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ABSTRACT: A framework for an improved TMD (iTMD) factorization scheme at small x,
involving off-shell perturbative subamplitudes, was recently developed as an interpolation
between the TMD k; < @ regime and the BFKL k; ~ @ regime. In this article, we
study the relation between CGC and iTMD amplitudes. We first show how the dipole-
size expansion of CGC amplitudes resembles the twist expansion of a TMD amplitude.
Then, by isolating kinematic twists, we prove that iTMD amplitudes are obtained with
infinite kinematic twist accuracy by simply getting rid of all genuine twist contributions
in a CGC amplitude. Finally we compare the amplitudes obtained via a proper kinematic
twist expansion to those obtained via a more standard dilute expansion to show the relation
between the iTMD framework and the dilute low x framework.
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1 Introduction

Factorization is one of the most crucial features of QCD: all perturbative QCD studies

rely on this separation between a hard partonic subamplitude and long distance matrix

elements. This separation is justified in the presence of a sufficiently large scale @ in the



observable, for which as(Q) is small enough for perturbation theory to apply. However
large logarithms can arise from QCD dynamics and compensate the smallness of a(Q),
which makes the resummation of such logarithms necessary.

For most observables, two different factorization schemes can be employed, depending
on the center-of-mass energy s of the process. For processes with the center-of-mass energy
comparable to the large scale of the process (s ~ @), collinear factorization is applied and
the large log(Q) terms are resummed via the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) evolution equations [1-3]. On the other hand, processes with the center-of-mass
energy much larger than any other scale (s > Q) are treated in the so-called low-z regime.
In this case, ki-factorization applies and large log(s) terms are resummed.

Several descriptions of kp-factorization for low-z physics have been developed over
the last couple of decades, starting with the well known Balitsky-Fadin-Lipatov-Kuraev
(BFKL) framework [4, 5]. The most recent low-z frameworks, namely the dipole model
[6-8] and the shockwave framework [9-11] rely on a semi-classical approach, where low x
gluon fields are treated as external fields. With such a treatment, all interactions with the
external field can be resummed into path-ordered Wilson line operators which then consti-
tute the building blocks of these low-x formalisms. Remarkably, due to this resummation
of all interactions, perturbative results from this framework were found to be compatible
with previous results for the semi-classical treatment of scattering off dense targets [12—
14] which include gluon saturation effects from multiple scatterings. All of these recent
frameworks are equivalent, and logarithms are resummed via the Balitsky/Jalilian-Marian-
Iancu-McLerran-Weigert-Leonidov-Kovner (B-JIMWLK) hierarchy of evolution equations
[15-22], or in the mean field approximation by the Balitsky-Kovchegov (BK) equation
[9, 23]. Nowadays, the weak coupling non-perturbative realization of the saturation in
QCD is referred to as the Color Glass Condensate (CGC) [21, 22]. Throughout this paper,
we refer to CGC as a unified picture (Balitsky formalism/ Mueller’s dipole picture/CGC)
of the small-x QCD.

The fact that the CGC generalizes the BFKL framework was established early on
at Leading-Logarithmic (LL) accuracy [24, 25] and made more explicit in [26], then at
Next-to-Leading-Logarithmic accuracy (NLL) in [27] and more explicitly in [28-30]. This
equivalence relies on the expansion of the path-ordered Wilson lines in powers of the gluon
field for small values of gA, what is known as the dilute limit.

Although it is not a true all-order factorization scheme, as opposed to collinear fac-
torization for several simple processes [31], the CGC framework applies in principle to
any low-x or high-density process regardless of the number of observed scales. In contrast,
collinear factorization in its most common form is not valid for processes involving not only
a hard scale ), but also a second, smaller scale. In the present context the most interesting
case is when that smaller scale is related to the transverse momentum of a parton inside
a hadron. The collinear distributions were generalized for such processes, leading to the
Transverse Momentum Dependent (TMD) factorization scheme [31-38].

For a process with center-of-mass energy s, a hard scale @), and a hard yet softer
transverse momentum scale |k| > Agcp, the respective application ranges of CGC and
TMD schemes are s > @ > |k| and s ~ @ > |k|. A matching of these schemes in the



overlapping regime where |k|/Q and (/s are both small was proven in [39, 40]. Since
then, gluon TMDs in the CGC have been at stake in many recent studies (see for example
[41, 46-48] ). Indeed the measurement of TMD parton distributions offers great insight
in the 3D structure of hadrons, yet these distributions are not fully universal and thus
they require case-by-case studies. Studying them at low-z allows one to use standard CGC
tools like the McLerran-Venugopalan (MV) model [12-14], Golec-Biernat-Wiisthoff (GBW)
parametrization [49] or numerical solutions to the B-JIMWLK hierarchy of equations [41]
for the description of these complicated TMD distributions.

Notable attention has been drawn to polarized TMDs and to their role in angular
distributions at low-z [42-47], and the relation between process-independence breaking in
TMD factorization and the Wilson lines which are natural built-in features of the CGC
[48].

On the other hand, the CGC framework in the so-called dilute limit also matches BFKL
results, which were built for processes with different kinematics, where s > Q ~ |k|. A
new scheme for TMD factorization at low-z, which is referred to as the improved TMD
scheme (iTMD), was built in [50, 51] as an attempt to interpolate between both |k| < Q
and |k| ~ @ limits. This framework aims at resumming some powers of |k|/Q by taking
into account non-zero k in the hard subamplitude. In practice, as we will show in this
article, it resums all kinematic twist corrections to the hard subamplitude which couples to
the leading-twist TMD operator, leaving genuine twist corrections aside. For an alternative
approach for twist studies in the saturation regime, see [52].

The purpose of this paper is to study the relation between CGC and iTMD amplitudes,
with a comparison with dilute BFKL amplitudes as well. It is organized as follows. In
section 2, we consider the first corrections to the correlation limit in a CGC amplitude and
compare them to the first power corrections in the TMD factorization, and show how both
expansions are related to one another. Then in section 3, we start with the most generic
form for 1 — 2 processes in the CGC and expand it in powers of the dipole size. We extract
the pure kinematic twist corrections and resum them to infinite accuracy. This leads to the
main result of this article: a completely generic infinite-twist CGC amplitude in Eq. (3.10)
in an all-body Wandzura- Wilczek approzimation (i.e. where all genuine twist corrections
are neglected). In section 4, we start again from the generic CGC amplitude and perform
a more standard dilute expansion, leading to a generic dilute CGC amplitude in Eq. (4.8).
Section 5 is devoted to a short review of the iTMD framework and to recalculating the
iTMD cross sections in a form that can be compared with the CGC all-kinematic-twists
result. In section 6, we apply the generic kinematic twist resummed CGC result for different
processes and compare them to the iTMD predictions. We find a perfect match between
the kinematic twist resummed cross sections for each process and the corresponding iTMD
results. Moreover, we also compare the dilute limit of the generic CGC cross sections with
the kinematic twist ressumed cross sections by simply setting all distributions to the same
value and find a perfect matching as well. Finally, in section 7 we summarize and discuss
our findings for this study.



Notations and conventions

We define two lightlike vectors n1 and ng such that nq-no = 1, and light cone directions +
and — such that ny -k = k™, ny -k = k™. The projectile (resp. target) is assumed to have
a large momentum ~ /s along the + (resp. —) direction. In the CGC calculations we use
the lightcone gauge AT = 0. Transverse components are denoted with a L subscript in
Minkowski space and by bold characters in Euclidean space. Therefore, for two vectors k
and x, we write

k-z=kte  +k a2t +k, -2 =kTa" +k 27 —k-x (1.1)

The CGC part of this paper relies on the separation of the gluon fields in the QCD La-
grangian depending on their + momentum between fast fields (k* > e Y p*) and slow
fields (kT < e™YpT). In the eikonal approximation, the slow fields have the shockwave
form

AM(z) = 6(zF)B(z 1 )nk + O(s~1/?), (1.2)

where B is a function of x; only. In the semi-classical approximation for the slow fields,
treated as external fields for the projectile, interactions with the target are resummed into
path-ordered Wilson lines

bt
[at,bt]x = Pexp [zg/ dz+A_(z+,0,xJ_)] , (1.3)
at
and we write
Ux = [—00, +00]x. (1.4)

CGC Wilson line operators carry a color representation, in which case we define U as
the Wilson line obtained from Eq. (1.3) by replacing A~ (x) — THA, (x). Finally, we use
the CGC brackets to describe the normalized forward actions of Wilson line operators on
target states |P). For an operator O we define the brackets as:

(Plo[p)

ol d (1.5)

9= "pp)

2 Correlation limit and TMD power expansion

In this work we study processes that describe the production of a pair of particles with a
large invariant mass from a single particle in an external shockwave field built from the
target gluons. We consider the case when both outgoing particles are tagged and their
transverse momenta are fully reconstructed. The produced particles carry longitudinal
momenta pf and p;, and transverse momenta p; and p,. The two important combinations
of these momenta are the sum of the two transverse momenta k



and the transverse-boost invariant momentum q which is defined as

p;rp1 - P{FPQ
pi +p3

q (2.2)

The hard scale @ of the process is given by the invariant mass of the outgoing pair which
is directly related to the transverse boost invariant momentum:

Q2 (pf%—pQL)Q 2 q’

== q° = -, (2.3)
2p1"p;' 22z
where
pf (2.4)
z=———=1-172. 2.4
P +p3

As discussed in detail in [40], one can get the gluon TMDs through CGC calculations
in certain limit which is usually referred to as ”back-to-back correlation limit”. In this
limit, the two transverse scales |k| and |g| are well separated, i.e. |g| > |k|. In the
CGC framework, the transverse boost invariant momentum gq is Fourier conjugate to the
transverse size of the produced pair (dipole size) r and the total transverse momentum
is conjugate to the impact parameter b. Therefore, the back-to-back correlation limit
corresponds to the case |r| < |b| in coordinate space allowing a Taylor expansion of the
CGC observables in the dipole size 7.

We start by clarifying the power expansion employed here and in the rest of this section
we consider a simple process in the back-to-back correlation limit to utilize the small dipole
size expansion in the CGC framework and compare it with the power expansion in the TMD
factorization framework to clarify the relation between the two procedures.

2.1 Power expansion at the amplitude level

The TMD framework involves gauge invariant light ray operators [53], for which the dis-
tinction between kinematic twists and genuine twists is convenient. For a set of gauge

invariant twist p operators! Ol(,i) associated with the hard part Hl(,i), the n-th power of

k1 in the cross section is given by the sum over p € {0---n} of the p-th power in %Szp
convoluted with (’),(fzp and summed over all 7.

For inclusive observables, power corrections are split between amplitudes and complex
conjugate amplitudes. However for the sake of this article, which aims at comparing CGC
and iTMD results, it is actually sufficient to study power corrections at the amplitude
level. Rather than using full, gauge invariant, inclusive operators, it is also enough for the
comparison to use ”half’-operators at the amplitude level, knowing how they would get
combined into gauge invariant inclusive operators at the cross section level.

In the particular cases studied in this article, OZ(,Z) will be a set of p-body gluon light ray

!Note that in a light ray OPE, the gauge links in the operators are not taken into account in the counting
of twists.



half-operators

(’)I(f) (21, .y p) = [£00, 21) F791 (21) [1, 22] F 92 (29) ... [wp_1, ) F77 (2) [, £00] .

(2.5)
We refer to (’)I(,i) as a p-body operator, with ng‘) being the set of leading 1-body operators,
which would combine into the leading twist (2-body in the standard counting) TMDs at
the cross section level. Then the n-th power correction is given by the sum of p-th power in
the (n — p)-body hard part, convoluted with the (n — p)-body operator. Corrections from
the hard parts are kinematic twists, while higher-body operators lead to genuine twist
corrections. In particular, fully kinematic twists, that are the main focus of this study, are
given by successive k| -derivatives of the 1-body hard part.

2.2 Dipole size expansion for v — ¢¢ in the CGC

It is informative to start by computing the first few corrections to the correlation limit in
the CGC. As a simple example, let us consider the amplitude for the photoproduction of
a quark-antiquark dijet which reads

ilgr)—i(eb) "L
A, aq = (2m) 6 (p +pi = p?) / Bb iy e—ilaT)—ilk b)r_é [(UHETUJ_Z,.) - 1] b (2.6)
where the Wilson lines Up, z, are defined in Eq. (1.4) with Eq. (1.3). Here, ¢, is the tensor

part of the amplitude that encodes the Dirac structure for this process and it is defined as

G . € _
¢}(L’y—>qq) = Zﬁegiupq [2Zgl;w - (VLMWLO)] 7+qu' (27)

In the correlation limit, it is straightforward to expand this amplitude in powers of the
small dipole size r and keep the first two terms in the expansion. After performing a
simple integration by parts, the result can be written as
.€q 2 2 —i(g-r)—i(k-b
Ay gq = zﬁsp (27m) 6 (pf + vt — ) /d bd*r eilam)=ilkD)

rirl

. . 1 A
-~ il il k krrt
X —2 Up, <225 + 'y > ’y+qu [57‘ (8]Ub) <8 Ub) (2.8)
i t 1, ot 1 .
+ 2 (Up) Uy [ 1+ 3 (izk-7) | — 22U, (8]Ub) 1- 3 (izk-7) || .
O(1) terms in Eq.(2.8) give the well-known back-to-back result which reads

AP —isael (2m) 5 (pt + pf — pi) [d2bdPr emilam)=ilkb)
Xy, (2200 + 7)Y, |2 (970) U — 20y (90 | (2:9)



that has been proven to match the leading twist TMD amplitude. The rest of the terms
are O(r) in Eq.(2.8) that are corrections to the back-to-back result:

nb2b . € ilar) —i(k-
A’(\/—ﬂ]q) = Zﬁeé(zﬂ)é(p;r +p?jL _p;r) /dzbdQTe (g-7)—i(k-b)

1 pigd ) .
X 5712” <2z5“ + ’y“yl> Yo, (2.10)

x [Pt (070,) (903 ) + 2 (9700) U (i - 7) = 2Uy (970)) (— (izk - 7).

We would like to emphasize that the next-to-back-to-back term, Eq. (2.10), has a very
interesting form. Noting the fact that a derivative acting on a CGC Wilson line extracts
a gluon field, one can immediately conclude that the first term in the brackets is a 2-body
half-operator. On the other hand, one can manipulate the last two terms using the fact
that

4 0 <
ol —i(gr) — Y —i(gr) 2.11
izr'e apge ) (2.11)
iaple—ilar) — _ilefi(q-v")’ (2.12)
Opg

so that the next-to-back-to-back term can be written as
b2b .€q —i(k-b
A = S8l (om) 6 (o) + i — 7] / @b dr ¢ )
1 ripd . .
X 5711” <225Zl + ’yzfyl> ’y*?)pq (2.13)

A o ) , ) e
x [rk (070p) (9U)) = = (9700 U] <kz-a—pq> + 20y (09U} (k.gﬂ eilam),

q

At this point we can make a diagram-by-diagram correspondence with TMD factorization.
Naturally, ((9j Ub) Ug terms correspond to the diagram where the TMD gluon hits the
quark, while Uy, <8j U;L) terms correspond to the diagram where it hits the antiquark. For
such diagrams, it is easy to see that the dependance on k and p, (resp. k and p;) is only in
the intermediate quark (resp. antiquark) propagator G (k + pq) (resp. G (k — pq)). Thus
for those diagrams we have

0 o)

k- —apq — k- o5 (2.14)
0 0

k- —8pq = k- o (2.15)

Hence, the next-to-back-to-back contribution can be cast into the following form:

Y—qq ’ ok

(mb20) _ /dzbez‘(k-b) [(3jUb) <akUg> ’Hék n (ajUb) U; <k 9 >7_[{] , (2.16)



where %%k is a 2-body hard subamplitude, and ’H{ is a 1-body hard subamplitude (given
by the sum of the two diagrams discussed above).
2.3 TMD power corrections to v — qq

For the photoproduction of a quark-antiquark dijet, the 1-body amplitude? for TMD fac-
torization has the following form:

2
Ay (k) :ig/éf;
X [=00,b ], F~* (br) [, —oc]

(2m)? 6% (ky — k) Hi (k1) / db} d?by e~ k1-b1) (2.17)

b’

where H} (k1) is a hard subamplitude. Power corrections are obtained via the Taylor
expansion of this hard part. Up to the first correction, rewriting the TMD operator as the
derivative of a Wilson line, it reads:

A; (k) ~ / d?b ek 0) ["Hi (0) — (k : %"Hi) (0)] (9'Up) U} . (2.18)

The 2-body amplitude for the same process can be written as

Pk d?k
A (k) = 92/ (%)12 (%)22 (2m)2 62 (k1 + ko — k) HY (K1, ko) /dbfdb;deldeQ (2.19)

« e~ i(k1b1)—i(k2 b2) [—oo, b;r]bl {F—i (bl) [bl, b2] )} (b2)}bf:b;:0 [b;, —oo] by -

Taking the leading term in the Taylor expansion of the hard part yields

As (k) = ¢° / dbtdb} / d?b1d?by 6% (by — by) e K 22)2(J (0, 0)
x [—00,bi ], {F " (b1) [b1, by] F (bQ)}bl,:bgzo (b5, —00],,, - (2.20)

Using the d-function of the impact parameters by and b which sets these two transverse co-
ordinates to the same value, one can rewrite the gauge link [by, bo| as [bf, —i—oo] by [—l—oo, b;] by
This allows us to rewrite the operator as derivatives of Wilson lines and the leading term
in the Taylor expansion of the 2-body amplitude for photoproduction of a quark-antiquark
dijet reads

As (k) = / b e~ kD) (0,0) (9°U3) (af'Ug> . (2.21)

The comparison between Egs. (2.18), (2.21) and the CGC result given in Eq. (2.16) shows a
strong similarity between the small-dipole expansion in the CGC and the power expansion
in the TMD framework. A more general matching could be conjectured. In this paper, we
only focus on kinematic twist corrections and compare the 1-body contributions from the

2We write the amplitude in an operator form, similarly to what is done in the CGC. The true amplitude
is given by the action of this operator on target states.



CGC to those obtained in the TMD framework with infinite power accuracy via the iTMD
scheme developed in [50]. Comparisons for higher-body terms are left for further studies.

3 Kinematic twist resummation for a generic 1 — 2 process in the CGC

In the previous section, we have calculated the next-to-back-to-back corrections for a spe-
cific process (7 — ¢q) in the CGC framework and showed how one can isolate the 1-body
and 2-body terms in this contribution. Our main goal in this section is to generalize this
procedure to all orders in the small dipole size expansion. We isolate the 1-body contri-
bution from the higher-body contributions, and then resum the 1-body contributions that
appear in higher orders in the small dipole size expansion.

We would like to apply our results to several different 1 — 2 processes in the CGC
framework. Therefore, we start from a generic CGC amplitude for a 1 — 2 process from
which one can easily deduce all these different processes that are computed using effective
Feynman rules in a shockwave background field [9-14] given in Appendix A. For this
generic process, as before, we consider the case when the outgoing pair of particle has a
large invariant mass, and the incoming particle is on the mass shell. For each (py — p1p2)
process, we use the same longitudinal momentum fractions (z and z) introduced in Eq. (2.4),
the total transverse momentum k of the produced particles defined in Eq. (2.1) and the
transverse boost invariant momentum q that is defined in Eq. (2.2). The generic CGC
amplitude (see Fig. 1) in this case reads

Aosi2 = (2m) 0 (pf +p3 —pf) /deer o—ilar)—i(k-b)

I
x| (U0, ) = (U TRUSR) | b, (3.1)

where ¢, is a Dirac structure which does not depend on coordinates, and (R1, Ro, R2)

b—zr

b b+ zr

Figure 1: Generic (0 — 12) process in an external shockwave field. The gray blobs
represent the dressing of each line crossing it by Wilson line operators, resumming any
number of eikonal scatterings with the external field.

are color representations. This is a well known form in small-z kinematics: the interaction
with the target can be factorized out in the eikonal limit, and it contains all information
on color flow. The spin structure factorizes in the massless case due to transverse boost



invariance: the mere topology of a diagram is sufficient to predict its momentum structure,
or equivalently in coordinate space its dipole-size dependence. One can easily check that
the amplitudes listed in Appendix B have the form of Eq. (3.1).

The expression for the generic CGC amplitude for a 1 — 2 process expanded to the
n-th power of r is obtained by performing a Taylor series expansion of the Wilson line
operators in Ag_,12 which can be simply written as

n i(gr)—i(kb) TLO
Ay = 2m)8 (py + 13 — ) /deere (ar)=ikt) ot (3.2)

Ly pan Y ( " > 2 (=2)" " (B B U ) T (00 U2

|
n:
m=0 m

The rest of our discussion relies on a symmetry hypothesis based on our experience of
BFKL and CGC amplitudes. In the CGC, diagrams with scattering only on one line
give (Ufr — 181)182 and 151 (UR2 — 152) contributions, which once summed up with
the symmetric contribution (Uft — 1F1)(Uf2 — 1F2) Jead to the gauge invariant dipole
Utttz —1Ri1R2 Iy BFKL computations, diagrams with one gluon on each line give the
impact factor p(k11,ko1 ) + @(kai, k11 ) while diagrams with both gluons on one line give
counterterms —¢(ky | +koy1,0,) and —p(01, k11 +koy ). The latter insure the cancellation
of the full impact factor for k&1, = 0, and for k5, = 0, and thus gauge invariance in the
BFKL sense.

By analogy, keeping in mind that one derivative equals one gluon in the TMD, we assume
that contributions with no derivative on one line must be a gauge-invariance restoring term
for the 1-body contributions, i.e. a kinematic twist, which we extract with the following
procedure.

We assume that the n-body contribution to the amplitude, for n > 1, does not contain
the least symmetric Wilson line operators, in terms of derivatives. In other words, our
statement is that no U(9;,...0;,UT) or (0;...0;, U)UT term contributes to gauge invariant
amplitudes. Operators with the least symmetric derivative structures need to be integrated
by parts using

/ d2b ¢~ i(kb) (aal...aam Ufl) THo (aam+l...aanU§2> (3.3)

- / d2b e ikb) [—z'k: o (am...aamel) TFo (aamﬂ...aanflUﬁ)
. (aal...aamHUfl> TR (6%”...6@" U;b)}

or the other way around, depending on which Wilson line has more derivatives acting on it.
By employing this procedure, we make sure that the non-symmetric operators are reduced
to a more symmetric contribution and a contribution with less derivatives acting on the
Wilson line operators. One can then proceed recursively in order to isolate all the 1-body
contributions from the higher-body terms. However, we should emphasize that a stronger
hypothesis is required in order to study genuine twist corrections, which are left for future

,10,



studies. Nevertheless, as mentioned earlier in this study we focus on the kinematic twists.

In order to clarify our discussion, let us consider the case for n = 4. The generic CGC
amplitude for a 1 — 2 process, when expanded to O(r?*), after employing the procedure
described above, reads

Aosi2 = (2m) 6 (pf +p3 — pg) /de d*r e_’(‘i"")_’("“'b)M

r2
a1

z (aalU;ﬁ) TRoUé'%Q (1 + iZ (k ) 'I“) + (Z'Z (k : 7“))2 n (iZ (k . ’)"))3>
_ZU;ﬁTRo ((:)alUé%g) <1 4 —iz(k-7) X (—iz (k- 7“))2 n (—iz (k- r))3>]

2! 3! 4!
2! 3! 4!

2! 3! 4!

120 [z (00, U1 ) 710 (00,00 U <$ - W) (3.4)

2 Oy DU ) T (00, U3 (% | 2iztk 1)) (4'? : r>)>]

=2t (00, U ) T (00, U2 (1 i Gk LCAL) B el et 1 U2 ’“”2)

1
s (00,0007 ) T (00,00 U) -

As emphasized multiple times earlier, our aim in thus work is to study the <6a1 Ufl) Thy, 52

and U;%lTRO <8a1 Ué%) terms and perform an all-order dipole size resummation for them.
This amounts to the Wandzura-Wilczek approximation for all twists [54]. Here after, we
denote all the amplitudes and the cross sections obtained from the CGC calculations by
adopting the Wandzura-Wilczek approximation with the superscript WW. With our sym-
metry argument, it is easy to obtain a generic form for the n-th power in the amplitude,
by performing (n — 1) integrations by parts on the least symmetric terms. Summing up
such contributions for all n leads to

Ay = )8 (o] + 08— o) [ oy e ien Ll (3.5)

iz(k-r)" —iz(k-r)]"
ert [ oo S e (0,0 3 SR

It is now straightforward to perform the resummation explicitly which results in the fol-

lowing form

—i(g-r)—i(k- i
AV, = (2m) 6 (pf + 13 —p) /dzbd?re A (3.6)
Z’E(k-')") _ 1 71'2;(](;-7-) o 1
ar |z Ry RorrR2 € _ RipRy Ry ¢
x 1% [z (0a, U3 ) TR0 e U (0,037 _iz(k‘r)]
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The integral over the dipole size r is factorized from the rest of the expression and can be
performed explicitly by considering the following integral

i /rirj eii(p'T) — 1 _ila-
IV (p) = /ddr P P e~iar), (3.7)

for p = Zk or p = —zk. The details of the calculation can be found in Appendix C and
the result reads

l

- l 1
i () = —2Y" (pigit 4 pigit — plgii) (L TP _ 9
1 (p) = -2 5 <p5 +plot — pls )((q+p)2 q2>. (3.8)

Plugging this result into Eq. (3.6) and reintroducing the transverse momenta of the pro-
duced particles (p1,p2) leads to the final expression for the generic CGC amplitude for a
1 — 2 process in the Wandzura-Wilczek approximation:

AW — (2m)% 5 (F + pf — i) /dee—i(k-b)% (kiéjl L Rist kléij)
I

! l
q_ & JrrR1 RorrR2 q_ _ P~ R1pRo J 77 R2
x[<q2+pg><3 Ul >T Uy +<q2 p1>U T (aU )} (3.9)

Using the generic CGC amplitude given in Eq. (3.9), the generic cross section can be
calculated in a straightforward manner and the result reads

WWw
dog’ 1o

dy1dy2d*p,d*p,

2r) ., . /de Y k)
_ 5 + o TS i
1600 =6 (pf +p35 —pf <¢¢ ) 7 o) se

0)
(kléﬂ + kIS — lél]) <kz §i' Lk s kl/(;i/j')

{(g_ %) ( @, p_) (1 (0 ) TRy TR (5700
P (L4 2) (g_ -8 (1 [(pu) e (o) o)) e
+ (3—; - %) (Z—Z + %) (T [ugh e (Gug) v TRt (o' uit)] )
+ (Z_; _ g_i) (Z_Z _ i_g) <Tr _Ué’ﬁTRo <ajU;%2> (aj/U;?ﬂ) TROTU;?lT_ >} ’
1 1 - -

where the factor ﬁ originates from the spin and color averaging over the incoming state
and (---) is defined in Eq. (1.5). The color Fierz factor Cy is N, for a quark, (N2 — 1) for
a gluon and 1 for a photon.

Eq. (3.10) is the main result of this paper. It is the generic CGC cross section for a
1 — 2 process that resums all kinematic twists. By introducing the proper color structure
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and the proper Dirac structure for a specific 1 — 2 process, one can get the kinematic
twist resummed CGC cross section for that specific process. In the following sections, we
study several of such specific processes and show that the results match exactly the ones
obtained through the iTMD calculations.

4 Dilute limit of a generic 1 — 2 process in the CGC

For very high values of the center-of-mass energy s or for dense targets, multiple scatterings
are expected to occur. In practice, for values of |k| of the order of the target saturation scale
Q? ~ (A/x)1/3, it is expected for the target fields A~ to scale like 1/g due to a high gluon
occupation number, so that gA~™ must be resummed into the path-ordered Wilson line
operators U;% which are the natural building blocks of the CGC or shockwave formalisms.

The regime where |k| > Qs, is referred to as the dilute limit. In this limit gA~ is
expected to be small and therefore one is allowed to expand Wilson line operators in gluon
fields (or in Reggeon fields for more involved analysis, as [26, 55]) or equivalently to use a
dilute formalism like BFKL.

In this section, we consider the dilute limit of the CGC by expanding the Wilson line
operators in the generic CGC amplitude for a 1 — 2 process whose expression is given
in Eq. (3.1). The generic Wilson line operator, when expanded in powers of the strong

coupling constant g, in arbitrary representation R reads
UR =1 +4igT8 /dm+A; (z1,0,2) + 0 (¢%) . (4.1)

with T% being the SU(N.) generator in the representation R. Then, in the dilute limit,
the generic CGC amplitude given in Eq. (3.1) can be written as

A = ig (2m) 5 (F + 1§ ) [@odPr a0 g,
x / Ao [T, T8, [A7 (25,0.b — 2r) — A7 (4,0,b)] (4.2)

a

+T% Try [A; (24,0,b+2r) — A, (27,0,0)] } .

a

After introducing the incoming target state P and the target remnant states X, and using
the translation invariance of the (X [(...)| P) matrix elements, one can easily integrate over
the impact parameter which yields to the following form of the matrix element:

(X[ A4g538| P) =ig (om)* 5 6+ P~ P =) [ emien L, (x| a7 )] )
X |TrgTh, (750" = 1) + Tf, T, (57 —1)] . (4.3)

In Eq. (4.3), the integral over the dipole size r can be performed in a straightforward
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manner by using the well known integral

o T —i(er) Y
/d T3¢ wET) = —2Z7Te—2, (4.4)

which finally leads to the following form of the dilute amplitude

(x ‘Agﬁqg‘ P) = 2mg (2m)* 8 (k + Px — P — po) (X |47 (0)| P) (4.5)
i p I i
o (P11 4L a by, 4
g [TROTR2 (?% - ?) R (73 * ?)] Pu

The cross section in the dilute limit can be easily obtained from Eq. (4.5), and the result
reads

dof’yy a At d?b - .
= 255 (pF +pT —pt / o i(kb) P|AZ (b) A7 (0)| P, i ix
dyldy2d2p1d2p2 4s (pl p2 pO) (271')2 < ‘ ( ) ( )‘ >b =0 (QS §Z5] )
a pli qi a pé qi
X TI'{ |:TR0TR2 <p_% - ?) - TRlTRO <IT% —+ ?>:| (46)

X

J J J J
retrt (PL_ 4\ _ptoqet [P2, T )
R2™ Ro <p% q2 Ro™ Ry p% q2

Finally, it is customary to introduce the unintegrated parton distribution function (uPDF)

G (k) that is defined as

2p
/ db™ / (;lﬂl;ze—l(kb) (P|A; (b) A7 (0)| P) = (2m) P~ g“;ﬁ"’) (4.7)

with
0%Gue (k) =G (k).

Averaging over the spin and color states of the incoming parton or photon, we arrive to
the generic form of the cross section in the dilute limit:

L )t (4 + 05 1) (077) S
(G2 (B2 r i)
R T
n <‘J_2 - %) <Z_j - %) T (T T4, i, T, ) } :
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with Cy being the factor that one obtains via color averaging, as introduced previously in
section 3. We would like to draw attention to the similarity between dilute limit of the
generic cross section given in Eq. (4.8) and the kinematic-twist-resummed cross section
given in Eq. (3.10). We discuss the implications of this similarity in section 7.

5 Small-x Improved TMD factorization (iTMD)

In the following section we briefly recall the small-z improved TMD factorization con-
structed in [50]. Although the framework is more general, here we focus on dijets in pA
and A collisions. This section is organized as follows. We first list and explain the general
form of the formulas for dijets in pA collisions. Next, we shall put the iTMD formulation
into the context of the TMD factorization theorems to better clarify the terminology. In
the end of this section, we shall give the formulas for the cross section for all channels in
a form that can be compared with the CGC framework.

5.1 Framework

The iTMD factorization formula for pA collisions has the form of a hybrid generalized
kp-factorization. That is: (i) the incoming dilute projectile is described by the collinear
PDF as it is probed at large = — so called hybrid approach [56], (ii) the target is probed at
small z and is described by a set of process-dependent TMD gluon distributions, (iii) the
hard factors are constructed from off-shell gauge invariant matrix elements. Thanks to (i),
the formula for the cross section can be written as

dopA—2j4x = Z Joyir ® doqa—sgg + fo/m ® [doga—sgg +npdogaqg] | (5.1)
q

where f,/p is the collinear PDF for parton a = ¢, g (we can safely neglect antiquarks in this
approximation), ® denotes the convolution in the longitudinal fraction z, of the proton
momentum carried by parton a, ny is the number of flavors. The remaining objects are
cross sections for scattering a parton a off the target to produce the given final states.
They can be generically written as follows:

dogA—sbe + 1 7 (2) (@)
=pdo (pf +pf —pd) = H", P k 5.2
d?p,d2psdy, dys Po (pl e po) 32 i;; ag*—bc (P1, P2, 2) ag—be (za,k), (5:2)
where 5 = z,x 435, 7—26(2*%5) . are off-shell gauge invariant hard factors and @gigﬁb . are un-

polarized TMD gluon distributions in the target. The sum over ¢ corresponds to two
inequivalent color flows that exist for each channel.

The TMD gluon distributions @),
basic distributions with the following operator definitions [38]:

detd’g
(2m)3 P~

are linear combinations [50] (Table 1) of the

Fig) (w, k]) =2 / Pk (P [P QU U] 1P) (53)
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2 A , (] . N
F) (a,|k]) =2 / (;lgigd]f_empﬁ*—lkf (P| %UC]TI« [F’_ (©UITTE (O)UH] P)
(5.4)
2 (mlf;
73 k) =2 [ L er et oy T [ et o] iy,
(5.5)
+ 72
P (o) =2 [ AR ke gy [P ] e [ o) 1Py
(5.6)
+ 72
7y (ol =2 [ GRS e ey B @ui R o 1Py 6)
g

7 ) =2 [ PR (P T [P (U U] 1Py, (58)

(2m)3 P~
+ 72 o ) . o
P (wlil) =2 [ SELE btk iy [ (U (0)uTut] |)

(27)® P~
(5.9)

+ 72 o )
R k) =2 [ (oo e
(2m)” P~

Tr (U] Tr [PF]
N. N.

(P| Tr [F’ ©OUHTE= ) U] |P) | (5.10)
with F (&) =t F2 (1,67 =0,€). The staple-like Wilson lines appearing above are defined

as

U = [(07,07,0) , (£o0,07,0)]
[(£00,07,0), (£00,07,&)] [(£00,07,€), (£7,07,€)] . (5.11)

The Wilson loop is made from two staples glued together:
Ut — gyl (5.12)

The off-shell gauge invariant hard factors H?) involve incoming off-shell gluons with
momentum k = x4 P+k , k* = —k?, coupled eikonally to the target via a TMD correlator.
In general, such Feynman diagrams are not gauge invariant when calculated using the
standard QCD Feynman rules. There are several ways, to deal with this. First, one could
use the Lipatov effective action and resulting vertices in the quasi-multi-Regge kinematics
[70]. In [71-74] other methods have been developed, based on the spinor helicity formalism,
especially convenient to deal with multiparticle processes and to guarantee fast computer
implementation. The method [72] has been recently extended to loop level [75]. The easiest
way to understand the diagrammatic content of the hard factors is probably provided by
the method [76] which defines the gauge invariant off-shell amplitudes as partonic matrix
elements of straight infinite Wilson line operators. In case of the hard factors involving
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7 1 2
1 NQJ:(I) Q,F(3) 1 sz@) 2]:'(3)
o IN2 ( cvgg — gy ﬁ( cYgg T gy
99*—g9 ¢ ¢
+ F D+ FD) + N2FL) + FD+ FD + N2FLY)
O L (N2r) _ 70 _N2F@) 4 FG)
99" —qq N2 -1\ ¢"9 99 ¢’ 99 T/ gq
). (1) 1 1 2 (2
9" 49 Fag NZ_1 (—]:q(g) + N, ]:q(g))
(4)
q)vg*—wﬁ ‘7:9(3) o
(4)
(I)qg*ﬁvq }—q(;) o

Table 1: The TMD gluon distributions corresponding to the hard factors H (.

one off-shell gluon needed here the Wilson line has a direction along P~. The diagrams
contributing to each channel for pA collisions are given in Fig. 2.

The form of the generalized factorization (5.2) appears as follows. First the color
structure is separated from the kinematic part of the amplitude by means of the color
decomposition [77]. The amplitudes with the color structure separated contain only planar

(@)

ag—be
derived for the color structures (squared) following the general procedure of resummation

diagrams with fixed ordering of the external legs. The TMD gluon distributions ® are

of collinear gluons constructed in [38]. The color decomposition of amplitudes guarantees
that each &

ag—be
and application to multiparticle processes see [78].

corresponds to a gauge invariant subset of diagrams. For more details

The iTMD formula was constructed to agree with the kp-factorization for dijet pro-
duction [79] in the limit of k? ~ Q2 > Q? and also with the leading power limit of the
CGC expressions [40] for Q% > k? ~ Q2. In the present paper we further compare all
the power corrections contained in the framework. To this end, we need the small z limit
of the TMD gluon distributions compliant with the CGC theory. They are obtained by
neglecting the x dependence in the Fourier transforms and trading the hadronic matrix
elements to the averages over the color distributions in the nucleus. In addition, lightcone
gauge is used, in which for the shockwave approximation the transverse components of the
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q9" = q9 %

k
—

000000 y—>——

99* = qq : I
k % ;
99" — g9 :
k k

Figure 2: Diagrams contributing to the gauge invariant hard factors H

l»

l
l»
l»

c(LZg)*Hbc
channels. We show only planar color-ordered diagrams, i.e. the planar diagrams with fixed
ordering of external legs, as they are enough to reconstruct the hard factors contributing
to the in-equivalent color flows (see Section 6 of [50] on how to reconstruct the hard factors
from color-ordered amplitudes and [77] for a general review of color decompositions). The

off-shell gluon has momentum k. The double line corresponds to the Wilson line propagator

for various

in momentum space, which couples to gluons via the igt® P* vertex. The double line
propagator with a momentum p is —i/ (p - P + i€). These diagrams have to be multiplied
by k> /g — for all the details see [76]. We do not display the diagrams for processes with
a photon since they do not require the use of a Wilson line, despite the off-shellnes of the
gluon.

gauge fields do not contribute due to EOM. This allows to neglect the transverse parts of
the staple gauge links (5.11). Within the above approximation we have [40, 41]:

FU = ;12 / d;;c:;y - <Tr{(6in) <6iUJ3)}> , (5.13)

FO = % dz;:i;y eik-(wwNic (m{,) v} (o03) vl e {vyUi}) - (5.14)

-7:9(_(1,) — ;12 /% e—z‘k.(m—y)Nic <Tr {(ain) (@‘U;E) } Tr {UwU;}> , (5.15)
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FO - _% / Lad’y eik-@vy)Nic (t{@va)vf} m{ov,)vi}),  (5.16)

(2m)®
2,72
}_(3 _ 4 /d xd'y o—ik-(@—y) <Tr{(0,~Uw)U;S (0;Uy) U;}> , (5.17)
4 4 d2a:d2y —ik-(x—
R [P e (g osy ). o0

anch i
F :__/ e (1 { (0,Ua) UJULUL (00, ULU,ULY) . (5.19)

2 2
FO -4 / Txdy ik (z—y)

% <Tr {((%Uw) Ul (0:Uy) U;} Tr {Ung} Tr {UyU;}> . (5.20)

For completeness, let us now put the iTMD formulation into the context of the formal
TMD factorization theorems [31]. First, one should understand that it does not involve
an all-order factorization theorem like the ones existing for the Drell-Yan process and
semi-inclusive DIS. These theorems are proved to leading power in the hard scale to any
logarithmic accuracy, while the iTMD framework resums the power corrections, but its
validity is limited to leading logarithms of energy. Next, the mentioned TMD factorization
theorems involve processes with at most two colored partons in the hard process (plus
soft/collinear contributions of course) and two TMD correlators (parton distribution or
fragmentation function). Because of the simplicity of the color structure, all Wilson lines
appearing due to the resummation of collinear gluons can be disentangled and put into the
gauge invariant definitions of the TMD objects. For jet production processes in hadron-
hadron collision, where formally one has at least two TMD correlators and more than two
colored partons, it is not possible. Thus, formally, even the generalized factorization breaks
down [80]. However, in the iTMD approach, which targets the collisions of a moderate-x
projectile and a low-z target, there is only one TMD correlator, thus, at least formally, this
problem does not occur. On the formal ground there is no all-order proof of the hybrid
approach so far.

Finally, let us comment on the evolution equations for the TMD gluon distributions.
The most adequate treatment would be using the renormalization group equation at small
and moderate = developed in [81, 82]. It however still requires work to derive the complete
set of equations, not to mention solving them. An important feature of such procedure
would be that some Sudakov logarithms Ink? can be consistently resummed. For exist-
ing phenomenological applications using iTMD [51, 83] the evolution was based on BK or
B-JIMWLK and some Sudakov resummation effects were estimated by means of a phe-
nomenological model.
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Below, we explicitly give formulas for the cross sections (5.2) in a form that can be
directly compared with the CGC expressions.

5.2 qg" — qg channel

We get
dogA—qg —ts W O ® @
Pp,Ppydyidy; P (o1 +p3 )[%qgﬁqg ag-a9 T Magge® qgﬁqg] ;o (5:21)
with ) )
Mt 20 5 L e 2] 522
Hi 2 Ny 2(1+7) (5.23)

=«
q9—qg s 2 2.9
I PiD5

Note, that the above hard factors H((Jis?%qg are not exactly the ones in (5.2). The expressions

are however more compact in the above notation.

5.3 g¢gg* — qq channel

dO’gA—>q§ (1) ( (2) (2)
d2p1d2p2dy1dy2 - pO 5 (pl + pZ - pO ) |:Hgg*>qq 99—qq + Hgg%qq ggﬁqq] R (524)
where 7V HP _are the reduced off-shell hard factors. They read

99—4q’ " 99—qq

2 2 2 2.2
o o5 _ pi(1—2)"+p3z
Hygsgq = 2]\1 2Z (1 — 22%) PN ) (5.25)
2
(2) o \2 _ (p1-p2)
= 2Z2)° (1 —2z2z) ———=. 5.26
99—qq 2N62 CF ( ) ( ) q2p%p% ( )
5.4 gg* — gg channel
doga—gg 1 2 2
Pp,dpydy1dys =py 0 (0 +p3 —pg) [Hég)ﬁggq)gg%gg Hég)ﬁgg 579)—>gg J (5.27)
with )
2N 72 4 p222
1 2 2 p1 P
H(gggg Cks NAC (1 — ZZ ) Tlm y (528)
N2 _ 232 2,2
0 _ 2Nl g @ pl L 5.29
Hogsgg = s N ( 2Z) 7 p1p2 ( )

Above, an additional symmetry factor of 1/2 was included to account for identical final

states.

5.5 ~¢" — ¢q channel

Ao A—sia
d2p1d;p;quqldy2 - p(J)rfs (p;r +p3 - paL) va*%gy]:gg) ) (5.30)
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with
2Z (1 — 22%)

7‘[’79*%99 = OlemOg p%p% (531)
5.6 qg* — g7 channel
dO-qAHq'Y +

=250 (b +f = P0) HaganFig 5.32
Ep Ppydyidys L0 (pf + 5 — ) Hag o FLL (5:32)

with 2 ( 2)

1 2zz7(1+=z

Hoo* = Qe Ols — —————>. 5.33
q9™—qY € s CA q2p% ( )

6 From the generic CGC process to the specific cases

In sections 3 and 4, we have computed both the kinematic-twist-resummed cross section
and the dilute limit of the CGC cross section for a generic 1 — 2 process respectively. Our
aim in this section is to get both of these cross sections for specific processes and compare
these results with the ones that are obtained through iTMD framework in section 5.

To be more accurate, we consider the photoproduction of a dijet, as well as all possible
channels for two particle production (dijet or photon-jet) in forward pp and pA collisions.
Within the CGC framework, hybrid formalism [56] is the state of the art approach for these
processes. It has been very successfully used to calculate the next-to-leading order single
inclusive particle production [57]-[66], heavy quark production [67], dijet production [41]
and recently dijet+photon [47, 68] and trijet production [69] in forward pA collisions.

In the hybrid formalism, the final state particles are produced in the forward rapidity
region so they can be treated in the collinear framework, i.e. the incoming partons are
on-shell collinear partons and the partonic cross section calculated in this set up should
be convoluted with the collinear parton distribution functions in order to get the hadronic
cross sections. On the other hand, the target is assumed to be dense and the center-of-mass
energy is large so it can be treated in the CGC framework. At the parton level, the set up
that we have used for the calculation of the kinematic-twist-resummed cross section Eq.
(3.10) and the dilute cross section Eq. (4.8) for a generic process is compatible with the
hybrid formalism. Thus, we use those results to study the different channels and compare
them with the ones obtained from iTMD framework in the rest of this section.

6.1 ¢ — gg channel

Let us start our analysis by considering the ¢ — gg channel (see Fig. 3). In this channel,
the incoming quark splits into a quark-gluon pair at order g; which then scatters off the
target via eikonal interaction. The CGC amplitude for this channel is given in Eq. (B.1).
In order to be able to use the kinematic twist resummed generic cross section Eq. (3.10),
the first thing we need is the tensor part of the amplitude that encodes the Dirac structure
of this channel and it is given by

105 ox - _
pla=99) = —;epglupq 229100 + 2 (V1Y 10)] Y Up, (6.1)
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whose square for an unpolarized observable can be calculated in a straightforward manner

and the result reads

¢i(q—)qg)¢’i'*(q—)qg) _ 5ii’ <29_;>2 (pa')z 16z (1 + 2’2) . (62)

One can read off the color structure in this channel from Fig. 3 and it is given by setting

po, Ro=F p,Ri=F

b b+ zr

Figure 3: ¢ — qg amplitude in an external shockwave background with the appropriate
color representations.

Ufl = Up, U;%2 = Ugb and T = T® This color structure leads to the following TMD

operators
o — (970,) T'U U T (97U, )
O~ — (§U,) TP (aJ U“> U, (6.3)
o= — U, T (aﬂ Ugb) yact e (aﬂ UT)
0= — U, " (aJUab) (aﬂ )T@UT

By using the identity that relates the adjoint and fundamental representations of a unitary

matrix
U(b) = 2Tr[t*U (b)t"U" (b)] (6.4)
and the Fierz identity
1 1
taﬁtaA = 5 [(504)\550 — Eéaﬁéa}\} (6.5)

one can easily get the following identities
T (9905") = (970)) T°Uy + UT® (99U (6.6)
(&7 vge) 7t = (90, ) Uy + U T (8 Uy ),

The next step is to compute the color trace of the TMD operators that are listed in Eq.
(6.3). By using the identities given in Eq. (6.6), these traces can easily be computed and
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the result reads

Tr (0[] = —%Tr (@) U (&7 Uy ) U | T (UhU7)) -

211\% Tr [(aﬁ‘ Us) (aj’Ug,)]

Tr _ogwgf - %Tr [(aﬂ'Ub) U (aﬂ“Ub,) UH Tr (UbUT,) (6.7)
Tr |05 = %Tr (@) Uf (070 ) U | T (U0 )

Tr [0 = —%Tr (@) U (7uy ) Ul | T (WU + %Tr (@) (070 -

Comparing the structure of the trace of the Wilson lines in Eq. (6.7) and the definitions
of the first two gluon TMDs in the quark channel ]:(5;) and ]:q(g) given in Eqgs. (5.13) and
(5.14) respectively, one can conclude that these are the two gluon TMDs which appear in
this channel. Moreover, for convenience, we can define the following combinations of the
gluon TMDs fé;) and .7-"(52) :

¢égqg (k)= ]:q(;) (k) (6.8)
2 1
o) (= NeFu (k) = Fig) (k)
q9—q9 Nc2 —1

which are exactly the same combinations that one gets from the iTMD calculations given
in the Table 1.

Finally, we can plug the square of the tensor part of the amplitude given in Eq. (6.2)
and the Wilson line structure given in Eq. (6.7) together with the definitions and the
combinations of the gluon TMDs Eq. (6.8) in the generic kinematic twist resummed cross
section Eq. (3.10) to get the cross section for ¢ — gg channel as

do 9% (l + 22)
2 2 - 2 9 P p +p P, .

2 2 2
2 D3 1 _2P7 1 N -1 2
(R (-2F)) s (B 2 )

which coincides exactly with Eq. (5.21) by using Egs. (5.22) and (5.23).

Our next order of business is to consider the dilute limit in the ¢ — ¢g channel.
Inserting the proper color representations in the dilute limit of the generic cross section
given in Eq. (4.8), we get

A~
dagqu _ g (27) Gac (k)
dydysd®p1dpy 16N, (pi)? K’

i i i i J J J J
P 4 p; q P 4 p; 49

with G, (k) being the unintegrated parton distribution function defined in Eq. (4.7). Using

(6'¢"*) g 0 (pi +p3 —p7) (6.10)

)
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the definition of the tensor part of the amplitude that encodes the Dirac structure in the
q — qg channel given in Eq. (6.1) and performing some color algebra, one simply gets the
dilute limit of the cross section in this channel:

do§ag 2427 o P31 Z°p]
= P (py +p3 —py) G (k) |14+2°5 — —
dyrdyad*p d®py —* 2pipy (b 25 =p0) G (k) @ N g

(6.11)

From Eq. (6.9) and (6.11), we also get a straightforward matching between the improved
TMD scheme and the dilute scheme:

O_gANO

a—qg — 9

ww
949 ‘q’giqg:q’g—)mg:g . (6.12)

The substitution <I>,(11_)>qg = <I>,(12_)>qg = @G in the iTMD scheme in the dilute limit can be
simply justified as follows. For |k| > Qs and large, the Fourier transforms in the operator
definitions force the transverse separation between the fields to be small. In that limit
the gauge links become identical, while the Wilson loops become trivial. This universal
behaviour was tested numerically in [51] and [41].

6.2 g — ¢ channel

The next channel we consider is ¢ — ¢g. In this channel, the incoming gluon splits into
a quark-antiquark pair at order gs, then it scatters through the target (see Fig. 4). The
CGC amplitude for this channel is given in Eq. (B.2) and the tensor part of it reads

, s o
¢flg%qq) - _Ziepiupq 229110 — (ViYL Y Upy, (6.13)

whose square can be computed easily for an unpolarized observable:

pil9—ad) gi'x(9—ad) — il (;7_;)2 (paL)2 162% (22 + 22) (6.14)

The color structure of this channel can be read off from Fig. 4 and it is given by setting

b —zr

p2, Ry = I

po, Ro =

p1, Ri=F

b b+ zr

Figure 4: g — ¢¢ amplitude in an external shockwave background with the appropriate
color representations.
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Uf L= Uy, Uf 2= Ug and TH = T® This color structure leads to the following gluon
TMD operators that appears in the generic kinematic twist resummed cross section given
in Eq. (3.10):

oF" — (9/ty) T'UjUy T (970}
0¥ — (3U,) TRU} (aﬂ U,,) U, (6.15)
oY — v,T* (99Uf) Uy T (970 )
o — uyrt (9'uf) (97'vy ) U

One can easily compute the trace over the color indexes of the operators listed in Eq. (6.15)
and the result reads

Tr [0 = %Tr (@) (97U )| T (Uyty) + 2]1\[ T | (9706) U} (97U ) U,
1
2N,

/)
Tr [0f 7] = Iy (@70) U T U (670 )| = 53T [(0700) U (970 ) U]
(6

T |(0700) U (97U ) U]

16)

Tr :ogw@: = Tr :<ajUg> Ub/} Tr [Ub (aj’Ug,ﬂ _ 2]1\[
T |0 = %Tr (o7"vy) (o0))| T (UsUr) ) + 2]1V6Tr (@uy) U (070 ) U

A comparison between the Wilson line structure in this channel given in Eq. (6.16) and the
definitions of the first three gluon TMDs in the gluon channel fé;), .7-"9(52]) and fég) given in
Eqgs. (5.15), (5.16) and (5.17) suggests that these are the three gluon TMDs that appear
in the g — ¢qg¢ channel. We define the following combinations of the TMDs which are the

same combinations defined in Table 1:

N2FS) (k) — Fsd) (k
‘I)él—)mq(k) — g9 ](\[2)_ : g9 (k) (6.17)
o), (k) = —N2FD (k) + FS) (k)

Finally, the square of the tensor structure, Eq. (6.14), the Wilson line structure, Eq.
(6.16), and the TMD definitions with the combinations given in Eq. (6.17) are plugged in
the generic kinematic twist resummed cross section given in Eq. (3.10). The result can
simply be written as

doWW_ o? 2z (22 + 22)
g—qq _ s +5 + +_ 7\ ") 6.18
dyidyap,@Pp, 2N PP ) =0 (6.18)
2 ) (1) (p1 - Pa) P g (k) + @ 2 (—K)
— O _(k (I) k > 9—qq 9—qq
x p% 9_>qq( ) + p 9—qq ( ) + zz p1p2 (N(:2 _ 1)

which coincides exactly with Eq. (5.24) by using Egs. (5.25) and (5.26).
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The next step is to consider the dilute limit in the ¢ — ¢q channel. Introducing the
proper color structure in the generic dilute cross section in Eq. (4.8), we get

dog ] a Guo (k) |+ -
949 s + + + + ac IPNES
= 2m)po 0 (P + Py — g 6.19
dy1dy>d®p,d®py — 16(N2 — 1) (pg)Q( P50 (4 ps = p5) = (6767) (6.19)

i i i i J J J J
cnfpe (B s (B L] [ (B-5) o (B2
pT 4 p; 49 Py 4 p; q

which after some color algebra leads to

o940 a? 2z (22 + 2%)
944 5 5 (ot Lot ot
dyrdyzd®p,d?p,  N.(N2—-1) 2pip3 "0 (w4 p3 = p5) G (k)
p3 p?
X [Nf (;;2—3 + 22—;> - 1} . (6.20)
q q

Finally, a comparison between the kinematic twist resummed cross section Eq. (6.18) and
the dilute limit of the cross section given in Eq. (6.20), again leads to a straightforward
matching between the iTMD scheme and the dilute scheme for g — ¢g channel:

gA~0 __

q j— j— N
9—q7 — 9g—qq ot =0 =g

o (6.21)

6.3 ¢ — gg channel

The next channel we consider is ¢ — gg. The CGC amplitude for this channel is given in
Eq. (B.3). The tensor part for this channel can simply be read off from Eq. (B.3) and it

is given as

295pg _ _
¢l(Lg—>gg) = SToggigg;iggji [ng_O'oo'ng_/J,UQ — 2291010291 poo + ZgJ_ooang_;Lol] (622)

Its square can be computed in a straightforward manner with the result being

. . L 2
¢i(9—99) pi'x(9—99) — i <29_8) (pSL)2 32(1 — 22)? (6.23)
™

The color structure of this channel is demonstrated in Fig. 5 and it is given by Ufl =U 51“1,
U;%Q = U;)’Q“Q and THo = faobib2  This leads to the following TMD operators once it is
inserted to the Wilson line structure of the generic kinematic twist resummed cross section
in Eq. (3.10):

Ogg—mg) _ (8]‘U§1a1> faoblbgngagUg/gczfaoclcg <aj'Ulec1>

Oég%gg) _ (ajU£1a1> faoblbgUggag <aj/Ug/2cg> frocieagaes (6.24)
Oégﬁgg) _ Uglal fpacbibs <alel))2a2) Ugzez paocics (aj/Ulc:llcl)

(’)SngQ) _ Uglalfaoblbg <8lel:2a2) <8j'UgIQCQ> faoclcQUgllcl_
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Figure 5: g — gg amplitude in an external shockwave background with the appropriate
color representations.

After a standard but cumbersome color algebra, the trace over the color indexes of the
above TMD operators can be written in terms of the fundamental Wilson line operators as

Tr |0 =~ [(970,) U} (87" Uy ) Ul | T (0o, ) T (U U

=T [(070s) UU U (87 Uy ) UL U U]

e (el (o)) -n () o ()] e
+ %{Tt [(o0]) (070 )| T (0], ) + T [(070) (07U )| 7 (w0 }

[ (999 ] - [(aﬂUb Y Uf (af Uy ) UT] Tr (U,,UT ) Tr <Ub UT)
Ty [(8]Ub ) UU, US (aﬂ Uy ) U, UbUT]
+Tr [(aJU ) Up (aﬂ UT) Ub} Ty [(aJUb ( ) Ug] (6.26)
+ 5o o @) (070 ) o] + 1 o (070 )| e [ (70 ]
[ (999 ] =Tr [(&U) U} (af Uy ) UT] Tr (U,,UT ) Tr <Ub UT)

[
Ty [(8]Ub ) UU, U (aﬂ Uy ) U, UbUT]
[((WUD Up (aﬂ UT) Ub} Ty [(aJUb) Ul (af Uy ) UT] (6.27)

N7{Tr Uy (270))| T | (707) U | + T [ (00) U | T [ (970 ) U }
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and
Te (07| =~ [(@Uy) U (87" Uy ) U | T (U0, ) T (0 U
~ Tr | (970y) U UL U (97 Uy ) U}, UbU |

4Ty [(aﬂ‘Ub) Ul (aﬂ“Ub/) UH Ty [(aﬂ‘Ug) Up ((W'Ug/) Ub/] (6.28)
+ %{Tt (070 ) (20f)] T (ot ) + T [(0700) (7', ) | T (U Uy ) }

Comparing the Wilson line structures appearing in Eqgs. (6.25), (6.26), (6.27) and (6.28)
with the TMD definitions given in Eqgs. (5.18), (5.19) and (5.20), one can conclude that
on top of the gluon TMDs ]__9(51’)’ ]:gg) and ]:5(,2) that have already appeared in the g — ¢g
channel, one also gets new gluon TMDs ]:g(;l), ]:5(,2) and ]:5(,2) in the g — gg channel. Again,
for convenience, we define the following combinations of the TMDs

1 Fag (k) + Fog) (=K
P30 () = 33 [foé? (k) -+ F(3) (k) + Fi) (k) = 273 (k) +N3< CRURSZ A
(6.29)
2) L | 2 ) () (3) o [ Fug) (k) + Fia) (—k)

which match exactly the combinations one get from iTMD calculations given in Table 1.
After plugging these results into the generic kinematic twist resummed cross section given
in Eq. (3.10), we get the result for the g — gg channel as

doV ¥ N2 (1—2z2)?
999 2 Ve 4o+ 4+ 4
=2« ) + — 6.30
dy1 dyod?p,d?p, SN2 — 170 (p1 P2 = Po ) pip3 (6.30)
_(p1°P2) 1 (P1°P2) 12
X [(1 + 2 o) (k) — E o) (k)|

where a factor 1/2 is added due to the symmetry. This result coincides exactly with
Eq. (5.27) by using Egs. (5.28) and (5.29).

Let us now consider the dilute limit of the cross section in the ¢ — gg channel. Once
the proper color representations of this channel are plugged into the dilute limit of the

generic cross section given in Eq. (4.8), we get

dog s as ., Goe (K)
- 2m) pg 6 (01 +p3 —pg
dyidy>d®p1d°py 16 (N2 — 1) (p0+)2( )pgd (P +p3 —pg) 2

% TI‘{ |:faoa1bfba2a <ZLll o q_2> + faoagbfbala <Zé + q_;>:|
q

(¢'¢’*)  (6.31)

Pt p5 q
pl & P, @
% faoaldfdagc _; — = + faoagdfdalc _3 + =
pP1 q p; 49
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which after some color algebra leads to

o s ) N2 (127 2 (p1 )
=2 c o5 (pt +pt —pt) 22 g k) (14 Z2PLP2)
dyldy2d2p1d2p2 g Nc2 _ 1p0 (pl +p2 Py ) p%p% g( ) + q2 ,

(6.32)

with the symmetry factor of 1/2. As a last comment for this channel, we would like to
emphasize that a comparison between Eqs. (6.30), (6.32) and the iTMD results lead to the
same matching condition between the iTMD scheme and the dilute limit:

gA~0

0-9_>99

wWw
=0, 0 . 6.33
g%qq‘q’gzgg:q’fﬁ)gg:g ( )

6.4 v — gq channel

We have used this channel as an example to study the corrections to the back-to-back
correlation limit in subsection 2.2. In this subsection, we generalize that study by using
the generic expressions for the kinemtic twist resummed cross section and the dilute limit
of the generic CGC cross section. The amplitude is given by Eq. (2.6) from which we can
read off the tensor part:

n . € _
¢l(;/—>qq) = ZﬁegLupq [2Zgl;w - (WLMVLU)] 7+qu (6'34)

The square of the tensor part for an unpolarized observable can be calculated easily and
the result reads

P9 i *(r—ad) — 5 (%)2 (pi)? 1622 (2% + 22) (6.35)

The color structure for this channel is demonstrated in Fig. 6 and it is given by setting

b —zr

p2, Ry = I~

po, Ro =1

p, R =F
b+ zr

Figure 6: v — ¢q amplitude in an external shockwave background with the appropriate
color representations.

Uil = Up, U;ﬁ22 = U;r and 75 = 1. This color structure leads to the following TMD
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operators:
oP " — — (270,) Uy (9/'Uy ) U
051 = (91U,) U} (8J'Ub/) uf, (6.36)
Oy — (91ty) U} (¢7'Uy ) U
oY = — (270,) U} (8" Uy ) U,

The trace over the color indices can be performed in a straightforward manner and one
can easily conclude that this channel involves only one TMD fég) which is also referred to
as the Weizsdcker-Williams TMD defined in Eq. (5.17). Using this result and the square
of the tensor part given in Eq. (6.35), we can write the kinematic twist resummed cross

section for this channel as

doW W 53 (22 + 22)
Pp Pp 00 (P + 13 — 1) T o Fy) (K 6.37
dy1dysd®p,d2p, Qem@spy 0 (py +py —pp) o 0a (), (6.37)

which coincides exactly with Eq. (5.30) by using Eq. (5.31).

Using the proper color representations for this channel and the dilute limit of the
generic CGC cross section given in Eq. (4.8), we can simply write the dilute limit of the
cross section for the v — ¢¢ channel as

ngAfQ o G (k) (i
=49 : s 5 (t Lt o i g

2m) py b (py +p3 — D ¢'¢’ 6.38
dydy2d*pid®py 16 (pH)2 (2m)ps ( ' ? ’ ) K? ( ) ( )

)

i i i i J J ‘ J
xTr[t“(%—%)—i—t“(p—;—l—q—Q)} Tl [ p—é+q—2
Py q P, q Py 4 p; g
which, after a simple color algebra and using the result for the square of the tensor part
given in Eq. (6.35), leads to

dg 940 2z (22 + 22)
V—ad N
= Qo 1) + — g(k). 6.39
dyrdysd®p,@Pp, 0 (7 + 72 = 0) pip3 (k) (6.39)

Finally, we would like to mention that a comparison between Eq. (6.30) and (6.32) suggests
a similar matching between the iTMD scheme and the dilute limit of the CGC calculation:

gA~0

Oy—qq = O

oraal 7 _g (6.40)

6.5 ¢ — g7 channel

The last channel we consider is the ¢ — ¢y one. The CGC amplitude for this channel is
given by Eq. (B.4) from which we can read off the tensor part as

1€y gy _
BT = S Ty, (220 10 + 2 (117200 7 (6.41)
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Its square for an unpolarized observable can be written as

pila—an) pi'*la—an) = sii’ <2e_7qr)2 (par)Q 16z (1 + 27). (6.42)

As it can be seen from Fig. 7, the color structure of this channel is quite simple. One gets

b —zr

p2, Re =1

po, Ro = F p,Ri=F

b b+ zr
Figure 7: ¢ — ¢y amplitude in an external shockwave background with the appropriate

color representations.

the proper color structure by setting U;%l = Up, Ué% =1 and 7% = 1. With this simple
color structure, only one TMD operator appears in this channel which reads

Ol = (§1U) <8j'U;r,) . (6.43)

Performing the trace over color indices leads to fé;) TMD which has been introduced in
Eq. (5.13). Plugging these results into Eq. (3.10), we get the cross section for ¢ — ¢
channel:

dog"e _ Qem®s g5 (of +p5 —pd) 22 (1+2%)
dyy dy2d?p, d2p, N, PO TR b p3g?

which coincides exactly with Eq. (5.32) by using Eq. (5.33).
Before we continue with the dilute limit for this channel we would like to mention

Fi (k) (6.44)

that Eq.(6.44) is exact and it resums not only the kinematic twists but all twists for this
process, i.e. no higher-body twist correction is expected for the ¢ — ¢y channel. This is
due to the fact that one of the Wilson line operators is trivial for this process and there is
no other TMD operator involved.

Inserting the simple color structure of this process into the dilute limit of the generic
CGC cross section given in Eq. (4.8), we get the dilute limit of the cross section for the
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q — g7y channel:

A~0
da%;qyz - 2(2ﬂ)p35(pf-%p§-—p3)gzwgk)(¢%ﬂ*) (6.45)
dyrdy2d*prd®py 16N, (pg) k
j

i i J J
xﬁp«ﬁ+%ﬂtc%+%
Py 4 p; 4q

An _

dog™ey _ QemQs 4o+ o+ _ o+ 222 (1+2%)
ddiodo. o N, Po (pf +p3 —pg) 73
yi1ay2a=p1a=py c pP3q

)

which leads to

G (k). (6.46)

As in the case of the other channels, comparing Eq. (6.44) and (6.46), we also get a
straightforward matching between the improved TMD scheme and the dilute scheme:

gA~0 __ o

wWWw
9q—qy = 9g9—qv ‘fé}l):g : (6.47)

7 Discussions

Earlier studies have shown that for certain observables the small-z limit of the TMD frame-
work and the so-called ”correlation limit” of the CGC framework overlap. In particular,
two particle production (such as dijet or photon+jet) in forward pp and pA collisions,
gluon TMDs can be recovered from the CGC calculations in the correlation limit. This
specific limit corresponds to the case when the total transverse momentum of the produced
particles k is much smaller than the hard scale Q. On the other hand, it is also well known
that in the dilute limit of the CGC framework, that is in the limit when the total trans-
verse momentum of the produced particles are of the same order as the hard scale, one
recovers the BFKL results. Recently, the small-z improved TMD (iTMD) formalism has
been developed to interpolate between these two limits.

In this paper we studied two cases. First, by studying the correlation limit of the CGC
amplitude for a generic 1 — 2 process, we identified the kinematic twist contributions from
higher order terms in the Taylor expansion of the transverse size of the pair of particles
produced in that process, resummed those twist corrections in the Wandzura-Wilczek ap-
proximation, i.e. neglecting all genuine twist corrections. The kinematic-twist-resummed
cross section for a generic 1 — 2 process, Eq. (3.10), is then used to compare the results
obtained in the iTMD framework for different channels in forward pp and pA collisions.
The perfect matching between these frameworks proves that the iTMD formalism is fully
obtained from the CGC formalism by taking the Wandzura-Wilczek approximation.

Second, we considered the dilute limit of the CGC amplitude for a generic 1 — 2
process. The BFKL amplitudes obtained by taking the dilute limit of the CGC amplitudes
are shown to match iTMD results by simply setting the different TMD distributions to the
unintegrated parton distribution function that defines the target.

One of the most striking results of this study is the perfect matching between the hard
parts of the kinematic twist resummed cross section and the dilute limit of the CGC one.
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This can be explained in the following way. The kinematic twist resummation procedure
that has been developed in this paper isolates and resums the parts of the higher-body
contributions which can be rewritten as gauge invariance fixing counterterms to the 1-
body hard part. The remaining terms are the genuine twist contributions which vanish in
the dilute limit since they account for multiple scatterings. In that sense, we resum the
terms which do not vanish in the dilute limit. Thus, the difference between a rigorous twist
resummation and the dilute expansion does not lie in the hard parts. Instead, it is linked
to the way the hard parts couple to the distributions.

While iTMD distinguishes distributions depending on their gauge link structures,
therefore extending its validity range in terms of |k| /Qs when compared to BFKL, both
formalisms rely on the Wandzura-Wilczek approximation in the CGC.

With the previous observations, two origins of saturation can be expected. First of all,
the difference between BFKL and iTMD is related to the distinction between gauge link
structures, which account for multiple scattering from low x gluons. As discussed earlier,
all distributions are equal at large |k|/Qs and distinct at low |k|/Qs, were saturation
is expected. In that sense, the saturation scale ()4 is the parameter which controls the
importance of multiple scatterings via gauge links. On the other hand, BFKL and iTMD
both rely on the Wandzura-Wilczek approximation when compared to the CGC. It will be
very instructive to compare predictions from iTMD and full CGC once genuine twists are
extracted from the CGC as well [94]. This would probe Qs as the parameter which controls
the importance of multiple scattering via genuine twists.

As a natural extension of this study, we plan to perform a similar analysis for more
complex observables where not only the unpolarized TMD distributions but their linearly
polarized partners appear. The two immediate observables that we are planning to study
are the heavy quark production [46] and three-particle production such as dijet+photon
production [47].

Last but not least, we would like to mention that recently there have been several
studies devoted to understand the subeikonal corrections in the CGC framework [84-93].
Comparing those to the future moderate-x corrections to the iTMD scheme would be also

a natural extension of our study.
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A Effective Feynman rules in the external CGC shockwave field

In this appendix, we list the effective Feynman rules that are used to calculate the CGC
amplitudes in Appendix B.

Qutgoing quark line:

Nl

2 P
B 1 (pF ig (z_—w—i—m) —i(pgm1 ) +i—L (m2+i0)
mew=5<ﬁ) [t T 00,0 (<) + 0 ()]
N A .
7 2 T — Z m
_ + — 11 0L
X — | Up,y (7 - ——+ —) (A1)
(zJ > " I 1

Outgoing antiquark line:

d 2 L+
1 /(pi\?2 ipT ([J’“”?—*zo)—ﬂo) —i(p-xa)+i—2 (m2+i0
&> [ S o () 40 ()

d
7 2 _ i‘gj_—ﬁ(u_ m +
X | — Y o — D — T |V Ups (AQ)
<zo+> ( z; pq+> g

Incoming gluon line:

+\ 2 _ipt 7_(w0—z0)2_~0) .
D p, (z . 10 | +i(py-xo)
e (p0, 20) = (ﬁ) / d'zoe T\ (U000 (257) + 5°070 (=)

@

Outgoing gluon line:

[V][~%

xOJ_O'O - ZOJ_UQ o0
<gllt000 + ¥ M2p0 | Epg L (A.3)
20

d
+\ 2 ipt (o= @amz)?=i0\ .
ei)La* (pga ZO) = (%) /dd;cge Pg ( 0 223 ) (Pg 2) [U;ge (_Z(-)i-) +6ab9 (Z(-)i-)}

1 \?2 T210 — 20L
X (Z—+> (giua + %HQ!L) €g:l (A4)
0 0

[N]IsH

B CGC amplitudes for all channels

In this appendix we list the CGC amplitudes calculated by using the effective Feynman
rules listed in Appendix A.
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q — qg channel for forward dijet production in pp and pA collisions:

-Aqﬁqg — %60* (27‘(‘) 5 (p(-]i- +p+ _p-i-) /dedQ,’ae—i(Q'r)—i(k-b)

o Pol g
L (Vg - (503)] (B.1)

X Up, [QZQL;M +Z ('VLMVLJ)] 7+up

g — qq channel for forward dijet production in pp and pA collisions:

Ag—>qq = —ig—;&gj_ (271') 1) (p;' +p(‘j" _ p;') /dedZ,,,e—i(q.r)_i(k.b)

L (VnszrtiUl_o) - (027)] (5.2
X Up, [QZQL;M - (VLMVLG)] 7+qu

g — gg channel for forward dijet production in pp and pA collisions:
A _ 2gp™ €99 g71* g02* (o) 5( gt — +) BPbd2re—Har)—i(kb)
9799 — T “plSpglSqel by =4y —D

n
r
_J_ boblbg boao b1a1 b2a2 _ boblbg b1a1 bgag boao
X r2 |:f 0 UbJrETUbfzr f d 0 Ub (B?))
X [ZgLaoalgiuag - ZZgLalaggLuao + zgiaoaggLual]

Production of a forward photon-jet pair in pp and pA collisions:

Agaqy = %50*¢ (2m) 0 (p;r +pr—p") /dedQTe_i(q'r)_i(k'b)

2 y 2% g
r
X3 (Upyzr — Up) Up, 1229100 + 2 (VipvLo)] 7 up (B.4)

C The integral

In this appendix, we present the details of the calculation of the following integral

i rrirj e_i(p"") —1 ilar
I (p) E/ddr o R P e~iHar), (C.1)

This integral is a symmetric tensor, hence we can decompose it in a 3-dimensional basis.
Let us choose

. oial Jmt  mipd
p-q D
and write o o o
.. .. ‘a’ ? ?
1 (p) = Iys" + 1,24 J_rqp] +12p€]. (C.3)

pb-q b
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This relations inverts to

Ip=I"(p) — PP 1y (p)

p2
(-9’ PP P-a) i
I =— IV (p) + ——"——=p'¢I" (p) (C.4)
P’ —(p-q)° P’ pP’¢>*— (p- q)°
i 2p’q>  p'p 2(P-q) i i
Iy = —I"(p) + I (p) — ————"=p'¢’I7 (p).
p’¢®—(p-q)° P’ P> — (p-q)°

Thus in order to compute 1%, it is sufficient to compute Jy = 67 1% and Jf = p'IY. One

can actually show that Jy = 0. This becomes apparent by going to spherical coordinates,

integrating || out (taking into account the phase regulators i0 in the exponent from the

effective rules in Appendix A) and checking that the remaining angular integral is null.
Jf is obtained easily with the usual Schwinger representation tricks and reads:

. J ' J
i (M - q_2> . (C.5)
(g+p)° 4
Finally plugging Eq. (C.5) in Eq. (C.4) then in Eq. (C.3), one obtains
i it [((p-a) (P @) +P*\ o 1 1 o pipl
IV (k) = —2— K - Mt —m =) (P +aP)+2 ],
P\ @ (g+p)] arp? @)l ) (q(g(%)?

which leads to the expression given in Eq. (3.8).
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