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Abstract The A-43 formulation has been proposed as a new paradigm for deriving com-
putational electromagnetics methods that do not suffer from the various manifestations of low
frequency breakdown that have plagued traditional approaches. This formulation utilizes equa-
tions developed in terms of the magnetic vector potential (A) and electric scalar potential (1)),
which allows them to overcome many of the limitations inherent to methods based directly on the
electric and magnetic fields. The predominant limitation overcome by the A-43 formulation is the
aforementioned low frequency breakdown inherent in traditional approaches. Additionally, the
A-(1) formulation also produces systems which can be effectively and efficiently preconditioned
in a simpler manner than those based directly on electric and magnetic field. This formulation
is also better suited for integration with quantum physics applications where description of elec-
tromagnetic effects is more naturally represented with A and .1). Recent work has developed
A-4:1) formulation time domain integral equations (TDIEs) which were stable over a wide range
of problems and could maintain accuracy to very low frequencies. However, these equations were
susceptible to being corrupted by interior resonances. The presence of interior resonances low-
ered the accuracy of the method when extracting frequency domain results near the resonances
and also led to the eventual instability of the numerical method if too many interior resonances
were excited (exactly synonymous to how the EFIE or MFIE would behave). This precluded
the original A-43 formulation TDIEs from being used to analyze multiscale structures that had
closed regions approximately a few wavelengths or larger in size. This work proposes a mod-
ification to the initial A-1. formulation TDIEs that makes them immune to issues related to
interior resonances. This allows the new set of equations proposed in this work to be applied to
deeply multiscale problems previously unable to be analyzed with this formulation. Numerical
results are used to demonstrate that this new method is free from interior resonances. Further,
it is shown that the other favorable qualities of this system are not lost due to the modifications
proposed in this work.

1. INTRODUCTION

Past implementations of A-.1. surface integral equations (SIE) in the time domain were susceptible
to interior resonances [1]. This rendered them unsuitable for analysis of multiscale geometries that
may contain closed surfaces that are comparable in size to the wavelengths contained within the
exciting pulse. This work presents a new A-4) SIE that is free from interior resonances, allowing it
to be used for the analysis of structures over very broad ranges of frequency.

The methodology adopted for deriving a new set of A-4) equations with the desired properties
follows the general approach laid out in [1]. First, one finds a set of E-H integral equations with
the desired properties and then converts these equations into their equivalent A-4) representation.
Throughout this process, the relevant Sobolev spaces that act as the domain and range of the
integral operators are monitored. This determines a set of equations that can be stably discretized,
as well as suggests which basis and testing functions should be utilized in the discretization process.
Note that for brevity, the details of the Sobolev space analysis for these equations are not discussed
here. However, this analysis is available for the original A-4) TDIEs in [2].

The remainder of this work is organized into the following sections. Section 2 presents the
derivation and discretization of a new set of A-4. time domain integral equations (TDIEs) that
are free from interior resonances. Following this, Section 3 demonstrates the qualities of these new
TDIEs through appropriate numerical examples. Finally, Section 4 discusses conclusions and future
work related to A-4) TDIEs.
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2. FORMULATION

Past A-0 TDIEs began from the EFIE for a scattering surface defined by S , which is

= Einc(r, t).  + V fi,(117.: dS' (1)

In (1), T = t—R/c is the retarded time, the current density is J, the charge density is p, the incident
electric field is Ei", and a dot over a function denotes a time derivative. As initial conditions, it is
assumed that the incident field on S is zero for all t < O.

From the EFIE, two sets of A-0 TDIEs were derived in [1]. The first set, termed the differen-
tiated A-0 integral equations (D-APIE) is

js [it j4(r/R, ) II4(7:111 ds, = 
— Ain' (r, t) (2)

fs [VI 4' jir(11:6, 7) fl(1.1, 7)1dS' = inc r t) 
(3)47R

where the name comes from the fact that these equations have temporally differentiated excitations.
In (2) and (3), II = • A, which along with J are the unknowns for this system. The physical
meaning of II can be understood by noting that it is a component of the charge density. The second
set of equations, termed the APIE, is

(4r:,;) V = Ainc (r ,t) (4)foo 47TR
f Too VI '4J (Re; e) dt, )1 dS' Oinc (5)
[ f

= (r ,t).

Both of these sets of equations have been shown to be able to be stably discretized, as well as able
to maintain accuracy and stability at very low frequencies where the EFIE becomes unstable [1].

Although the D-APIE and APIE have shown improvement over the EFIE for analyzing multi-
scale structures, they cannot be applied to systems that are deeply multiscale. The issue is that, like
the EFIE, these equations are susceptible to interior resonances. In the time domain, this can affect
the solution by lowering the accuracy if only a very small number of resonances of the structure are
contained within the exciting pulse. At higher frequencies, when many interior resonances can be
excited, the time marching process becomes unstable making the simulation completely unusable.

The typical remedy for interior resonances is to instead solve the CFIE when using the E-H
formulation [3]. Using this as inspiration for the A-0 formulation, it is expected that APIEs
derived from the CFIE as a starting point will also be free from interior resonances, while still
maintaining their favorable low frequency properties. This theory is tested in this work by deriving
and implementing a new D-APIE.

2.1. Derivation

Through past work, the EFIE has already been converted into the A-0 formulation in such a way
that it can be stably discretized, represented by (2) and (3). As a result, to convert the CFIE into
the A-0 formulation, all that remains is to convert the MFIE.

To begin this process we take the time domain MFIE, which is

1
J t) 12,><P + 3.4(7TriR, T3 ) R dS' ft t)—
2 

(r, — .V . f ri,(7.reR' 2rc) x = x (r , . (6)

Since J is one of the unknowns already accounted for in the D-APIE, it does not need to be modified
to convert it to the A-0 formulation. This leaves only the excitation to be rewritten, which can be
easily done to give
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Figure 1: Geometry defining the various parameters used in the separable expansion of the Green's function.

Before adding (7) into the system defined by (2) and (3), it is important to determine if the
temporal order of the Sobolev spaces acting as the domain and range of the integral operators in
(7) are commensurate with those of (2) and (3). This is necessary to ensure that the system can be
consistently discretized, producing stable results in practice [2]. Fortunately, the temporal Sobolev
spaces are the same, so no further modifications are needed [4]. This allows (7) to be added to
the D-APIE system given in (2) and (3) without damaging the stability properties of this system.
Further, this modification yields a new system free from interior resonances. This system is
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2.2. Discretization

This new D-APIE can be discretized using the separable expansion of the time domain Green's
function described in [5]. The approach is to approximate the time domain Green's function using
an expansion that separates the Green's function into independent spatial and temporal parts. This
is done with the completeness relation for the Legendre polynomials,

E 2+ 1 P1(x')P1(x) = (5(x — x'),
1 = 0

(10)

which is used to expand the delta function in the Green's function. This greatly simplifies the
numerical integrations needed for evaluating matrix elements as the temporal and spatial integrals
are now almost independent of each other.

The actual factorization of the Green's function begins as

g(r, t) =
47Ra(t ( 

R 

c) * (t c

— 

where the convolution with (5(t — (lc) is used to lower the support that the separable expansion
is performed over. In particular, is the largest multiple of cAt between a quadrature point on
the testing triangle and the source triangle, as illustrated in Fig. 1. By limiting the separable
expansion over a smaller support, quicker convergence in the series expansion is achieved.

Now the separable expansion to the second delta function in (11) can be applied, giving

Nh

g(r, r', t) (t — 1 c) * ajp1(bt i)P1(-1) 
47r R
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(12)
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where fl = b(R-01c-1, al = b(21+1)/2, and the sum has been truncated to Nh terms for numerical
implementation. In (12), b is chosen to normalize the argument of the Legendre polynomials so
that they cover the entire range of —1 to 1 over the integration region. The exact value of b is

b 
vAt 

(13)

where v is the smallest integer so that a sphere with radius cvAt centered at the observation
quadrature point will completely enclose the source triangle (see Fig. 1). Numerical experiments
suggest that selecting Nh = 3v provides acceptable results [5].

This separable expansion may now be used in a marching-on-in-time (MOT) discretization
[5]. When correct temporal basis functions are selected this leads to a stable system. A possible
temporal basis function, T, that can be used for these equations is a triangle function, i.e.,

1 — for ltl < At
T(t) = At ' (14)

0, elsewhere,

where At is the time step used in the discretization. Note that the stability of these systems
in practice is highly dependent on the proper selection of temporal basis and testing functions.
Only a basis and testing pair of functions that are members of the correct Sobolev spaces (or are
discretely equivalent, [6]) will lead to stable systems over a wide range of excitations. The spatial
basis function used for J are Rao-Wilton-Glisson (RWG) functions (denoted as fri for the nth edge),
which are defined by

fTh(r) =

(r r" 

(15)

1
(r — r) r E T77,,E

2A+ n

In (15), Tn are the triangles that share the nth internal edge of the triangular mesh. Further
quantities are Aril, which are the areas of triangles and rn± which are the vector positions of
the vertices of T7., that are not connected to the nth edge of the mesh. For LI, the spatial basis
functions used are pulse functions (denoted as hm, for the mth triangle) which are simply a constant
over a triangle, selected to be 1/A where A is the area of the triangle. The spatial testing functions
are RWG functions for (8) and pulse functions for (9).

Using these basis and testing functions in a MOT procedure produces the following matrix
system,

r E TrT.

itrAt(T(°) + 1'03)) DTS(o) (c00t)-1J(i) ritVa(i)[

S(c)D 
q€ .. t (13) 76110) Co6At °(i)

;L-1- ,arAtMi-3) +k(z-3)) DT S(2-3) (co0t)-1J(3)
— 2_ s(i—j)D — S,t 76(i—i) 11P(i) ' (16)i=i—im.. e„

where 710 is the intrinsic impedance of free space and co is the speed of light in free space.
The different matrix elements are defined as:

[k(i-3)]

2 fs_ ((i — j)At)fm(r) • fri(V)dS,

Nh

fS E aiPi(R) (frn(r) • ft x fri(V) x R)[471:12c + 7R3 d54c1S, for m n,
'" 1=0

(18)

(r) . (V) Pz1171 dSIC1S,[ (i—j)lmn = ~Ty 1 (17)

for m = n
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where the temporal convolutions are contained in

= e — 1)T (k — de
-00

4(z—j) = Pio e (k — de,

(19)

(20)

(21)

(22)

and lc = (i — j)At — (IC. In these equations, Sn is the support covered by the nth RWG function,
and Tn is the support of the nth triangle.

The incidence matrix, denoted by D, is used to account for the bookkeeping related to taking
the divergence of the RWG functions. The matrix is simple and is given by

{1, patch of hrn is the positive triangle of fn

[D]„ = —1, patch of hm is the negative triangle of fn

0, otherwise.

(23)

Finally, the excitations may be calculated as

{a(i)},n = frn(r) • ( — Ainc(r,iAt) + fix V x Ainc(r,iAt))dS (24)

{c/)(z)bn = f kn(r).i.inc(r,iAt)dS. (25)
77„,

3. NUMERICAL RESULTS

In this section, numerical examples are presented to validate the stability and accuracy of the
equations derived throughout this work. Further, it is demonstrated that the new A-(1) system
presented is free from interior resonances.

For all simulations considered, the scatterer is a PEC sphere with a radius of 1 meter. Since the
excitation is assumed to come from the far-field, .1.1nC can be set to zero [7]. The incident vector
potential is a plane wave with temporal shape defined by a modulated Gaussian pulse,

Finc(r) ,t\ =Fo exp [ Cr —20t_13)
2 

cos(27f04). (26)

In (26), Finc should be selected as the appropriate excitation for the TDIE considered, e.g., Ainc.

The polarization direction and amplitude are set by Fo, and tr = t — r • k/c, where k sets the
propagation direction. The width of the pulse is set by a = 3/(27rfbw), where fbw defines the
bandwidth of the pulse. Finally, tp = 8u and fo is the center frequency of the pulse. The time step
for the simulations is selected to be a fixed oversampling of the Nyquist frequency. This is done by
setting At = 1/(s(fo + fbw)), where s is usually set to 10 or 20.

The first numerical example presented demonstrates that the new D-APIE is free from interior
resonances. To illustrate this, we simulate a PEC sphere with an incident pulse that has a center
frequency of 225 MHz with a bandwidth of 80 MHz. To highlight the presence of interior resonances,
Fig. 2 shows the solved coefficients transformed to the frequency domain for one of the unknowns
for both the D-APIE of [1] and the formulation of this work. It is seen that there are perturbations
of the frequency response at resonant frequencies of the sphere for the formulation of [1], while
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Figure 2: Solved coefficient transformed to the frequency domain for the D-APIE of [1] and the formulation
of this work.

the results from this work are smooth. The presence of these perturbations can lead to lower
accuracy when extracting parameters of interest, such as the scattering cross section (SCS). More
importantly, the interior resonances can lead to instability of the system described in [1], making
that method unusable for structures of moderate electrical size.

To demonstrate the accuracy of the new formulation, a sequence of simulations is performed.
The SCS is extracted at the center frequency for simulations ranging from 1 Hz to 225 MHz,
with the bandwidth set to approximately half the center frequency and s set to 20. The error is
calculated by

I I SCSNlie I

which compares to the analytical Mie series solution for the sphere. The particular results used for
computing the error are the E-plane bistatic SCS from 0 to 180 degrees. The results are shown in
Fig. 3, which demonstrates that the formulation proposed in this work is able to maintain good
accuracy over a very wide range of frequencies. Additionally, it is seen that the error eventually
jumps for the D-APIE of [1] due to the interior resonances making the simulations unstable. Note
that the slight increase in error for the formulation of this work at higher frequencies is due to the
mesh becoming relatively coarse at those frequencies.

I I SCSTDIE — SCSmie I IError =

4. CONCLUSION

(27)

This work presented a new set of A-(1. formulation TDIEs that are not susceptible to interior
resonances. This allows the new formulation to be truly multiscale, as one can now maintain good
accuracy at both extremely low and high frequencies in contrast to past TDIEs.

Future work will develop an APIE, based on (4) and (5), that is also free from interior resonances.
That set of equations performs better at low frequencies than the D-APIE, and also has the benefit
of performing the calculation related to A and (I) directly, as opposed to the temporal derivatives
of these quantities. Another important step for this formulation is to develop a set of equations
suitable for analyzing dielectric structures. This is necessary for many applications in areas such
as quantum optics, where the PEC approximation of materials is no longer applicable.
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