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Approximate Dynamic Prgoramming

e Equivalent I_:)roblem, different form— . e Construct J,,’s using approximate value iteration
dynamic program (Bellman equations): (backward induction with regression):
Ji(xr) = max Ky, o a0 \gk(@k, diy Yr) + Jit1 (Fr(@w, diy Yr))] - 77{ - }
dr€D

dy€Dy Ji(z) = P max Ey o, 0, [9r(2k, di, Yr) + Jhsr (Fr(zr, di, yi))]
In(zn) = gn(zn) +€D;

k=0,...,N —1; Ji(xy) are called value functions Start with Jy(zn) = gn(zx), and proceed backwards k= N —1,...,1
P is regression operator

e Optimal design for sequential experiments requires feedback and
forward-looking; batch (open-loop) and greedy (myopic) designs are
provably suboptimal

e Optimality is formulated via dynamic programming (DP)

e Solving DP is expensive, requiring repeated Bayesian inferences

e Near-optimal policy is found numerically using backward induction cou-
pled with adaptive regression (approximate dynamic programming)

— Optimal policy functions: dj = u;(zy)

— Rich existing work in approzimate dynamic programming o Efficient regression point selection
Exploration: random designs, “try something new” . regularization

Exploitation: applies current policy approximation, leverages current under-

e Fast approximate Bayesian inference is achieved using a transport map

transforming the design-data-parameter joint distribution to a Gaussian e Represent policies: one-step lookahead

pr(zr) = argmax By, . g [gk(azk, Yie, i) + Jpr (Fie (T, Y, dk))] standing of good policy, places more points at frequently-visited states

dkEDk

Goal: develop computational methods to find optimal policies for

a sequence of experiments, accommodating: e Procedure to iteratively adapt regression as J;'s improved

— policy 7 implicitly parameterized by Jy(z1), . .., Jx(zn)

(
—if Jpy1(zps1) = Jrr1(Tg11), then pg(zy) = ,u};(a:k) is optimal:
therefore want Jy1(@x41) close to Jpp1(@p1)

e Represent J;'s: linear architecture Ji(z;) = r; ¢r(zs); Drplloneibion pelisy _ hgploiatbion &
.. . k 7 . rexplore Exploration exploration samples
¢y, features (selected from heuristics: posterior moments), r; weights

Fast Approximate Bayesian Inference: Transport Maps

e nonlinear models e non-Gaussian distributions

e continuous variables e information measure ObJGCth@S Exploitation Regression (¢ = ¢+ 1)

Motivation

-~ e How to numerically represent belief state (posterior)... e Fast approximate inference: posterior is conditioning the joint distribution
-l — for general non-Gaussian continuous random variables (0ly) = f(y|0) () _ 7 (y,0)
— in a finite-dimensional manner f(y) fly)
— to easily perform Bayesian inference repeatedly in evaluating For one experiment: KR map from (d, y, 8) to & ~ N(0, I) is
Ji(zg) =P {Cllfﬂag Eyyiondi (955 dis yk) + Jrt (Fr(r, di, yr))] } &1 Ty(d) o 1 (F'(d))
> P & | = | Tuldy) | = | @71 (Fly|d)
= potentially MILLIONS of repeated Bayesian inferences &3 Tyyy.ald,y,0) O~ (F(Oly, d)) |
— Need approach that can quickly perform many Bayesian inferences KR, e 6 pestetor ghan resliations ¢ snd of fe
e Transport maps: 1 . s
Question: what sequence of measurement locations produces the best in- Topy,a(0) = 7 (F(By", d))
ference on the unknown source location? ; This is precisely Ty, 4 substituted with d* and y*: Ty, o(d*, y*, 6)!
The Optimal Sequential Design Problem fel©) T(2) e Inference for multiple experiments by building a joint distribution map:
e Experiment: £ =0,..., N — 1, total NV experiments, N < o0 p— 1 5
e State: zj = |xyy, Tk | contains all information needed for optimal future [ Eay = Tdo(do) Eao = T, (dp) Ea = Ty, (dyp) )
designs €y0 — yo <d0 yO) Syo — Tyo (d07 yO) gyo — Tyo (d07 yO) b
— Belief state: x5, current state of uncertainty Sop = Tbo(do, 0, 0) | &a, = le (do, Y0, 1) Sy = Ty (do, Yo, ch)
: PR _ &, = Ty, (do, Yo, di, y1) &y, = Ty, (do, Yo, di, y1)
(e.g., posterior density xrp, = f(0|do, ..., dr_1,Y0, -, Yr_1)) — )
. . T . . . > 2 §o, _Tel(d07y07dl y1,0) [fdz _ng(d()?y()adl Y1, d2)
— Physical state: xy, deterministic variables (e.g., vehicle position) £.(2) £, = Ty, (do, Yo, dv, Y1, d, o) |
e Design: dj = pi(xi); we seek good policy m = {po, fi1, - - -, in—1} €0, = To,(do, Yo, d1, Y1, d2, 42, 0)
° Observitlons: Ui dlstrlbuted accordmg tQ likelihood f(yx|0, dy) — & ~ reference distribution, 2 ~ target distribution — Posterior map after Bayesian inference on k + 1 experiments is the
(e.g., yr = G(0, di) + €, with € Gaussian noise) . e i.d. . .
< ; : ; s — Equivalence in distribution £ = T'(z2) ng-dimensional Tp, |gs < 2 =(0)
e yste@ ynamics: xy1 = F(xy, di, yi) state evolution — Knothe-Rosenblatt (KR) map: defined by conditional distributions,  — Components grouped by the red rectangular boxes are identical;
— Belief state: Bayes’ theorem triangular and monotone, exists and is unique concatenate unique parts and construct overall map in one shot
Thilp = f(ykl0, dr) s — Easy to construct: a benign convex optimization problem — Map constructed using exploration and exploitation samples
, f(yk‘d()?"')dkay()a"'7y/<3—1)
— Physical state: physical process Results: Source Inversion in 1D Space
e Stage reward: gi(xk, Yy, di) experimental rewards/costs Greedy design (left) vs. SOED (right)
e Terminal reward: gy(zy) value of final state Expected reward: greedy (0.07), SOED (0.15)
(e.g., information gain via Kullback-Leibler divergence) , 15 | | | | | 15
- u — s em)_ﬂ9+ddﬂ—2md\ e
gn(xN) = /@SIJN,blﬂ [onz)] do V2m+/(1.2 + 4Dt) 2 (1.2 +4Dt) 1 e | 1l
i . < 0.5 S 0.5 : .
Observations yy e 2 experiments '
: 2 : - L e ] i funs
Design dj, Syefimin Qymarties State 2 o~ N(0,2°) starting location: 5.5 0 0
> Tir1 = Fr(Tp, Yr, di) e Strong wind blows to the right after first experiment 05 05
e Quadratic movement penalty 21-0.75-0.5-0.25 0 0.25 0.5 21-0.75-0.5-0.25 0 0.25 0.5
. . | do dp
e Sample evolution trajectory of physical state and plume (left)
. and belief state (right): Batch design (left) vs. sOED (right)
Policy (controller) - 06— A more precise instrument available only if posterior variance drops < 3
ek G at =1 0l _EBE gﬁ e Expected reward: batch (0.15), sOED (0.26)
o 70 1 PDF of X2 b
x %) 04 o f* 3 ‘ ‘ | 3
Sequential optimal experimental design (sOED) problem: [ 9| 9 )
. . 30.3 N
Find 7* where - -
N1 1 1
™ = argmax E, .. i Z Ik (T, Y, k() + gy (TN) 0 0
T={ o, N1} k=0
5 | ) 1 1
“10 =5 0 5 10 15 20 25
5. Teor = Ful i v, dv), Tk Z {5 -1 =05 0 05 {5 -1 =05 0 05
pi(xi) € Dy, Vg, k =15 -1 -0 . <15 -1 -0 .
do do
Results: Source Inversion in 2D Space
Sample trajectory of phyiscal state and plume (top row)
A more challenging problem: and belief state (bottom row): Good agreement of samples from original joint distribution (left) and that captured by transport map (right)
e 3 experiments - . > 0.0 0.0
e 2D parameter and physical spaces : X . 1 @) do 1 do 1
: AN @) 1 O SN @) ’
e Starting location = |5, 5] 21 0 =\ k 51 2 d1,0 di1,0
e 15 dimensional joint distribution map : y = - | ;= 0 0

6420 2 4 6 6420 2 46 % 6420 i 6 05 6420 2 4 6 %
7() 7() 7()

e Variable wind:
blows north after experiment 1 Another sample trajectory:
north-east after experiment 2
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= Takeaway: policy inherently adaptive, se- - 2 e 2
lects design based on what occurred so far! o - s 2 s
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