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The (low frequency) zonal flow-ion temperature gradient (ITG) wave system, constructed on
Braginskii’s fluid model in tokamak, is shown to be a reaction-diffusion-advection system; it is
derived by making use of a multiple spatiotemporal scale technique and two-dimensional (2D)
ballooning theory. For real regular group velocities of ITG waves, two distinct temporal processes,
sharing a very similar meso-scale radial structure, are identified in the nonlinear self-organized
stage. The stationary and quasi-stationary structures reflect a particular feature of the poloidal
group velocity. The equation set posed to be an initial value problem is numerically solved for
JET low mode parameters; the results are presented in several figures and two movies that show
the spatiotemporal evolutions as well as the spectrum analysis—frequency-wave number spectrum,
auto power spectrum, and Lissajous diagram. This approach reveals that the zonal flow in tokamak
is a local traveling wave. For the quasi-stationary process, the cycle of ITG wave energy is com-
posed of two consecutive phases in distinct spatiotemporal structures: a pair of Cavitons growing
and breathing slowly without long range propagation, followed by a sudden decay into many
Instantons that carry negative wave energy rapidly into infinity. A spotlight onto the motion of
Instantons for a given radial position reproduces a Blob-Hole temporal structure; the occurrence as
well as the rapid decay of Caviton into Instantons is triggered by zero-crossing of radial group
velocity. A sample of the radial profile of zonal flow contributed from 31 nonlinearly coupled ratio-
nal surfaces near plasma edge is found to be very similar to that observed in the JET Ohmic phase
[J. C. Hillesheim et al., Phys. Rev. Lett. 116, 165002 (2016)]. The theory predicts an interior
asymmetric dipole structure associated with the zonal flow that is driven by the gradients of ITG
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turbulence intensity. Published by AIP Publishing. https://doi.org/10.1063/1.4995302

I. INTRODUCTION

Discovered via numerical simulations'™ in the late
1990s, the zonal flows—shear flows that are symmetric both
poloidally and toroidally—are believed to play a key role in
L-H transitions in tokamaks.””’ Although most theories
attempting to isolate the mechanism that excites zonal flows
are based on the eigenmode approach,®*2® there are some
that employ the “initial value problem” route.”** In all
these theoretical frameworks, it is commonly accepted that
zonal flows are closely associated with drift waves in toka-
mak—in fact, they are the core component of what may be
called a zonal flow-drift wave system.””’ In the present
paper, the term zonal flow is used synonymously with low
frequency zonal flow; the geodesic acoustic mode (GAM)
will be discussed elsewhere.

The flow-drift wave (F-D) system is a self-consistent
state created in following steps: Drift waves, driven by free
energy from pressure gradient, generate Reynolds stress,
which in turn triggers zonal flows to grow. The growing
zonal flows, then, work backwards to modulate the drift
waves. The modulation, of course, could be in the amplitude

® Author to whom correspondence should be addressed: 1zy0928@mail.ustc.
edu.cn
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and/or in the phase; it is their combined action that will
determine the texture of the final state. Amplitude modula-
tion is dominant in the eigenmode approach (based on linear
instabilities). To derive the consequences of pure phase mod-
ulation (there is no linear instability), the system should be
investigated within a nonlinear framework, posed as an ini-
tial value problem. As long as the group velocity in the drift
wave energy equation is real and non-singular, only the
phase modulation is possible. It is precisely the scenario to
be studied in the present paper.

To expose the global architecture of theory (possibly,
sacrificing quantitative accuracy), we will study a relatively
simple model based on Braginskii fluid equations. The zonal
flow-drift wave system consists of two basic components:
(1) the ion temperature gradient (ITG) linear equation set
and (2) the zonal flow equation obtained by surface averag-
ing over the vorticity equation; the latter is assumed to be
varying on a slower scale compared to the fast scale ITG
mode. It is important to notice that in the ITG equation set,
there also exist slow and fast scales; the fast scale character-
izes the eigenmode equation, while the amplitude or wave
energy equation is on the slow scale. Both equations are
derived from the same linear ITG equation set in Sec. II by
making use of a multiple scale technique—the so-called
derivative expansion.”® While the two-scale procedures are

Published by AIP Publishing.
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routine in plasma physics, its application to the tokamak con-
figuration is quite a bit challenging.

For a tokamak plasma, the calculation of Reynolds
stress (in the zonal flow equation) as well as the group veloc-
ity in the wave energy equation requires a knowledge of the
2D mode structure, primarily because the toroidal curvature
induces linear coupling of drift waves pertaining to each
individual rational surface. As a result, a meso-scale struc-
ture (enveloping the micro-scale structure of slab model
modes) emerges in both the radial and poloidal directions.
The envelope is a manifestation of the so-called ballooning
effect, historically, studied only in the poloidal direction.
However, the conventional ballooning theory,”‘29 despite
its success in predicting the eigenmode frequency and
growth rate, is incapable of calculating the mode structure
necessary for calculating Reynolds stress. It was shown in
Ref. 30 that because of the assumed up-down symmetry, the
Reynolds stress will be identically zero.

By the same token, in group velocity expressions, the
terms containing radial and parallel gradients are found to be
more important than the curvature terms. When calculated,
using a 2D ITG wave function, they exhibit sharp saw-tooth
like variation, a feature essential to many new results of this
paper.

Fortunately, the recently developed 2D ballooning the-
ory based on Fourier-ballooning transform,*! in particular,
the weakly asymmetric ballooning theory (WABT),*? can
provide the requisite infrastructure for the zonal flow-ITG
architecture. More specifically, one finds that the zonal flow
equation is a reaction-diffusion (RD) equation and the ITG
wave energy equation is the advection (A) equation; both are
on the slow scale and constitute what we will call the reac-
tion-diffusion-advection (RDA) system. The 2D ballooning
wave function on the fast scale is an input for calculating
Reynolds stress and average of operators over the fast scale.
A plausible analytical wave function in the ITG fluid model
has been constructed and used for the calculation of
Reynolds stress in Ref. 33. The same analytical wave func-
tion is also used for calculating operator averages to evaluate
the group velocities. In Sec. 111, the zonal flow equation with
phase modulation by ITG wave energy is given. The analyti-
cal expression for static Reynolds stress is drawn from the
published literature.®® The dimensionless form of the RDA
system is displayed in Sec. IV which also presents two dis-
tinct examples of group velocities leading to two distinct
temporal classes of zonal flows: the stationary and the quasi-
stationary. More spatiotemporal numerical results for single
ballooning rational surface (the rational surface pertaining to
the ballooning-like mode which has much wider radial
extension than that of a slab mode) are presented and dis-
cussed in Sec. V. The emphasis is laid on the physical mech-
anism leading to the formation of a self-organized
spatiotemporal structure. The rationale for treating zonal
flow as a local traveling wave and the mechanism triggering
intermittent instantons (by zero-crossing of radial group
velocity) are also suggested. The results based on spectrum
analysis, widely used by experimentalists in i-phase dis-
charges,* 7 are presented in Sec. VI. The selective results
from nonlinear coupling of multiple ballooning rational
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surfaces are offered in Sec. VII. Finally, we give a summary
and discussion of main results in Sec. VIII. The major
numerical algorithms are described in the Appendixes. In
Appendix A, the major steps are given for calculating opera-
tor averages over the fast scale contained in group velocities.
Appendix B is for the diffusive boundary condition of the
zonal flow equation. The numerical algorithm for solving the
phase equation in configuration (Fourier) space is described
in Appendix C (Appendix D), respectively.

Il. ITG WAVE ENERGY EQUATION MODULATED BY
ZONAL FLOW

The fluid model for ITG waves under modulation of
zonal flow consists of the three linearized moment equations:
continuity equation of warm ion fluid, parallel momentum
balance equation, and ion pressure evolution equation.”® In a
toroidal coordinate system (r, 1, ¢), these are

(245-9)0-290)0 + (141029 6. 91

—2p,cs(k x b) - V() +p) + V)i =0, (1)
0
<5+5'V>ﬁ + V(9 +p) =0, 2)
9, o 009

where b = pcsb x Vo = —pycE ey =vey, ¢ (¢) is the
dimensionless electric potential of the ITG wave (zonal
flow) normalized to electron thermal energy, p is the dimen-
sionless ion pressure normalized to electron equilibrium
pressure p, (not ion equilibrium pressure p;), v. = —pCs
(b x Vinng) = (pscs/Ln)ey = viey, cs = \/T./m; is the ion
sound speed, p, = ¢;/®,; is the ion Larmor radius at electron
temperature, 17; = (1 +n;) /e, 1o = T./T;, n; = dInT;/dlnny,
T, (T;) is the electron (ion) temperature, ng is the equilibrium
density, V3 =0%/0r*+(1/r*)0%/09*, V| =b-V =(1/qR)
[0/00 +q(r)0/0(], q is the safety factor, i is the fluctuating
fluid parallel velocity, b is the unit vector along the equilib-
rium magnetic field, and « is the magnetic curvature.

The method of multiple scales can be cast into deriva-
tive expa\nsion.26 To the first order, we have

0o 0, 0 .0 0 9 0
— — — b— — — e — —_—— — —
o oi fa T T o ar o o
o(t,r) = ¢(t,1)p(1, 7). (4)

t,F (t,r) denotes the fast scale (slow scale) variables. The fac-
tor ¢< 1 is introduced for bookkeeping only. @(7,F)
describes the fast scale ITG mode, and ¢ (¢,r), as the ampli-
tude of ITG wave under modulation by the zonal flow, varies
on the slow scale. In the following, the terms containing zonal
flow are treated to be first order quantities. In toroidal coordi-
nate system (r, %, ¢), we choose ¢ (7,9,%) = exp (in — im?)
>, ¢,(F) exp (—ild) to describe the ITG mode of toroidal
mode number n at the rational surface r;, with (integer)

m = nq(r;), where q(r;) is the safety factor at r;, (4, ¢). Notice
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that ¢,(7) is the 2D ITG wave function in (7,[) representation in which V|| = i(ms(7 —r;)/r; —1)/qR = i(x — 1) /qR, where
x = 8nq(rj)(F — rj)/rj = Sky(7 — r;). The following convenient definitions will be used throughout this paper: y = r;0) implying
Wy — 10,(0/0Y + €0/0y) = Dseo + 6D e and y; — i1;0,(0/0Y + €0/0y) = Do + D1

The solution of the two-scale system begins with the pressure evolution equation, followed by parallel momentum equa-
tion. Substituting Eq. (4) into Eq. (3) yields

~ ~ ~ 8 _ 6 CLA)*iA
p=pytep=— {14——(5—&—08—&,)] . 5

Up to first order, Eq. (2) combined with Eq. (5) becomes

T e (0 O\l bu . (OO ibuo),
V|u|:1+z<&+va—y>:|$vl(l +8<at+ 8_) e )(p. (6)

Substituting Egs. (5) and (6) into Eq. (1) yields the single equation in terms of @

. g 0 N
{—zw—ka(a—kva—yﬂ( V)¢ + (1+7;02V% ) (v, - V)& — 2pyes(k x b) - V
& 9 0 0 cf ) op 0 _0\ibol.
N R T I
with further expansion &(r,r) — (1, F)p(L,F), p>V2 — p?> [(0/0F + ed/Or)* + (3/0y + £d/dy)*], and (k x b) -V

);
— [sin¥(9/0F + €0/0r) 4+ cos ¥(0/y + £0/Dy)]/R. Now, it is straightforward to obtain the zeroth and first order equations:
The zeroth order equation is

82 62 w + Cb*e 0 26)(16 0o CZ
JE— — o 1) _5 ,'9 8
{p ' (a i 8§2> ot w ar [P ?(79) = ©

where (.0 = co*p(i/nq)a/@{?, Wi = —kypses(dinng/dr), @.i0 = wui(i /nq)@/@ﬂ Wy = kgpyes(dinp;/dr), and @

= —i(p,¢s/R)(sin¥0/IF 4 cos 90/ 0y ). Equation (8) will be treated via the 2D Fourier-ballooning transform. The equation

for amplitude evolution is derived from the first order O(¢) equation
op 0 99
e Ty T

—ikyv b, )

where (¢, r,y) is the amplitude for ¢ (7,7), and

2 s * .
20%(K,) (0 + v.ijikg) + i (1 + I k9> sin
= Ro (10)

2p,Cs 1,Vs . 2n,v.k
1+ p2((K2) +K3) — ;;‘ 'L)—zkﬁ(<K,.>sm19+k,;cosq9)— <1+ 1 ﬂ)‘—2<v|2>

2 s n; * . n; %
o [1 = 102 (K2) +32)] — 202k, — . < (v - 28 [%smq?([(,.)—i-<1+2Mk,9>00519}
O
Vgy = — — . (11)

2 gCs M iVUx . 2 i *k7
L p2((7) +43) - TRt kﬁ<<1<,~>sm9+kﬂcosﬂ>—(1+ ko) & (o

In Eq. (9), vgr (vgy) is known as the radial (poloidal) component of group velocity. For waves satisfying dispersion in
Fourier space D(w, k) =0, vy, = (0D /0k;) /(0D /0w), and vy, = (9D /0k,)/ (0D [Ow). In Egs. (10) and (11), K, = —i(9/0F)
and (---) = [dr¢™--- @/ [dF* . In terms of the phase (eikonal) O(r,7) = —iln¢ (r, 1), Eq. (9) becomes

00 00 00 _
E—&—ug,E—i—ng},a—y_ kygv. (12)

A formal inhomogeneous solution of Eq. (12) is
t
O(r,t) = pscskﬂj d<E, (r — J
0
with dv)(s)/ds = vgy(J(s))/rj and ¥(s = 0) = 0. The phase O(r,t) is shown to be the linear functional of zonal flow. It is

important to note that the phase ©(r, t) is real for real and regular v,,(¢J) and v, (1J). It simply means that the ITG wave energy
is modulated only through the phase; the amplitude modulation is absent since |¢| is independent of zonal flow [Eq. (9)]. It is

1

dsvg-(9(s)), ‘c) (13)

T
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noticeable that the application of ballooning formalism to
zonal flow theory has long been documented in the literature
as done by Zonca, Chen, and White.'®

lll. ZONAL FLOW EQUATION, RDA SYSTEM

The zonal flow equation can be obtained from the sur-
face average over the nonlinear vorticity equation (e.g.,
Refs. 39, 5,7, 11, and 18)

v Myy(x) O

aneoE or - ,ua o 0, 04
p op 8(/)
%,91‘ X) = £S5 +d19
() = I 2 or

where a,., describes the possible neo-classical shielding
ranging from 1 to y,., With .o = 1.6¢%/1/e, Ry, stands for
the Reynolds stress pertaining to the rational surface at r,
v = p,cb X V@ = vey is the zonal flow, and p is the per-
pendicular viscosity; for the classical fluid model, 1 — ug
= 3u,~ipl2 /10, where v;; is the ion-ion collision frequency and
p;i = \/Ti/m;w? is the ion Larmor radius.

Following the procedure of Ref. 30 Ry; can be
expressed as

Ry (x) §ﬂf€fs E S'loi(x)]7,
[k (7.)] "
Im | %k, (A, Ren? d 2
s =
Im#y? +21m17 dx Inj@;(X)[",

where S’ stands for the radial variation of phase in the
Fourier image of the ballooning wave function. The Reynold
stress is significant only for modes with up-down asymmetry
like the WABT as well as for modes in vertical ballooning
theory (VBT); the latter also known as the “general mode”
or “ballooning theory of the second kind.”*° The 2D
ITG wave function is precisely the (x,/) image of 2D balloon-
ing wave function ¢(k,1) via the Fourier ballooning
transform.>' 3

We will begin by summarizing some of the results of
calculations already published in Ref. 33. The 2D ITG wave
function can be well approximated by an analytical form

ok, 1) = y(k, 2)¥P(2) = M k=ke(2)) /2 =inBri=nBa2/2 (1)

from which one calculates the ballooning wave function
a(x =1 2) = [dke*Dy(k,2.), leading to S =d
Arg[y(x — 1, 2.)]/dx. Tt is noticeable that within the frame-
work of WABT, 4. is generally complex and depends on
both / and x.

This analytical form Eq. (16) is used throughout this
paper: for the calculation of Reynolds stress in this section
and the averaged wave number, e.g., (K,), in the next. The
summation over sidebands is approximately expressed in the
analytical formula

R (x) ~ k2 p2c%5 Im(rﬂk*(x*))_Renz(x—xo)
e 9PsCs¥ Im#? Imy? no

1(x), (17)
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where I(x) = %dﬂ

~ I(xo)exp {—

and xo = —n(Ref, + Imp,Imp,/Ref,) — || Imk, (—if,/
B) /mn? and o = B[ /Refy + |2/ (nlmip?). k. (x.) is an
approximated constant for k. (1 ).

Apparently, Ry ;(x) exhibits the structure of a dipole
somewhat contaminated by that of a monopole. Therefore,
the radial derivative driving the zonal flow should possess a
quadrupole structure. From Eq. (12), one notes that the drift
wave amplitude is no longer static as soon as the zonal flow
starts to modulate the drift wave. This modulation imparts
time dependence to I(r) — I(r,t) = I(r) cos*(®(r,1)). It is
important to notice that the constant part (1/2) in
cos?(®(r,t)) does not contribute to the radial derivative of
total Reynolds stress owing to the cancellation from adjacent
rational surfaces (9, > ;¢ 1«5 W9;(r) = 0). At this stage,
it is helpful to introduce the concept of equivalent Reynolds
stress by phase modulation for a single rational surface
expressed by the oscillatory part Ry(r)cos (20(r,1))/2 even
though it is only valid in the equation with a large number of
rational surfaces. This equivalent concept makes it easier to
analyze the behavior of the eventual contribution from indi-
vidual rational surfaces. We then write equivalent zonal flow
equation pertaining to the single rational surface to be

-

Ineo Z” %82 [Ro(r)cos (20(r, )] —u%: 0 (19
which is then coupled to Eq. (12) in the real representation.
For a given single rational surface, the subscript of Reynolds
stress j can be dropped in Eq. (19).

Equation (19) is a generic reaction-diffusion equation,
while Eq. (12) is in the form of an advection equation. These
two equations constitute what we call an RDA system. It is
well known that two coupled reaction-diffusion equations
tend to develop a self-organized structure in the nonlinear
stage*!*? (pattern formation). In our RDA system, however,
there is only one reaction-diffusion equation, nonlinearly
coupled to an advection equation. To explore whether self-
organized structures can emerge in such a system, we numer-
ically identify two different temporal processes with very
similar spatial structures; these will be discussed in the
dimensionless form in Sec. IV. Since the reaction term is
localized around the rational surface r;, the relevant bound-
ary conditions, at a position far away from r;, pertain primar-
ily to the diffusive part. An analytical solution is worked out
in Appendix B.

IV. ZONAL FLOW—A SELF-ORGANIZED PATTERN
FORMATION

For the problem of zonal flow driven by turbulence, it is
appropriate to assume that at r = 0, there is no zonal flow
and the phase function ®(t = 0,x) = 0. As a result, the ini-
tial growth is linear in time. The simple linear growth ends
before the phase ® approaches n/4. The long term behavior
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is obtained by numerically solving the set of Eqgs. (12) and
(19). Equation (19) has the dimensionless form
V(x,t) 19
+ R

ot 2 0x

1 8V (x,7)

R. 0Ox?

[R(x)cos (2®(x, r))] = , (20)
where R, = 10t,@¢i\/ILefr(X0) /35 aesevii, the so-called “zonal
flow Reynolds number,” and a,, = u/ug a measure of anom-
aly of perpendicular viscosity to the classical one; I
= I /aneo and defr = a,/aneo. The zonal flow speed is normal-
ized to 0, = pkycsSy/Iefr (o) (0 = V), time is normalized
to wz =v.ky (twy = 1), and the dimensionless Reynolds
stress is

_ |Im (nzk*) Rern? (x — Xo) [ (x — X0)2:|
R(x) ~ [ Imp?  Imp? no N I
(21

The inhomogeneous solution of ITG wave energy equa-
tion Eq. (12), i.e., Eq. (13), expressed in dimensionless quan-
tities, becomes

Ox, 1) = J dr'v <x - §J dabg, (V(a)), ‘c'), (22)
0 T
where Do = g /0.,

dvy(o)
do

= 0gy(9(a))/ (kory) (23)

and Dgy = v,y /..

Equation (20) with the diffusive boundary condition
given in Appendix B and Eq. (22) with Eq. (23) constitute a
well-posed numerical problem for the RDA system. The
solution of such a system depends on the details of the toka-
mak equilibrium. For demonstrating the working of the sys-
tem, we choose to analyze an L-mode shot on JET.

The basic equilibrium parameters required for the calcu-
lation are listed in Tables I [for zonal flow equation (20)]
and II [ITG related parameters required for R(x)]. In addi-
tion, the parameter for the mode structure as depicted by 1?
in Eq. (16) could be somewhat different from those calcu-
lated in the linear stage. Two typical values are chosen: (a)
n?> = —3+3.2i and (b) n> = —4 + 2i, which leads to two
distinct temporal processes: (a) for quasi-stationary and (b)
for stationary. The analytical ITG 2D eigenmode [Eq. (16)]
is used to calculate the fast-scale averaged expressions for
the three operators (K,), (K?), and (Vﬁ} occurring in the
group velocity (see Appendix A).

The zonal flow equation is solved by making use of the
Crank-Nicolson method*® along with the diffusive boundary

TABLE I. Basic equilibrium parameters.

R (m) a (m) B (D) rj (em) i §
2.96 1 2 60 2.8 0.8
q Ti (keV) vii (Hz) py (mm) ¢y (km/s) v« (km/s)
3 1 550 1.2 240 1.216
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TABLE II. Partial mode related parameters.

n kg (Jem) ki (xs) b P> o
—80 —4 —0.00436 — 0.0221; 0.17+40.0401; 0.201 —0.1; 0.353
X0 w (kHz) egr (o) Aefp v, (m/s) . (kHz) R.
—11.6 —-300 10°° 3 —-92.16 36.86 275.42

condition described in Appendix B. For large radial group
velocity, the advection equation is highly non-local, and the
finite difference method does not apply. Two independent
methods, direct integration on Eq. (22) and Fourier method for
advection equation corresponding to Eq. (22), are shown in
Appendixes C and D, respectively. The results characterizing
two distinct temporal processes are shown below in Figs. 1
(K.), (K?), and <Vﬁ>), 2 (for normalized radial, poloidal
group velocity, by and d,,), and 3 (for spatiotemporal evolu-
tion of zonal flow), where (a) [(b)] stands for quasi-stationary
[stationary]. It is worth mentioning that these two distinct pro-
cesses occur for the same set of equilibrium parameters with
sorrlezwhat different mode structure owing to huge differences
ink, () as shown in Fig. 1 and in group velocities as shown
in Fig. 2. It suggests the significance of correlation between
the mode structure and the pattern formation.

In this section, only the stationary process is analyzed in
detail. It is caused by zero-crossing of poloidal group velocity.
In Fig. 2(b), one can clearly see two zero-crossings, at 1;
= 3.288 and 1J, = 4.587. In fact, these two points have dis-
tinct characteristics: 1, is attractive but 1J; is repulsive. The
parameter ¥(f = 0) = 7 is chosen just a little bit smaller than
1. As suggested by Eq. (23), positive b, leads to a decrease
in 9, because ky < 0. As a result, ¥(g) moves to ¥, and then
gets stuck there because gy (1),) = 0. If ¥ > ¥ (1 = 0) > ¥y,
then for negative d,,, 1 should increase with ¢ till it meets 1J,
and then stays there henceforth. The radial velocity b, then
becomes a constant in time implying a stationary process.

V. MORE SPATIOTEMPORAL NUMERICAL RESULTS

To help us understand how the self-organized structures
are formed, we will display the data on the zonal flow v(r,?)
(Fig. 3) and the phase function ©(r,¢) in different ways for
the quasi-stationary as well as stationary processes.

A. Spatial structure of zonal flow at three time points

The spatial structure of zonal flow v(r,f) and phase
function O(r, ) is presented in Fig. 4 for three specific time
points: ¢ = 20,40, 60 ms. The quadrupole structures are seen
very clearly for stationary and quasi-stationary processes. In
fact, the movie file (quasi-stationary process only) is avail-
able in the caption of Fig. 4 (Multimedia view) for readers to
view the time evolution of zonal flow and phase function in
configuration space (within the reaction region for zonal
flow and beyond for the phase function).

The movie visually suggests that zonal flow is a travel-
ing wave in finite space or a local traveling wave. As shown
in Fig. 4(a), for example, the zonal flow is characterized by a
central high peak escorted by two sub-dominant peaks on
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FIG. 4. The spatial structure of zonal flow o (r, ) and phase function ®(r, ¢) at three distinct time points at # = 20,40, 60 ms for (a) quasi-stationary and (b) sta-
tionary. The time evolution for (a) in # = [0, 15] ms can be seen via the link zonal flow-phase evolution. Multimedia view: https://doi.org/10.1063/1.4995302.1

either side, followed by two valleys that gradually die away.
This dynamic signifies a simple breathing of peaks and val-
leys without any long-range propagation. On the contrary,
the long-range propagation is seen clearly in the “motion” of
the phase function. One may notice that the signal of phase
function could propagate far beyond the meso-scale distance,
denoted symbolically by x+,. A cut-off has been introduced
somewhere (@(x++,7) =0) far away from the reaction
region. The breathing of peaks and valleys of zonal flow
characterizes a motion pattern of the local traveling wave. In
terms of Fourier representation, two peaks of the wave num-
ber of zonal flow are shown clearly pointing to the opposite
direction in Figs. 11 and 13.

When viewing Fig. 4 for zonal flow, one may have also
noticed that the sign of zonal flow is varying. Surely, it is a
consequence of the fact that the radial average of zonal flow
is zero. That is, f:::‘ dxV(x,7) =0 is a constant of motion
according to Eq. (20) for initial zero zonal flow, where
Xmin(¥max) 18 the in left (right) diffusive region, and V (Xmax, 7)
~ V(Xmin, T) = 0. The numerical work confirms the condi-
tion, yielding Kﬂ: dxV(x,t)/ Kﬂm dx|V(x,7)| < 107°.

B. Time evolution of zonal flow and phase function at
five spatial points

In this sub-section, we will dwell on the temporal evolu-
tion of the zonal flow and the phase function. In Fig. 5, we
display the time history of these quantities corresponding to
five distinct spatial positions marked blue to green in Fig. 4,
ie, rjo=r+ (xo + 2\/175)/§k19 (dark blue), 71 =1y
+(XO + \/IE /fkg (cyan), rio =1+ xO/fkg (red), rjy1 =75
+(x0 —/na) /sky (brown), and rj» =1 + (xo - 2\/53)/
Sky (green). Among others, ;o corresponds to the position of
the central peak of the quadrupole part as the radial

derivative of static Reynolds stress, and r; +; corresponds to
the two peaks of the dipole part of the static Reynolds stress.
One cannot fail to notice the correlation between the kink
in zonal flow v and the spike of phase function ® [Fig. 5(a)].
The zonal flow and the phase function vary smoothly over
most of the time. However, at some instants, a kink in the
zonal flow appears, simultaneously, with a spike in the phase
function. In other words, one may divide the temporal evolu-
tion of phase function into two regimes, smooth and spiky. In
the smooth regime, a large radial group velocity takes the argu-
ment of zonal flow in Eq. (22) into the diffusive region where
Reynolds stress is small. When the shift induced by radial
group velocities § [ dab,,(9(a)) is comparable to the radial
positions x, however, the argument of zonal flow of Eq. (22)
falls into the reaction region where Reynolds stress is not
small. Our results indicate that the latter occurs very rapidly.

C. Correlation between occurrence of spikes and
zero-crossing of radial group velocity

In order to demonstrate the correlation between the
occurrence of spikes and zero-crossing of radial group veloc-
ity, the first 15 ms portion in Fig. 5(a) is magnified and dis-
played in Fig. 6 that also shows the time evolution of radial
group velocity. The occurrences of four kinks in zonal flow
and four spikes in phase function are found to be correlated
with the moment at zero-crossing of radial group velocity—
marked by event numbers 1, 2, 3, and 4. For events 1 (at
t; = 4.4ms) and 3 (at 3 = 11.2ms), the radial group veloc-
ity goes from negative to positive, while for events 2 (at
tp = 6.7ms) and 4 (at t4 = 13.5ms), it goes from positive to
negative; the former (latter) will be called up-zero-crossing
(down-zero-crossing). The time evolution around the four
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FIG. 5. The temporal process of zonal flow 0(r,¢) and phase function ®(r, ) at five distinct spatial positions for (a) quasi-stationary and (b) stationary.

spikes of the phase function is further magnified in Fig. 7.
One may notice the differences in the propagation character-
istics; events 1 and 3 (2 and 4) propagate from left to right
(right to left), strongly suggesting a pattern of wave energy
propagation.

D. Blob-hole temporal structure triggered by
zero-crossing of radial group velocity

The ITG wave energy under phase modulation is
I(r) — I(r,t) = I(r) cos*(®(r,t)). The energy modulation
factor cos?(®(r,1)), calculated for the 15 ms interval of data
for the phase function in Fig. 6 is displayed in Fig. 8. The
portions, lasting several hundred us, around four events at

rjo (further magnified in Fig. 9) exhibit the well-known
blob-hole structure;‘m’45 events 1 and 3 exhibit holes while
events 2 and 4 exhibit blobs. The hole (temporal) structure is
triggered by up zero-crossing of the radial group velocity;
the down zero-crossing, on the other hand, triggers the blobs.
Because the rapidity of up-zero-crossing is higher than that
of down-zero-crossing in our calculation, the lifetime of

holes is shorter than that of blobs.

E. Two phases of wave energy evolution: Caviton and
Instanton

To describe the wave energy evolution, we will fre-
quently use the terms Caviton as well as Instanton. These

2 [ T T T T T T T T T T T T T 1]
= a5t 1
g 1r 7
= 05f .
. 0
S —————
} } } }
—~ 031
L o2f
E 01F
> 0 —
Il | Il |
T T T T
3 —
0
@ -3¢ Tj-2
i Tj-1
S o |
0 Tj+1| 3
Tj+2

FIG. 6. The time evolution of first 15 ms for 5 distinct spatial positions to display the relationship of kinks, spikes, and zero-crossing of radial group velocity.
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FIG. 7. Magnified portion near 4 spikes in Fig. 6.

terms used here have somewhat different meaning from of wave energy. Interested readers may find the original
their original. Specifically, in this paper, Caviton denotes definitions in Refs. 46 and 47 for these two terms. Their
a spatial region of (highly) reduced wave energy, and selective snapshots for ITG wave energy are shown in
Instanton refers to a temporal localization in propagation Fig. 10.
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FIG. 8. The time evolution of drift wave amplitude cos>® of first 15 ms for 5 distinct spatial positions.
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The data in Secs. V A—V D, show-cased in the movie file
in the caption of Fig. 10 (Multimedia view), reveal the pattern
of wave energy evolution. Initially, a pair of Cavitons
emerges at the dipole peak positions of the static Reynolds
stress. They keep growing, breathing till #{ = 4.4 ms, when
suddenly the pair starts splitting into many Instantons that
move, very rapidly, to the right before being absorbed at posi-
tive infinity (beyond the meso-scale). At little prior to that
moment, a second pair of Cavitons emerges at the dipole
peak positions, keeps growing, breathing till # = 6.7 ms,
when suddenly the pair splits into many Instantons, but this
set moves, very rapidly, to the left getting absorbed at nega-
tive infinity. At sometime prior to that moment, a third
Caviton pair forms at the dipole peak positions, keeps

Phys. Plasmas 24, 122304 (2017)

growing, breathing till 3 = 11.2ms, when suddenly the pair
breaks into many instantons, moves rapidly to the right to be
absorbed at positive infinity. Such a cycle occurs repeatedly.
According to this description, each cycle consists of two
phases. In the first phase, a pair of Cavitons is generated and
grows slowly localized in the reaction region, no long range
radial propagation of wave energy. The second phase kicks
off when the pair suddenly decays (as if triggered by a parti-
cle ro(t, 1) = L’ dsvg,(Y(s)) entering into reaction region to
break) into many Instantons, each with a much finer spatial
structure. Unlike Cavitons that move slowly and locally,
Instantons, with a fine radial structure, move towards infin-
ity very rapidly, just as a carrier sending (negative) wave
energy away. The lifetime of Instanton essentially depends
on the rapidity of zero-crossing. Since rapidity is higher for
up-zero-crossing (events 1 and 3) than for down-zero-cross-
ing (events 2 and 4) as shown in Fig. 9, the lifetime of right-
moving Instantons is shorter than that of left-moving ones.
Noticeably, the lifetime of Instantons is about several hun-
dred us ~ blob-hole life time discussed in Sec. V D. In other
words, the temporal structure of blob-hole could be a dis-
crete spatial representation for Instantons. This is consistent
with the observation in Sec. V D that the lifetime of blob is
longer than that of hole. In a sense, the measurements of
blob-hole can provide information of Instantons. Now,
one can see the following correlations: up-zero-crossing
results in holes as a discrete spatial representation of right-
moving Instantons; down-zero-crossing results in blobs as a
discrete spatial representation of left-moving Instantons.
Tentatively, for the data pertaining to the fluid model and
parameters in this paper, lifetime of holes and right-moving
Instantons is shorter than that of blobs and left-moving
Instantons.
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FIG. 10. The snapshots of caviton and instantons: (i) caviton, (ii) right-moving instantons, and (iii) left-moving instantons. The time evolution for first 15 ms
can be seen via the link wave energy evolution. Multimedia view: https://doi.org/10.1063/1.4995302.2
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FIG. 11. The wave number spectrum of zonal flow at three distinct time points at t = 20, 40, 60 ms for quasi-stationary.

VI. NUMERICAL RESULTS IN FOURIER SPACE

Because spectral methods are widely used in experi-
ments, we transform the last section’s data for the quasi-
stationary process into Fourier space. It also tells what would
appear in Fourier representation for the local traveling wave.

A. Zonal flow wave-number spectrum at three time
points

The spatial Fourier transform of o(r, ) (Fig. 4) at three
distinct time points ¢t = 20,40, 60 ms is shown in Fig. 11. A
pair of two-peak (leading and sub-leading) structures exhib-
its symmetry in k-inversion. The leading (sub-leading) peak
position at 0.13cm™! (0.40 cm™') is found to be growing
(damping) for the following 40 ms, indicating a condensation
in k-space. Alternatively, one may imagine that two pairs of
quasi-particles of zonal flow are formed initially. The higher
momentum quasi-particle transfers its intensity to lower
momentum quasi-particle.

It is clearly seen that the leading portion of the local
traveling wave is on the centimeter length scale, much longer
than that of ITG drift waves.

B. Zonal frequency spectrum at five spatial points

In Fig. 12, the frequency spectra of v(r, ¢) at five distinct
spatial positions are presented. It is remarkable to observe
that the central peak of zero frequency disappears at r; +1. It
could be blamed on the hot spot of breathing activities in
these two areas.

C. Frequency wavenumber spectrum

Generally speaking, such a spectrum could be viewed as
a coarse-grained dispersion relation if the frequency wave-
number relationship was a diffuse (rather than a conventional

= r r
= J=2 J=1

sharp) curve. Instead, such “broaden curves” in Fig. 13
appear to be composed of several separated step functions,
suggesting a kind of continuum for distinct wave numbers
with evanescent intensity from zero frequency. Here, contin-
uum refers to such a feature that the frequency is essentially
independent of wave number.

D. Pseudo eigenmode

The small oscillation in the quasi-stationary process is
found to be related to a pseudo eigenmode in the power spec-
trum as shown in Fig. 14. Such phenomena have been
reported in the literature.***® For the quasi-stationary pro-
cess, there is a peak at 0.15 kHz, which matches the oscilla-
tion shown in Fig. 6 with the period close to 6.7ms as
dictated by the period of radial group velocity.

E. Lissajous diagram

The Lissajous diagram for the phase relationship of
zonal flow with turbulence amplitude variation has been
widely studied in the so-called i-phase of L-H transition,***
primarily in order to check the causality of prey-predator
model, which is a (zero spatial) temporal model. In this
model there are only two choices, denoted by J-Y,34 when
one is prey, the other can only be a predator. In Fig. 15, the
time variation of turbulence amplitude is represented by
cos ©. The results indicate that the choice of J-Y is depen-
dent on the radial position.

VIl. NONLINEAR COUPLING BETWEEN MULTIPLE
RATIONAL SURFACES VIA ZONAL FLOW

In this section, we present preliminary results from non-
linear coupling between multiple rational surfaces via zonal
flow. The word “preliminary” means that only a few
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FIG. 12. The frequency spectrum of zonal flow o (r, t) at five distinct spatial positions for quasi-stationary.
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FIG. 13. The frequency wave number spectrum of zonal flow o (r,7) for
quasi-stationary.

selective samples are chosen under simplified assumptions
like: (1) no variation of equilibrium parameters throughout
the chosen rational surfaces is allowed; (2) the initial ran-
domness of excitation among individual rational surfaces is
ignored; and (3) artificial truncation of the chain of coupled
rational surfaces is introduced.

In tokamaks, the linear eigenmodes localized at various
rational surfaces are independent. The independence could
reflect in the excitation time for the ITG mode associated
with a given rational surface. For a given rational surface r;,
the ITG mode is destabilized at t;, while for rj=; at #+
where #; and ;- are statistically independent within an e-
folding interval of inverse growth rate y. Since each linear
mode at a given rational surface has a radial extension
~y/ng [see Eq. (18)], much broader than the distance
between neighboring rational surfaces: Ax = 1, there is a sig-
nificant overlap between the modes pertaining, for instance,
to 7o and to r+;. In other words, the reaction term in
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FIG. 14. The frequency spectrum of zonal flow v(r, ) for quasi-stationary at
four distinct spatial positions.

Reynolds stress at x arises not only from the rational surface
at o but also from multiple rational surfaces located at ry,
r=1, I'+2, ..., I'=j . Since the emphasis of the present theory
is to expose the interplay between micro and meso scales,
we will affect a truncation of j,x = 15 (within a range of
10cm). The zonal flow equation, in which coupling among
31 rational surfaces is included, comes out to be

T‘i‘a jzgj ‘ R;(x) cos (G)-/(x’ t))
1 82V(x, 1)
o e U COR 4

with the phase function of each rational surface under influ-
ence by the same zonal flow

. T T T — ———— §,—2 Tj,fl TLO
i —— c0sO
S
) . ! } : : : IIQ = =
Ih
gﬁ
:ﬁ» cos® cos® cos®
! ) n } } } t rj,Jrl rj,+2
5
&ﬁ
i ' ' ; ' 1 1 IS
5
Lt\
48 50 52 54 56 58 60 cos® cos®

t (ms)

FIG. 15. Lissajous diagram of zonal flow 0(r, 7) versus amplitude of fluctuation modulated by zonal flow at five distinct spatial positions for quasi-stationary.
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T T

0;(x, 1) :J dr’V(x +j—§J doﬁg,.(ﬂ(a)),r’), (25)

where 1) stands for the time when the ITG mode associated
with 7; is destabilized. It is reasonable to assume that ytjg is a
random number in [0, 1]. To simplify our presentation, we
make the additional assumption tjo = 0 for [j| < jmax, quite
adequate for the fast growing ITG mode, because the varia-
tion of tjp is very small compared to the initial growth time
of the zonal flow. In the present paper, the effects from shear
flow suppression*®>” have not been taken into account. The
last term of Eq. (24), ygV(x, 1), is introduced to stand for the
back reaction from poloidal rotation driven by zonal flow, as
adopted in Eq. (2.4) of Ref. 7. The zonal flow-ITG wave sys-
tem is NOT a closed system, because zonal flow drives
poloidal rotation, which in turn is dissipated by magnetic
pumping or by transferring the motion away in some other
forms. yg could also be a function of position and time; how-
ever, it is assumed to be a suitable constant in this paper cor-
responding to 50 Hz in physical unit. For later convenience,
a new set of symbols 7; = r; + xo/§ky is introduced to label
the radial position of the Reynolds stress center associated
with the rational surface r;, where xy is the dimensionless
shift of Reynolds stress center away from the rational surface
as defined by Eq. (17).

We will now numerically solve Egs. (24) and (25) for
up to a time span of 60 ms by setting left (right) end trunca-
tion at 7_;5 =58.9 cm (¥;5=68.3 cm) and by making use of a
simple ITG turbulence profile model near plasma edge: (a)
The plasma edge is assumed at 68.5 cm, (b) Turbulence level
falls off from full value at 7;7(66.8cm) to zero at 75
(68.3cm) linearly, and (c) Turbulence level falls off from
full value at 7_4 (62.4 cm) to zero at r_;5 (58.9 cm) linearly.
For the quasi-stationary process, the calculated zonal flow
values are displayed in Fig. 16. The solid curves correspond
to three different times: 20ms (cyan), 40ms (blue), and
60ms (red). However, one can readily see a problem; the
zonal flow extends outside the plasma edge. In order to avoid
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FIG. 16. The spatial structure of zonal flow o(r,¢) of 31 rational surfaces at
three distinct time points at 7= 20,40,60ms for the quasi-stationary
process.
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complicated edge physics, we just simply draw an artificial
interpolated black dot line between 68.5cm and the zero-
crossing point, adopting the same radial position at minimum
zonal flow at 68.1 cm. The spatial period of the fine oscilla-
tory structure can be seen to be 0.3 cm, which is very close
to the distance between adjacent rational surfaces. Since the
zonal flow and electric field have opposite signs (per our
coordinate convention), the profile in Fig. 16 looks very sim-
ilar to the pattern observed in the JET Ohmic phase" at most
positions except for an asymmetric dipole structure at left
end (outside the data domain). This structure emerges
because of a drive originating in the gradient of the turbu-
lence level. The magnitude of the dip, in fact, measures the
attenuation rate of ITG turbulence towards the plasma cen-
ter. It is thus very desirable to see any evidence from experi-
ments regarding existence of such a seed interior shear flow.
For the stationary process, the radial profiles of zonal
flow are essentially the same as those displayed in Fig. 16.

VIIl. SUMMARY AND DISCUSSIONS
A. Reynolds stress and group velocities in tokamak

Two basic elements of the zonal flow theory used in this
paper are ITG linear equation set, Egs. (1)—(3), *® and the zonal
flow equation derived as the surface averaged nonlinear vortic-
ity equation,” Eqs. (13) and (14); both follow from
Braginskii’s fluid model. This well-known model was used to
calculate, at least qualitatively correctly, the Reynolds stress
and group velocities in the context of ITG turbulence in toka-
maks. For this purpose, we invoked a carefully calculated ana-
lytical expression of the ITG eigenmode in Fourier-ballooning
representation.”>”? The Reynolds stress has the structure of a
dipole with a small monopole contribution. The group veloci-
ties are only the function of poloidal coordinate, because the
ITG eigenmode in tokamak is a standing wave in the radial
direction. The poloidal group velocity plays the role of map-
ping poloidal angle to time. The radial group velocity is found
to be a zero-crossing periodic function in time composed of
two sharp edges with two smooth phases in between.

B. Caviton and instanton behind blob-hole

As long as radial group velocity remains in the smooth
phase, the ITG wave energy moves like a pair of “breathing”
Cavitons. Zero-crossing of radial group velocity, which
occurs only at a sharp edge, triggers Cavitons to decay into
many Instantons. The ways of zero-crossing of radial group
velocity at a sharp edge determine the Instanton signature—
formation of a blob or a hole. Up-zero-crossing results in
holes (right-moving instantons) and Down-zero-crossing
results in blobs (left-moving instantons). The rapidity of
zero-crossing determines the lifetime of blob-hole, which is
a discrete spatial representation of Instantons.

C. Identifying theoretical constructs with experimental
observations

Some spatiotemporal features difficult for diagnostics in
real space could be recognized by its counterpart in Fourier
space, e.g., the pseudo eigenmodes describe period of a quasi-



122304-14 Zhang et al.
stationary process; separated continuum in the frequency wave-
number spectrum describes a local traveling wave.

In addition to the equilibrium parameters, there are quite
a few other significant parameters that define the RDA equa-
tion set that models the ITG-Zonal Flow system, for exam-
ple, the ITG mode frequency and 1> for mode structure, the
cutoff distance for Instantons (X, — X_ ), and the number
of rational surfaces in nonlinear coupling via zonal flow
(2jmax + D). Interestingly, some of these parameters are, in
principle, identifiable in experiment:

(1) By measuring non-linear frequency shift (the so-called
correlation shift) as well as frequency broadening,’* one
could deduce both the mode frequency and specific
information for the mode structure.

(2) The cutoff distance for Instantons can be deduced from
the lifetime of blob-hole measured in experiments. It
may provide information for verifying likelihood of vari-
ous cutoff mechanisms such as Anderson localiza-
tion.>>>* Jmax could also be experimentally determined
when a scheme of diagnostics like Doppler backscatter-
ing (DBS) is able to extend further inside plasma.

D. Conclusion and beyond

The new findings of this paper in zonal flow physics are
summarized as follows:

» Zonal flow is found to grow with pure phase modulation
and saturates in a range of km/s for JET like low mode
parameters (without a linear instability).

* Stationary and quasi-stationary zonal flows, sharing simi-
lar spatial attributes, have a quadrupole structure near a
single rational surface. The stationary process arises when-
ever poloidal group velocity comes to a zero-crossing and
gets stuck there. The temporal structures of the two pro-
cesses, however, are very different (also true for multiple
surface coupling).

* The quasi-stationary process is characterized by a period
equal to the period of the radial group velocity. In the auto
spectrum, it appears to be a pseudo eigenmode in the kHz
range.

* The zonal flow is a local traveling wave without long-
range propagation. In Fourier (k) space, it is shown to con-
sist of two peaks at plus/minus k.

» The temporal pattern of radial group velocity has a signifi-
cant impact on the propagation of ITG wave energy. For
the quasi-stationary process, the periodic radial group
velocity is composed of two sharp edges and two smooth
phases in between. The zero-crossing of radial group
velocity occurs only in sharp phases.

» Two distinct spatiotemporal structures follow. Most of the
time, one sees a pair of Cavitons without long range prop-
agation. Upon zero crossing, Caviton pair decays into
many Instantons propagating rapidly into infinity.

* The discrete spatial representation of Instantons is highly
correlated with the so-called Blob-Hole temporal struc-
tures observed in experiments. Right (left) moving
Instanton corresponds to Holes (Blobs). Their lifetime is
in a range of hundred us.
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* The radial profile contributed from 31 nonlinearly coupled
rational surfaces (near plasma edge) looks very similar to
the observations in the JET Ohmic phase® for both sta-
tionary and quasi-stationary processes.

* The theory predicts an interior asymmetric dipole structure of
zonal flow driven by gradients of the ITG turbulence level (a
ponderomotive force). Such a structure occurs in the region
outside the observation region in the JET Ohmic phase.”!
Further analysis of JET data could test this prediction.

The results of this theory, based on the Braginskii fluid
model, can be reproduced in a theory based on the gyro-
kinetic model. We expect that major qualitative features
would be retained. In a recently constructed linear kinetic
model for ITG,” the analytical expression of the ITG eigen-
mode is essentially the same as used in this paper [Eq. (16)].
Kinetic modifications are likely to be only quantitative. It is
noticeable that the use of kinetic theory to calculate Reynolds
stress has been performed by Qiu, Chen, and Zonca.”®

In general, the group velocities could be singular. As a
result, the ITG wave energy modulation is no longer
restricted to pure phase modulation. This scenario will be
explored in future.
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APPENDIX A: CALCULATING AVERAGE OF THREE
OPERATORS OVER FAST SCALE

Throughout this appendix, the tilt over fast variable is
dropped. The average of three operators in the group veloci-
ties is defined under Eq. (11). Explicitly, they are

Jdrq)*(—ia,@) Jdré)* (—07%)

K)=t—m——""—, K)=t—F—,
Jdr&)*qb Jdrgb*g?)
(A1)
Jdrqb* vﬁgb)
(Vﬁ) = -
JdrA P

For the chosen representation @ (r,¢,() = exp (in
—im?) >, ¢,(r) exp (—ild) = exp (inl) P, (r,¥) use is made
of the 2D ballooning wave function Eq. (16) to obtain the 2D
ITG wave function in x — / representation™”
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' i(x—1)°
9) ~ Z exp |ik.(2)(x = 1) — 21
i

i 1(0 + L 1) (A2)
—i i
2nf, i3
This form makes it easy to get the action of operators on the

wave functions. The common factor outside the summation
over / has been ignored because of cancellation in the aver-

age. Explicitly
—1
—i0, 3, (r,9) ~ koS Y [k*()*) - (xnz )1
]

X exp [ik*(l*)(x —1) -

xexpl

P B
X exp [— 3%, — 11(19 + lﬁ_2> (A3)
—8%0,( kszz _(x—l) |
2 9 [ ’12 n?
i(x—l)2
X eXp 2
W[ S
V3, (r,9) ~ — a
[©n(r:7) (qR) 21: el
2
X exp [ik*()“*)(x =)= I(XZ;ZI) ]
X exp [— 2112/32 — il <19 +1 ﬁ) (AS)

Then, the ¥ dependences of (K,), (K?), and (Vﬁ) are then
obtained numerically based on Egs. (A3)—(AS5).

APPENDIX B: DIFFUSIVE BOUNDARY CONDITION
FOR THE ZONAL FLOW EQUATION

The zonal flow equation Eq. (20) reduces to the diffu-
sive equation where Reynolds stress is small,

oV (x,t 1 0°V(x,T

(v1) _ 10V B

ot R. 0Ox2

The zonal flow obtained analytically is shown below,

T R:(x — x;)

Vix,1) = J V(xy,0)—F——=

0 24/n(t — o)’

R.(x —x:)?
X exp | — do, x> x, (B2)
4(t— o)
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g R.(x; — x
V(ix,7) = J V(xl,a)M
0 24/n(t —a)?
R.(x —x)

X exp

_4(‘[7‘| X S X7, (B3)

where x, = xo + 4y/nox; = xo — 4+/n0.

APPENDIX C: SOLUTION OF THE PHASE FUNCTION
BY DIRECT INTEGRATION

Use is made of Eq. (22) to compute the phase function

O(x,7) = J dr’V(x —§ J dai o, (9(a)), ‘c/). (1)

0 [

We now seek for an approach to calculate

0 [

T+AT T+AT
Ox, 1+ A1) = J di'v|x— §J davg.(9(0)), 7
(C2)

in order to utilize ®(x, ) without doing integration before 7.
Splitting the r.h.s of Eq. (C2) into two terms

T+AT

I

T+AT T+AT
+ J d'v|x— §J dobg (V(0)), 7" |,

T v

O(x, 71+ A7) = J; d'v (x — §J dav,(9(a)), r’)

(C3)

one can readily see that that the first term is
where Ax; = § IH “dob g (9(c)). Now we have

O(x — Axy, 1),

T+AT

O(x, 7+ At) = O(x — Axy, 1) +J dt'V(x — Axy, '),

T

(C4)

where Ax, = § [T daib,, (9(a)) for 7' > .

Since b,-(¥(0)) is a known function, Ax, can be stored
as a 2D matrix. However, x — Ax; and x — Ax, generally do
not fall on the grid point precisely. A special numerical skill,
e.g., Lagrangian interpolation up to fourth order, has been
devised and implemented.

APPENDIX D: SOLUTION OF PHASE FUNCTION BY
FAST FOURIER TRANSFORM

The differential form of the phase function as expressed

by Eq. (22) is
00 (x, 1) 90 (x, 1)
ot A

= V(x, 7). (D1)

Use is made of the spatial Fourier transform to convert Eq.
(D1) into Fourier form with the periodic boundary condition
O(x+0,7) = 0 (as mentioned at the end of Sec. V A, the pre-
cise position of x+, has little impact on the final results),
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%T(T) + ipSg (1), (1) = V) (7). 02)

The analytical solution is

T

0,(t) = L dt'v,()exp [—ips J daag,.(ﬁ(a))} . (D3)
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