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Surrogate modeling in UQ

inputs ji [ high-fidelity model ) outputs q HFM

' high-fidelity-model (HFM) noise model: qmeas = qHFM(P)+ E
' measurement noise 6 has probability distribution 7rE(-)
' HFM likelihood: 7THFM (qmeas 1 tt) 7FE(Cimeas

[inputs /A surrogate model

qHFM (A))

' surrogate noise model: a.meas Cisurr(P) + E

- inconsisten- with HFM noise model

' surrogate likelihood: 7surr(qmeas 1 tt) — 7rE(Cimeas

- inconsistent with HFM noise model

outputs qsurr

asurrGa))

qHFM (i-t) = Cisurr(P) + Gt-t)

How can we account for the error ¿(il)?
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Surrogate modeling in UQ. existing work
Simply replace high-fidelity with surrogate
[Xiu and Karniadakis, 2002; Marzouk and Najm, 2009; Frangos et al., 2010; Nguyen et al., 2010; Li, Marzouk, 2014; Cui et al., 2015]

+ straightforward, can opfimize surrogate
- does not account for surrogate error
- inconsistent with HFM noise model

IVIultifidelity model management [Peherstorfer, Willcox, Gunzberger, 2016]
► Fo rwa rd UQ [Giles, 2008; Ng and Willcox, 2014; Narayan et al., 2014; Teckentrup et al., 2015; Peherstorfer et al., 2016]
► I nve rse U Q [Christen and Fox, 2005; Efendiev et al., 2006; Cotter et al., 2013; Cui et al., 2013]
+ guaranteed convergence to high-fidelity UQ analysis
- many queries of high-fidelity model

Stochastic model of the surrogate error
► Surrogate itself is stochastic [Bilionis, Zabaras, 2012; Moustapha et al., 2016]

► Construct a stochastic error model
[Ng and Eldred, 2012; Drohmann and C., 2015; Manzoni, Pagani, Lassila, 2016; Trehan, C., Durlofsky, 2017]

+ no queries of high-fidelity model
+ rigorous: accounts for surrogate epistemic uncertainty
- does not converge to high-fidelity UQ analysis
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Surrogate modeling in UQ
HFM (A) — Cisurr(t-t) Gt-t)

HFM noise model: qmeas qHFM(P) E

asurr(t) ö(p) E

HFM likelihood: 7FIFM (qmeas t-t) itE (qmeas HFM (P))

7E(qmeas clsurr(p) (P))

+ equivalent to high-fidelity-model formulation

not practical: the error es (p) is determinisfic but generally unknown

Idea: stochastic model et(p) for the error that models its uncertainty

EIHFM(11) asurr GU) + (5 (A)
stochastic deterministic stochastic

stochastic HFM noise model: a.meas EIHFM(P) E

Cisurr(p) (p)

stochastic HFM likelihood: 7FIWI(cimeas P) 7E+ (qmeas Cisurr (P))

+ consistent with HFM noise model

+ practical if the stochastic error model is computable
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Questions

► What properties do we want in a stochastic error model?
How does a stochastic error model affect Bayesian inference?

► What is the optimal stochastic error model?
► How can we construct a stochastic error model for reduced-order models?
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Stochastic error model
EIHFM(P) = qsurr(P) + (11)
stochastic deterministic stochastic

Forward UQ: 7THRA(cimeas 11) 7E(Cimeas CIH (P)

7141\71(clmeas  il) 7red-8(Cimeas Cisurr(P))

FMi„ ,,,,, Inverse UQ: 7pH 
ost kfli 4meas) CX 7prior(t*TE(Cimeas CIHFM(A))

HFM (,,
7post /-' qmeas) CX 7prior(P)7E+ (qmeas asurrGa))

Desired properties in stochastic error model (p)

1. cheaply computable: similar cost to evaluating the surrogate

2. low variance: introduces as little uncertainty as possible

lim 77'(Cimeas A) 7FIFM(Cimeas  p)
VarOHO HFM

liril 7pHoFsMt ( A qmeas) 7pHoFsiVit ( ill qmeas)
Var( )—A)

3. validated: correctly models the epistemic uncertainty in the error
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Stochastic error model
EIHFivica) = qsurr(P) 4- Pj(t1/)
stochastic deterministic stochastic

Forward UQ: 7THFM(qmeas 1-1/) 7rE(Cimeas — q HFM (11)

7FHFM (qmeas 1 ti) 7E+ (qmeas Cisurr(11))
HFM(„ ,,,,, Inverse UQ: 7post kil-A/ 4meas) EX 7prior(t*FE(Cimeas CIHFM(A))

7FHFM(post VE-
ii 

- 
a 
-I measi) 

pc 
— 7prior(11)7E+ (qmeas Cisurr(11))

Homoscedastic o(p,)

► Low-variance error model: Var( (p,) + E) rr:, Var(E)
► Forward UQ. measurements certain: DKL(7FHFNA 117E40 small
► Inverse UQ. data informative: DKL(7HpoFsivit 1 

7pHoFsMt ) small

► High-variance error model: Var(å(p,) + E) » Var(E)
► Forward UQ: measurements jncertain: DKL(71-invi 1 7HFM') large-----",-----

► Inverse UQ: data uninformative: DKL(7prior 1 
HF osMN7pt ) small

Heteroscedastic (ut)
► measurements certain, data informative for [I, where surrogate trusted
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Case 1: Deterministic error model

Proposition [Manzoni, Pagani, Lassila, 2014]

If the following conditions hold:
1. E Ar(O, Cr2l)

2. The error model (A) is deterministic

3. The error model satisfies

IlameasGa) asurrGa) — (P)I < IqHFNA(P) asurr(t1)1
then

DKL(7THFM 7T
HFM
----) < DKL(711FM

7 VtteD

7surr), VP c D

Deterministic error model violates property (validation)
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CasP 2: Gaussian, homoscedastic error model
Proposition [C., Uy, Lu, Morzfeld, 2018]

If the following conditions hold:
1. E r‘ Ai(o, 0-20,
2. Error model is Gaussian and homoscedastic

Cu) r‘J Ar(rii(P), 5'20, vit e D
3. Error model is unbiased E[iii(p)] (a), VA E D,

then

max Eprior[DKL(7THFM6,--2

is positive and is attained at
1—2a* ns

7rsurr) DKL(7FHFM

Eprior [1 CIHFM (1-11) asurr(tt)

7 ..---...._.- )1
HFM

2
]

+ Suggests error-model noise can be computed as sample variance
1—2a
ns

Homoscedasticity may violate property 3

Edata [1 qHFM (P) asurrGa) — ril Gu) 1 2]
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CasP 3: Gaussian, heteroscedastic error model
Proposition [C., Uy, Lu, Morzfeld, 2018]

Let {7),11;w_1 be a non-overlapping partition of the parameter space
If the following conditions hold:
1. E (NJ Ar(0,0-21),

2. Error model is Gaussian and heteroscedasth such that

(///) r‘ Ar(rii(ti), ai21), vit E Di
3. Error model is unbiased E[rii([)] (p), VA e 1),

then
max Eprior[DKL(THRA Ia?

1
77surr)

is positive and is attained at
r-2 

-A-

1 ,_ ri

I C1tpriorl HFM (
a 

A), ns

DKL (7THFM1

Cisurr(P)

'7FHFM i)I-D.(1-1)]

ti)
2 Di]

D.

+ Error-model noise should be computed as sample variance over regions
1-2a
ns

+ Heteroscedasticity can satisfy property 3

Edata[119HFIvi(A) Cisurr(ii) — al(P)112 I Di]
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Questions
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Reduced-order modeling
High-fidelity model

r(x; P) = °I CIHFM (P) = 121(x(itt); itt)

Reduced-order model
' Offline: construct low-dimensional basis (1)

' Online: construct low-dimensional basis
1. Reduce number of unknowns

X rr

2. Reduce number of equations
OTI-(4) ; tt) = 0

1(
OTr(:DX, p) 0, cisurr(p) = q(4:054p), p)

)
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ROM demonstration: turbulent cavity

voc

4446441411bibilbabliPalledi06
WI6464IIMPRIPW40•04Oades
4 9# 9111,106 400 ftomP
VOWS.4601101b41111•10.111•08.11...e.
0,111141•41.b.b..b=11.11.0.0.

10$01I1

Unsteady Navier Stokes ► Re = 6.3 x 106 M.= 0.6

Spatial discretization

2nd-order finite volume

DES turbulence model
► 1.2 x 106 degrees of freedom

Temporal discretization

2nd-order BDF

Verified time step At = 1.5 x 10-3
► 8.3 x 103 time instances

Space—time least-squares Petrov—Galerkin projection Choi and Carlberg



Turbulent-cavity results [C., Barone, Antil, 2017]

GNAT ROM
dim: 119

32 min, 2 cores

high-fidelity
dim. .2M

5 hours, 48 cores

vorticity field pressure field

•
'.&11•1*-

+ <1% error

+ 229X computational-cost reduction

How can we construct an error model for the ROM?

Space—time least-squares Petrov—Galerkin projection Choi and Carlberg 17



Key observation

10
U

• (r; 111641)

I (Art ; 111(Su111)
1 111111 

1 0 — 4

Residual r/error bound

z 10-4

Residual r
io-5

ROMs generate cheaply computable error indicators

that correlate with the ROM error

Breaking computational barriers Kevin Carlberg



Machine-learning error models
inputs p, [ high-fidelity model 

J 
outputs q HFM

inputs itt [reduced-order model] outputs

I,
features p

1
[regression model]

qsurr

machine learning
error model iic

E1HFM (P) = Cisurr (A) + ' GU)
stochastic deterministic stochasti_cJ

How to determine features p and regression model?

+Approximated dual-weighted residuals and Gaussian-process regression
[Drohmann, C., 2015; Pagani, C., Manzoni, 2018] Pagani: Wed, 3pm, MS79

► Large number of physics-informed features and high-dim regression
[Trehan, C., Durlofsky, 2017; Freno, C., 2018] Freno: Wed, 5:30pm, MS93
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Feature: dual-weighted residual [Drohmann, C., 2015]

Approximate HFM output to first order

qi(x) rr' qi( ) + ax
aqi 
( )(x OR) (1)

Approximate HFM residual to first order

0 = r(x) rr-d, r( ) + oarx ( )(x — OR)

' Solve for the error

' Substitute (2) in (1)

-1
x OR rr 

0

[xr 
(OR)

]

qi(x) ch(40 ) rr:, yiTr(41:0 )

with the dual solution NI; satisfying

Or (0 )Tyi Oqi (0 )7-
Ox ' i Ox ' i

•

(2)
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ture: dual-weighted residual [Drohmann, C., 2015]
qi(x) COX) rr:-!, yi 7- r(DX)

O

DX
Or 

((") Tyl = OX 01) )
Tql 

Want to avoid HFM-scale solves, so approximate dual as

yi re-' ÿi oiYi

and construct ROM for the dual
Oroi T (0k) T01.9i
MO

► One feature:

1

es 
T aqi (0R) 7-
OX

qi(x) qi(oso7 pry= ÿi Trep ) s,, Toi T
r(
pR)

► Regression model: Gaussian process [Rasmussen, Williams, 2006]
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Application 1: Poisson equation [Drohmann, C., 2015]

► quantity of interest: temperature at a point

6
C+, 

4
e=

cu 2
t 0- n
(1) E "

a) -2
-2 -1 0

feature p

.10-2

1 2

6

4

2

0

40-2 -2

(1); dimension 10

,10-2

-2 0 2 4 6

6

4

2

0

40-2 2

feature p

(1); dimension 15

.10 - 2

-2 0 2 4 6
to - 2

feature p

(1); dimension 20

+ uncertainty control: variance reduced as columns added to (t);

integrating ROMs in Bayesian inference via stochastic error models Carg:ier , Uy, Lu, Morzfeld



Error model summary

Desired properties in error model

1. cheaply computable: approximated dual-weighted residual 

2. low variance: possible from ROM-generated error indicator 

3. validated: accurately models error distribution on a test set 

Error-model noise should be computed as sample variance over regions
15_2

Edata [
ns

19HFM (tt) qsurr(p) — m(p)

► Gaussian process satisfies this for Di — fp,

1 2 1Di]

pGa) = pil
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Numerical example

FN0

FD

Ac(x; ji)u(x, ii) — 0 in Q x(ett) = 0 on TD

Vc(P)x(P) ' n = 0 on TA/0 Vc(P)x(P) • n = 1 on TN1

' Inputs p, c [0.1, 10]9 define diffusivity in c in subdomains

' Outputs q are 24 measured temperatures

' ROM constructed via RB-Greedy [Patera and Rozza, 2006]

7prior (A) : Gaussian with variance 0.1

' E rN) A r (0 7 1 x 10-3)

' Posterior sampling: 1 x 105 samples w/ implicit sampling [Tu et al., 2013]

integrating ROMs in Bayesian inference via stochastic error models Carg:ier , Uy, Lu, Morzfeld



Machine learning error models
gi(tt) ArG3Pi(1-)7 al + a21/0/(1-)1a3)

high
variance
cheap

low
variance

costly
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Wall-time performance10(

at
io

n 
ti
me
 

•

V)

1ce
HFM

► ROM:
+cheapest
- inconsistent formulation

► ROM + error models:
+cheaper than HFM
- more expensive than ROM
+consistent formulation

ROM ,ROM+ ROM+
Low-var high-vaL

7
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Posteriors: ROM

13.2 6.4 2.2 6.9

5.8 5.2

5.2

5.4

72..L 5.2

6.2 6.4 2.2. 6.9

3.8 3,2

3.6 3.2

6.2 6.4 2.:

surr i s,
post f-̀ 1

4.4

16.6 6.2 7 7.2

5

1 R

4.2

4.4

5 1: 15

0.95 1 1.C5 1.1 1.15

qmeas)

L itt
2.4 66 5.9 j 7.2 2.4 6.6 BA

1.9 2 2.2 2.4 1..9 2 2.2 2.4

1.1

1.2

12 4.4 4.6 4.8 5

0.95 1 1.'2 r 5.2 5.4 5.6 5. 9 4 6

+ HFM posterior: close to true parameters
- ROM posterior: far from prior and true parameters

true

prior

HFM(„
7post I 4meas/

7r
surr
post( meas)
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Posteriors: ROM + high-variance error model

•
.)

10

3.5

9

R.5

13 2.5 3 3.z)

,,,HFM(,, ri

"post kt-i' I measl

10

6.2 6.4 E.E

5.8 5.9

5.2

5.4

5.2

6.2 6.4 E.E 6.2

3.8 3

3.8

6.2 6.4 E. : h. 2

5

0.95 1 1.25 1.1 1.1

+5 9.5 1C

1.5

1

12.5

12

0.95 1 1 .25 ' 5.2 5.4 5.6 5.e

7.5 8 e.5

+ ROM + high-var error model posterior: close to prior

true

prior

HFM (,, r,

7post m ea s

HFM(,, fi
7-rpost kt-' I meas)
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Posteriors: ROM + low-variance error model
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+ ROM + low-var error model posterior: close to HFM posterior
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Summary

► What properties do we want in a stochastic error model?
► Cheaply computable, low variance, validated 
What is the optimal stochastic error model?

► Error-model variance should be the sample variance over regions 
How does a stochastic error model affect Bayesian inference?

► High-variance: close to prior; low-variance: close to HFM posterior 

► How can we construct a stochastic error model for reduced-order models?
Machine-learning error models based on error-indicator features 

integrating ROMs in Bayesian inference via stochastic error models
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