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Abstract

We present a ROM-based topology optimization algorithm that enables a fast design process. The algorithm replaces
high-fidelity models with reduced order models in the beginning of the optimization process, allowing inexact linear
system solutions. When the optimization gets near the end, the Krylov subspace method with ROM-recycling is invoked
for a precise solution with reduced number of iterations. The stage of the optimization process is quantified by the norm
of the KKT optimality condition. Our method is general enough to be applicable to not only topology optimization, but
also PDE-constrained optimization, i.e., a broader class of physics-based optimization. We have applied our method to
two 3D design problems, showing a considerable speed-up and reduction in linear iterations and achieving an optimal
design that satisfies the KKT optimality condition.
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1. Introduction

Topology optimization is a powerful design tool that enables an automatic process of obtaining an optimal design with
the help of sophisticated computational models. It is widely used in industries, academia, laboratories for various
applications, mainly including aerospace, structural, mechanical engineering, but expanding to fluids, acoustics,
electromagnetics, and optics. The optimal designs from topology optimization can be directly manufactured thanks to
the recent advances in additive manufacturing. However, the topology optimization process is slow because an
expensive solution process of physics model is involved. The most expensive part of the solution process is a sequence
of large-scale linear solves:

AT k) = by (1)

Although a sparse linear system arises, the size of the system hinders a rapid design process. Therefore, developing a
method of accelerating the sequence of large-scale linear solve is essential. There have been many attempts to reduce
the cost of large-scale linear solves (1). They can be grouped to two categories: 1) allowing inexact linear solves and ii)
reducing the number of iterations in Krylov subspace methods.

As for allowing inexact linear solves in topology optimization, Amir and his coauthors in [4] studied how to utilize the
inexact solution of linear systems in the optimization process by considering specific convergence criteria to
compliance and compliant mechanism problems. In order to extend their approach to other applications such as stress
constrained problems, appropriate convergence criteria need to be developed. Gogu [5] replaces high-fidelity linear
solve with Reduced Order Models (ROMs). Basis is constructed on-the-fly by Gram-Schmidt process whenever the
ROM residual is bigger than a tolerance set by a user. In order to set the tolerance relatively a large value, e.g., 0.1, the
sensitivity correction terms are added to the ROM sensitivity as in [4]. However, the sensitivity correction terms require
n linear solves with size N, where 7 is the dimension of ROM and N is High-Fidelity Model (HFM) size. Those
solves involve system matrices whose factorizations are already known if direct solver is used. However, if linear
systems are solved with iterative solvers, those factorizations are not available. Additionally, this ROM method is
compared with the academic version of topology optimization algorithm written in MATLAB. Therefore, it is likely
that his reported speed-up will be degraded when his ROM-based method is compared with the high-performance
computing (HPC)-based HFMs. Gil Ho Yoon in [6] uses various model reduction techniques for frequency response
problems. They include the mode superposition, Ritz vector, and quasi-static Ritz vector. All those ROMs mentioned
above do not consider the reduced basis from the proper orthogonal decomposition, which is known to give you an
optimal basis, given a solution data.



The Krylov subspace methods with recycling has been a way of reducing the number of iterations. In topology
optimization, Wang and his coauthors in [1] used MINRES with recycling to accelerate the solution process of both
symmetric positive-definite and indefinite systems. Scaling of stiffness was used to bring down the condition number of
stiffness matrix. They used incomplete Cholesky factorization as a preconditioner. However, the recycling subspace
was taken from the solutions of previous linear solves, not from reduced basis of previous solution, resulting in a bigger
recycling space. On the other hand, in the fields other than topology optimization, the Krylov subspace methods with
recycling have been used to accelerate the linear solve process. Especially the following two works, [2] and [3], use the
subspace spanned by reduced basis of previous solutions as the recycling space.

The gradient-based optimization solvers start with an initial design and explore the design space until it finds an optimal
solution that satisfies the KKT conditions. In the beginning of the optimization process, the change of design variables
is large, indicating that the linear solves at this stage do not have to be solved precisely. This is exactly the motivation
for various gradient-based optimization algorithms using various inexactness (e.g., see [7,8,9]). Thus, we will replace
HFM with a ROM in the beginning of the optimization process. On the other hand, as the optimization process gets near
the end, the change in design variables is small and a precise solution of each linear solve is required for a guarantee of
the convergence to a local optimum. For this stage of the optimization process, we will use Krylov subspace methods
with ROM-recycling space that is able to solve for an accurate enough solution with a reduced number of iterations.
The combination of inexact ROM in the beginning and the Krylov subspace methods with ROM-recycling in the end
will accelerate the overall topology optimization process.

The rest of the paper is organized in the following way: Section 2 will present the details of our method, the ROM-
based topology optimization algorithm. The numerical results will demonstrate several advantages of our method in
Section 3. Then, we will summarize and conclude the paper in Section 4.

2. ROM-based topology optimization

To accelerate the overall topology optimization, we develop a ROM-based topology optimization process that applies
two machineries: i) inexact linear solves by ROMs and ii) Krylov subspace methods with ROM-recycling. The overall
ROM-based topology optimization flow chart is shown in Figure 1.
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Figure 1. ROM-based topology optimization flow chart

The topology optimization solves a sequence of linear system of equations (1) that generates a sequence of solutions,
Z (k). The sequence of solutions converges to an optimal solution, =, for a feasible problem. Additionally, as the
optimization process is close to the end, the sequence of solutions does not change much, i.e., [®w) = 2@tz <€
for k> K > 0 with a number, K, and a small number, ¢ . Therefore, finding the solution (%) within the subspace

¢
Ap—1 1= span{Z (), - . 7w(k,1)}’ must give a good approximation to % (%),

spanned by the previous ¢ solutions,
2.1 Proper Orthogonal Decomposition (POD)-based ROM

For the last two decades, there have been tremendous development in projection-based model order reduction
techniques that achieve an order of ten to thousand speedups without losing much accuracy for various physics



simulations, including, but not limited to, computational fluid and solid mechanics. Among many, the POD-based ROM
has shown promising capability of accelerating physics simulations, e.g., [10, 11]. POD [12] generates a basis matrix,
S RNX", that minimizes the difference between solution snapshots and projected ones. In other words, POD
generates the optimal subspace of dimension, 7 < IV, The solution to the POD problem is well-known, i.e., a truncated
orthogonal left singular matrix from Singular Value Decomposition (SVD) of the solution snapshot matrix. For our

context, we can build ® ) by the POD with the previous ¢ solution snapshot matrix, i.e.,

Sh1 = [0 - o) . However, computing SVD whenever it needs to update the reduced basis can be
computationally expensive. Therefore, we use the incremental SVD [13], shown in Algorithm 3 and 4, that enables a
fast update of L k) on-the-fly and in a memory efficient way. Alternative to incremental SVD, the incremental QR, i.e.,
Gram-Schmidt process, can be used as in [5]. However, the incremental SVD outperforms the incremental QR in
Algorithm 2, which will be demonstrated in Section 3. It is because the incremental SVD gives more optimal basis than
incremental QR in the POD sense. Once the basis is available, the corresponding ROM to (1) is built and solved at the
stage of ROM solve in the optimization flow chart, i.e., Figure 1:

T 3 T
L) Aw Bt k) = (k)b 2)

where T R 45 q generalized reduced coordinate vector of the ROM. Then the approximate full solution is restored

by Tk) = ® ()% (k). The residual function of the ROM solution can be defined as "9 (Z(x) = by — A(’“i(k),
which is not generally zero due to the approximation introduced by the ROM. The norm of the residual can be

k) = Zawll2 = 1AGYT o) @)l < AR N2llF oo (Zew) 2 Therefore, we

considered as an error indicator, i.¢.,
use the relative residual norm as an error indicator, i.e., “ROM "= I 1/11be || i Figure 1. Although we allow an
inexact solve by the ROM, the accuracy must be good enough to ensure a sufficient descent search direction. We
impose the condition €rROM < €k, where €k is determined by a scalar product of the KKT residual norm, i.e.,

€k = "RoM * [|TKKT| with a reduction factor, "RoM < 1 € R The motivation for this choice is that the early stage of
the optimization process can be found by the KKT residual norm. If the KKT residual norm is large, it implies that the
current design variables are far from the optimal. Otherwise, it implies that the current design variables are near the
optimal. Additionally, we introduce the safeguard threshold, €max, with which we set ¢k = min(rrom - [|7kKT[|; €max)
that avoids the adversarial case of [["KkT|| being large. Finally, if €ROM < €k, we consider that the ROM solution is
good enough. Otherwise, we invoke the ROM-recycling Krylov subspace method to compute a better solution than the
ROM solution.

2.2 ROM-recycling Krylov subspace method

Various recycling Krylov subspace methods are available in literature, e.g., [1,2,3,14]. For the simplicity of the
presentation, we present only the Preconditioned Conjugate-Gradient (PCG) with recycling that can solve symmetric

L —1 —1 —1 4m .
positive-definite systems. The Krylov subspace is defined as m := (P~ r, P Ar,..., P A"r} itha
preconditioner P! and the residual vector r. Then the PCG iterative solver solves the following minimization
problem in m-th PCG iteration:

m(m) = arg min Hw* - :IJ”A,
zex(0)+KC,, )

where Az* = b and |9la == Va7 Aq for 5 symmetric positive definite matrix, A. For the brevity of the

presentation, we drop the subscript index (F) that represents k-th optimization iteration. Algorithm 1 without the red
blocks shows a PCG algorithm. With the red block, the ROM-recycling PCG constructs the Krylov subspace that

‘
includes the ROM subspace Ak—1 and the subsequent subspace generated by the PCG process. The ROM-recycling

¢
PCG enforces the subsequent subspace to be orthogonal to Ai-1. Asa result, the solution generated by the ROM-
recycling PCG can jump start with a ROM solution from ROM solve of Figure 1 and the subsequently generated

¢
solutions can minimize the error in (3) within the complementary subspace to Ak—1. This is motivated by the fact that
¢
the ROM solution & from ROM solve of Figure 1 is the optimal solution of (3) with Km replaced by Akt

Therefore, if €ROM = €k, then we use & as an initial guess to the ROM-recycling PCG with the currently available
reduced basis ®. If the topology optimization process is in beginning stage, then the ROM-recycling PCG does not



need to solve for a precise solution. Thus, we set €rel, one of the convergence criteria parameters for the PCG to be a

scalar product of the KKT residual norm, i.e., €rel = T'CG [Pkl with a reduction factor, "ca < 1, Additionally, we
introduce the safeguard threshold, €CG, with which we set €rel = min(real|Tkxrll, €cc) that avoids the adversarial
case of |ITxKT|l being large.
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Figure 2. Algorithms in ROM-based topology optimization
2.3 Algorithms

Several algorithms in our ROM-based topology optimization are presented in Figure 2. Algorithm 1 describes the
ROM-recycling PCG that is invoked in linear solve by ROM-recycling Krylov subspace method of Figure 1. For the
preconditioner of the PCG, we use the algebraic multi-grid method [15]. Gram-Schmidt process is described in
Algorithm 2 and the incremental SVD is described in Algorithm 4. Either the Gram-Schmidt or the incremental SVD is
invoked in ROM update of Figure 1 to generate ®. Note that the incremental SVD specifies the maximum basis size,
denoted as M. If the dimension of the reduced basis reaches @, then we invoked Algorithm 3 to rebuild the basis.
For the incremental QR, we mimic what is done in [5], i.e., if the dimension of the reduced basis reaches @, then the
oldest basis vector is removed from the basis set. Algorithm 4 also introduces the threshold, €SVD, to determine the
linear dependency of the new input vector to the existing basis vectors. Various optimization solvers are available for
topology optimization. The Method of Moving Asymptotes (MMA) is popular due to its simplicity and practicality [16].
However, the convergence criteria in MMA are heuristic, so it does not guarantee an optimal solution. Thus, we use the
interior point algorithm, IPOPT [17], in which the KKT residual norm is used as a convergence criterion.

3. Numerical experiments

We consider two 3D design problems: i) cantilever beam and ii) wind turbine blade. Cantilever beam design is the same
problem in [1]. The design domains and optimal designs for two problems are shown in Figure 3. We minimize



compliance with mass constraints for both problems. The beam design problem has 24,500 design variables, while the
blade problem has 414,979 design variables. For the blade problem, we apply two different loads: 10 N in 2-direction
and 10 N in ¥Y-direction. We set "CG = TROM = €CG = €max = 1073, €SVD = 1079, and ™Me = 10 both for the

beam and blade designs.
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Figure 3. Left Two: design domain and an optimal design for the cantilever beam, Right Two: design domain and an
optimal design for the wind turbine blade

Table 1 and 2 show the performance comparison of the default and ROM-based topology optimizations for cantilever
beam and blade design, respectively. The default method is to use PCG with AMG preconditioner for all the linear solves
with a fixed convergence threshold.

Table 1. Performance comparison for cantilever beam 3D design

Default ROM-based top.opt. ROM-based top.opt.
incremental QR incremental SVD

Optimal compliance 13.59 13.59 13.59

Total CPU time of linear solve (sec.) 47.1 14.4 12.1
Total iters. of linear solve 10,555 396 323
Avg. iters. of linear solve 34.8 2.1 2.1
IPOPT iter. 282 183 151

KKT norm 6.25e-7 6.93e-7 2.13e-7

Speed-up of total linear solve 1.0 3.3 3.9
Avg. iter. reduction of linear solve 1.0 16.6 16.6
Total iter. reduction of linear solve 1.0 26.7 32.7

Table 2. Performance comparison for wind turbine blade 3D design

Default ROM-based topopt ROM-based topopt
incremental QR incremental SVD
Optimal compliance 2.61 2.62 2.61
Total CPU time of linear solve (hour) 3.1 0.9 0.7
Total iters. of linear solve 706,943 154,732 123,750
Avg. iters. of linear solve 394.9 79.6 85.0
IPOPT iter. 781 970 726
KKT norm 6.99e-7 9.29e-7 8.58e-7
Speed-up of total linear solve 1.0 3.4 4.4
Avg. iter. reduction of linear solve 1.0 5.0 4.6
Total iter. Reduction of linear solve 1.0 4.6 5.7

Note that the three different methods produce the same optimal compliance value both for beam and blade designs.
However, this is guaranteed in general because the approximation introduced by the ROMs may alter the optimization
path and can converge to a different local minimum. Nevertheless, the optimal shape obtained by our method satisfies the
KKT optimality condition, implying that the quality of the design is not degraded by the approximation introduced by the
ROMs. Our method achieves considerable speed-ups of linear solve, i.e., 3.9 for beam and 4.4 for blade design.
Additionally, a considerable iteration reduction in linear solves is accomplished by our method, i.e., 32.7 for beam and
5.7 for blade design. The incremental SVD outperforms the incremental QR in terms of the speed-up of linear solves and
the total number of iterations of linear solves. This is because the incremental SVD gives an optimal basis set in the POD.



4. Conclusions

We have introduced the ROM-based topology optimization approach that achieves the reduction of linear solver iterations
from four to thirty-two and the overall linear solve CPU time reduction a factor of four for our numerical experiments.
Additionally, the method does not suffer from the approximation introduced by the ROM because the accuracy of ROM
is carefully monitored and treated appropriately throughout the optimization process, resulting in an optimal design that
satisfies the KKT optimality condition. Our ROM-based topology optimization method is easily extendable to problems
other than compliance minimization problems, e.g., stress-constraint and nonlinear material design problems. We will
apply our method to those other types of problems as well as larger-scale problems than the ones considered here.
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