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Conservative model reduction for finite-volume models
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Motivation

v

Finite-volume method widely used to discretize conservation laws

v

Conservation is the primary problem structure for these models

v

Existing reduced-order models do not enforce conservation

v

Goal: construct reduced-order models that are conservative
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Finite-volume method

ODE: — =




Finite-volume method

dx
E: — =
[oo >

1 S >
XI(i,j)(t) = m /Q U,'(X, t) dx

» average value of conserved variable i over control volume j

1 1
frii nf(x, t) = ——— g (x; X, t) -n;(X) ds(X) 1
") Q| Jrjp—=— " 2
» flux and source of conserved variable i within contro
dXI ,
re(ij) = (t) — f7(i j)(x, t)

/ S,'(X;)_(, t) dx
QJ-H/—/

source

volume j

» rate of conservation violation of variable j in control volume j
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Finite-volume method

[ODE: % = f(x; t) ]

1 S >
XI(i,j)(t) = m /Q U,'(X, t) dx

» average value of conserved variable i over control volume j

1 1
fria(x ) = — o7 [ &0 %, 1) 0y(%) d5(%) - / s:(x: %, t) d%
‘ J‘ FJT ‘QJ Q) N——
» flux and source of conserved variable /i within control volume j
dXI ,
rz(ij)y = L(t) — (%, t)

» rate of conservation violation of variable j in control volume j
(OAE: r"(x)=0, n=1,..,N]

tn—|—1
1
rg(i,j) = XI(i,j)(thr ) — xz(ijy(t7) + / fraij)(x, t)dt
tl”l
» conservation violation of variable j in control volume j over time step n
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Reduced-order models
Galerkin LSPG

% _ (be(q))“(, t) (k" u,)Tr”(CD)A(”) —0
d),E an . n A
— (X, t; ;) = arg min||r (v, PXx, t X = arAgmlnHr (®2)]]2
i (9%, £1) = argmin]le )l
» min. sum of squared » min. sum of squared
conservation-violation rates conservation violations over time step n
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Reduced-order models
Galerkin LSPG
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- Neither enforces conservation!
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Reduced-order models
Galerkin LSPG

dA nean n AN
ax _ q)Tf(q))“(, t) W (x ;p,)Tr (®x") =0
dt 1} II
dx an NRTIN TP
X (@3%, t: 1) = arg min|r (0, BX, 1) ||» X" = arg min||r'(®2) ]
dt vERP ZERP
» min. sum of squared » min. sum of squared
conservation-violation rates conservation violations over time step n
- Neither enforces conservation!
Conservative Galerkin Conservative LSPG
minimize ||r (®Pv, PX, t) |2 minimize [|r"(®2z)||-
GERP ERP

» min. sum of squared » min. sum of squared
conservation-violation rates conservation violations over time step n

subject to zero conservation-violation rates subject to zero conservation violations over
over subdomains time step n over subdomains
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Reduced-order models
Galerkin LSPG

dA nean n AN
ax _ q)Tf(q))“(, t) W (x ;p,)Tr (®x") =0
dt 1} II
dx an NRTIN TP
X (@3%, t: 1) = arg min|r (0, BX, 1) ||» X" = arg min||r'(®2) ]
dt vERP ZERP
» min. sum pf squared » min. sum of squared
conservation-violation rates conservation violations over time step n
- Neither enforces conservation!
Conservative Galerkin Conservative LSPG
minimize ||r (®Pv, PX, t) |2 minimize [|r"(®2z)||-
GERP 3eRe

» min. sum of squared » min. sum of squared
conservation-violation rates conservation violations over time step n

subject to zero conservation-violation rates subject to zero conservation violations over
over subdomains time step n over subdomains

+ Conservation enforced over subdomains!
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