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Abstract

Due to its balance of accuracy and computational cost, density functional theory has become the
method of choice for computing the electronic structure and related properties of materials. How-
ever, present-day semilocal approximations to the exchange-correlation energy of density func-
tional theory break down for materials containing d and f electrons.

In this report we summarize our progress in addressing this issue. We describe the construc-
tion of the BSC exchange-correlation functional within the subsystem functional formalism which
enables us to capture bulk, surface, and confinement physics with a single exchange-correlation
functional. We report on the initial assessment of this functional within the jellium surface system
and demonstrate that the BSC functional captures the confinement physics more accurately than
standard semilocal exchange-correlation functionals. We conclude by outlining our future research
objectives which focus on refining the functional form of the BSC functional and achieving signif-
icantly more accurate energetics of materials containing f and d electrons than existing semilocal
functionals.
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Chapter 1

Introduction

Density Functional Theory (DFT) has become an indispensable tool for predicting materials prop-
erties and guiding novel material synthesis[13]. However, current implementations of DFT break
down for the heavier elements, such as rare earths, lanthanides, actinides, and the transition metal
oxides. These classes of materials are crucially important to DOE nuclear weapons/nuclear secu-
rity mission. In particular, understanding the chemical properties of d- and f-electron systems is in
alignment with DOE’s interest in heavy element chemistry research.

Materials properties can be deduced from their electronic structure, which in turn can be cal-
culated using DFT-based methods. The properties of materials composed entirely of lighter ele-
ments, such as aluminum, governed by s and p electrons, can be accurately predicted using exist-
ing DFT techniques. However, DFT calculations with semilocal exchange-correlation functionals
(GGAs and MGGAs) for elements governed by d and f electrons are inaccurate. A patchwork
of workarounds termed beyond-DFT methods such as hybrid functionals[7, 41], DFT+U[3, 2, 56],
Dynamical Mean Field Theory[24], the Gutzwiller approximation[29], and the GW approximation[5]
have been developed and applied in order to increase the accuracy. However, these workarounds
are computationally expensive which limits their utility for computational materials science inves-
tigations.

In this report we summarize the current status of our effort in developing an exchange-correlation
(XC) approximation in order to make DFT calculations predictive for all materials, including these
important material classes. This work will allow the extension of model-based design and engi-
neering to all materials, including those with heavier elements in their composition.
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Chapter 2

Theoretical Background

2.1 The Electronic Structure Problem within the
Born-Oppenheimer Approximation

Consider a unit cell of a material composed of N¢ electrons with collective electronic coordinates
{r} ={ry,...,rye} and N" nuclei with masses M, charges Z;, and collective nuclear coordinates

{R} = {Ry,...,Ryn}. Its non-relativistic Hamiltonian! is given by
H=H"({r},{R})+T"({R}),
where the Born-Oppenheimer Hamiltonian is defined as
A ({r}, {R}) = T*({r}) + W=({r}) + W=({r}, {R}) + W"({R}) .

The contributions to the Born-Oppenheimer Hamiltonian are

Ne 2 NP 2
fve —_ L o Z &
j=1 2 J=1 2M;

denoting the kinetic energy operator of the electrons and nuclei and

Ne NP
217

_ Wnn — A=
Z |l‘, ZZ |l‘, R | Z 2|R]—Rj|7

1/ 1 1.J=1
i>j I£J

denoting the electron-electron, the electron-nuclear, the nuclear-nuclear interactions.

The Schrodinger equation for the system of coupled electrons and nuclei

P({r}, {R}) = E¥({r}, {R})

determines the full electron-nuclear wave function P.

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

lin atomic units here and thereafter, where > = i = m® = 1, so that lengths are expressed in Bohr radii and energies

are in hartree.
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The most basic approximation to the Schrodinger equation of coupled electrons and nuclei
is the Born-Oppenheimer approximation [12, 11] which allows us to decouple the electronic and
nuclear degrees of freedom and to write the total electron-nuclear wave function in factorized form
as

P({r},{R}) ~ 2, j({R}) ®,({r}, {R}) . (2.6)

This leads to two coupled equations, one for the electrons and the other for the nuclei. The elec-
tronic Schrodinger equation

A% ®,({r}. {R}) = E;({R}) &, ({r}. {R}) @)

is solved instantaneously for a given configuration of nuclei where {R} enters as a parameter.
Its solution yields electronic wave functions ®; and a potential energy surface (PES) E; for each
electronic state j. The PES enters the nuclear Schrodinger equation

Hj 2 j({R}) = [T"+ W™+ &;({R})] 2,,({R})

. (2.8)
=Ej ;i xs,;({R})

which determines the nuclear wave functions x; ; and yields a set of vibrational and rotational

levels denoted by a collective index J for each electronic state j.

This is the standard Born-Oppenheimer picture of molecular dynamics with quantum me-
chanical electrons. The main goal of electronic structure theory is the solution of the electronic
Schrodinger equation. Its solution determines all basic materials properties such as structure, vi-
brational frequencies, thermochemistry, electric and magnetic properties, and chemical reactivity.

2.2 Density Functional Theory

The electronic Schrodinger equation in Equation (2.7) is a quantum many-body problem, and solv-
ing it is a computationally demanding task. The presence of the electron-electron interaction term
W< in the electronic Hamiltonian causes this computational complexity. A direct computational
solution of the electronic Schrodinger equation is possible. Post-Hartree-Fock methods such as
the configuration interaction [31], coupled-cluster theory [6], multi-configurational self-consistent
field approaches [30], or stochastic quantum Monte Carlo approaches [15] have been developed
for this purpose. They have been applied successfully, but their computational cost is very high and
their scaling with the number of electrons unfavorable. Therefore the direct methods are mainly
applied to small systems and for the purpose of creating benchmark databases.

The vast majority of electronic structure calculations are DFT calculations. Due to its bal-
ance between accuracy and computational cost DFT has become the method of choice for solving
the electronic Schrodinger equation both in quantum chemistry, condensed matter physics, and
computational materials science [13].

14



2.2.1 Modern Density Functional Theory

Hohenberg-Kohn Theorem and the Universal Functional The variational principle in quan-
tum mechanics states that the ground-state energy of the electronic Schrodinger equation is deter-
mined by a minimization over the electronic N¢-particle wavefunctions ® that are antisymmetric,
normalized, and have finite kinetic energy:

E = min ((D|H™|D)) , (2.9)
where we drop the electronic index j introduced in Equation (2.7) for notational simplicity.

Central to DFT is the Hohenberg-Kohn (HK) theorem [27] which states that the ground-state
energy of the electronic Schrédinger equation can be found from

E:mnin{F[n]+/d3rn(r)v(r)}, (2.10)

where F' is a universal functional of the one-electron density n, because it is independent of the
external potential v. The one-electron density is defined as

n(r) = /dr2 --~/drNe ®*(r,r2,...,rne) P(r,T2,...,Tne) (2.11)
in terms of the electronic N¢-particle wavefunctions ®.

The universal functional F is defined by the constrained search procedure of Levy [42, 43] and
Lieb [44, 45]:

F[n] = min (P|T* 4+ W*|®) (2.12)

d—n

which follows from Equation (2.9) by writing the minimization in a two-step procedure, where the
search is performed over all N°-particle wavefunctions & that yield the one-electron density n.

Kohn-Sham Formalism of Modern Density Functional Theory = Within the Kohn-Sham (KS)
formalism we introduce a fictitious system of non-interacting electrons with the constraint that it
yields the same one-electron density as obtained by solving the electronic Schrodinger equation.
This is achieved by introducing an effective potential, the KS potential vs, which formally repre-
sents all electron-electron interactions exactly within a mean-field description. The one-electron
density is then constructed from

NC
n(r) =Y ¢;(r)¢;(r) (2.13)
J
where the KS orbitals ¢; are obtained by solving the KS equations

(—%V§ + vS(l’)> ¢j(r) =€;¢;(r) (2.14)
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with €; denoting the corresponding KS orbital energies.

The KS potential is global, i.e., it is the same in all N°* KS equations. Despite its seemingly
simple definition

B OEu[n] = OFExc[n]
Vs(r) = veu(r) + Sn(r) ' on(r)

(2.15)

itis a complicated quantity, because it encodes all electron-electron interactions in a single-particle
description. In the definition of the KS potential in Equation (2.15) we introduce two energy
contributions. The Hartree energy

1 _ /

Euln] = —/dr/dr’ n(r) = n(r) (2.16)
2 r—r|

representing the classical electrostatic energy of the electrons, and the exchange-correlation energy

Exc representing the remainder of the electron-electron interaction.

Whereas the exact expression of the Hartree energy as a density functional is known, an explicit
and exact expression of Exc in terms of a density functional is not known. In any pracitical DFT
calculation an approximation to the exchange-correlation energy needs to be used.

2.2.2 Exchange-Correlation Approximations

Developing accurate approximations to the exchange-correlation energy is the central task in meth-
ods development within DFT.

Approximations developed for Exc are important. They describe the bonding of nuclei to one
another, and thus the exchange-correlation energy can be considered as nature’s glue [35]. For
example, neglecting exchange-correlation energy by imposing the approximation Exc = 0, as was
originally done in solid state physics in the 1950’s and 1960’s, yields inaccurate results. We obtain
lattice constants and bond lengths,about 10-20% larger than the exact, and binding energies of
atoms much smaller than they actually are.

The exchange-correlation energy is commonly expressed as

Eyoln] = / dr n(r) excn](r), 2.17)
where &g denotes the exchange-correlation energy density per particle.

In the following we give a very concise summary of the standard approximations in DFT. We
refer to the standard literature for a more complete picture [32].

Local Density Approximation The earliest approximation to Exc is the local density approxi-
mation (LDA) proposed alongside the KS equations [34]. The LDA provides the basis for many

16



methods that followed later, such as generalized gradient approximations (GGAs) [39, 52, 7, 41,
53, 49], meta-GGAs (MGGAs) [60], and hybrid functionals [49, 19, 1, 8, 57].

The LDA is expressed as
EWAn] = / dr n(r) €2 n)(r), (2.18)

where 2" = —3/(2x) [37° n(r)] 13 is the exchange-correlation energy density per particle of the
uniform electron gas. This is a Thomas-Fermi-like approximation [61, 21]. It is exact when the
electron density is uniform and accurate when the density is slowly varying over space,

|Vnl

2
ke = (B3%n) 2 ks = == (37%n) /6, (2.19)
n

/2
where kg is the Fermi wave vector, and ks is the inverse of the Thomas-Fermi screening length.

Surprisingly LDA was found to predict lattice constants of solids, phonon frequencies, metal
surface energies [38], and molecule geometries [28] very accurately.

Generalized Gradient Approximations The natural extension of the LDA is the inclusion of
density gradients in the functional form of Exc. Just adding the second-order density gradient
expansion of the exchange-correlation energy did not yield sufficiently accurate results [40, 48].
Instead, a more complicated functional form, the generalized gradient approximation (GGA), was
introduced. It is expressed as

ESMn] = [ dr n(r) 638 [n, Vi (r) (2.20)

where £$%* includes higher order derivatives such as |Va[*,|Vn[®,|Vna[8, etc. [39]. More commonly
the GGA is expressed as

ES%[n] — / dr Fxe[n, |Va|](r) n(r) &2 n] (r) 2.21)

in terms of an enhancement factor, Fxc, over the local exchange energy density per particle £;°*.

Suitable forms for Fxc have been developed and parametrized as analytic functions by fitting
to reference systems like atoms [7] or to exact constraints on the exchange-correlation energy
functional [39, 52, 53, 49]. Despite significant improvements over the LDA, the functional form
of the GGA is still too limited to simultaneously yield accurate bond lengths and accurate binding
energies.

Beyond Generalized Gradient Approximations The logical step to go beyond GGAs is to
include the kinetic energy density of the KS system, 7s, in the construction of the Exc. This class
of exchange-correlation functional is called MGGA. Inclusion of the KS kinetic energy density

17



enables the functional to detect various regimes of electron-electron interaction, such as single,
metallic and noncovalent bonds. The MGGA is expressed as

EMGOA ] — / dr n(r) €49 n, |V, 24)(r) (2.22)

MGGASs depend explicitly on the density n, its gradients and on the KS orbitals via 7s. Neverthe-
less, they are density functionals, because ¢; are functionals of the KS potential, vs.

In earlier developments of MGGAs the Laplacian of the density, V?#, was deployed [55, 18, 10,
22, 23]. More recently the KS kinetic energy density, 7s[n], has been used in their construction [62,
36, 50, 20, 60, 65, 51, 16, 58, 59].

Other approaches beyond GGAs and MGGAs include approximations that explicitly depend
on the occupied KS orbitals in a non-local way such as the exact exchange functional, hybrid
functionals [49, 19, 1, 8, 57], and functionals that depend also on unoccupied KS orbitals and on
KS orbital energies such as the random-phase-approximation [40].

The computational evaluation of MGGAs as defined in Equation (2.22) is computationally fea-
sible, because only a single three-dimensional integral over all space needs to be performed. How-
ever, exchange-correlation approximations beyond the level of MGGAs are computationally much
more expensive. For example many hybrid functionals involve double integrals or even multiple
integrals over three-dimensional space which makes these approaches much more costly. This
adversely affects the system sizes that can be achieved even using high-performance computing
resources.

The exchange-correlation functional we develop in this report falls under the category of MG-
GAs. However, it differs significantly from other MGGAs by its use of the subsystem functional
formalism and the electron localization function (ELF) [9]. Both concepts will be introduced in
Section 3.3 and in Appendix A. They enable us to include confinement physics into the construc-
tion of the exchange-correlation functional.

2.3 The Jellium Surface Reference System

The jellium model, also called the uniform electron gas or the homogeneous electron gas, is the
cornerstone for the construction of exchange-correlation functionals. Highly accurate quantum
Monte-Carlo (QMC) calculations of the exchange-correlation energy[15, 14] form the basis of
the LDA[63, 47, 53] which is a parametrization of the QMC results in terms of a local density
functional.

While the jellium model serves as a suitable representation of the bulk physics, the jellium
surface model is a paradigm for representing the surface physics of electronic correlation ef-
fects [37, 64, 54]. The jellium surface is defined by a jellium slab of thickness d aligned along

18



the z axis. Its external potential is given by

v(z) = {ﬁ —df2sz=df2, (2.23)
0 else,

where 71 denotes a background of positive charge. The jellium surface energy is given by

0 = Os+0u+ Oxc, (2.24)
where
I & 2 Kd oo
Os =47 ; & 257[2 = /0 dz n(z)[vs(z) —vs(0)] (2.25)

is the kinetic surface energy of non-interacting electrons,

2/ dz [n(z) —ny(2)]vu(z) (2.26)

is the electrostatic surface energy, and
Oxc = / dZ n {SXC 8)1221\[ ]} (227)

is the exchange-correlation surface energy. The quantities Er denote the Fermi level, ks = (37271) 1/3
the Fermi momentum, vy the electrostatic potential, and vs = vy + vxc the KS potential.

The jellium surface energies computed within the random-phase approximation are consid-
ered as the most accurate [64, 54]. The corresponding exchange, correlation, and exchange-
correlation surface energies are given in Table 2.1 for several values of the Wigner-Seitz radius

= [3/(47n)]"/3. The Wigner-Seitz is a dimensionless radius of a sphere that contains the charge
of one electron and is commonly used as a measure to characterize the density of a system. We
will use these jellium surface energies as reference values for developing our exchange-correlation
approximation.

19



Table 2.1. Exchange, correlation, and exchange-correlation sur-
face energies of the jellium surface reference system.

Ts Ox Oc Oxc
2.00 2624 789 3413
207 2296 719 3015
2.30 1521 539 2060
2.66 854 360 1214
3.00 526 255 781
328 364 199 563
400 157 111 268

20



Chapter 3

Construction and Assessment of the
Exchange-Correlation Functional
Capturing Bulk, Surface, and Confinement
Physics

3.1 Exchange Functional for Confinement Physics

In our construction of an exchange functional we use the harmonic oscillator gas (HOG) as a
reference system in order to capture confinement physics. We first derive analytical results of the
HOG and subsequently parameterize them to obtain an accurate exchange functional.

The Harmonic Oscillator Gas Reference System The HOG reference system consists of non-
interacting fermions within an three-dimensional potential which is only confined along the z axis
by a parabolic potential
2
()

ver(2) = -2, 3.1)
where @ denotes the frequency of the harmonic oscillator. The potential is not confined along the
x and y axes. The solution of the KS equations

<— %Vz + m-(z)) Wic(r) = & Yi(r) (3.2)
yields
pie(r) = SRR oy (33)

LiL,

where K = (kx,ky, j), (ky,ky) denotes the in-plane wave vectors which satisfy k;L; = 27n; with
i =Xx,y, and n; € [. The factorization of the solutions Y reflects the free electrons along the x and
y axes by the plane-wave prefactor and the confined electrons along the z axis by the KS orbitals

21



¢;(z). They are obtained by solving the KS equations
1 d? o
—5 g T V(2 ) 9,(2) = 17€;9;(2), (3.4)

in a dimensionless coordinate Z = x/I with a scale parameter [ = \/1/®. The analytical solutions
are

610 = (e 1ﬂH(Z)ex (—2*/2) (3.5)
7 2 jlIT j\%) EXP :

with the corresponding eigenvalues
1/, 1
Sj:l—2 (J+§> ) (3.6)

where H;(Z) denotes the Hermite polynomials.

The dimensionless density of the HOG is then expressed as

Pr@) = =57 ¥ 5130 (@) exp(—2), @)

where o € R determines the degree of confinement in the HOG reference system. It is defined in
terms of the chemical potential

H=—7" (3.8)

where || = N¢ determines the highest occupied KS level in the confined parabolic potential.

The dimensionless exchange energy density per particle of the HOG is expressed as

P &0 =~ 5y | ZZeXp o mEOmRE 69

for 2J j12k k!
(N/ a—j)z—7|,v/2(a—k)|z— Z|>
mE (3.10)
z2—Z/|
where we introduced a short-hand notation
J1 Jl(ﬁl‘)
o =0 dr ——2—"~ (3.11)
H ) =acp [ an 2 s

with Ji(z) denoting the Bessel function of first kind.
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Construction of the HOG Exchange Functional As introduced in Equation (2.20) we express
the exchange energy density per particle as

& [n](r) = &°°[n](r) = &""[n, |Vn|, ELF|(r) F{"*°[n, |Vn|, ELF](r) (3.12)

in terms of an enhancement factor F;'°S which includes confinement physics. We follow a similar
approach to the parametrization of the enhancement factor as in the AMOS functional[4]. We derive
analytical expressions for the exact exchange energy of Equation (3.9) both in the limit of small
and large Z. By interpolating between the limits we obtain a functional form only in terms of the
density, its gradient, and the ELF [9]:

[l Ex [n, \Vn|,ELF] (r)]HOG

FHOG ,V ,ELF r) = 9
x|Vl I(r) [ISX[”7|Vn|7ELF](r)]LDA

(3.13)

where [l &[n,|Vn|,ELF](r)]"** and [l &[n,|Vn|, ELF](r)]"°® are parameterizations of the dimen-
sionless exchange energy density per particle of the LDA and the HOG reference system given in
Equation (3.9). Definitions and details of the derivation of the HOG exchange functional are given
in Appendix A.

Assessment of the HOG Exchange Functional in the Jellium Surface Reference System To
assess the accuracy and transferability of the HOG exchange functional we apply it to the jellium
surface reference system introduced in Section 2.3. We evaluate the HOG jellium surface densities
along with several standard exchange functionals such as LDA, PBE, and AMO0S5. The correspond-
ing exchange surface energies are given in Table 3.3. The resulting mean absolute relative errors
are 24.8% for LDA, 11.0% for PBE, 15.4% for AMOS, and 4.8% for HOG.

Having demonstrated its accuracy we will subsequently use the HOG exchange functional
as the exchange component for capturing confinement physics within the subsystem functional
formalism. This will be discussed in Section 3.3.

Table 3.1. Comparison of exchange surface energies obtained
from standard functionals (LDA, PBE, AMO05) and the HOG ex-
change functional &°¢ with the jellium surface reference system.

LDA PBE AMO5 HOG
Is GX GX GX GX Ox

2.00 3036.33 2436.31 2895.98 2586.68 2624
2.07 2673.31 2125.31 2543.50 2258.26 2296
230 1808.23 1393.45 1706.30 1484.54 1521
266 105090 769.00 97836 82251 854
3.00 66843 46390 61393 497.71 526
328 47657 31546 43259 339.16 364
4.00 222.16 127.56 195.02 137.85 157
MARE 248% 11.0% 15.4% 4.8% —
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3.2 Correlation Functional for Confinement Physics

Construction of a Correlation Functional Compatible with the HOG Exchange Functional
We construct a correlation functional compatible with the HOG exchange functional by parametriz-
ing the jellium surface correlation energy. Our method of construction assumes that the errors in
the HOG exchange functional are negligible as demonstrated in Table 3.3. The parametrization of
the HOG correlation functional is performed using the following functional form:

’ggOG[nv |Vn|](r) = géDA[n](r) {Xsurf«,l (1‘;771) = [1 — Xt (l‘; 711)](71 + rS>} ) (3.14)
where

11 5%(r)

X (3my) = 1 — —15)
suri,l(r,nl) 1—|—ms2(l‘)

(3.15)

is an interpolation index which discriminates between the bulk and surface region within the jel-
lium reference system, s(r) = [Va(r)|/[2(37%)'/31n*/3(r)] denotes the reduced density gradient,
and 1, 71, and 7, are parameters. The given functional form of €/°C is a scaled version of the
LDA correlation functional. The interpolation index X, is defined such that the HOG correlation
functional reduces correctly to the LDA correlation functional in the bulk region (s = 0). In the
surface region when s has a finite value, the LDA correlation functional is enhanced by the scale
factor given in Equation (3.14). The functional form of €°° is similar to the correlation compo-
nent of the AMOS5 functional [4]. However, it has an additional parameter, 75, which enables us to
parametrize the jellium surface correlation energy more accurately and provides more flexibility
for a better compatibility with the HOG exchange functional.

The parameters 11, 71, and 7> are determined by a nonlinear fit to the jellium surface correlation
energies given in Table 2.1. We obtain 17 = —1.48051, 71 = 0.0224407, and » = 0.0367228.

Assessment of the HOG Correlation Functional in the Jellium Surface Reference System
We assess the accuracy of the HOG correlation functional by applying it to the jellium surface
reference system. We evaluate £//°° as well as standard correlation functionals such LDA in the
Perdew-Wang parametrization [53], PBE, and AMOS5 on the jellium surface densities. The resulting
correlation surface energies are given in Table 3.2. The mean absolute relative errors are 62.0%
for LDA, 6.9% for PBE, 3.9% for AMOS5, and 0.2% for our HOG correlation functional.

While many standard exchange-correlation functionals such as LDA, PBE, and AMOS rely on
error cancellation of the respective exchange and correlation energy contributions, we develop an
exchange-correlation functional which is accurate in each of these energy components, and hence,
does not rely on the cancellation of errors. We achieve this by using the HOG exchange functional
and the compatible HOG correlation functional within the subsystem functional formalism which
is discussed in Section 3.3.

24



Table 3.2. Comparison of correlation surface energies obtained
from standard functionals (LDA, PBE, AMO05) and our HOG func-
tional €/°¢ with the jellium surface reference system.

LDA PBE AMOS5 HOG
rg GC GC GC GC O¢c

2.00 317.25 827.28 780.12 789.32 789
2.07 286.81 753.775 712.53 718.79 719
230 210.29 566.52 539.71 538.60 539
2.66 136.45 381.46 367.56 359.78 360
3.00 9497 27461 267.27 256.24 255
328 7234 21499 210.88 198.44 199
4.00 3899 12430 12424 110.78 111
MARE 62.0% 69% 39% 02% =

3.3 Construction of the Exchange-Correlation Functional within
the Subsystem Functional Formalism

We construct an exchange-correlation functional which is accurate in the relevant physical regimes
capturing bulk physics, surface physics, and confinement physics by combining the individual

components efgglk, eilérf , and econf with the aid of the subsystem functional formalism.

We construct our general subsystem exchange-correlation functional by expressing the abstract
sum in Equation (3.16) in terms of an interpolation. The challenge is to find accurate interpolation
indices which will correctly tune the appropriate contributions from the separate physical regimes.

3.3.1 The Subsystem Functional Formalism

Based on the principle of near-sightedness [33], the subsystem functional formalism is a suit-
able method to construct an exchange-correlation functional which incorporates the characteris-
tic physics of different regimes. Within the subsystem functional formalism the total exchange-
correlation energy defined in Equation (2.17) is divided into contributions from different subsys-
tems

Exc = /drj 8XC ]( )a (3.16)

where 8>{c denotes the exchange-correlation energy density per particle and € ; the volume of sub-
system j.

The overall accuracy of a subsystem functional relies on the accuracy of the particular sub-
sytem exchange-correlation functionals. Bulk physics in the interior of a material is accurately
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represented by the LDA
bulk __ oLDA
Exc [n](r) = & [n](r) (3.17)

which uses the uniform electron gas as a reference system. Surface physics is accurately repre-
sented by the AMOS functional

el [n](x) = €28 [n, |Vn[] (r) (3.18)

which uses the Airy gas as a reference system. Here we develop an exchange-correlation functional
which accurately represents confinement physics

exc [n] (r) = €89°[n, |Vn|,ELF](r) (3.19)

which is a combination of the HOG exchange functional based on the HOG reference system and
the HOG correlation functional based on the jellium surface reference system.

3.3.2 Subsystem Exchange Functional Capturing Bulk, Surface, and Con-
finement Physics

Construction of the Subsystem BSC Exchange Functional We construct an exchange func-
tional, £2°¢, which is accurate in the bulk, surface, and confinement regions, hence the acronym
BSC.

The key quantity which we use to distinguish between physical regimes is the ELF. Its behavior
in the jellium surface reference system is illustrated in Figure 3.1 for several values of the Wigner-
Seitz radius. Its numerical value gives a clear indication of the type of physics present in different
regions of space. For example, in regions of space where ELF(r) = 0.5 the system is dominated
by bulk physics, where ELF(r) < 0.5 by surface physics, and where ELF(r) > 0.5 by confinement
physics.

In order to construct the BSC exchange functional and with the aid of the ELF, we define the
interpolation index

m2 [ELF(r) — 1/2]*

Xep(r;mo) =1— (3.20)
auz{ri i) 1+ 1, [ELE(r) — 1/2]*
along with an auxiliary interpolation index for the surface region
X . = 2 3.21
wri2(T3M3) = 1L 2mam)’ (3.21)

where 1), and 13 are parameters. X and X, enable us to represent the sum over subsystems in
Equation (3.16) in terms of an interpolation.
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Figure 3.1. Illustration of the ELF in the jellium surface refer-
ence system for several values of the Wigner-Seitz radius.

Hence, the subsystem BSC exchange functional is expressed as

g)lzsc = e;urf{l + [Xerr — 11+ Xer Kz — 1) Xourr2 }

(3.22)
+ 8X ' {1 +XELF [Xsurf,Z - 1]} [1 _XELFXsurf.Z] )

where the surface term € becomes the bulk term 2" in the limit of vanishing density gradient
when s%(r) — 0.

We determine the values of the parameters 1), and 13 by tuning the relevance of the interpola-
tion indices in the bulk, surface, and confinement regions. This is illustrated in Figure 3.2, where
we plot the exchange surface energy density per particle for the LDA (blue), PBE (green), AMO0S5
(red), and BSC (black) exchange functionals. From the figure we infer that the PBE functional
underestimates the surface exchange energy, whereas the AMOS5 functional overestimates it. The
optimum values for the parameters in the BSC exchange functional are 1, = 10° and 13 = 1.6875
and for which we obtain a balanced approximation resulting in an improvement upon both the
PBE and AMOS functionals, in particular in the region (—2 < z < 3) relevant for confinement
physics where ELF(r) > 0.5. In order to avoid numerical instabilities due to the Fermi-Dirac-like
broadening in Equation (3.21) we will explore rational approximations [46].

Assessment of the BSC Exchange Functional in the Jellium Surface Reference System We
assess the accuracy of our subsystem BSC exchange functional by applying it to the jellium surface
reference system and comparing it to the standard exchange functionals LDA, PBE, and AMOS.
The resulting surface exchange energies are given in Table 3.3. The resulting mean absolute rel-
ative error of the subsystem BSC exchange functional is 0.8% which is significantly smaller than
the error of the standard functionals. In addition, we include the HOG exchange functional de-
rived in Equation (3.12) in the comparison. As expected, the subsystem BSC exchange functional
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Figure 3.2. Exchange surface energy densities per particle, &, at
rs = 2.0 for the LDA (blue), PBE (green), AMOS5 (red), and BSC
(black) exchange functionals. The range illustrated is roughly the
region of space where confinement physics is relevant (see Fig-
ure 3.1).

is more accurate. While both the HOG and the BSC exchange functionals are identical in their
representation of confinement physics, the BSC functional is more accurate in the other physical
regimes due to the interpolation within the subsystem functional formalism.

3.3.3 Subsystem Exchange-Correlation Functional Capturing Bulk, Surface,
and Confinement Physics

Construction of the Subsystem BSC Exchange-Correlation Functional = We construct the
subsystem BSC exchange-correlation functional, €55¢, by combining the BSC exchange functional
with the HOG correlation functional developed in Equation (3.14). This yields

& [n,|Vn|,ELF|(r) = &"[n,|Vn|,ELF|(r) + £:°°[n, [Vnl](r), (3.23)
where the parameters 11, 12, 13, Y1, and 7, take the optimized values for the exchange and cor-

relation contributions within the jellium surface reference system determined in Section 3.2 and
Section 3.3.2.

Assessment of the BSC Exchange-Correlation Functional in the Jellium Surface Reference
System  We assess the accuracy of the BSC exchange-correlation functional by applying it to
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Table 3.3. Comparison of exchange surface energies obtained
from standard functionals (LDA, PBE, AMO05), the HOG func-
tional, and the BSC functional with the jellium surface reference

system.

rs G Fosi G20 oEoa oEc O

2.00 3036.33 2436.31 2895.98 2586.68 2637.13 2624
2.07 2673.31 2125.31 2543.50 2258.26 2307.14 2296
230 1808.23 1393.45 1706.30 1484.54 1527.50 1521
2.66 105090 769.00 97836  822.51 856.28 854
3.00 66843 46390 613.93 497.71 524.61 526
328 47657 31546 43259 339.16 36147 364
4.00 222.16 127.56 195.02 137.85 152.14 157
MARE 24.8% 11.0% 15.4% 4.8% 0.8% —

Table 3.4. Comparison of exchange-correlation surface energies
obtained from standard functionals (LDA, PBE, AMO05) and the
BSC functional €32 with the jellium surface reference system.

rs Okt Og o) Ok Oxe
200 3354 3263.58 3413.95 3426.68 3413
207 2961 2879.06 3014.59 3026.14 3015
230 2019 1959.97 2058.40 2066.13 2060
2.66 1188 1150.46 1213.52 1216.06 1214
3.00 764 73851 78202 780.78 781
328 549 53045 56344 55991 563
400 261 251.86 269.63 26293 268
MARE 20% 52% 01% 05% —

the jellium surface reference system. We evaluate €.~ as well as standard exchange-correlation
functionals such LDA, PBE, and AMOS on the jellium surface densities. The resulting exchange-
correlation surface energies are given in Table 3.4. The resulting mean absolute relative errors
are 2% for LDA, 5.2% for PBE, 0.1% for AMOS, and 0.5% for the BSC exchange-correlation
functional. As expected, the AMOS functional yields the most accurate results, because the jellium
surface is its reference system. The BSC functional is comparable in accuracy and additionally
has the ability to capture confinement physics. A further discussion of these results is given in

Section 4.

BSC
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Chapter 4

Conclusion

4.1 Summary

In this report we have outlined the construction of a single exchange-correlation functional, the
BSC functional, which captures bulk, surface, and confinement physics. The core of our con-
struction relies on the subsystem functional formalism which together with an interpolation index
based on the ELF enabled us to combine accurate functionals adapted to these different physical
regimes into a single exchange-correlation functional. We expect that the inclusion of the HOG
functional as the component for capturing confinement physics should yield significantly more
accurate energetics of materials containing f and d electrons than existing semilocal GGA and
MGGA functionals.

We want to point out that the performance of the BSC functional is comparable to the AMO05
functional for the jellium surface reference system. However, the current form of the BSC func-
tional has not been finalized yet, it will be further improved. We expect improvements in the
accuracy of the BSC functional by (1) by performing a more systematic optimization of the pa-
rameters and (2) by implementing other functional forms of the interpolation indices. Despite its
comparable performance to AMOS in the jellium surface reference system, the relevant assessment
of the BSC functional will be the materials tests discussed in the next section.

4.2 Future Work

The BSC exchange-correlation functional we constructed is a prototype of an exchange-correlation
functional with the aim to capture the physics of d and f electrons. Several developments are
currently in progress.

The next step is to implement the BSC exchange-correlation functional into an open-source
electronic structure code such as Quantum ESPRESSO [26, 25] and ELK [17]. This will enable
us to assess the accuracy BSC exchange-correlation functional for materials containing d and f
electrons.

We will first begin with tests of the BSC exchange-correlation functional on simple mate-
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rials such as crystalline silicon and aluminum. Then we will assess the accuracy of the BSC
functional in capturing confinement physics by computing the electronic properties of crystalline
cobalt, nickel, and copper oxide. Crystalline copper oxide is a particularly useful test system,
because it exhibits the same exchange-correlation physics as actinide systems, but without any
relativistic effects. Therefore it provides a pure testing ground for the BSC exchange-correlation
functional.

Once these initial assessments of the BSC functionals have been completed we intend to per-
form tests on a larger scale. In the course of this project we have generated a representative
database of binary transition metal compounds (metals containing two different types of transi-
tion metal ions) for benchmarking exchange-correlation functionals (such as LDA, PBE, PW91,
PBEsol, RTPSS, M06-L, and AMO05) with respect to formation energy differences, ground state
structures, lattice and elastic constant. This database will serve as a useful reference to assess the
accuracy of our BSC functional.

Parallel to testing the BSC exchange-correlation functional, we will continue to improve its
accuracy by refining its parameters and exploring different functional forms for the interpolation
between the subsystems. For example, in its current form we have taken optimized parameters
only for the separate subsystems. We expect improvements by performing a more systematic
optimization of its parameters by considering the entire functional form within the jellium surface
reference system. Furthermore, we will explore other functional forms for the interpolation index
which will likely further improve the accuracy. In particular, the materials tests will indicate where
further modifications of the functional form might be necessary.
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Appendix A

Derivation of the Exchange Functional for
Confinement Physics

Parametrization of the Exchange Functional

The parametrization of the LDA is given by
3
[Fex (n(x), [V ()| ELF(r))]** = = (3v/Fexpl—2Jox (n(r), [Va(0) ELF(1)) . (A

The parametrization of the HOG reference system is somewhat more involved, it is given by

ap(@) +az ()7 +as(a)z* + ag()2® — 8

[Lex (n(x), |Vn(r)], BLE(r))|*" = =S—— avaale 2viad) 11 (A2)

where we use the exchange energy in the limit of large Z denoted by
Si(t)zﬂé—lltﬁJrLle} : (A3)

The various auxiliary functions are defined as

ap(o) =2A(), (A.4)
a(o) = % —2A(a), (A.5)
ay(@) = %Z; - %4—14(05), (A.6)
()~ S5~ et da 5 A7)
(A.8)
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and

_1—y—In(—20)-T(0,—20) 2v2a 1-€** 42a)/? < 357, )
Ala) = 4/ Y- +8\/Ea w5 2 131372
(A.9)
_e%erfe(vV20) —200—1 242«
B(at) = N = (A.10)
2
C(a):%[ezaerfc(\/f)—l} (A1)
1280 S
D(o) == 2 [2(1+a)e erfc(\/ﬁ)—\/2oc/7r—2], (A.12)

where 7 is Euler’s constant, I'(s,7) is an upper incomplete gamma function, erfc(z) is the com-
plementary error function, 1,(¢) is the modified Bessel function of first kind, L,(¢) is the modified
Struve function, and ,F, (a1 yu s GpsB1y s e ,bq;t) is the generalized hypergeometric function. The
parametrization in Equation (A.2) depends on the density, its gradient, and the ELF through the
parametrization of the confinement factor

]
Bttty B (B15055)

2
a (n(r),|Vn(r)|,ELF(r)) = ¢ e~ **° (r)
o (ﬁl#f%‘[b) o (—m#j\)mﬂb)

l1+e l+e
(A.13)
+(1-ef®) gy Dﬁ)&r()r) } 22(\Vn(:2)\(;1)5LF(r)) Al
where we express the dimensionless coordinate Z in terms of a Lambert function W (z) as
2 1 D(r) \*,
Z°(|Vn(r)|,ELF(r)) = EW [1871: ([31 DLDA(r)) s (r)} : (A.15)

and the values of the various parameters oy = 100/7, 0 = 200, B; = 3/5, and B = (97) /3.

The Electron Localization Function

The ELF [9] is measure for characterizing the localization of electron within molecules and
solids. It is defined as

1
ELF(r) = ; (A.16)
1+ [D(r)/DoA(r)]?
where the ratio is given by
D) __. . 5
PENGE 7(r) 3s(r) (A.17)



with the dimensionless density gradient

_ |Vn(r)|
s(r) = 2(37:2)1/3114/3(1') (A.18)
and the dimensionless ratio
©(r) (A.19)

T(r) = TLDA(r)

of the kinetic energy density 7(r) and the LDA of the kinetic energy density t°*(r) = (3/10)(372)%/3n>/3(r).
An illustration of the ELF for a material containing d electrons is shown in Figure A.

L

Figure A.1. Illustration of the ELF in Yttrium barium copper ox-
ide as a representative example of a material containing localized
d electrons.
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