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Abstract

We develop and demonstrate a method to efficiently use density functional calcula-

tions to drive classical dynamics of complex atomic and molecular systems. The method

has the potential to scale to systems and time-scales unreachable with current ab initio

molecular dynamics schemes. It relies on a dataset of previously computed Hellmann-

Feynman forces for atomic configurations endowed with a distance metric. The metric

on configurations enables fast database lookup and robust interpolation of the stored

forces. We discuss mechanisms for the database to adapt to the needs of the evolving

dynamics while maintaining accuracy, and other extensions of the basic algorithm.
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1 Introduction

The need for simulation of complex materials and processes with atomic resolution is ever-

increasing as materials and devices are constructed with nanoscale structure and princi-

ples. Examples include the ubiquitous vapor deposition techniques, nanoscale assembly of

supramolecular materials, self-assembled surface coatings, and fabrication of topological insu-

lator microelectronics. These systems are typically too large for current computers to model

directly with ab initio methods such as density functional theory (DFT); and, molecular

methods based on empirical potentials suffer from issues of accuracy as well as applicability

to compositionally and structurally complex environments. There have been many efforts to

develop empirical potentials for molecular dynamics (MD) and statics with the full accuracy

of the DFT data typically used to tune the potentials, e.g. the bond-order potentials.1–6

One of the more notable recent efforts in this arena is the potential representation developed

by Bartók et al.,7–9 which uses a general basis to represent the local atomic environment in

order to construct a potential that is accurate across all probable configurations. The task of

finding a suitable form for the empirical potential10 and calibrating it is vastly complicated

by the fact that most potentials of this type are pairwise for elements and hence all binary

combinations need to be tuned.

Inspired by these challenges, we take a different tack based on the premise that the system

can be decomposed into local atomic environments, as in classical MD, and, if the neigh-

borhoods are sufficiently large, the Hellmann-Feynman (HF) forces that generate standard

Born-Oppenhiemer (BO) dynamics are sufficiently accurate and representative of the forces

of corresponding neighborhoods in a much larger system. In effect, we make the plausible

assumption that atoms closer to any atom of interest have more influence and atoms suffi-

ciently far away have negligible effect. In-line with this assumption of locality, we construct

local representations of interatomic forces on-the-fly from the most relevant ab initio data

instead of attempting to form a globally-accurate potential a priori . For efficiency, we also

rely on the fact that the dynamics of the overall system will revisit the vicinity in phase
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space of previous local configurations11–13 so that eventually new configurations will be in

regions densely sampled by previous configurations. a.

We stress, given the need for on-the-fly DFT calculations and the focus on large-scale

systems, that this is an algorithm most suitable for distributed supercomputers, not desktop

computers. Nevertheless, for the present work we focus on the theoretical and practical

aspects accessible on workstations. The fundamentals of the proposed algorithm are:

1. As dynamics ensues, new configurations are generated and compared to a neighborhood-

force database.

2. If sufficient stored neighborhoods are close to a new/query neighborhood, the stored

forces are interpolated at the query neighborhood; otherwise, HF forces are calculated

for the new neighborhood and stored for subsequent searches.

Fig. 1 depicts how these steps generate dynamics. This algorithm relies on an abstract neigh-

borhood space, with symmetries and physical constraints, endowed with a distance metric to

enable fast queries and robust interpolation of the resulting data. We will hereafter refer to

these neighborhoods as configurational neighborhoods or simply clusters. The fundamentals

of this approach (a) draws from basic pattern-matching metrics, e.g. Ref. 15 and Ref. 16; (b)

has some similarity to tabular methods developed in other arenas;14,17–19 and (c) is related

to the on-lattice cluster expansion method used in a Monte Carlo context.20–23

Four questions will be answered in this work:

Q1. Does the force on the central atom in a neighborhood converge to that on the central

atom of a corresponding sub-domain embedded in the full system?

Q2. Do the neighborhood-neighborhood distances directly correlate with the forces on the

atoms in the clusters and how a large a neighborhood needs to be considered for the

neighborhood-neighborhood comparison?
aThe idea of local interpolation functions of local configurations is not new, in fact Ref. 14 used interpo-

lation to represent the potential energy surface.
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Figure 1: Schematic of the basic algorithm. The database search and force interpolation
takes on the traditional role of an empirical potential.

Q3. Is a database search fast enough to enable a feasible and efficient algorithm?

Q4. Is the error in the interpolation of forces controllable and convergent with increasing

local density of samples in cluster space?

Since the first question is directly related to the basic premise and is generally accepted,

we will put it to rest here in the introduction. (In fact the locality implied in question Q1 is

the basic predicate of all empirical potentials.) For traditional BO dynamics,24,25 the forces

are derived from the Hellman-Feynman theorem, i.e. from derivatives with respect to the

nuclear coordinates of the energy formed from the electronic wave-functions. Momentum

is conserved because the forces are derived from this (implicit) potential dependent on all

the nuclear positions; whereas, energy conservation is primarily due to the choice of time-

integrator, as in classical MD. Hence, convergence of central force with neighborhood size

implies conservation of momentum on par with BO dynamics. As an illustration, a plot of

the magnitude of the force ‖f(r)‖ on atoms surrounding a perturbed atom as a function of

distance from the perturbed atom r is shown in Fig. 2a. The samples obey the decay of

force with distance

‖f(r)‖ ≤ C
‖∆f‖
r2

(1)

expected from Coulombic interactions, where ∆f is the force on displaced atom and the

4



constant C depends on the size of the perturbation. Conversely, Fig. 2b shows that the

force on the central atom of the system converges with the size of the isolated spherical

sub-system relative to force calculated in the full periodic system. These results give us

confidence that for materials with a sufficiently large dielectric constant, only a limited

number of nearest neighbors are needed to determine the force on a central atom. When

we use the proposed neighborhood decomposition in a large scale simulation, we lose the

explicit dependence of the force on the coordinates of the atoms outside the neighborhood.

The variation in the true, full-system force for neighborhoods in the database that are zero

(cluster) distance apart is a measure of the error introduced by the cluster approximation.

This phenomenon is explored further in the Results section.
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Figure 2: (a) Spatial decay of force due to a small perturbation in a perfect Si lattice as a
function of the distance (r) from the perturbed atom. The upper trend line is 1/r2, the lower
is 1/r6 and the equivalent temperatures are estimated from the energy of the perturbation
∆E as T ≡ ∆E/kB. (b) Convergence of the difference in forces on the central (perturbed)
atom in an isolated cluster with increasing neighborhood size (in number of atoms) and in
a fully periodic system. (Inset) periodic 1000 atom system (cube containing blue and tan
atoms) and sub-configuration (sphere containing tan atoms) with a perturbed central atom.

With regard to questions Q 2-4, we need a metric to measure the distance between neigh-

borhoods and thus their similarity. There are many similarity measures proposed and in use

for structure comparison and reconstruction,26,27 potential energy exploration8,28 and the

related field of sequence comparison,29,30 but not all are metrics and hence do not enable
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efficient geometric database queries. We concentrate on two metrics: (a) the well-known

Root Mean Squared Deviation (RMS-D) and (b) our adaptation of the overlap of Gaussian

type orbitals (OGTO)31 and its spherical harmonic decomposition, the so-called Smooth

Overlap of Atomic Positions (SOAP)8 measure. which is a spherical harmonic decompo-

sition of the overlap of Gaussian type orbitals (OGTO) in Ref. 31. The RMS-D metric is

commonly used in protein folding and drug discovery to quantify geometric similarity be-

tween molecules.26,27,31–34 The origins of the SOAP representation trace to the bond-order

formalism.3 b

In the next section, Sec. 2, we will develop metrics to compare the similarity of a given

local configuration and those stored in a database and then, based on this measure, interpo-

late the associated forces to give an estimate for the force on any given atom. In Sec. 3 we

will outline an algorithm to efficiently search through a large database of configuration-force

pairs using the metric properties of the distance measure and a hierarchical graph represen-

tation of the database. Then, in Sec. 4 in addition to testing the conservation properties of

the algorithm, we address questions Q2-4 with results generated with the proposed method.

Finally, in Sec. 5 we conclude with a discussion of the results and ideas for future work.

2 Theory

In this section we introduce the two chosen metrics, RMS-D and OGTO/SOAP, includ-

ing means of determining the optimal rotation and permutation for appropriately invariant

comparison of clusters. At the heart of both metrics is a representation of local atomic

configuration. Then we apply these metrics to the task of approximating the force on the

central atom of given neighborhood by interpolation of forces of nearby neighborhoods with
bOther measures include: (a) so-called fingerprint differences between eigenvector representations of

the symmetric matrix formed from interatomic distance of neighborhoods28,31 (i.e. the spectral content of
the edge distance-weighted adjacency matrix of graph theory35,36), (b) the Weyl matrix of inner products
of position vectors,8 (c) the Kullback-Leibler and Jensen-Shannon divergences of the probability density
representations of the point densities,34 as well as (d) straightforward central moments of the point masses
comprising the neighborhood configuration.
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pre-computed forces. These developments form the basis for database construction and

search algorithms given in the following Methods section.

2.1 Cluster distance metrics

Given a configurational neighborhood A of all atoms, α ∈ NA ≡ {b1 . . . bNA}, in a ball around

a central atom a:

CA = {xα1a,xα2a,xα3a, . . . ,xαNAa} (2)

where xαa ≡ xα − xa are distance vectors relative to the position of the central atom xa,

the basic properties that a distance metric d(A,B) between neighborhoods A and B must

satisfy are:

M1. coincidence: d(A,B) = 0 if and only if CA = CB
M2. positivity: d(A,B) > 0

M3. symmetry: d(A,B) = d(B,A)

M4. triangle inequality: d(A,C) ≤ d(A,B) + d(B,C)

M5. reverse triangle inequality: d(A,C) ≥ |d(A,B)− d(B,C)|

in addition to the physical invariances d(A,B) = d(A,B′):

I1. translation: CB → CB′ = CB + a

I2. rotation: CB → CB′ = RCB
I3. permutation: CB → CB′ = PCB

Note that the use of relative distances xαa is a simple means of enforcing translational

invariance; and, the reverse triangle inequality (M5) is an elementary implication of the

triangle inequality (M4).

With an inner product a distance metric can be generated directly. In general, an inner

product has three properties:

P1. symmetry: 〈A,B〉 = 〈B,A〉
P2. linearity: 〈sA+B,C〉 = s〈A,C〉+ 〈B,C〉
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P3. induction of a norm: ‖A‖2 ≡ 〈A,A〉 ≥ 0 and 〈A,A〉 = 0 only if A = 0

the last of which induces a metric d(A,B) = ‖A−B‖.

2.1.1 RMS-D

Assuming that the size of all clusters N is the same NA = NB ≡ N , a weighted root mean

square deviation (RMS-D) comparison metric is simply

dRSMD(A,B) = min
R,P

√√√√√ N∑
α,β=1

‖xαa −Rxβb‖2︸ ︷︷ ︸
r2
αβ′

Pαβ

= min
R,P

√
(XA − XBRT ) · P (XA − XBRT ) = min

R,P
‖XA − XBR

T‖P

= min
R,P

√
‖XA‖2P + ‖XB‖2P − 2XA · PXBRT

(3)

where XA = [xα1a,xα2a,xα3a, . . . ,xαNAa]
T and XB are (N × 3) matrices of the neighborhood

vectors, R ∈ SO(3) is a (physical 3 × 3) rotation of the neighborhood and P is a (N × N)

permutation of ordering of atoms in the neighborhood, i.e. a binary orthogonal matrix which

is simply the rearrangement of the rows of the identity matrix c. The permutation matrix

P selects which of the pair-wise distances between atoms of the two configurations will

contribute to the metric dRSMD.

To determine the optimal rotation R, Kabsch37 devised the following solution to this

version of Wahba’s problem.38 Starting with Eq. (3) and noticing the last term is the only

one dependent on R leads to:

2 max
R

XA · PXBRT = 2 max
R

trXTAPXB︸ ︷︷ ︸
USVT

RT = 2 max
R

trSVTRTU = 2 trS (4)

after application a singular value decomposition (SVD) of XTAPXB = USVT where U,V ∈

SO(3) and S is diagonal and also of dimension 3. This term in the metric is maximized when
cRegarding notation, a boldface font will be used for vectors and tensors in real space, e.g. R and a;

whereas, a sans-serif font will be employed for general matrices, e.g. P.
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VTRTU is the identity tensor and the resulting optimal rotation R = VUT reduces the last

term Eq. (3) to the trace of the matrix of eigen-values trS. Consequently

min
R
‖XA − XBR

T‖P =
√
‖XA‖2P + ‖XB‖2P − 2 trS(P) (5)

for a fixed permutation P d.

It remains to solve the permutation problem, i.e. an optimal match is possibly only one of

the N ! permutations of the ordering of the labels {1, 2, . . . , N} for neighborhood B, which is

clearly not independent of the optimization with respect rotation. This is a complex problem,

as recognized in this and related fields, see e.g. Ref. 30 and, in general, most applicable integer

optimization methods are known to have difficulties with symmetries. Possible solutions

include using combinatorial programming algorithms like branch-and-bound .31,40

Given the geometry of our application, our approach is to segregate the permutation

problem into smaller sub-problems involving only the sets that have (nearly) identical radial

sorts, i.e. equivalent shells. As an alternative to this straight-forward r-sort and permute,

we can use the spectral representation of the clusters to perform what we call a λ-sort:

1. Form the adjacency matrices [A]ij = r2αiαj for both A and B and compute eigen-system

for AA and AB

2. Compare the eigenvalues λi of AA and AB, starting with the largest. If λAi ≈ λBi

then sort and match the components of the corresponding eigenvectors eAi and eBi

to form a order map m : a ∈ Q → b ∈ B and hence a trial permutation matrix

Pa,m(a) = 1, ∀a ∈ Q.

In preliminary tests the λ sort, albeit more expensive, succeeded in finding the best match

cases where the r-sort failed e.g. a tetrahedral arrangement of neighbors with only one atom

perturbed. In any event the overall method does not require the optimal match in all queries
dThe rotationR = Imaximizes since trSR = trRΣiλiei⊗ei = ΣiλiRei·ei = ΣiλiIei·ei = Σiλi, using an

eigenvalue representation of S. Alternatives to the SVD-based solution exist most notably quaternion-based
solutions.31,39
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if the database is dense and perhaps redundant with permutations of a given configurations.

Lastly, the assumption of locality motivates the use of a weighted norm within the radial

cutoff implicit in the chosen cluster size. We can set the non-zero entries of of the permutation

operator Pαβ to the value of positive weight function dependent on the radial coordinates of

α and β so that the distance metric is less sensitive to neighbors far away from the central

atom. Also the usual normalization by number of atoms, 1/(N + 1), can be accommodated

in P which creates an interpretation of d as an average atom-to-atom distance. As proved

in Ref. 41 via equivalence classes induced by the optimal rotation, the RMS-D measure is a

valid distance metric.

2.1.2 OGTO

As we will see, the so-called overlap of Gaussian type orbitals (OGTO) is more complex

than RMS-D; however, it has the advantage of being intrinsically permutationally invariant

by comparing all atom locations in one cluster to those in the other in a weighted fashion

(instead of specific pairs with RMS-D). OGTO starts with the representation of atomic

density of a neighborhood surrounding a central atom (whose density, ∆(0), we omit in the

representation, as in the RMS-D metric):

ρA(x) =
∑
α∈NA

∆(xαa) (6)

in terms of Gaussian smeared point densities

∆(x) =
1

(
√

2πσ)3
exp

(
−‖x‖

2

2σ2

)
, (7)

10



with width σ e. With this representation, we can form the product between the atomic

densities of neighborhoods A and B:

〈ρA, ρB〉 =

∫
dx ρA(x)ρB(x) =

∫
dx

∑
α∈NA

∆(x− xα)
∑
β∈NB

∆(x− xβ)

=
∑

α∈NA,β∈NB

∫
dx∆(x− xα)∆(x− xβ)

=
1

(2
√
πσ)3

∑
α∈NA,β∈NB

exp

(
−
r2αβ
4σ2

) (8)

and thenceforth, an OGTO-based metric:

dOGTO(A,B) = min
R

√
〈ρA, ρA〉+ 〈ρB, ρB〉 − 2 〈ρA,RρB〉

=
1

(2
√
πσ)

3
2

√√√√ ∑
α1,α2∈NA

exp

(
−
r2α1α2

4σ2

)
+

∑
β1,β2∈NB

exp

(
−
r2β1β2

4σ2

)
− 2 min

R

∑
α∈NA,β∈NB

exp

(
−
r2αβ′

4σ2

)
(9)

where r2αβ′ = ‖xα − Rxβ‖2 as in Eq. (3). (Clearly, this product (8) is non-negative given

positive densities but given its form does not satisfy the linearity requirement, P2, of a true

inner product.)

The rotationally dependent term can be expressed in terms of Wigner D matrices 42

Dl = Dl(R)

〈ρA,RρB〉 =
∞∑
l=0

trDl(R)Jl ≈ trD0(R)J0︸ ︷︷ ︸
J0

+ trD1(R)J1 (10)

and corresponding rotationally independent terms Jl based on the representation of (smeared)

atomic densities in SOAP which we use as a convenient decomposition of the Gaussian overlap

Eq. (8), see App. 5 for more details. Since D0 = 1 is constant and the dimensions of D1

are the same as R albeit being complex valued, we can find the optimal rotation R that
eThe smearing σ could be assigned in a per-atom/element fashion for greater specificity.
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maximizes the inner product 〈ρA,RρB〉

argmaxR 〈ρA,RρB〉 = argmaxR

p∑
l=0

tr JpDp(R) ≈ argmaxR tr J1D1(R) (11)

using an SVD of the matrix J1 in a manner analogous the solution for the optimal rotation

of the RMS-D metric. First, we apply the mapping D1 = A†RA from Ref. 42 (Eq. 3.63):

tr J1D1 = tr J1A
†RA = trAJ1A

†︸ ︷︷ ︸
USVT

R (12)

where the transformation matrix A : D → R = ADA∗ is constant and unitary. Hence, the

optimal (real-valued) rotation is R = VUT . Unfortunately the truncated sum in Eq. (11)

does not encode all the configurational information, and hence we use it as an initial guess

to a Newton solver based on the derivative

∂

∂R
dOGTO(A,B) = − 2σ

√
π
3

dOGTO(A,B)

∑
α∈NA,β∈NB

exp

(
−
r2αβ′

4σ2

)
xα ⊗ xβ (13)

Given the fact that the interatomic distances rαβ appear in an exponential function

in Eq. (8), this product does not satisfy the linear property (P2) of true inner products.

Nevertheless, Eq. (9) appears to satisfy the properties of a metric (M1-5). As an illustration,

Fig. 3 shows, for a range of values of σ on order of atomic spacing, that both the OGTO and

RMS-D metrics satisfy the triangle inequality (M4) for the distances between a two arbitrary

configurations C1, C2, and a third C3 which is interpolation of the two: X3 = αX1 +(1−α)X2.

The RMS-D metric shows the expected linearity with α: d13 = (1− α)d12 and d23 = α d12
f,

whereas the OGTO distances only regresses to this behavior with larger σ. Unfortunately,

this asymptotic satisfaction of condition P2 comes with decreasing discrimination of close

atom pairs, since all r2αβ become weighed equally as σ is increased. Nevertheless, for any

given atomic system a range of suitable σ is easy to find.
fFor RMS-D, the fact that r213 = ||x1 − (αx1 + (1− α)x2)||2 = (1− α)2r212 and r223 = ||x2 − (αx1 + (1−

12
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α)X2 to C1 (dashed) and C2 (solid).

2.2 Interpolation

Given a viable metric dQA = d(Q,A), all the neighborhoods BQ = {A | dQA ≤ R} within a

ball BQ around a query neighborhood CQ can be found (via the search algorithm described in

Sec. 3.2). The forces on the central atoms of these nearby neighborhoods can be interpolated.

Radial basis functions (RBF)43 are a general class of functions amenable to this task. We

choose the inverse quadratic form

φ(d) =
1

1 + (ςd)2
(14)

motivated by the expected force decay in real space and choose the parameter ς � 1/R based

on the size of the trust region BQ. Then, to construct the interpolation solely based on the

inter-cluster distances dQB and the neighboring forces fB, we solve the consistency equations

RQAfA =
∑
B∈BQ

φ(dAB) aB for every A ∈ BQ (15)

for the coefficients {aB}. Here, the matrix φ(dAB) is symmetric and positive definite (where

dAB is the edge-weighted adjacency matrix of the sub-graph in the ball around Q in cluster

α)x2)||2 = α2r212 for every atom pair leads to the linearity shown.
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space), and RQA is the optimal rotation from reference neighborhood A to query neighbor-

hood Q which aligns the neighboring forces fA to the orientation of the cluster Q. The local

interpolation of the databased HF forces

fQ =
∑
B∈BQ

φ(dQB) aB (16)

results.

3 Method

Beyond the basic theoretical developments there are a few more pragmatic components of

the overall paradigm. Specifically, how to construct a viable dataset and an efficient search.

3.1 Database generation

The database is in effect a discrete representation/sampling of neighborhood configurational

space as a graph with edges weighted by cluster-cluster distances. Specifically, given a set

of M neighborhoods {CA, A = 1, . . .M}, an atlas in the form of a complete edge-weighted

graph: {d(A,B) | ∀A,B ∈ {1, . . .M}, A 6= B}, where the 1/2M(M − 1) edges represent the

inter-cluster distances, can be generated. For this work we generated samplings of cluster

space by post-processing standard BO simulations of the dynamics of feasibly-sized periodic

systems to extract HF forces and atomic neighborhoods g.

Since a naïve graph that includes all possible edges would grow like the square of the

number of stored clusters, we chose an n-level hierarchical representation where each level

spans/covers a sub-graph, with the top-most level being the whole graph. This representa-

tion, which maintains a fixed bandwidth adjacency matrix, is constructed via an algorithm

based on k-medoids clustering:44

gAlternately, we also generated configurations with (a) a random walk, via a Monte Carlo algorithm, and
(b) a classical MD surrogate of the system of interest.
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1. Group graph containing {CA} using k-means based on distance

(a) initialize by randomly picking k candidate medoids {CAi , i = 1, k}

(b) assign each CB to group Gni based on closest medoid CAi = argmin
Ai∈Gni

d(Ai, B)

(c) update medoids {CAi , i = 1, k} by Ai = argmin
Ai∈Gi

∑
B∈Gni

d(Ai, B)

(d) repeat (b) and (c) until groups {Gni , i = 1, k} do not change

2. For each group Gi, select medoid Ai ∈ Gni as the representative reference for this

sub-graph at this level.

3. Repeat for each sub-graph containing Gni until each sub-graph of the current level n is

of most size k.

Note that each level is fully connected, i.e. all edges for the sub-graph are stored, so that

metric search described in the next section will converge. Also, at the lowest level each

neighborhood CA, in addition to being connected to all other neighborhoods on its level, is

connected to all close neighborhoods within a radius twice that of the interpolation trust

ball BA to ensure the force interpolation described in Sec. 2.2 captures all local clusters. So,

at the lowest level the groupings Gi form an overlapping cover of the whole set.

In general, the chemical composition of the neighborhoods segregate the database into

separate/disjoint spaces and hence herein we treat a single species for simplicity. It should

be noted that the configurational space visited by dynamics will typically be bounded by

energy or temperature and hence the database samples will be dense in some region of

configuration space. Also, the symmetries I1-I3 will tend to compact the database into a

sub-manifold of the basic R3N cluster space by creating equivalence classes,41 e.g. setting the

central atom at the origin removes the translational ambiguity, the optimal rotation reduces

the dimensionality by another 3 dimensions, and optimal permutations condense segregated,

equivalent high symmetry neighborhoods into dense groupings. Ultimately, the density of

configuration-force samples determines the accuracy of the force interpolation that drives the
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dynamics. Appropriate adaption alleviates concerns about having an dense sampling from

the outset but here we treat the task of pre-computing a static database (one that could be

used as an initial database for an adapting method). More ideas regarding this issue will be

discussed in the concluding section.

3.2 Metric-based search

Recent work26 has shown that an atlas of precomputed distances can accelerate molecular

structure searches by orders of magnitude versus a simple exhaustive search of a configu-

rational database. The associated algorithm relies on the reverse triangle inequality (M5)

which implies that the distances between two pairs (Q,A) and (A,B) with an element A in

common puts bounds on the distance d(Q,B). In fact, given d(A,B) > 2d(Q,A) and M5,

d(Q,B) ≥ |d(A,B) − d(Q,A)|, then d(Q,B) > |2d(Q,A) − d(Q,A)| = d(Q,A). If Q is a

query cluster this fact allows the search to omit all clusters {B | d(A,B) > 2d(Q,A)}, using

the distances d(A,B) stored in the database and the newly computed distance d(Q,A).

A version of this metric-based search algorithm adapted from Ref. 26 to our hierarchical

database is:

1. Given a query cluster Q, initialize dmin = d(Q,Amin) where Amin is the first element in

G0, the set of all configurations in the highest level n = 0

2. For each level n find Anmin = argmin
A∈Gni

d(Q,A) via iteration over A ∈ G = Gni :

(a) compute d = d(Q,A)

(b) if d < dmin, set Amin = A, dmin = d and, using the sorted distances stored in the

database, update G = {B | d(Amin, B) < 2dmin}

(c) if G contains only Amin, move to the next lowest level.

3. If at the lowest level, search over the region of radius 2R around Amin to obtain B =

{Aj | d(Q,Aj) < R}

4. Store set B for subsequent searches for the atom associated with Q.

16



and is illustrated in Fig. 4. A proof of convergence to the optimal Amin and the group around

it can be constructed along the lines of convergence of sequence in a complete metric space:

the graph is complete and the candidate Amin moves closer to the optimal Amin with iteration.

With regard to the last step of the algorithm, unlike the task of matching molecules and

chemical compounds by structure, with dynamics we have history and continuity in time

and the assumption that in a small time-step ∆t the particular cluster of interest has not

moved very far through cluster space. So at time t+ ∆t rather than searching over the entire

space of neighborhoods, we will begin the search in the ball about the best match for the

previous time t.
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Figure 4: Metric search algorithm: (a) Illustration of metric search for query point Q. Given
a current closest cluster, say, C2, the subset { C3, C9, C12 } near C2 are intermediate candidates
for inclusion in the (shaded) interpolation ball around Q; whereas, the other neighbors, Ci,
of C2, C3 C9, can be ignored since d(Ci, C2) > 2d(Q, C2). After direct computation of distances
from the candidate subset to Q in the next search iteration, C9 will be selected as the new
closest configuration to Q. The distances that need to be computed are shown in blue, the
distances that are retrieved from the database are in black and the search path connecting
successive closest stored configurations is shown in red. (b) The corresponding search path
through a portion of the database visualized as a graph.
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4 Results

All the following results use two samples of the ab initio dynamics of a Si system, one

crystalline at 300 K and the other amorphous at 2500K. The sampled system is periodic

with 216 atoms (43 unit cells) and sampled for 200-1000 steps of 1 fs with the first 100 steps

discarded since the starting state was a perfect crystal. Given that the first shell of the

diamond cubic structure has 4 neighbors and the second 12 neighbors, we choose clusters

with 4 and 16 neighbors.

As a preliminary to examining questions Q2-4, we examined sensitivities to algorithmic

parameters. Given the results shown in Fig. 3, for all the following studies we used the

OGTO smearing parameter σ = 1Å in dOGTO. For the scale parameter ς of the RBF used

in the force interpolation Eq. (14) we used ς = 1Å so that the RBF is sufficiently peaked in

the interpolation ball (whose radius is on the order 2-4 Å). Also, since λ-sort modification

of the RMS-D metric is not a perfect solution to the permutation optimization we only used

the less computationally expensive r-sort in our demonstrations.

Here we also examine the behavior of the two chosen metrics over the database of clusters

provided by the BO trajectories. Fig. 5 is an illustration that the BO dynamics path in

cluster space is continuous. The bell shaped distributions of cluster RMS-D distances rela-

tive to a perfect lattice configuration broaden and shift to greater distances with increasing

temperatures, as expected. The increase in number of neighbors from 4 to 16 increases the

specificity of the metric as evidenced by the relatively sharper distributions for distances

based on N = 16. Fig. 6a shows the characteristic radial distributions for a crystalline

material at 300K and an amorphous material at 2500K. In Fig. 6b we compare the dis-

tribution of distances as a function of temperature and number of neighbors for both the

RMS-D and OGTO measures for the whole database of configuration samples (as opposed to

following the configuration associated with one atom through time, as in the inset of Fig. 5).

Although quantitatively different, the distributions generated by both metrics show peaks

that are closer to zero distance for colder systems and fewer neighboring atoms in the cluster
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comparisons.
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Figure 5: Dynamics path (inset) and associated distance distribution of a single neighborhood
through cluster space, where the (RMS-D) distance is measured from a perfect crystalline
configuration.
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Figure 6: Spatial structure compared to cluster space structure. (a) the radial distribution
of Si at 300 K (crystalline) and 2500 K (melt). (b) the distribution of pair-distances in the
corresponding cluster space.

4.1 Force-distance correlation

In this section we address Q2 posed in the introduction: one of the fundamental assumptions

of the method is that the cluster distance between a pair of configurations is correlated with

the similarity in the forces

‖fA −RABfB‖ ∝ dAB (17)
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The force error vs. cluster distance correlation, Fig. 7, clearly shows that the HF forces

and cluster distances are correlated and in fact that as d → 0 the forces become effectively

identical up to a rotation RAB. Also, as expected, using a larger number of atomic neighbors

in a given cluster is more discriminating in terms of force errors and there is more scatter in

the higher temperature results. Lastly, it appears that the OGTO samples are denser and

more linearly correlated with distance than those of the RMS-D over the same range of force

error. In part this is likely due to the permutation mismatches in our implementation of

RMS-D which leads to a density of low force error samples appearing at large cluster-cluster

distances (not shown in Fig. 7a).
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Figure 7: Force error-cluster distance correlation for (a) RMS-D and (b) OGTO. ( Note the
RMS-D and OGTO distances for a pair of clusters are not equal in general and so the data
was plotted for a chosen range of force error.)

4.2 Search performance

In answer to question Q3 regarding search efficiency: Fig. 8 shows that the efficiency, as

measured by the number of new distance evaluations of the query cluster to a member of the

database relative to the size of the database, can be 1:100 or better depending on the size of

the database. Also the efficiency appears to improve with increasing number of clusters in

the hierarchical database, although clearly there is a limit to this improvement. Note that

the results shown are an average over all the random parameters: starting points for the
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search, seeds for the database grouping/clustering algorithm, etc. and the error bars shown

are a result of these variances. Also note that we used the RMS-D metric, given that it

is worse case and cheaper to compute; results for OGTO based searches are essentially the

same. It also worth mentioning that with a complete graph the metric search is robust, i.e.

it finds the closest cluster/s in the database without fail.
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Figure 8: Search efficiency as function of the number of groups k in any given level the hier-
archical graph representation of the database, showing increased efficiency with appropriate
selection of k. Efficiency is measured by number of new distance computations relative to
the size of the database.

4.3 Interpolation convergence

Regarding question Q4, Fig. 9 shows force convergence with the size of the interpolation

ball in Eq. (15). The volume of this ball roughly correlates with the number of neighboring

clusters used in the RBF interpolation (15) given the fixed cluster database sampling den-

sity. Up to a certain radius, the interpolation converges in accuracy but the improvement

eventually decreases with additional, more distant cluster neighbors. The convergence is

strongly dependent on the sampling density of the database, i.e. the force error is strongly

proportional to the distance to the closest sample (refer to Fig. 7 which indicates an upper

bound of the convergence with the distance to the closest sample and hence to the density

of samples in the database). In a practical sense, given a static/non-adapting database with

a fixed sampling density, Fig. 9 show the limits to which the interpolation behavior can be
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controlled by choosing the interpolation ball radius R and the associated decay parameter ς.

 0.001

 0.01

 0.1

 1

 0.001  0.01  0.1

R
E

LA
T

IV
E

 E
R

R
O

R

RADIUS [Å]

Figure 9: Force interpolation accuracy as a function of radius of the interpolation ball BQ
(which correlates with the number of neighboring clusters used in the interpolation). Each
curve is generated by a different configuration and the error is highly correlated with the
distance to the closest cluster in the database.

4.4 Consistency of dynamics

To test the assembled algorithm and determine the growth rate of the accumulated errors,

we created a cluster database from a 100 step (100 fs) ab initio MD run on a 300 K, 2×2×2

unit cell Si system and used this to simulate the dynamics of a 3×3×3 system for 200

steps. In this demonstration no new DFT samples were generated and hence a relatively

large interpolation ball was needed (radius 0.02 Å, in the OGTO metric). Fig. 10 shows the

temperature and momentum errors relative to a standard ab initio MD run of the 3×3×3

system as a function of time. Clearly, the temperature error is increasing (linearly) but

the momentum error seems to be oscillatory but bounded. This apparently unbounded

temperature error could be controlled with a thermostat and both errors could be reduced

with a denser sampling of cluster space (or an adaptive sampling).
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5 Discussion

We have set the foundations of a method to simulate molecular dynamics with the accuracy

of ab initio calculations and on the scale of classical molecular dynamics. The basis of

this development is the connection of the local arrangement of atoms to the HF forces on

individual atoms. Certainly there are materials that violate this condition, e.g. those with

long range Coulomb interactions and/or extended electronic orbitals, but a large class of

important materials are amenable to this treatment and, as mentioned, this connection

is the basis for the widely-employed classical molecular dynamics method. In particular,

the proposed method may be effective in simulating metals given the success of the local,

empirical embedded atom potential.45

In this work we have focussed on the fundamental problem of mapping a local atomic

arrangement/configuration to the HF force on central atom. The basic issue is developing

a (I1) translationally, (I2) rotationally, (I3) permutationally invariant method that can be

used to drive dynamics or search a database. We have developed two such methods, one

based on the well-known RMS-D metric and the other developed from the OGTO and SOAP

similarity measures. Each has relative advantages. RMS-D is cheap to compute including the

optimal rotation but finding the optimal permutation remains an issue. The OGTO metric,
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on the other hand, is intrinsically permutationally invariant and has the expected decreasing

sensitivity to far away atoms in the local neighborhood at the expense of a more difficult

determination of the optimal rotation. In addition to the two metrics and a version of metric

search we provide an accurate means of interpolating forces in neighborhood space. We have

shown: (Q1) the central atom force in a cluster converges to the full system HF force with

increasing cluster size, (Q2) the cluster-cluster distances correlate well with the atom forces,

(Q3) a metric search is orders of magnitude faster than a brute-force query, and (Q4) with

interpolation the error in forces retrieved from the database and the optimal density of the

database can be controlled. These developments allow us to treat the presently infeasible

problem of simulating large compositionally and configurationally complex materials with

ab initio accuracy - avoiding the tedious task of constructing a globally applicable empirical

potential. It should be clear that the proposed algorithm reduces to ab initio molecular

dynamics in limit of large neighborhood size and no interpolation.

We leave a number of topics and extensions for future work. First, although we have some

confidence that momentum conservation will be enforced to the degree of error in the HF

forces, we will need a large-scale implementation of the algorithm for a complete test of phys-

ical momentum and energy conservation with dynamics. In finite temperature applications

we foresee that the conservation properties will be obscured and benefited by thermostat

control schemes. Second, we would like to investigate how to construct a comparison metric

appropriate for multi-element materials, which are very challenging to represent in classical

formulations of interatomic potentials. Also, we see that there may be advantages to al-

ternate means of representing cluster space, e.g. using the eigen-basis of the cluster graph

Laplacian as a basis to embed the cluster manifold in a vector space and drawing upon ideas

developed in the context of locality sensitive hashing46 to improve the cluster search and

force interpolation. In addition, in following work we will focus on database structure and

adaptation. Adaptation will be driven by the goal of obtaining optimal density in region

of configuration space occupied by the dynamics by pruning configuration samples irrele-
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vant to current state and those in regions that are overly dense that reduce efficiency and

adding samples necessary to maintain accuracy. The basic issue of generating new HF force

samples may turn into a significant subsidiary problem in and of itself. Beyond adapting

the database, there are also significant issues in scaling the algorithm to supercomputers,

primarily distributing the database across a parallel file-system and managing it in limited

memory.
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Appendix: Decomposition of the Gaussian overlap prod-

uct

A spherical harmonic expansion of the Gaussian-smeared point densities Eq. (6), after

dropping the normalization 1/(
√

2πσ)3 for convenience, can been written:

ρA(x) =
∑
α∈NA

exp

(
−‖x− xα‖2

4σ2

)
=
∑
α∈NA

[
∞∑
l=0

l∑
m=−l

clmα (r)Ylm(r)

]
, (18)

in terms of the spherical harmonic basis Ylm and the coefficients clmα containing the cor-

responding radial series in terms of modified spherical Bessel functions of the 1st kind, ιl

:

clmα (r) = 4π exp

(
−r

2 + r2α
2σ2

)
ιl

(rrα
σ2

)
Y ∗lm(rα) (19)
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With this expansion we can reformulate the product Eq. (8) and associated norm Eq. (9)

〈ρA, ρB〉 =

∫
dxρA(x)ρB(x)

= 4π
∑
α∈NA

∑
β∈NB

exp
(
−σ

2
(r2α + r2β)

) ∞∑
l=0

ιl(σrαrβ)
l∑

m=−l

Ylm(rα)Y ∗lm(rβ)

= 4π
∞∑
l=0

[∑
α∈NA

∑
β∈NB

l∑
m=−l

Ylm(rα) exp
(
−σ

2
r2α

)
ιl(σrαrβ) exp

(
−σ

2
r2β

)
Y ∗lm(rβ)

]

=
∞∑
l=0

tr
[
YAWABY

†
B

]
l︸ ︷︷ ︸

Jl

(20)

with matrices [Yl]αm = Ylm(rα) and [Wl]αβ = 4π exp
(
−σ

2
(r2α)

)
ιl(σrαrβ) exp

(
−σ

2
(r2β)

)
.

The rotation of CB relative to CA in the inner product

〈ρA,RρB〉 =

p∑
l=0

l∑
mA,mB=−l

Dl,mAmB(R)

∫
dr
∑
βA,βB

cl,mAβA
(r)cl,mBβB

(r)

∫
drY ∗l,mA(r)Yl,mB(r)

=

p∑
l=0

trDl(R)Jl .

(21)

can be expressed in terms of Wigner D matrices Dl = Dl(R) (Dl(I) is 2l + 1 square iden-

tity matrix) An operational definition of the (unitary) Wigner D matrices is Yl(Rr) =

Dl(R)Yl(r). Since D0 = 1 is constant and the dimensions of D1 are the same as R albeit

being complex valued, we can find the optimal rotation R that maximizes the similarity

〈ρA,RρB〉 via

argmaxR 〈ρA,RρB〉 = argmaxR

p∑
l=0

tr JpDp(R) ≈ argmaxR tr J1D1(R) (22)
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First, we apply the mapping D1 = A†RA from Eq. 3.63 in Ref. 42:

tr J1D1 = tr J1A
†RA = trAJ1A

†︸ ︷︷ ︸
USVT

R (23)

where the transformation matrix A : D→ R is constant and unitary. (We use A∗ to denote

the complex conjugate of A and A† to denote the transpose of A∗.) Hence, an approximate

optimal (real-valued) rotation is R = VUT . Note, given the angle conventions in Biedenharn

and Louck’s text,42 A has the components:

[A] =


−1/
√

2 0 1/
√

2

−ı/
√

2 0 −ı/
√

2

0 1 0

 (24)

Also note given that components of Yl can be negative implies product formed from truncated

SOAP expansion is not metric.
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