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Surrogate modeling in UQ

inputs p — [ high-fidelity modelj — outputs Qurwm

* high-fidelity-model (HFM) noise model: q....c = Quev(pt) + €
* measurement noise ¢ has probability distribution 7.(-)

* HFM likelihood: 7T"“:M(qmeas | /*") — 7-‘-E?(qmeas — qHFI\/I(/*l’))

inputs p — ( surrogate model ] — outputs qg,,

» surrogate noise model: Ueas = Yourr (1) + €
— inconsistent with HFM noise model

} Surrogate ||k€||h00d WSUFr(qmeas ’ H’) — 7-‘—E(qmeas o qsurr(“’))
— inconsistent with HFM noise model
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Surrogate modeling in UQ

QHFM(H’) — qsurr(u’) + 5(“’)

* HFM noise model: q,.... = guru(pt) + €
= Asurr(pt) +0(p) +€
* HFM likelihood: myem (qmeas ‘ I"’) — 7T*E(qmeas — qHFM(N))
— 7-‘-1€(qmeas o qsurr(u’) o 5(“’))

+ equivalent to HFM formulation
— not practical: the deterministic error §(u) is generally unknown

How can we account for the error 6(u) in @ manner that is
consistent and practical?
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Surrogate modeling in UQ: existing work
Simply replace high-fidelity with surrogate

[Xiu and Karniadakis, 2002; Marzouk and Najm, 2009; Frangos et al., 2010; Nguyen et al., 2010; Li, Marzouk, 2014; Cui et al., 2015]
,can

with HFM noise model

Multifidelity model management (penerstorfer, willcox, Gunzberger, 2018]
» Forward UQ (siles, 2008; Ng and Willcox, 2014; Narayan et al., 2014; Teckentrup et al., 2015; Peherstorfer et al., 2016]
» |nverse UQ [Christen and Fox, 2005; Efendiev et al., 2006; Cotter et al., 2013; Cui et al., 2013]

to high-fidelity UQ analysis

of high-fidelity model

Stochastic model of the surrogate error
» Su rrOgate |tS€|f IS StOChaSﬁC [Bilionis, Zabaras, 2012; Moustapha et al., 2016]

» Construct a stochastic error model
[Ng and Eldred, 2012; Drohmann and C., 2015; Manzoni, Pagani, Lassila, 2016; Trehan, C., Durlofsky, 2017; Lu et al., 2017]

+ cheap: no queries of high-fidelity model
+ consistent with HFM noise model (quantify epistemic uncertainty)
- does not converge to high-fidelity UQ analysis
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Surrogate modeling in UQ

QHFM(“’) — qsurr(u’) + 5(“’)
Idea: stochastic model () for the error that models its uncertainty

Aurm () = Qoun(p) + 0(p)
\—— Ny’ N e

stochastic deterministic stochastic

» stochastic HFM noise model: Queas = Gurv (1) + €

= Qg (1) + 0(p) + €

* stochastic HFM likelihood: T2 (Ameas | ) = T 5 (Ameas — Dsurr (1))

+ consistent with HFM noise model
+ practical if the stochastic error model § is computable
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Questions

v

What properties do we want in a stochastic error model?

How does a stochastic error model affect Bayesian inference?

What is the optimal stochastic error model?

How can we construct a stochastic error model for reduced-order models?

v

v

v
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Stochastic error model
Auev(p) = Aoy () + O(p

X

v

N—— N—_—— N——
stochastic deterministic  stochastic
* HFM likelihood: 7THFM(qmeas “’) — 7-‘.E(qmeas o qHFM(“’))

» stochastic HFM likelihood: Ter (Ameas | #) = ey 5(Ameas — Asurr (1))

* Desired properties in stochastic error model ()
1. cheaply computable: similar cost to evaluating the surrogate
2. low variance: introduces as little epistemic uncertainty as possible

Iim 7T —(q,, =T "
Var(8)—0 HFM(q eas | l'l’) HFM(q eas | ,Ll,)

3. generalizable: correctly models epistemic uncertainty in the error
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Stochastic error model

CN'HFM(“’) — qsurr(“’) T (/1’
N—— N—_—— N——

stochastic deterministic stochastic

} Forward UQ 7THFM(qmeas ‘ u’) — 7-‘-€(qmeas o qHFM(u’)

Wm (qmeas ’ u’) — 7Te-|-5(qmeas - qsurr(u’))

* Inverse UQ 7TpHo|:s|’z/|(“' ‘ qmeas) X 7-‘-Pl’iOF(“’)T‘-E(qmeas o qHFM(“’))

ng;lolzsl’z/l(“ | qmeas) X 7-‘-Prior(u’)ﬂ-g—|-5(qmeas o qsurr(”’))

Homoscedastic ()
» Low-variance error model: Var(d(u) + €) ~ Var(e)

» Forward UQ: measurements certain: Dk (mHFm || m7=) small
» Inverse UQ: data informative: Dy, (w53 || w5 3") small

» High-variance error model: Var(d(u) + &) > Var(¢)
» Forward UQ: measurements uncertain: Dk (mxem ||

 Inverse UQ: data uninformative: Dy (mprior || Theet
Heteroscedastic o (u)

» measurements certain, data informative for i where surrogate trusted

=) large

) small
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Case 1: Gaussian, homoscedastic error model

If the following conditions hold:
1. € ~ N(0,0°l),
2. Error model is Gaussian and homoscedastic
o(p) ~ N(m(p),5%1), YpeD
3. Error model is unbiased E[m(u)] = (), YV € D,

then

mgX Eprior[DKL(ﬂ-HFl\/l H 7"-surr) — DKL(T‘-HFM H 7T|_||:/\|\//|)]

o

Is positive and is attained at
. 1 : .
7 = —Eprorllarrn (1) = Ggure (1) — (1) ]

S

+ Suggests error-model noise should be computed as sample variance
" 1 8
0-2 — n_Edata[HqHFl\/I (l'l’) o qsurr(”’) o m(“)HZ]

S

— Homoscedasticity may violate property 3
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Case 2: Gaussian, heteroscedastic error model

Let {D;}., be a non-overlapping partition of the parameter space D.
If the following conditions hold:
1. € ~N(0,0°l),
2. Error model is Gaussian and heteroscedastic such that
O(p) ~ N(m(p),5°1), VYpe D,
3. Error model is unbiased E[m(u)] = d(p), YV € D,

then
max Eprior[ (DKL (THEM || Tsurr) — DkL(mHEm || m5=)) 1o, (12)]

IS positi\lle and is attained at
. 1 .
67, = —Epriorll|arrm (1) — Qoure (1) — m(p)||* | Dj]

S

+ Error-model noise should be computed as sample variance over regions
. 1 .
57 = —Edatall|Anrm (1) — Qsun (1) — m(p)||* | Dj]

S

+ Heteroscedasticity can satisfy property 3
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Questions

v

What properties do we want in a stochastic error model?

How does a stochastic error model affect Bayesian inference?

What is the optimal stochastic error model?
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v

v

v
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Reduced-order modeling
High-fidelity model
r(x;pn) =0, dypy(p) = alx(p); 1)
Reduced-order model
» Offline: construct low-dimensional basis ®

* Online: reduce high-fidelity-model dimension

1. Reduce number of unknowns 2. Reduce number of equations
x~x:¢§( CDT(CI))A('p,)—O

O r(d%p) =0, qg.(p) = q(Px(p); p
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ROM demonstration: turbulent cavity

* Unsteady Navier—Stokes »*Re=6.3x10® » M..=0.6

Spatial discretization Temporal discretization
» 2nd-order finite volume » 2nd-order BDF
» DES turbulence model » Verified time step At =1.5 x 1073

» 1.2 x 10° degrees of freedom  * 8.3 x 10° time instances
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High-tfidelity model solution

vorticity field
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Principal components
x(t) =~ ® x(t)
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TU rbu I eﬂt-CaVIty resu HZS [C., Barone, Antil, 2017]

vorticity field pressure field

LSPG ROM
dim: 179
32 min, 2 cores

high-fidelity
dim: 1.2M
5 hours, 48 cores

+<1% error
+ 229X computational-cost reduction

How can we construct an error model for the ROM?
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Key insight
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Residual r/error bound

ROMs generate physics-based error indicators
that are highly informative of the ROM error

Idea: Apply machine learning regression to generate a mapping from
error indicators to a distribution over the ROM error

+Can generate lower-variance error models than simply modeling & — d(p)
[Kennedy, O’Hagan, 2001; Ng, Eldred 2012]
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Machine-learning error models

inputs p — [ high-fidelity modelj — outputs dqurm

inputs p — [reduced-order model) — outputs gy
|

error indicators p

|

[regressmn mode/) — machine learning

. \error model ¢
EiHFM (l’l’) — qsurr(”’) - (“’)
N—— N—— N——

L stochastic deterministic stochasti9

How to determine error indicators p and regression model?
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Features and regression model
» Desired properties in stochastic error model ()
1. cheaply computable, 2. low variance, 3. generalizable

* Feature engineering: select error indicators p to trade off:
1. Number of features
= Large number: costly, lower variance, high capacity regression
=» Small number: cheaper, higher variance, low capacity regression
2. Quality of features
=» High quality: expensive, lower variance
= Low quality: cheaper, higher variance
» Regression model:
= High capacity: lower variance, more data to generalize
=» Low capacity: higher variance, less data to generalize

Method 1: Dual-weighted residual and Gaussian process regression
[Drohmann, C., 2015; Pagani, C., Manzoni, 2018]

Method 2: Large number of features and high-dimensional regression
[Trehan, C., Durlofsky, 2017; Freno, C., 2018]
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Feature: dual-weighted residual iprohmam, c., 2015)

» Approximate HFM output to first order

.\ . 94
gi(x) =~ qi(®Px) 4 6’?( (Px)(x — Px) (1)
» Approximate HFM residual to first order
0 = r(x) ~ r(®%) + g;(d)x)(x — %)
» Solve for the error
1 -1
X — Px ~ g;(d))“() r(®dx) (2)

» Substitute (2) in (1)
gi(x) — gi(Px) = yi | r(®%)
with the dual solution y; satisfying
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Feature: dual—Weighted reSidua‘ [Drohmann, C., 2015]

gi(x) — gi(Px) ~ y,-Tr(Cl)f()

or, .t - Oqi , T
&(q)x) yl - ax ((DX)

» Want to avoid HFM-scale solves, so approximate dual as
Yi = 9/ — (Dis\'i

I

a9i , . . T
Ox (PR)

and construct ROM for the dual
or
O — (o) d;y, =,
ax( X)' @y,

» One feature:  q;(x) — gi(®P%) ~ p; = 7. Tr(®%) = 7 Td; Tr(d%)

» Regression model: Gaussian process [rasmussen, williams, 2006]
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Application: Bayesian inference

Ac(x; p)u(x; ) =0 in Q x(p) =0o0nTp
Ve(p)x(p)-n=0on Iy, Ve(p)x(p)-n=1on Iy,

v

Inputs p € [0.1, 10]° define diffusivity in ¢ in subdomains

Outputs q are 24 measured temperatures

ROM constructed via RB-Greedy (patera and Rozza, 2006]

Torior(1¢) : Gaussian with variance 0.1

e ~N(0,1x1073)

Posterior sampling: 1 x 10° samples w/ implicit sampling rmetal, 2013)

v

v

v

v

v
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Machine learning error models
0i(1) ~ N (Bpi(p), ar + az|pi(p)[*)

X
/OVl./ g
quqllty =
high |
variance 2
cheap &
—2.5
,_%.5
high < &
: < =
quality — I
low ? ol o
variance = <
costy = | S
- rank(®q) = 22 °015 rank(®o4) =7
—25 | | | | | B
0 1 2 0 004 008 012
P1

P24
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Wall-time performance

10°

10¥ F 3
10 :
103: . l I -:

" HFm |ROM JROM+ ROM+
low-var high-var

simulation time

» ROM:
+cheapest
- inconsistent formulation
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Wall-time performance

10°
cv
E 10° F -
e ;
= |
_8 104j
I |
>
g 10° | :
v

10°

HFM
» ROM:
+cheapest

- inconsistent formulation

» ROM + error models:
+cheaper than HFM
- more expensive than ROM
+consistent formulation
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Posteriors: ROM

surr

post (“’ ‘ qmeas)

- frue
== prior
24 66 88 7 72 24 66 38 7 72
— 115 post meas
3 s ;
: surr
CLE L — post(“’ ‘ qmeas)
- 0.95 0 A
62 64 E£E& 62 C 5 10 15
=g
N
=
T3
=

62 64 58 68 095 1 105 1116

O

62 64 58 68 095 1 10511136 52 54 56 58

<@

+ HFM posterior: close to true parameters
- ROM posterior: far from prior and true parameters
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Posteriors: ROM + high-variance error model

HFM

post (N’ ’ qmeas)

, = true
| A == prior
00 5 10 HFM
p— 1.15 . - post (l’l' ‘ qmeas)
EO
O 105
2 | — _HFM
oy 0-9; post (“’ ‘ qmeas)
E 62 64 BE 68
N 1 R:
I o S » 2.
= | ,

62 64 58 68 095 1 105 1116 - E 3 10

62 64 58 68 095 1 10511136 52 54 56 58

+ ROM + high-var error model posterior: close to prior
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Posteriors: ROM + low-variance error model

HFM
post (N’ ’ qmeas)
3 =]
, - == {rue
2.0
1 5.4 .
52 == prior
0
5 10 52 24 66 68 22 24 66 68 22 B4 BB AE
HFM
1.15 — post (I'l’ ‘ qmeas)
~ - .
0] 1.05
- 1 1 [ q
o 0.95 post (l’l" meas)
T 62 64 B8 68
l
N ) .
=5 s o s
T & - -
= . ,

62 64 58 68 095 1 105 1116 - E 3 10 52 64 5& 48

3.8

3.8
0
62 64 58 68 095 1 10511136 52 54 56 58 0 2 4 6

+ ROM + low-var error model posterior: close to HFM posterior
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Feature engineering
» Desired properties in stochastic error model ()
1. cheaply computable, 2. low variance, 3. generalizable

* Feature engineering: select error indicators p to trade off:
1. Number of features
= Large number: costly, lower variance, high capacity regression
» Small number: cheaper, higher variance, low capacity regression
2. Quality of features
* High quality: expensive, lower variance
= Low quality: cheaper, higher variance
» Regression model:
= High capacity (low bias, high variance): more data to generalize
* Low capacity (high bias, low variance): less data to generalize

Method 1: Dual-weighted residual and Gaussian process regression
[Drohmann, C., 2015; Pagani, C., Manzoni, 2018]

Method 2: Large number of features and high-dimensional regression
[Trehan, C., Durlofsky, 2017; Freno, C., 2018]
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Features: residual samples (rreno, c., 2018

* Dual-weighted residual:
qi(x; ) — qi(DX; p) = y; (1) TH(®K; p) = > yii(p)ri(®K; )
+ high quality =1
- costly and less practical: requires dual solve

» Note: this is parameter-dependent weighted sum of residual elements

* Candidate features: * residual samples Pr(®x; i)
» parameters K + moderate number, cheap
* low quality, cheap - low quality
» residual norm ||r(®X; p)||2 » residual PCA #:= &/ r(dx; p)
- small number, low quality, costly + moderate number, high-quality
» residual r(®x; u) - costly

- large number, low quality, costly » gappy PCA t; := (P®,)" Pr(®x; )
» Candidate regression methods:

» SVR, random forests, k-nearest
neighbors, multilayer perceptron

+ moderate number, high-quality
cheap
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Application: Predictive capability assessment

Deformation
Magnitude [m]
0.011

0.010

0.009

0.008

0.007

0.006

0.005

0.004

0.003

0.002

0.001

0.000

» high-fidelity model dimension: 2.8 x 10°

reduced-order model dimension: 6

inputs p: elastic modulus, Poisson ratio, applied pressure
quantities of interest: y-displacement at A, radial displacement at B
150 training examples, 150 testing examples

v

v

v

v
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Application: Predictive capability assessment

y-displacementzat A
0g1o(l — R7)

OLS: Linear
N
2 .
O OLS: Quadratic
=
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o p—{
7
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£ Ele g8 g8 7\
= =l . 7 - g £ 3
sl = L L 7 07 =
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Features

- parameters: large variance

radial displacement at B
log (1 — Rz)
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Features

- small number of low-quality features: large variance
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Application: Predictive capability assessment

y-displacementzat A
0g1o(l — R7)

OLS: Linear
79
e .
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=
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- .
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e
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Features

- parameters: large variance

radial displacement at B
log (1 — R2)
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Features

- small number of low-quality features: large variance
* residual PCA: lowest variance overall but costly
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Application: Predictive capability assessment

y-displacement at A radial displacement at B
2 s
ogo(l — R7) logyo(1 — RY)
OLS: Linear
n
g, .
O OLS: Quadratic
< H
R .
E SVR: Linear L
.§ SVR: RBF
% -3
3 RF
—
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o
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Features Features

- parameters: large variance

- small number of low-quality features: large variance

* residual PCA: lowest variance overall but costly
+gappy PCA: nearly as low variance, but much cheaper
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Application: Predictive capability assessment

y-displacement at A radial displacement at B
2 s
og1o(l — R%) logo(1 — R)
OLS: Linear
n
o
O OLS: Quadratic
< ‘
+
§ SVR: Linear —2
- .
g (SVR.RBF |
owz -3
% RF
—
& E-NN ‘ 4
aw
CMLP )
-5
2 ¥ 3 2 g2 8§ 3 & = 1 2 ¥ 5 2 g § 3 & = 1%
E %= 7 7 2 8 E 8 g =z 7 5 28 8 § g8 3
- L s T 5 s 2 - L s LT 5 s =
i - - =< L& i - - == L&
T T Y
s X B g A ¥ s & % g & ¢
S G 2 = 5y =2
Features Features

- parameters: large variance

- small number of low-quality features: large variance

* residual PCA: lowest variance overall but costly

+gappy PCA: nearly as low variance, but much cheaper

+ Multilayer perceptron and SVR: yield lowest-variance models
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Summary

v

What properties do we want in a stochastic error model?
» Cheaply computable, low variance, validated
What is the optimal stochastic error model?

A4

> Error-model variance should be the sample variance over regions
How does a stochastic error model affect Bayesian inference?
* High-variance: close to prior

v

> Low-variance: close to HFM posterior

v

How can we construct a stochastic error model for reduced-order models?
* Machine-learning error models based on error-indicator features
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Questions?
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