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Uncertainty in engineering and science

Snowfall Forecast Next 48 Hours
= »

Fuel System

Forebody/Inlet

Shroud Isolator/ Combustor
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Uncertainty is everywhere

“Uncertainty is everywhere and you cannot escape from it.”

— Dennis Lindley

Uncertainty quantification (UQ) provides a systematic approach to
merging data with models, and allows us to:

@ characterize
@ incorporate
@ propagate
@ reduce

... uncertainty for realistic applications

Huan (Sandia) Intensive Optimal Experimental Design June 20, 2018 3/37



UQ in engineering and science: big picture
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UQ in engineering and science: big picture
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UQ in engineering and science: big picture
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@ Optimal Design of Batch Experiments

© Optimal Design of Sequential Experiments

© Summary
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Outline

@ Optimal Design of Batch Experiments
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Some experiments are more useful than others

Experiments are:
o Expensive
@ Time-consuming

@ Delicate to perform

Experimental design helps address:

@ Under what conditions to perform the experiment?
@ What, where, and when to measure?

e How many experiments?

Huan (Sandia) Intensive Optimal Experimental Design June 20, 2018



Batch (non-sequential) design landscape

Traditional statistical design of experiments: non simulation-based
(e.g., space-filling, blocking) (Fisher 66, Box 87, Cox 00, Box 05]

Optimal experimental design: criterion based on a model
e Linear: information matrix (e.g., A-, D-optimal) [redorov 72, Atkinson 92]
@ Nonlinear: intractable [Box 59, Ford 89, Chaloner 95]

@ Decision-theoretic: maximize expected utility

[Berger 85, Clyde 96, Santner 03, Miiller 04, Amzal 06, Parmigiani 09]

Information-based Bayesian design: information gain objective [Lindley s6]

Scope of this work:
@ Nonlinear and expensive physical models

o Continuous parameter, design, and data spaces of multiple dimensions

@ Bayesian information objective with non-Gaussian distributions

Huan (Sandia) Intensive Optimal Experimental Design June 20, 2018 8/37



Step 1: Define experimental goals

What is a good experiment?
Depends on the experimental goals
Examples:

Goal Quantifiable objective

learn model parameter minimize parameter uncertainty

make accurate prediction minimize Qol bias and variance

custom performance assessment minimize a loss function

Huan (Sandia)
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Step 2: Formulate objective function

Characterize uncertainty using Bayes’ Theorem:

prior

0 — parameters  y — noisy data

p(0)

Prior
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Step 2: Formulate objective function

Characterize uncertainty using Bayes’ Theorem:

likelihood  prior
= N— N
plylo ) p(0 )

0 — parameters  y — noisy data

p(0)

Prior Likelihood

e

(inference)

| >
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Step 2: Formulate objective function

Characterize uncertainty using Bayes’ Theorem:

likelihood  prior
posterior

—~—  plyle )p® )
p(fly ) = o0 )
——

evidence

0 — parameters  y — noisy data

p(0) p(0)y) Posterior

Prior Likelihood

e

(inference)

I > 9 | 6’
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Step 2: Formulate objective function

Characterize uncertainty using Bayes’ Theorem:

likelihood  prior

e N— N
p(y|0, d) p(6|d)
ply|d)
——

evidence

posterior

—
p(Oly,d) =

0 — parameters  y — noisy data d — design (experimental conditions)

p(0) p(0)y) Posterior

Prior Likelihood

e

(inference)

T > 0 T
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Step 2: Formulate objective function

Expected Kullback-Leibler (KL) divergence between posterior and prior
(<= mutual information between data and parameters)

Ud) = E,q[De(p(6ly,d)llp(6]d))
_ . p(0y,d)
_ /y [ L [—p(g) ]pww,d)de} ply|d) dy

1 . » © o i ]
~ N‘; {In [p(yD16D, d)| —In |p(yD|d)] }
. 1 M N
p(y\"|d) ~ %;Y ,O(y(")\f’i(”).d) (nested Monte Carlo!)
] 2

f=1

f# — parameters of interest

U — expected utility y — noisy data
d — design variables
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Step 3: Approximate objective function numerically

Expected Kullback-Leibler (KL) divergence between posterior and prior
(<= mutual information between data and parameters)

Ud) = E, 4 [Du(p(ly: d)llp(6]d))
- [ [“"y’ ] (6ly. d)d }pmd)dy

{ln (o016, a)] = 1n [p(yV1d)] }

p(y(")|9("'j)./ d) (nested Monte Carlo!)

%

<

1

M “
J

%

p(y!|d)

I
P

f# — parameters of interest

U — expected utility y — noisy data
d — design variables
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Step 4: Perform stochastic optimization

Find optimal design: d* = argmax U (d)
deD

= noisy objective function due to Monte Carlo

Robbins-Monro stochastic approximation [Robbins 51]

0.9

Expected Utility

0.8

0.7

@ Needs to derive gradient

@ Can obtain easily from surrogate models
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Accelerate using polynomial chaos (PC) surrogate models

A random variable can be expanded:

g(0(£) =Y csVs(€)
BeJg
e cg: coefficients (8 polynomial order multi-index)
e ¢&: reference random vector (e.g., uniform, Gaussian)
@ Wg3: multivariate orthonormal polynomial (e.g., Legendre, Hermite)

Non-intrusive approach to compute coefficients

¢ = (GWp) = / G(O(6), d(€))V5(£)p(€) de

Integrate using adaptive sparse quadrature [Gerstner 98, Barthelmann 00, Gerstner 03]
ETEEE R It R R i

03] £ 053]

03] 5 03]

dnseb i g i i A8 e s i & & BB b i

-1 05 0 05 - 05 [ 05 T I 05 0 05
x
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Design of shock tube experiment for combustion kinetics

H»-O2 homogeneous ignition, no transport, constant pressure, adiabatic

19-reaction mechanism [vetter o1], learn two Arrhenius kinetic parameters
@eInAof Rl1: H+ 0Oy« O+ OH
o E, of R3: Hb+ OH <— H, O+ H

Measurement: ignition delay time
Design variables: initial T and ¢ (equivalence ratio)
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Sensor placement for source inversion

2D scalar diffusion PDE in a square domain with a time-limited source
Goal: infer uncertain source location

Measurements: concentration level at 5 equally spaced sample times
Design variables: sensor coordinates

Expected Utility

Huan (Sandia) Intensive Optimal Experimental Design June 20, 2018 16 /37



Sensor placement for source inversion: 1 sensor

Posterior PDFs: xsc = (0.39,0.52)

Xsensor = (0, 0) Xsensor = (0,1) xsensor = (0.5, 0.5)
1 - 1
Sensor 5 g Sensor 12
Source Center] Source Center]
A 5 o8 o
4 8
3 0.6
>
3 6
> 0.4
2 4
| 0.2
1 2
0 0.2 0.4 0.6 0.8 1
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Sensor placement for source inversion: 1 sensor

Posterior PDFs: xsc = (0.39,0.52) (row 1) and xs« = (0.09,0.22) (row 2):

Xsensor = (0, 0) Xsensor = (0, 1) Xsensor = (0.5,0.5)

Sensor 5 - . Sensor
Source Center] ) Source Center
/4 / =

X Sensor
== () Source Center|
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Sensor placement for source inversion: 2 sensors

Posterior PDFs: xsc = (0.39,0.52) (row 1) and xs« = (0.09,0.22) (row 2):

Xsensors = (0, 0), (0, 0) Xsensors = (07 0),(0,1) Xsensor = (0.5,0.5) , (0.5,0.5)
1 s 1
X Sensor e X Scnsor 18
Source Center|| {7 Source Center|| W30 Source Center| i
0.8] : 08 0.8
25 14
5 2 12
0.6] 06 - 0.6]
> V. - 10
04/ 5 04 15 04 3
6
5 10
02| 02] 02| N
1 5 2
0
% 02 04 06 08 1 o 02 04 06 08 1 0 02 04 06 08 1
X X
1 3
Sensor 70 X Sensor ~
Source Center Source Center|| M50
0.8] 60 03] 2.5
50 40 s
0.64 0.6}
> i = 30 15
0.4 30 04
20 1
20
02| 02
10 B =
L T v — 1 . T v — 1
x X
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Sensor placement for source inversion: 2 sensors

Intensive Optimal Experimental Design

Huan (Sandia)

/|

Vi
i
|

(

I

|

@ 100 independent optimization runs
@ Each pair of circle-cross represents the two sensor locations

'/
’l

!01
|
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Outline

© Optimal Design of Sequential Experiments
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Planning measurements: batch (non-sequential) design

y
Wind

High
probability

contaminant?

probability
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Planning measurements: sequential design

y
Wind

High
probability

contaminant?

probability

€/ =9
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Sequential design is less developed than batch design

Greedy (myopic) design:
@ Repeated application of batch design (solonen 12, Drovandi 14, Kim 14]

o Not optimal

Dynamic programming;:

o Fully optimal description (has 1. feedback, and 2. lookahead)
[Miiller 07, Von Toussaint 11]

@ Thus far limited to discrete variables, special problem and solution

Sstructures [Carlin, Bradley 98, Berry 02, Brockwell 03, Christen 03, Murphy 03, Wathen 06]

@ Only simple objectives

Aim of this work:
Develop a mathematical framework and numerical tools to find optimal
sequential experimental designs in a computationally feasible manner
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Core components of general sequential design formulation

Experiment: Kk =0,..., N — 1, total N experiments; N < oo

State: xx = [Xk b, Xk,p] all information needed for optimal future designs
o Belief state: xy p current state of uncertainty
@ Physical state: x p deterministic design-relevant variables

Design: dk = ,uk(xk)
seek good policy ™ = {10, pt1,- - - fN—1}

Noisy data: y, distributed according to likelihood f(yx|6, dk)
(e.g., yx = G(0, dk) + €, with € Gaussian)

System dynamics: x.1 = F(Xk, Yk, dk) state evolution

Huan (Sandia) Intensive Optimal Experimental Design June 20, 2018 24 /37



Sequential design exhibits a closed-loop behavior

1Noisy data yx

Design dy System dynamics State xy
Tir1 = F (T, Yk, di)

Policy (controller)
Hk
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The sOED problem: find optimal policy that maximizes

the expected total reward

Stage reward: gi(xk, Yk, dk) Terminal reward: gy(xy)

The sequential optimal experimental design (sOED) problem:

Find 7* where

N—-1
7" = argmax ]Eyo,m,}’/v;llﬂ Z 8k (X, Vi 1k (%)) + & Cav)
m={p0, - UN-1} k=0

st Xeg1 = F(xk, Yk, di), Yk
/,Lk(Xk) S ’Dk,VXk,k

Difficult to solve directly, involves optimization of a functional
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The sOED problem in dynamic programming (DP) form

Re-express using Bellman's Principle of Optimality (sefiman 53]

Dynamic programming form (Bellman equations): (e, [gertsekes 03])

e (x) Jhax By, 1, di 186 (X5 dics Yi) + Tk (F (X, dies yi))]
k k
InGxv) = gn(xw)
k=0,...,N—1; Ju(xk) are value functions

@ A set of smaller tail subproblems
e Optimal policy functions implicitly in argmax: d; = pj(xk)
@ “Curse of dimensionality”: exponential scenario growth from recursion

@ Large body of approximate methods: approximate dynamic programming
(e.g., [Bertsekas 96, Kaelbling 96, Sutton 98, Powell 11])

Huan (Sandia) Intensive Optimal Experimental Design June 20, 2018 27 /37



Approximate value iteration with adaptive exploitation

Approximate value iteration (backward induction with regression):
Jr1 (Flxks dis yi)

Start with Jy(xn) = gn(xn), and proceed backwards k =N —1,...,1

June 20, 2018
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Approximate value iteration with adaptive exploitation

Approximate value iteration (backward induction with regression):

J(xk) = Joex. Ey, e, 18k (X dies i) + I (Fie(Xks diy yi))]

Start with Jy(xn) = gn(xn), and proceed backwards k =N —1,...,1
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Approximate value iteration with adaptive exploitation

Approximate value iteration (backward induction with regression):

Ji(xk) = P{dmeag By x.di 18Kk (Xks dies yi) + Jir1 (Fre(xk, dk,yk))]}
k k

Start with Jy(xn) = gn(xn), and proceed backwards k = N —1,...,1

P: regression operator
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Approximate value iteration with adaptive exploitation

Approximate value iteration (backward induction with regression):

Ji(xk) = P{dmeag Ey, jxi.di [8k (ks s Yie) + Ter1 (Fie (ks dk,yk))]}
k k

Start with Jy(xn) = gn(xn), and proceed backwards k = N —1,...,1

P: regression operator
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Approximate value iteration with adaptive exploitation

Approximate value iteration (backward induction with regression):

J(xk) = P{dmeag Ey, jxi.di [8k (ks s Yie) + Ter1 (Fie (ks dk,yk))]}
k k

Start with Jy(xn) = gn(xn), and proceed backwards k = N —1,...,1

‘P: regression operator, using exploration and exploitation samples

Introduce adaptive update to the exploitation policy:

Exploitation &
exploration samples

Huan (Sandia) Intensive Optimal Experimental Design June 20, 2018 28 /37
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Final algorithm for overall sequential OED

@ Set parameters
@ Initial exploration

© Precompute objects needed for repeated Bayesian inference

Q lterate to refine . ..

@ Exploration
@ Exploitation

@ Approximate value iteration

@ Extract final policy
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1D source inversion problem: problem setup

@ 2 experiments

e Source location 6 ~ N(0,22) Sensor starting location: 5.5
@ Strong wind blows to the right after first experiment

@ Quadratic movement penalty

An example scenario:

0.4 ‘ ‘
10 — o True 6
gThs
8 ' 0.3
6
_ 502
2 0.1}
0 o
= . O o L
210=5 0 5 10 15 20 25 30 —8—-6-4-20 2 4 6 8
Z 0
physical state and plume belief state

Huan (Sandia) Intensive Optimal Experimental Design June 20, 2018 30/37



1D source inversion problem: problem setup

@ 2 experiments
e Source location 6 ~ N(0,22) Sensor starting location: 5.5
@ Strong wind blows to the right after first experiment

@ Quadratic movement penalty

An example scenario:

10 TR S — [0 True
o Start position —Prior
8 x Exp 1 data || 0.3t -- Posterior 1
6 (—Exp 1 plume |
b d Q0.2
2 0.1}
0 &
x O O‘ “’\
21-5 0 5 10 15 20 25 30 eietal & 4 § 4
I o
physical state and plume belief state

Huan (Sandia) Intensive Optimal Experimental Design June 20, 2018 30/37



1D source inversion problem: problem setup

@ 2 experiments
e Source location 6 ~ N(0,22) Sensor starting location: 5.5
@ Strong wind blows to the right after first experiment

@ Quadratic movement penalty

An example scenario:

0.4 ‘
10 — o True 6
.| Start position = Prior
il fj»Bmldat | 0.3| ~Posterior 1
| EX ume sk s
6 P Exg 5 gata o Posterior 2
s 4 b Exp 2 plume || E 0.2 \
2 " 0.1}
0 & |
x O O‘ '»”
250 5 10 15 20 25 30 —8-6-4-20 2 4 6 8
7 0
physical state and plume belief state
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1D source inversion problem: greedy design vs. sOED

Greedy design does not account for future wind conditions

Expected reward: greedy (0.07), sOED (0.15)

1.5

1

—0.5

=1-0.75-0.5-0.25 0 0.25 0.5

Huan (Sandia)

dy

greedy design

1.5

—

—0.5
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=1-0.75-0.5-0.25 0 0.25 0.5

dy

sOED
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1D source inversion problem: batch design vs. sOED

A more precise instrument available only if prior variance < 3
Batch design does not have feedback

Expected reward: batch (0.15), sOED (0.26)

3 ; 3
2 2
1 1 ¥-3
5 S 5 * # ”‘ Rt
0 0 '.;n.il', :
—1 —1
25 -1 =05 0 05 25 =T =05 0 05
dp do
batch design sOED
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2D source inversion problem:

An example scenario:

physical state and plume belief states
— T T ; 8 6 e
14 : i 35
12 7.5 ) ‘ s
25
10 1 87 8 g
-2
8 65 = -
o —6|
;6 o 6 =6 4 20 2 4 6
4 .
9 5.5
0 5
2 45
sl

1 2 0 2 4 6 & 10 12 u
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2D source inversion problem: trajectory example #1

An example scenario:

physical state and plume belief states
B m?‘ 10'24
14 ‘ ‘ ‘ : 8 35 e 35
- 4 4
12 T2 2 : 2 i
~ 2.5 ~ 2.5
10 17 510 g =9 E
L -2
8 X » 15 » 15
6.5 4 A i A
6 —6 —6
- 6 64 20 2 4 6 64 20 2 4 6
N 4 20 2y
5 55
0 5
= 45
_al
; ‘ ‘ i
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2D source inversion problem: trajectory example #1

An example scenario:

physical state and plume belief states
B m?‘ 10'24
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14 8 35 e 35
7.5 4 3 4 3
12 b2 2 2
~ 2.5 ~ 2.5
10 7 40 , 7 >
-2 =
8 » 15 » 15
6.5 4 1 4 1
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- 6 =6 4 20 2 4 6 %54 20 2 4 6
S 2] 20
4 "
55 5 i
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4
0 5 ” 3
2.5
9 50
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4t 15
I L L L 4 —4 1
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2D source inversion problem: trajectory example #1

An example scenario:

physical state and plume belief states
m?‘ 10'24
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2D source inversion problem:

Another example scenario:

physical state and plume belief states
T T T T T 8 vty
14 ) g 35
i 75 | s
2
10} 17 80 25
-2
8 65 il 15
6| : -8 :
- = 6 Fa20 246 .
4 0
2 5.5
0 5
Eall 15
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L I .
-4 -2 0 2 4 6 8 10 12 14
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2D source inversion problem: trajectory example #2

Another example scenario:

physical state and plume belief states
8 W, 107
B 6 35 6 35
" 75 g s i 5
B . 2 25 i 25
10 7 & 0 , N0 s
= 15 2 15
8 6.5 4 L :
6 =8 €
= a 6 6420 2 46 5420 2 4 6
L 2 7
1 o
2 5.5
0 5
)
“ 4.5
—4
4 4
-4 -2 0 2 4 6 8 10 12 14
%
Huan (Sandia) Intensive Optimal Experimental Design June 20, 2018 34/37




2D source inversion problem: trajectory example #2

Another example scenario:

physical state and plume belief states
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2D source inversion problem: trajectory example #2

Another example scenario:

physical state and plume belief states
8 d 102 " 102 2
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) s 4 s
12 2 2
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6 =9 =6
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Outline

© Summary
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Enabled tractable computation of optimal experimental designs
targeting nonlinear and computationally intensive models

Formulated the optimal sequential experimental design rigorously
(with feedback and lookahead) using dynamic programming

Integrated and advanced new computational approaches to optimal
experimental design:

e stochastic optimization

e polynomial chaos surrogate models

e adaptive sparse quadrature

Developed new approximate dynamic programming technique:
adaptive regression for approximate value iteration

Demonstrated design of combustion experiments for learning rate
parameters, and sensor placement (both batch and sequential) for
source inversion
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