FO and PRO do not
have a most accurate formulation because they can be operated with a variety of water flux profiles (e.g.
linear or non-linear, increasing or decreasing along the stage), whereas the shape of the water flux profile
in RO and OARO are more consistent. Further discussion on the additional FO and PRO case studies are
provided in Sl section S.5.

One drawback of the log and geometric mean models is that they can incorrectly predict some process
configurations as infeasible, meaning that while the target water recovery can be achieved with specified
parameters for the detailed one-dimensional model, the water recovery cannot be achieved for the inlet-
outlet models. We observe this behavior in 4% and 2% of the Monte Carlo simulations from the RO case
study for the log and geometric mean formulations, respectively. The simulations are infeasible for these
formulations because they significantly underestimate the average water flux and, thus, overestimate the
total membrane area (including membrane length) and total pressure drop. These inflated pressure drops
cause the specified water recovery and operating conditions to be infeasible. We do not observe this
diverging behavior for the other membrane processes (i.e. OARO, FO, and PRO) because the difference
between the water flux at both ends of the membrane stage is significantly smaller.

Collectively, these results suggest that the arithmetic and log mean formulations are the most accurate
approaches for inlet-outlet modeling of RO and OARO, respectively. While inlet-outlet modeling can be
applied to accurately represent FO and PRO, it is important to begin by using a one-dimensional model to
predict the shape of the water flux profile prior to selecting an appropriate mean for estimating the
average.

5. Conclusion
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While all membrane models are approximations of the process conditions observed in real-world
membrane systems, accurate models are critical for developing and predicting the performance of novel
membrane technologies. Fully understanding the limitations of existing models and the tradeoffs between
model simplicity and model accuracy will further improve our ability to use these models to assess and
design novel membrane processes.

This work quantified the errors introduced by common simplifications for the membrane process,
solution properties, and modeling. We demonstrated that the finite difference approximation with 10
nodes is sufficient to accurately describe the average water flux to within 0.1%. We also demonstrated
that the no salt flux, ideal solution, and constant density simplifications result in the largest water flux
errors. Finally, we demonstrated the value of replacing arithmetic mean approximations with a log mean
approximation in inlet-outlet models for OARO and FO processes where the water flux is significantly
affected by solution conditions on both side of the membrane.

This work has several implications for modeling membrane processes. The first is that the presented
finite difference model can be solved efficiently without making common simplifications that are
typically rationalized as a means of lowering the computational intensity of the model. Second, the errors
resulting from both low node approximations and process and solution property simplifications can result
in significant errors in predicted water flux. While these simplifications are specific to the case study
parameters, we observe water flux errors as large a 50% for some membrane processes operating under
standard conditions. Finally, for applications where simplified inlet-outlet modeling is preferred (e.g.
system-scale optimization problems), we have explored the accuracy implications of using different
means for all four membrane processes and found that a novel log mean formulation more accurately
represents the non-linear water flux in the OARO process.
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Nomenclature

Roman symbols

A — Water permeability coefficient [m/bar-h]
Amem — Stage membrane area [m?]

B — Salt permeability coefficient [m/h]

C — Concentration [g/L]

Cb — bulk concentration [g/L]

Cm — concentration at the membrane interface [g/L]
D — diffusion coefficient of the solute [m?/s]
dy — Hydraulic diameter [m]

F — Friction factor [-]

H — Channel height [m]

Js — Salt flux [kg/h]

Jw — Water flux [m*/m?2-h]

k — mass transfer coefficient [m/h]

L — Membrane stage length [m]

M — mass flowrate [kg/h]

MW — Molecular weight [g/mole]

N — number of nodes

P — Hydraulic pressure [bar]

PL — Pressure loss per unit length [bar/m]
Re — Reynolds number [-]

Rs — salt passage [%]

Rw — water recovery [%]

S —structural parameter [m]

Sc — Schmidt number [-]

Sh — Sherwood number [-]

T — Temperature [K]

W — Membrane stage width [m]
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640 X —mass fraction [kg of solute/kg of solution]
641

642  Greek symbols

643 & - Void space of mesh

644 0 —Inlet and outlet stage variables

645  u— Viscosity [Pa-s]

646  m— Osmotic pressure [bar]

647  p — Density [kg/m?]

648  pw — Pure water density [kg/mq]

649 ¢ - Inter-node variables

650  w — Nodal variables

651

652  Subscript

653  avg —average

654  f —feed-side

655  p — permeate-side

656  in—inlet

657  out — outlet

658 k-—nodeinsetK (k1,k2,...,kN)

659

660  Miscellaneous

661  f, (x) —function that determines y from variables x
662

663  Abbreviations

664  FO — Forward osmosis

665  OARO — Osmotically assisted reverse 0sSmosis
666  PRO — Pressure retarded osmosis

667 RO — Reverse osmosis

668
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