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Highlights

• A new subgrid-scale model for turbulent velocity fluctua-
tions

• The model provides flow scales smaller than the original
grid resolution, is dynamic, and formulated in physical
space

• The model improves the prediction of particle preferential
concentration in large-eddy simulations
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A dynamic spectrally-enriched subgrid-scale model
for preferential concentration in particle-laden turbulence

Maxime Bassenne†1, Mahdi Esmaily‡, Daniel Livescu∗, Parviz Moin†, and Javier Urzay†

†Center for Turbulence Research, Stanford University, Stanford, CA 94305-3024
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Abstract

A new subgrid-scale (SGS) model for turbulent velocity fluctuations is proposed for large-eddy simulations (LES) of dispersed
multi-phase flows. The modeled velocity contains scales smaller than the LES grid resolution, thereby enabling the prediction of
small-scale phenomena such as the preferential concentration of particles in high-strain regions. The construction of the spectrally
enriched velocity field in physical space is made dynamically, and is based on 1) modeling the smallest resolved eddies of sizes
comparable to the LES grid size via approximate deconvolution, and 2) reconstructing the SGS fluctuations via non-linear gen-
eration of small-scale turbulence. The model does not contain tunable parameters, can be deployed in non-uniform grids, and is
applicable to inhomogeneous flows subject to arbitrary boundary conditions. The performance of the model is assessed in LES of
isotropic turbulence laden with inertial particles, where improved agreement with direct numerical simulation results is obtained
for the statistics of preferential concentration.

Keywords: Particle-laden flows, Large-eddy simulation, Preferential concentration, Subgrid-scale modeling

1. Introduction

Particle-laden turbulence is ubiquitous in engineering and en-
vironmental flows. A particular feature of these types of flows
is the presence of particle clouds that result from the tendency
of inertial particles to preferentially sample specific regions of
the turbulent flow field [1–5, 7]. The intensity and spectral
properties of these clouds are central to a number of physical
processes. These include momentum and thermal inter-phase
coupling with the turbulent environment [8–14], dispersion due
to electric forces [15, 16], and thermal coupling with an exter-
nal radiative heat source [17–19]. It is therefore of relevance
in computational predictions of these phenomena to resolve or
model the characteristic scales associated with the resulting in-
homogeneities in the spatial distribution of particles caused by
these clouds.

The cost of resolving all flow length scales down to the Kol-
mogorov scales via Direct Numerical Simulations (DNS) often
becomes prohibitive for industrial- and environmental-scaled
systems. An alternative approach consists of employing LES
by integrating the low-pass-filtered Navier-Stokes equations

∂ui

∂xi
= 0, (1)

∂ui

∂t
+ u j

∂ui

∂x j
= −1

ρ

∂p
∂xi

+ ν
∂2ui

∂x j∂x j
− ∂τi j

∂x j
, (2)

where the overlined quantities (·) correspond to large-scale por-
tions of the corresponding fields. In this formulation, t is the
time coordinate, xi are spatial coordinates, ui are flow velocity

components, p is the hydrodynamic pressure, ρ is the density,
and ν is the kinematic viscosity. The symbol τi j = uiu j − uiu j

denotes the unclosed SGS stress tensor, which, in this study, is
closed using traditional models for single-phase flows. More
importantly, and since the particles are transported by the equa-
tion of motion

dup,i

dt
=

ui − up,i

ta
, (3)

is to consider a closure for the full-scale flow velocity ui

to which the particles are subjected. In the notation, xp,i

is the position of the particle, up,i is its velocity, and ta =

(2/9)(ρp/ρ)(a2/ν) is the characteristic acceleration time, with
ρp and a the particle density and radius, respectively. In writing
Eq. (3), it is has been assumed that the particle radius is much
smaller than the Kolmogorov length scale, that the particle den-
sity is much larger than that of the carrier fluid, and that the
particle Reynolds number computed using the slip velocity as
characteristic velocity is much smaller than unity [20].

An accurate time integration of Eq. (3) requires the full-scale
carrier-phase velocity ui rather than the filtered one ui. Inac-
curate predictions of some of the dispersed-phase statistics are
typically observed when this closure problem is ignored and ui

only is employed for the integration of Eq. (3), or equivalently,
when the equation

dup,i

dt
=

ui − up,i

ta
(4)

is solved instead of Eq. (3) [21, 22]. The magnitude of the
inaccuracies made in the predictions is however dependent on
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the characteristic dimensionless parameters of the problem, and
most notably, on the SGS Stokes number StSGS, which represents
the ratio of the characteristic particle acceleration time to the
turnover time of the eddies whose size is equal to the grid size,
as described in Ref. [23]. Among the dispersed-phase statistics
degraded by neglecting the closure problem described above
[i.e., by integrating Eq. (4) in place of Eq. (3)] is preferential
concentration, whose intensity and associated scales have been
shown to be inaccurately predicted [24, 25].

Most studied SGS models consist of approximate-
deconvolution or Lagrangian stochastic models [21, 26–31], or
a combination of the two [32]. A class of less investigated SGS
models are the spectrally enriched ones, which are typically
based on kinematic simulation [33–36], fractal interpolation
[37–39] or spectrally-optimized interpolation [40]. The main
drawbacks associated with this class of models are their
reliance on Fourier basis functions with infinite support in
physical space, and on tunable parameters whose values outside
of the homogeneous turbulence regime are not straightforward
to justify theoretically. In addition, it is challenging to generate
small-scale turbulence structures that display the correct degree
of spatiotemporal correlations [41–44], and to which the
particles are sensitive during their flight and accumulation into
clouds. The model presented in this paper circumvents some of
these limitations.

In this paper, an SGS model, termed spectrally enriched dif-
ferential filter model (SDF), is proposed that is formulated in
physical space for the full-scale carrier-phase velocity ui to be
used in the integration of the equation of particle motion (3)
in LES of particle-laden turbulence. This investigation builds
on some of our previous work [23–25, 45–47, 49] by propos-
ing a SGS model based on differential filters that incorporates
a spectrally-enriched carrier-phase velocity ui, which contains
scales smaller than the LES grid resolution, thereby enabling
the calculation of small-scale phenomena such as preferential
concentration of particles. The model is dynamic, in that it
does not contain tunable parameters, it can be deployed in non-
uniform grids, and is applicable to inhomogeneous flows sub-
ject to arbitrary boundary conditions [48].

The remainder of this paper is organized as follows. The
SGS model formulation is described in Sec. 2. Results for the
carrier- and dispersed-phase statistics obtained from LES with
and without the SGS model, and their comparisons with DNS,
are provided in Sec. 3. Lastly, concluding remarks and sugges-
tions for future work are provided in Sec. 4.

2. Description of the SDF model

This section describes the SDF model proposed in the present
work. Consider the velocity field u(2∆)

i described by its nodal
values on a grid with characteristic spacing 2∆. This velocity
and this grid resolution are equivalent, respectively, to the LES
velocity field ui and to the LES grid resolution. Using these
quantities, Fig. 1 shows the three-step (I, II, III) SDF model
algorithm employed to regenerate the velocity field on a finer
grid.

The first step of the SDF model algorithm (step I in Fig. 1)
makes use of the dynamic approximate-deconvolution differen-
tial filter (DF) model developed in Refs. [24, 25] and leads to a
velocity field u(2∆)

i,AD still defined on the original grid. Section 2.1
is devoted to explaining this procedure.

The second step (II in Fig. 1) of the SDF model is described
in Sec. 2.2 and is composed of the following substages: i) in-
terpolation, which leads to a velocity field u(∆)

i,ADI defined on the
finer grid, ii) spectral enrichment, which provides a velocity
field u(∆)

i,SGS furnished with fine scales, and iii) approximate de-

convolution, which renders a velocity field u(∆)
i,AD also defined

on the finer grid but energized near the cutoff. These three
substages are applied once for a single-level reconstruction that
corresponds to refining the grid by a factor of two in each di-
rection. This second step can be applied recursively to obtain
higher levels of refinement, as depicted in Fig. 1.

Lastly, since the velocity field u(∆)
i,AD is generally not

divergence-free, the final step of the SGS model algorithm (step
III in Fig. 1) consists of extracting the solenoidal portion of
u(∆)

i,AD, which results in the full-scale modeled velocity field ui

employed for integrating the equation of motion of the particles
(3).

2.1. Step I: Dynamic approximate deconvolution

Given u(2∆)
i , an approximately-deconvolved velocity field

u(2∆)
i,AD is computed in the following way. To benefit from a filter-

ing kernel that is easily applicable to complex geometries, the
dynamic differential-filter approximate-deconvolution model in
Refs. [24, 25] is used in the present study, which provides the
expression

u(2∆)
i,AD = u(2∆)

i − ∂

∂x j

[b(2∆)]2 ∂u(2∆)
i

∂x j

 . (5)

The parameter b(2∆) scales with the local filter-width size and
is dynamically computed by solving a simple quadratic equa-
tion using the procedure based on SGS kinetic-energy match-
ing described in [24, 25]. The parameter b(2∆) is non-uniform in
space along non-homogeneous coordinates. When b(2∆) is uni-
form, as in the present study, the deconvolved velocity u(2∆)

i,AD is

divergence-free. In comparison with the input velocity u(2∆)
i , the

spectral kinetic energy of u(2∆)
i,AD near the grid cutoff wavenum-

ber is enhanced, yet the resulting flow does not contain scales
smaller than the grid cutoff.

2.2. Step II: Interpolation, spectral enrichment, and approxi-
mate deconvolution

The SDF model supplements the approximately-
deconvolved velocity u(2∆)

i,AD with subgrid scales as follows.

The velocity field u(∆)
i,ADI is obtained by interpolating u(2∆)

i,AD
onto the finer grid. This interpolation step does not lead to
small scales that have any significant energy. However, it
raises numerical challenges that are worth discussing. In
particular, the interpolating kernels generally lead to artificial
smoothing of the resolved velocity fluctuations that hinder
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Figure 1: Schematic diagram of the steps I, II, and III involved in the SDF model algorithm. The diagram assumes an input LES velocity ui = u(2∆)
i represented on

a grid with characteristic resolution 2∆, and provides a full-scale modeled velocity ui defined on a finer grid.

the conservation of kinetic energy. The latter is nonetheless
a quantity that plays a critical role in subsequent steps of
the dynamic modeling approach outlined below. This issue
is more severe in three-dimensional staggered grids where a
refinement by a factor of two in each direction implies that
none of the face centers of the original grid coincide with
the face centers of the fine one. In this study, this issue is
mitigated by using fourth-order Lagrange interpolation onto
a collocated mesh in order to minimize the shift in variable
location carried along in a staggered mesh. Note however that
the full-scale modeled velocity ui is requested on a staggered
grid to facilitate the divergence-free projection. As a result, the
velocity is interpolated onto a staggered grid only during the
final refinement level.

The interpolated velocity u(∆)
i,ADI has scales ranging from the

integral scale to the LES cutoff 2∆, and does not contain any
significant SGS motion in scales smaller than that. In contrast,
the energy of the spectrally enriched velocity u(∆)

i,SGS is mostly
populated in the subgrid scales ranging from ∆ to 2∆. As a
consequence, u(∆)

i,SGS bears the regenerated scales by spectral en-
richment and requires modeling. In this study, the proposed
model for u(∆)

i,SGS is

u(∆)
i,SGS =

√
2K

Di√
D jD j

. (6)

Expression (6) is composed of two multiplicative terms that
involve the square root of the local SGS kinetic energy K =

u(∆)
i,SGSu(∆)

i,SGS/2 based on the SGS velocity, and the normalized

vector Di/
√

D jD j that describes the relative magnitude of each
velocity component, with Di being an estimate of the local in-
stantaneous growth-rate vector. The computation of K and Di

is explained below.
The growth-rate vector of the SGS motion is modeled as

Di = Ni − Ñi, (7)

where Ni is given by

Ni =

[
u(∆)

j,ADI − ũ(∆)
j,ADI

] ∂u(∆)
i,ADI

∂x j
, (8)

and (̃·) denotes a spatial filter with characteristic width 4∆ (i.e.,
twice as coarse as the LES grid). In Eq. (7), Ñi is subtracted
from Ni to minimize the modification of the resolved portion
of Ni. The model form for the SGS velocity u(∆)

i,SGS obtained by
combining Eqs. (6)-(8) resembles the physical mechanism of
generation of small scales by convection of large scales in tur-
bulent flows. However, it models neither the pressure and vis-
cosity effects on the generation or suppression of small scales,
nor the temporal dynamics inherent to the generation process.
Instead, the present model assumes that the subgrid scales are
instantaneously generated by one round of interactions among
the resolved scales. Although the model is similar to the
velocity-estimation model for the SGS stress tensor in Ref. [50],
the present work reformulates it in the form given by Eq. (6),
employs a dynamic approximate-deconvolution scheme, and
also provides a dynamic procedure for the computation of the
prefactor

√
2K, as described below.

The local SGS kinetic energy K = u(∆)
i,SGSu(∆)

i,SGS/2 is estimated
assuming that it is proportional to the kinetic energy of the
smallest resolved scales. This assumption resembles local self-
similarity and leads to

K = K1,2 = CK2,4, (9)

where C is a proportionality coefficient that is dynamically
computed as

C = 〈K2,4〉/〈K4,8〉. (10)

In Eq. (10), the angle brackets denote averaging along homoge-
neous directions. If the latter are not present in a particular flow
configuration, the angle brackets are substituted by a series of
filtering operations to regularize the dynamic coefficient, as tra-
ditionally performed in LES dynamic procedures. In the above
formulation, Km,n denotes the kinetic energy of eddies whose
sizes range from m∆ to n∆, namely

K2,4 =

(
u(∆)

i,ADI − ũ(∆)
i,ADI

) (
u(∆)

i,ADI − ũ(∆)
i,ADI

)
/2 (11)

and

K4,8 =

(
ũ(∆)

i,ADI − û(∆)
i,ADI

) (
ũ(∆)

i,ADI − û(∆)
i,ADI

)
/2, (12)
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where (̂·) denotes a spatial filter with characteristic width 8∆.
The motivation for the above dynamic procedure is best ex-

plained by making use of a power-like law for the kinetic-
energy spectrum, Ek(κ) ∼ κ−β, where κ is the wavenumber
and β is an exponent. It directly follows from this assumption
that the ratio Km,2m/K2m,4m is equal to a constant C indepen-
dent of m. Additionally, under the assumption of spectrally-
sharp cutoff filters for the operators (̂·) and (̃·) in Eqs. (11)-(12),
the ratio Km,2m/K2m,4m = 21−β is obtained. Note that β can be
imposed, for instance, using Kolmogorov’s scaling β = 5/3,
thereby leading to a theoretical value of the parameter constant
C = 0.63. Instead, the present model does not explictly require
any value of β since the formulation uses a dynamic computa-
tion of C based on cascade energetics of the resolved scales, as
in Eq. (10).

The scale-similarity assumption implied by Eq. (9) regarding
the ratio of kinetic energies being independent of the specific
wavenumber band becomes increasingly more unjustified near
and within the viscous range, where the kinetic-energy spec-
trum no longer varies as a power law but rather does so expo-
nentially. The higher the Reynolds number, the longer the in-
ertial range is and the larger the number of reconstruction steps
are that can be performed with the SDF model without deleteri-
ous incursions into the unmodeled viscous subrange. Similarly,
the scale-similarity assumption may become unjustified at the
first reconstruction level unless the Reynolds number is suffi-
ciently large and the grid cutoff of the base LES is far away
from the integral scales. This can be understood by noticing
that the first reconstruction level requires information of the ki-
netic energy up to scales four times larger than the grid cutoff

of the base LES.
After the spectral enrichment, the final substage of step II

consists of approximately deconvolving the sum of the inter-
polated velocity field u(∆)

i,ADI and spectrally enriched fluctuation

velocity u(∆)
i,SGS using the differential filter

u(∆)
i,AD =

(
u(∆)

i,ADI + u(∆)
i,SGS

)
− ∂

∂x j

{[
b(∆)

]2 ∂

∂x j

(
u(∆)

i,ADI + u(∆)
i,SGS

)}
.

(13)
In Eq. (13), b(∆) is chosen such that b(∆) = b(2∆)/2 in order
to account for the doubled grid resolution, and to keep constant
the deconvolution filter width relative to the grid resolution [i.e.,
b(∆)/∆ = b(2∆)/(2∆)]. This substep is intended to correct for the
numerical errors caused at high wavenumbers by the discrete
operators employed in the spectral-enrichment step.

As depicted in Fig. 1, the aforementioned three substages
(i.e., interpolation, spectral enrichment, and approximate de-
convolution) can be applied recursively for successive refine-
ment levels, leading to increasingly finer-scale velocity fields.

2.3. Step III: Divergence-free projection

After recursive application of step II, the final output velocity
u(∆)

i,AD is forced to be divergence-free using a classic Hemholtz
decomposition. In this way, a Poisson equation

∂φ

∂x j∂x j
=
∂u(∆)

i,AD

∂xi
(14)

is solved for the potential φ of the irrotational portion of the
velocity field u(∆)

i,AD. The solenoidal portion of u(∆)
i,AD is therefore

given by

ui = u(∆)
i,AD −

∂φ

∂xi
. (15)

The resulting incompressible velocity field ui is used as a model
for the full-scale flow velocity in integrating the equation of
motion of the particles (3). Generally, the computational cost
of the model is mostly limited by this step, particularly when
the flow configuration does not have periodic directions, since
it requires the resolution of a linear system of equations on a
grid finer than the original LES grid.

2.4. Pathways for further improvement of the SDF model

Three aspects are worth pointing out with regard to the for-
mulation described above. They pertain to possible shortfalls
of the model that could motivate future work.

In the SDF model, the motion of the small scales is generated
at each reconstruction level. By doing so, however, the motion
of the large scales is modified as well. This is expected from
the physical-space formulation of the SDF model, which relies
on spectrally non-compact numerical operators. Note that this
lack of spectral compactness contributes to generate variations
in the dynamic coefficient C as the grid is refined.

The subgrid scales regenerated by the SDF model above are
temporally correlated in time with the same correlation time as
the fluctuations corresponding to the near-cutoff eddies. This is
not a realistic assumption, in that the small scales should decor-
relate faster, and it may have consequences on the persistence
time of the particle clouds that should be interrogated in future
work.

The description of the SDF model provided above (see
schematics in Fig. 1) can be modified if significant computa-
tional cost savings are pursued. In its present form, the cost of
the SDF model is of the same order as the cost of a traditional
LES simulation (i.e., without SGS model for the velocity) at
the refined grid corresponding to the particular reconstruction
level. For instance, one potential path for improving the com-
putational cost consists of non-uniformly deploying the SDF
model in space, in a way that the number of refinement levels
employed in the algorithm would be allowed to vary spatially
and would be dynamically computed. Similarly, the compu-
tational overhead could be greatly decreased by spectral en-
richment formulations that would analytically incorporate the
divergence-free condition on the modeled field, rather than en-
forcing it through the inversion of Eq. (14). Existing noise-
reducing linear filters or approximate Poisson solvers replacing
the traditional resolution of Eq. (14) would also be of interest
for accelerating the step III in the present algorithm [51]. These
computational aspects are worthy of future research.

3. Model performance

In this section, results obtained from the application of
the SDF model to one-way coupled, homogeneous-isotropic
particle-laden turbulence are described. The focus of the
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Figure 2: Time history of the spatially-uniform dynamic coefficients (a) b and (b) C of the SDF model at different levels of refinement r, where the grid is refined
by a factor 2r in each direction relative to the LES grid.

analysis is on the impact of the SDF model on preferential-
concentration statistics in regimes where the small-scale eddies
play a critical role in predicting the accurate spatial distribution
of particles.

3.1. Computational set-up

The DNS reference simulations employed in the analysis are
obtained by solving the Navier-Stokes equations in a triply-
periodic cubic domain using a finite-volume solver that em-
ploys second-order accurate in space and fourth-order accurate
in time numerics, as described in Ref. [5, 6]. The constant-
energy linear forcing proposed in Ref. [52] is used in the mo-
mentum equation in order to sustain the turbulence and achieve
statistical stationarity. The Reynolds number based on the Tay-
lor microscale is Reλ = 85. The DNS employs 2563 grid
points that are equivalent to a grid resolution κmax`k = 1.6, with
κmax = π/∆ being the largest wavenumber resolved by the grid.
The Kolmogorov length is `k = (ν3/ε)1/4, where ν is the kine-
matic viscosity and ε is the mean molecular dissipation. The
integral length is equal to ` = u3

`
/ε where u` is the root mean

square large-scale velocity u` =
√

uiui/3.
The analysis includes comparisons of DNS with LES ob-

tained by solving the filtered Navier-Stokes equations (1)-(2).
The SGS stress tensor is modeled in LES using the dynamic
Smagorinsky model [53], where the dynamic coefficient is cal-
culated using the least-squares approach of [54]. The LES em-
ploys 323 grid points with a grid resolution κmax`k = 0.2. In or-
der to account for the unresolved portion of the kinetic energy
that is not captured in LES, the value of the resolved kinetic
energy injected in LES is set to 85% of the corresponding DNS
kinetic energy. This resolved kinetic energy is obtained by fil-
tering the DNS with a box filter that has a filter width equal to
the LES grid spacing. All spatial filters are chosen to be box fil-
ters numerically implemented with a fourth-order Simpson rule
for quadrature.

A large number of particles Np = 5 × 2563 are randomly
seeded once the motion of the carrier phase has reached a sta-
tistically steady state. The value of Np is chosen to enable

a physically meaningful interpretation of the number-density
spectra arising from the computation of the Eulerian number-
density field based on a nearest-neighbor counting method, as
discussed in Ref. [46]. Data collection starts after a time suf-
ficiently long compared to the characteristic particle accelera-
tion time and to the time required for preferential-concentration
statistics to become stationary [55]. Specifically, time-averaged
statistics are computed from 19 snapshots recorded during 13t`,
with t` = `/u` the integral time calculated using the associ-
ated integral length ` and fluctuation velocity u`. All Eulerian
flow velocity fields appearing in the particle equations of mo-
tion are interpolated to the particle position using second-order
Lagrange interpolation.

At every substep of the time-advancement scheme, the full-
scale velocity ui in Eq. (3) is set equal to (a) the DNS ve-
locity (denoted as DNS in the set of results presented be-
low), (b) the resolved velocity ui without any SGS model
(denoted as LES), (c) the resolved velocity ui supplemented
with a differential-filter approximate-deconvolution-modeled
turbulent fluctuation velocity on the LES grid as described in
Refs. [24, 25] (denoted as LES-DF), and (d) the full-scale mod-
eled velocity obtained from the SDF model as described in
Sec. 2.2. In the latter, the levels of reconstruction are varied
from a single one (LES − SDF 1), to two (LES − SDF 2) and
three (LES − SDF 3), which correspond to recovering a veloc-
ity field on grids with 643, 1283 or 2563 cells, respectively.
Therefore, the third reconstruction level (LES − SDF 3) leads
to a full-scale modeled velocity field that is defined on the same
grid as the DNS.

The relevant dimensionless parameter to consider is the
Stokes number

Stk = ta/tk, (16)

with tk = `2
k/ν the Kolmogorov turnover time. The results

presented below correspond to values of Stk ranging from 1/4
to 8. Note that the time step utilized in these simulations is
∆t = 0.03tk in all cases, which, in the most stringent case
Stk = 1/4, represents a time step of ∆t = 0.12ta relative to
the characteristic particle acceleration time.
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LESDNS LES ! DF

(d) (e) (f)

LES ! SDF 2LES ! SDF 3 LES ! SDF 1

(a) (b) (c)

u1/uℓ u1/uℓ u1/uℓ

u1/uℓ u1/uℓ u1/uℓ

Figure 3: Instantaneous mid-plane cross sections of the x1 component of the carrier-phase velocity normalized with the characteristic large-scale velocity u` in the
DNS case. The panel includes (a) DNS on a 2563 grid and (b) LES on a 323 grid. The rest of the panels include the modeled x1 component of the carrier-phase
velocity for (c) the differential-filter approximate-deconvolution model in Refs. [24, 25] on a 323 grid, and (d-f) the SDF model on a (2r × 32)3 grid corresponding
to the reconstruction levels r = 1, 2, 3. The extrema of the color maps are chosen to represent the 2.5% and 97.5% percentiles of the velocity contours.

3.2. Carrier-phase statistics

In the type of flows studied here, the dynamic procedures
described in Sec. 2 yield uniform and statistically steady val-
ues for the model parameters b and C. Their time histories are
reported in Fig. 2 for illustration. The parameter b shown in
Fig. 2(a) is equal to 0.40 in average, which is consistent with
the value reported in Refs. [24, 25]. This resulting mean value
of b corresponds to a differential filter that has the same second
moment as a spherical top-hat filter of radius 1.3 times the LES
grid resolution, thereby suggesting that the dynamic procedure
yields a realistic value of the effective filter width. Similarly,
the predicted time-averaged values of the dynamic coefficient C
shown in Fig. 2(b) are 0.42, 0.17 and 0.046 for the first, second
and third levels of reconstruction, respectively. Note that, as the
number of reconstruction levels increases, C deviates from the
theoretical value 0.63 estimated from the Kolmogorov scaling.
This departure occurs because the dynamic procedure becomes
increasingly biased by modeling and numerical errors as the
reconstruction level increases, because the filters involved in
computing (11)-(12) are not spectrally sharp, and because the
wavenumber extent of the inertial subrange is rather limited in

these simulations.
It is instructive to analyze the qualitative properties of the ve-

locity field ui obtained from the SDF model in comparison to
the original LES velocity field ui. For instance, the instanta-
neous cross sections of the velocity component u1 are shown
in Fig. 3, where the DNS contours contain small-scale fea-
tures that are absent in the much coarser baseline LES con-
tours. The earlier differential-filter approximate deconvolution
model leads to amplification of the fluctuations at small re-
solved scales on the LES grid, with the large scales remain-
ing mostly unchanged. The lack of spectral enrichment in the
differential-filter approximate-deconvolution model results in
contours of u1 that do not encompass flow structures smaller
than those already observed in the LES. This feature has been
reported earlier as the main intrinsic limitation of the model
in Refs. [24, 25], and it also pervades non-spectrally enriched
SGS models at large. In contrast, the contours obtained from
the SDF model incorporate smaller-scale turbulent fluctuations,
as shown in Fig. 3(d-f). These fluctuations are deployed by the
SDF model in a way that correlates well with locations of non-
zero velocity gradients in the unmodeled LES field, in accord
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DNS LES

LES - DFLES - SDF 3

Figure 4: Carrier-phase ensemble-averaged Fourier spectra of (a) kinetic energy and (b) enstrophy. The figure also includes (c) instantaneous mid-plane cross
sections of the x1 component of the carrier-phase vorticity normalized with 1/tk for the DNS, LES, LES − DF and LES − SDF 3 cases. The extrema of the color
maps are chosen to represent the 2.5% and 97.5% percentiles of the vorticity contours. Figure 4(d) shows ensemble-averaged PDF of the second invariant of the
velocity gradient tensor Q. In panels (a), (b), and (d), the different curves correspond to DNS (2563), LES (323), LES − DF (323), LES − SDF 1 (643), LES − SDF 2
(1283) and LES − SDF 3 (2563) [see legend in panel (a) for line types].

with Eqs. (8)-(9). Although the dynamic coefficients are spa-
tially uniform, the kinetic energy locally injected in the subgrid-
scales is proportional to the local kinetic energy at larger scales,
as shown in Eq. (9). As the number of reconstruction levels
increases from one to three, the modeled velocity becomes in-
creasingly more populated at high wavenumbers.

The qualitative observations made above are similarly quan-
tified in the spectra of kinetic energy and enstrophy of the car-
rier phase, which are shown in Fig. 4. While all spectra coin-
cide at low wavenumbers, substantial differences are observed
at intermediate scales near the LES grid cutoff and in the sub-
grid scales. In particular, the SDF model increasingly regen-

erates the spectral energy beyond the cutoff wavenumber with
increasing number of reconstruction levels. Nonetheless, spuri-
ous oscillations are observed in the resulting spectra at evenly
spaced wavenumbers. These oscillations are caused by numer-
ical errors made in step II of the SDF model algorithm and are
related to the recursive dyadic-based reconstruction of the ve-
locity. This phenomenon can be best understood by considering
a hypothetical simpler choice of the interpolating kernel such as
a second-order Lagrange interpolation. With that choice, since
the interpolant is linear, the Laplacian of the interpolated field
u(∆)

i,ADI would be zero at grid points on the fine grid that are not
present on the original coarse grid. If, additionally, the spectral
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Figure 5: Ensemble-averaged radial distribution functions (RDFs) for (a) Stk = 0.25, (b) Stk = 0.5, (c) Stk = 1, (d) Stk = 2, (e) Stk = 4, and (f) Stk = 8. The
different curves correspond to DNS (2563), LES (323), LES − DF (323), LES − SDF 1 (643), LES − SDF 2 (1283) and LES − SDF 3 (2563) [see legend in panel (a)
for line types]. The LES grid resolution is equal to 16`k .

enrichment would produce a zero-valued dynamic coefficientC,
the Laplacian of u(∆)

i,SGS would also be zero at those points. As a
result, the final substage of approximate deconvolution in step
II would generate a zero fluctuating velocity only in that subset
of points, which would be evenly spaced in the case of a Carte-
sian grid, and which would result in spurious oscillations in the
spectra at evenly spaced wavenumbers. In the current compu-
tational set-up, however, the SDF model implementation uses
fourth-order Lagrange interpolation instead of second-order, al-
though it also generates small values of the velocity Laplacian
at the aforementioned points. Similarly, the dynamic coefficient
C is not strictly zero, but it approaches increasingly smaller val-
ues as the reconstruction level is increased.

One relevant carrier-phase statistics to analyze in relation
to preferential concentration pertains to the velocity gradients.
The vortex centrifugation mechanism is consensually accepted
for particles at small Stokes numbers [2]. Specifically, the par-
ticles accumulate preferentially in interstitial zones where the

strain rate is large after being centrifuged from the intense small
vortices, in accordance with previous analyses [61–63]. The in-
stantaneous cross sections of the carrier-phase vorticity compo-
nent ω1 = ∂u3/∂x2 − ∂u2/∂x3 are shown in Fig. 4(c). In par-
ticular, both DNS and LES-SDF contours contain a large num-
ber of fine-grained vortical features that are absent in the much
coarser LES, including the simulations with the differential-
filter approximate-deconvolution model in Refs. [24, 25]. De-
spite the relevance of the vorticity, note that a number of au-
thors have proposed alternative explanations for the clustering
of particles at large Stokes numbers, including the sweep-stick
mechanism described in Refs. [56–60], in which particles are
assumed to stick to zero-acceleration fluid points that are ob-
served to cluster in turbulent flows. The assessment of the
sweep-stick mechanism within the context of the present mod-
eling strategy is a subject worthy of future work.

The enhanced range of scales obtained by the SDF model
is also illustrated by the PDF of the second invariant of the
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Figure 6: Ensemble-averaged number-density Fourier spectra for (a) Stk = 0.25, (b) Stk = 0.5, (c) Stk = 1, (d) Stk = 2, (e) Stk = 4, and (f) Stk = 8. The different
curves correspond to DNS (2563), LES (323), LES − DF (323), LES − SDF 1 (643), LES − SDF 2 (1283) and LES − SDF 3 (2563) [see legend in panel (a) for line
types]. The LES wavenumber cutoff is located at κ`k = 0.2.

velocity-gradient tensor Q = (1/2)(Ωi jΩi j − S i jS i j) shown in
Fig. 4(d), where Ωi j and S i j are the rotation and strain-rate
tensors, respectively. The prediction of the statistics of Q is
particularly relevant for the purposes of this study, since, in
preferentially-concentrated regimes, particles tend to accumu-
late in straining regions (i.e., Q < 0) and are centrifuged away
from vortical regions (i.e., Q > 0) [61, 64]. However, as ob-
served in Fig. 4(c), the baseline LES tends to heavily under-
predict vortical intermittency, and as a result, leads to exceed-
ingly narrow PDFs of Q when compared to DNS, as shown in
Fig. 4(d). The utilization of the differential-filter approximate-
deconvolution model in Refs. [24, 25] partially palliates this
problem. In contrast, improved predictions are obtained using
the SDF model with two reconstruction levels.

Note that the curve corresponding to the third reconstruc-
tion level (LES-SDF 3) overpredicts the tails of the PDF of Q.
This observation, along with the overprediction of the spectra
in Fig. 4(a,b), indicate that a viscous subrange would need to be
introduced in the model SDF model in order to avoid such ex-

cessive deployment of energy in the third reconstruction level.

3.3. Dispersed-phase statistics

This section focuses on the performance of the SDF mod-
els described in Sec. 2 in predicting the intensity and scales
associated with preferential concentration. For this purpose,
two-point statistics are analyzed and interpreted below that con-
sist of the radial distribution function (RDF), which quantifies
the likelihood that a given pair of particles is separated by a
certain radial distance (e.g., see Ref. [65] for further details),
and the energy spectrum of the particle number-density fluctu-
ations, which characterizes the energy of the fluctuations per
wavenumber.

The comparisons between RDF’s obtained from DNS and
LES in Fig. 5 show that the baseline LES heavily underpre-
dicts particle clustering when the Stokes number is smaller than
unity, while an equally large overprediction occurs in the oppo-
site limit of large Stokes numbers. This observation is con-
sistent with results obtained from a-priori filtered-DNS studies
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Figure 7: Ensemble-averaged mean of the second invariant of the carrier-phase
velocity-gradient tensor Q sampled by the particiles as a function of the Stokes
number. The different curves correspond to DNS (2563), LES (323), LES − DF
(323), LES − SDF 1 (643), LES − SDF 2 (1283) and LES − SDF 3 (2563).

of the effect of small scales on particles motion, highlighting
the opposite physical mechanisms by which small-scale fluctu-
ations disperse or anti-disperse the particles [26, 65]. This poses
a challenge for SGS models attempting to predict preferential
concentration, in that they should be able to counteract the LES
mismatches by steering the particles in a fundamentally dif-
ferent way on each side of the approach to the Stk ∼ 1 limit.
Specifically, at small Stokes numbers, the SGS-modeled veloc-
ity should cluster or anti-disperse the particles. Conversely, at
large Stokes numbers, the SGS-modeled velocity should dis-
perse the particles.

Remarkably, the SDF model proposed here reproduces both
the anti-dispersion and dispersion trends required for Stk < 1
and Stk > 1 regimes, respectively, and it greatly improves
the predictions of the earlier differential-filter approximate-
deconvolution model proposed in Refs. [24, 25]. An increas-
ing agreement between the SDF model and the DNS is ob-
served as the number of reconstruction levels increases from
one to three, with exception of the unity Stokes-number case,
in which an increase in the reconstruction level has no ef-
fect on the solution. On the contrary, the utilization of the
SDF model at Stk ∼ 1 worsens the predictions, whereas the
differential-filter approximate-deconvolution model reproduces
well the RDF in DNS, yet the scales associated with the pre-
dicted particle clouds are erroneous, as described in Ref. [25].
As the Stokes number becomes increasingly large, diminishing
returns are obtained by deploying additional levels of recon-
struction in SDF model, since the particles become increasingly
inertial with respect to the subgrid scales [23].

In order to address the performance of the SDF model in pre-
dicting the scales and fluctuation intensity associated with the
particle concentration field, Fig. 6 shows the energy spectra of
the particle number-density fluctuations En. Physical interpre-
tations of the variations of this metric with the Stokes number

are provided elsewhere [24, 55]. It suffices to mention here
that the spectra peak occurs in the subgrid scales at Stk ≤ 1.
As a result, and in the absence of appropriate spectral support,
the baseline LES results lead to significant disagreements with
DNS in predicting En. This discrepancy is manifested as arti-
ficially larger particle clouds in LES relative to those observed
in DNS. On the other hand, the spectra peak occurs at resolved
wavenumbers at Stk > 1, but the maximum value of En is er-
roneous. In the LES, this renders artificially elongated clouds
where the particles accumulate with an unrealistic intensity.

Significant improvements in the prediction of En are ob-
served when the SDF model is employed. For instance, at
Stk < 1, both LES and the differential-filter approximate-
deconvolution model miscalculate the location of the spectrum
peak, which is artificially shifted toward larger scales as a re-
sult of the inaccessibility of LES to subgrid wavenumbers. In
contrast, the SDF model improves the prediction of the spectra
at scales smaller than the original LES grid while capturing in-
creasingly more accurately the shift in the peak location and the
peak magnitude as the level of reconstruction is increased, as
shown for instance in Fig. 6(a). At Stk > 1, the SDF model also
improves the prediction of the spectrum peak and decreases the
level of preferential concentration while maintaining the correct
scales of the particle clouds.

Joint statistics corresponding to the mean values of Q sam-
pled by the particles are provided in Fig. 7. Whereas the spatial
mean of Q vanishes because of the flow incompressibility, the
mean value of Q sampled by the particles attains negative val-
ues because of the tendency of the particles to accumulate in
straining regions. As shown in Fig. 7, the SDF model improves
the predictions of this quantity over the entire range of Stokes
numbers tested here. This suggests that the regenerated values
of Q observed in Fig. 4 lead to subgrid-scale flows that interact
with particles in a reasonable manner.

These considerations are ratified by visualizing the spatial
distribution of particles in Figs. 8 and 9. Specifically, the visu-
alizations suggest that, as the number of reconstruction level
is increased, the SDF model increasingly improves the per-
formance with respect to the baseline LES and to the earlier
differential-filter approximate-deconvolution model proposed
in Refs. [24, 25]. The associated benefits are better predic-
tions of the overall structure of the preferentially concentrated
clouds of particles and their associated spatial scales. However,
despite these improvements, the prediction of the range of near-
unity Stokes numbers continues to be a unsolved challenge that
is worthy of future work.

4. Conclusions

In this study, an SGS model for LES of particle-laden tur-
bulence formulated in physical space is proposed, which con-
structs a spectrally enriched velocity field on a grid finer
than the original LES grid without requiring to solve the
Navier-Stokes equations on that fine grid. The model ex-
tends the dynamic differential-filter approximate-deconvolution
model in Refs. [24, 25] by using a dynamic reformulation of
the spectrally-enriched velocity-estimation model proposed in
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Figure 8: Instantaneous spatial distribution of particles (dots) within a slice of thickness `k for Stk = 0.5 for (a) DNS (2563), (b) LES (323), (c) LES − DF (323), (d)
LES − SDF 3 (2563), (e) LES − SDF 2 (1283), and (f) LES − SDF 1 (643). The LES grid resolution is 0.15`.

Ref. [50]. The regeneration of small scales in the present
model is based on non-linear, convective interactions between
resolved eddies. The performance of the proposed model is
assessed in homogeneous-isotropic turbulence laden with a di-
lute suspension of inertial point particles. In most cases, the
prediction of preferential concentration is improved relative
to LES without any model for the SGS velocity, and to the
differential-filter approximate-deconvolution model proposed
in Refs. [24, 25].

In the present work, the modeled SGS velocity is solely used
for integrating the particle equation of motion (3). The utiliza-
tion of the SDF-modeled velocity with the objective of comput-
ing the unclosed SGS stress in Eq. (2) is worth investigating.
Similarly, the utilization of the present model locally on a cell-
by-cell basis, by reconstructing a spectrally enriched velocity
field in physical space only in spatial regions characterized, for
instance, by high concentration of particles, is also an interest-
ing endeavor for reducing the computational cost [46]. In com-
plex geometries, where the grid may no longer be Cartesian,
and consequently, its elements may not be cubes or rectangular

cuboids, the straightforward grid-refinement process followed
in this study becomes inappropriate and requires modification.
Lastly, it would be of some interest to study the applicability
of this model beyond problems related to particle-laden turbu-
lence. An example of recent work that has employed this model
includes, for instance, the corrugation and breakup of liquid-gas
interfaces due to unresolved turbulent velocity fluctuations [66].
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Figure 9: Instantaneous spatial distribution of particles (dots) within a slice of thickness `k for Stk = 8 for (a) DNS (2563), (b) LES (323), (c) LES − DF (323), (d)
LES − SDF 3 (2563), (e) LES − SDF 2 (1283), and (f) LES − SDF 1 (643). The LES grid resolution is 0.15`.
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