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Motivation

r"(x")=0, n=1,..., T

number of
time steps T
—>

Goal: also reduce the temp:

number of
state variables N

» Most reduced-order models for nonlinear dynamical systems
* leverage spatial simulation data to reduce the spatial dimension
» Goal: reduce spatial dimension
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Iraining: state tensor
dx

. — = f(x:t,
ODE ” (x; t, )

1. Training: Solve ODE for g € Dypining and collect simulation data
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Machine learning: PCA of spatial state data

ODE: — =f(x;t, u)

1. Training: Solve ODE for gt € Diraining and collect simulation data
2. Machine learning: |dentify structure in data

3. Reduction: Reduce the cost of solving ODE for pt € Dquery \ Dtraining

Compute dominant left singular values of mode-1 unfolding

Xk — X(1) = = U 2 v’

® columns are principal components of the spatial simulation data

How to integrate these data with the computational model?
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Reduction: Petrov—Galerkin projection
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3. Reduct'lon Reduce the cost of solvmg ODE for pt € Dguery \ Dhesinina

1. Reduce the number of unknowns 2. Reduce the number of equations
d)?)
dt

x(t) ~ %(1) = D X( Wik )T (F(®%;t, ) —® =) =0

Petrov—Galerkin ODE: — = (W(%,t)" ®) “W(k, t) f(®X; t, p) [ D R

dt o o° e ®*%

—1
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Ah med bOdy [Ahmed, Ramm, Faitin, 1984]

022 _ ‘ REEE . VIR MNVINK " KV
A
’ | N DGR “ﬁmnﬁﬂmﬂﬂ%‘qﬂ |
] I/ .vuﬂ)(ﬁ"ﬂé"%‘%?% A .4

N ATy
AV
b CO o0

33
PO =
vitavay i

A%vx‘
N

>

.

S

Y
-
r
J
-
n
APEKTH
VAV WVAVVAY
AV,

é
i
N
K]

o
X/

<5
X

» Unsteady Navier—Stokes »* Re=4.3x 106 *» M..=0.175

Spatial discretization Temporal discretization
» 2nd-order finite volume » 2nd-order BDF

» DES turbulence model » Time step At =8 x 107°s
» 1.7 x 107 degrees of freedom » 1.3 x 10° time instances

Breaking computational barriers Kevin Carlberg



Ah Im ed bOdy resu |tS [Carlberg, Farhat, Cortial, Amsallem, 2013]

sample
mesh + HPC on a laptop
GNAT ROM high-fidelity model
spatial dim: 283 spatial dim: 1.7 x 107
time dim: 1.3 x 103 time dim: 1.3 x 103

4 hours, 4 cores

. .

13 hours, 512 cores

. ——

pressure
field

+438X computational-cost reduction
+60,500X spatial-dimension reduction
- Zero temporal-dimension reduction
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B61 captive carry

* Unsteady Navier—Stokes »*Re=6.3x10® » M..=0.6

Spatial discretization Temporal discretization

» 2nd-order finite volume » 2nd-order BDF

* DES turbulence model » Verified time step At =15 x 1073
» 1.2 x 10° degrees of freedom » 8.3 x 10° time instances

Breaking computational barriers Kevin Carlberg



TU rbu ‘eﬂt-CaVIty resu ‘tS [Carlberg, Barone, Antil, 2017
sample *
mesh

+ HPC on a laptop
vorticity field pressure field

GNAT ROM
spatial dim: 179
temporal dim: 458
32 min, 2 cores

high-fidelity
spatial dim: 1.2M
time dim: 3,700

5 hours, 48 cores
+229X computational-cost reduction

+6,500X spatial-dimension reduction
- 8X temporal-dimension reduction
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Temporal complexity

r"(x")=0, n=1,..., T

number of
time steps T
—>

number of
state variables N

So far, we have focused on reducing the spatial complexity

What about the temporal complexity?
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Tensor decomposition

ODE: — =f(x;t, u)

—

. Training: Solve ODE for p € Dipaining and collect simulation data
. Machine learning: |dentify structure in data
3. Reduction: Reduce the cost of solving ODE for pt € Dquery \ Dtraining

N

Compute dominant left singular values of mode-2 unfolding

VT

= columns are principal components of the temporal simulation data

How to integrate these data with the computational model?
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ldea: forecasting via gappy POD in time

[Carlberg, Ray, van Bloemen Waanders, 2015]
xi(t) = %i(t) = =(t)(P=(1t)) " Pxi(t)

—_ Xi
state . Px
variable x; X;

MoRePaS Il: Data-driven initial guess
[Carlberg, Ray, van Bloemen Waanders, 2015]

» use forecast X; as accurate initial guess for the Newton solver
+ 50% speedup improvement observed; no accuracy loss

MoRePaS lll: Data-driven time-parallel solver
[Carlberg, Brencher, Haasdonk, Barth, 2016]

» use forecast X; as accurate coarse propagator
+ provably stable; superlinear convergence; ideal speedups possible
+ 10x speedup improvements observed; no accuracy loss
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This work

Introduce a space-time ROM that satisfies:
+ Dimension and complexity reduction in both space and time
+ Amenable to any time integrators

+ Slow time growth in error bound
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Parameterized nonlinear dynamical system

d
== flw, )

dt
w(0; 1) = wo(p)
= Parameter vector, i € R
- State, w : [0,T] x RYr — R
« Initial condition, wo : RY» — R*:

- Nonlinear function, f : R™= x [0, 7] x R"» — R":

Linear multistep schemes

Zajw AtZﬁj w" 1" )

= Total time steps: Nt =T/At € N’
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Truncated higher-order SVD nuwasam

Snapshot matrix, A_
Ag = [Wl W WB] — Wiy

= Solution, W, := |w'(p;) -+ w™t(w;)], i€{l,2,3}
Singular value decomposition

Spatial data A, =UXV?!

Spatial basis
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Global temporal basis, -HOSVD

Snapshot matrix, A,
T T T T
A=Wy W, W3|-W,,

= Solution, W, := |w'(p;) - w™t(w;)], i€{1,2,3}
Singular value decomposition
Temporal data A, =UX, V]

Global temparal basis
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Tailored ST-HOSVD

Singular value decomposition
T
A, =USVT=) oiuv,
i

Temporal data

U,

tial basis

Time

Tailored temporal basis
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Trial subspace

Spatial ROM Spatiotemporal ROM
uti L = Solution approximation:
" Solution apprommahgn. R . W E Wpep @ Ly, + 8,8 ®T; C RV @ RV
WE Wrer Q1ly, +SQR™ C R @ R™ \ ~- e s
N g - s ~~ # space—time subspace FOM subspace
space—time subspace FOM subspace :[I ’
~ . 0 = Wrer Q1 i AR
w(tn) :wref‘l‘(I)'UJ(tn) w w f® Ny +;;<¢J ®¢1)w3
 Spatial subspace  Spatial subspace
S =Ran(®) CRY, dim(S)=n, | S::=span(¢,) CRYV i =1,...,n,,dimS; =1
e Temporal subspac
7T; := Ran (['@bzl 'Q%QD CRM i=1,...,n,
* # degrees of freedom e # degrees of freedom
dim(S ® R™) = n, Ny dim(®;2,8: @ Ta) = 32,24 g
— lgnores temporal reduction + Fewer degrees of freedom
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LSPG projection

Spatial LSPG
= discrete-residual minimization

w" = argmin||Gr" (wyer + dy)|3
Yy

= LSPG: G = J € RNVsxN:
= Collocation: ( — 7 ¢ R"=XNs

e

r= Zr

Space

Figure: Spatial Z

= GNAT: G = (Z®,)'Z ¢ R*Ns
- No temporal complexity reduction
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Spatiotemporal LSPG
= discrete-residual minimization

Gr ('wref ® 1N, + Z > (% @ )i

Wyt = arg min
Y i=1 j=1

s ST-LSPG: G = I € RV NVeXNs Ny
= ST-Collocation: G = Z ¢ R"=*xNsMVt

Tirme
=
- -
e
Nl - -
8 =
('/:‘)i- = - -
- -
a
=1 -
- - "
--
=

Figure: Spatiotemporal Z

. STGNAT: G = (Z®,)1Z e R * NNt
+ More complexity reduction

|

2
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Error bound

Spatial LSPG [Carlberg et al., 2016] (linear multistep schemes)

Ry < K(et" —1 I -
|w —whgll2 < K(e )jEN(nr;}ggNO(Q)II( ) f (@) |2

— Exponential growth in time

Spatiotemporal LSPG
= A priori error bound with respect to /;-optimal solution

|@} — whglz < VNe(1+A) min max [w; — 5"

YESTLEN(N,)
+ Lebesgue constant grows polynomially in time with degree of 3/2
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Quasi 1D Euler equation

= Governing equation
ow N 1LofA
ot " A or I

p pu 0
w=lpu| fo|miep| q=|z2s
e _(e—l—p)u_ 0

= Spatial discretization: a finite volume method, Az = 1072
= Time integrator: implicit Row method, At = 103
= Parameters: exit pressure increase & Mach number at the middle
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Moving Shock Problem

Flow o
—> Supersonic inlet A(x)
0 L 1
Initial flow field: Isentropic relation, shock at , 1 =0.85
pressure increase at exit, 0
Mach number at the middle, 1
2
2 |
54l |
g L
-
% 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Spatial Domain
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Spatiotemporal bases
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Accuracy and speedup

= (1.7125,1.71) € Dirain

Method |LSPG JGNAT |STASPG1 |ST-LSPG2 |STGNATI |ST.GNATZ

Rel. Error 7.78 x 106 0.55 0.012 6.3x 104 0.0023 0.0048
Speedup 0.77 0.94 0.84 0.58 21.79 0.49

= (1.7225,1.705) ¢ Dirain

Method LSPG. [ONAT |SHASPG1 [STL6PG? [ST-GNATI STGNAT2

Rel. Error 8.31x 106 0.026 0.0076 0.0021 0.0025 0.0040
Speedup 0.81 1.00 0.85 0.41 22.52 2.79

Space—-time least-squares Petrov—Galerkin projection Choi and Carlberg



Performance Pareto front

p=(1.7125,1.71) ¢ Dirain

p = (1.7225,1.705) ¢ Dirain
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+ ST-GNAT-1 method is Pareto-optimal ROM
+ ST-GNAT-1 method produces same accuracy with 100x lower wall time than GNAT
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Conclusions

Accomplishment

+ Dimension and complexity reduction in both space and time

+ Amenable to any time integrators

+ Slower time growth in error bound

Future work

= Implement in high performance computing codes

= Apply the method in PDE-constrained optimization and UQ
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