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ABSTRACT 

A polymeric foam commonly used in composite sandwich structures was characterized under multi-axial loading at 

strain rates varying from quasi-static to dynamic. Tests were conducted under uniaxial compression, tension, pure 

shear and combinations of normal and shear stresses. Quasi-static and intermediate strain rate tests were conducted in 

a servo-hydraulic testing machine. High strain rate tests were conducted using a split Hopkinson pressure bar (Kolsky 

bar) system made of polycarbonate bars having an impedance compatible to that of the foam material. The typical 

compressive stress-strain behavior of the polymeric foam exhibits a linear elastic region up to a yield point, a nonlinear 

elastic-plastic region up to an initial peak or “critical stress” corresponding to collapse initiation of the cells, followed 

by strain softening up to a local minimum (plateau or saddle point stress) and finally, a strain hardening region up to 

densification of the foam. The characteristic stresses of the stress-strain behavior vary linearly with the logarithm of 

strain  rate. A general three-dimensional elastic-viscoplastic model, formulated in strain space, was proposed. The 

model expresses the multi-axial state of stress in terms of an effective stress, incorporates strain rate effects and 

includes the large deformation region. Stress-strain curves obtained under multi-axial loading at different strain rates 

were used to develop and validate the elastic-viscoplastic constitutive model. Excellent agreement was shown between 

model predictions and experimental results. 
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1. Introduction 

In many applications composite sandwich structures with polymeric foam cores are exposed to high energy and high 

velocity dynamic loadings producing multi-axial dynamic states of stress. They are commonly used as core materials 

in lightweight sandwich structures with high strength, stiffness and impact damage tolerance.  The mechanical 

behavior of cellular foams has been investigated and extensively discussed in the literature [1-5]. However, 

characterization has been in general limited, and few of the models can capture all the characteristic features of 

structural foams subjected to multi-axial dynamic loads. Some foam materials, such as PVC foams (especially higher 

density ones), are strain rate dependent, anisotropic, and elastic/viscoplastic materials. Their deformation history 

during dynamic loading affects critically the integrity of the sandwich structure. Characterization and modeling of 

their behavior is especially challenging. Several studies have been reported on dynamic characterization of foams and 

the effect of strain rate [6-13]. Daniel and Rao characterized isotropic and anisotropic foams at strain rates up to 800 

s-1 [8]. They used a Hopkinson bar system with polymeric (polycarbonate) rods for the high strain rate tests.  Ouellet 

et al. conducted tests over a wider range of strain rates (0.0087-2,500 s-1) and modeled the strain rate behavior [11].  

More recent studies by Tagarielli et al. [12], Lee et al. [13] and Daniel and Cho [14] also covered a wide range of 

strain rates. Constitutive modeling over the wide range of strains and strain rates experienced by foams has lagged 

because of the finite deformations and the anisotropy involved in some foams, with few works reported in the literature 

[15-17].  This study expands previous ones to dynamic biaxial stress fields. 

 

2. Material Characterization 

The quasi-static characterization of this material was discussed previously by the authors [14]. The material studied 

was a closed cell PVC foam, Divinycell H250 (DIAB Inc.). The cell microstructure is shown in Fig. 1. On a 

macroscopic scale, the material is orthotropic/transversely isotropic with principal axes as shown in Fig. 1. Typical 

stress-strain curves of this material under tension and compression along principal material directions are shown in 



Fig. 2. A typical foam stress-strain curve exhibits several stages of deformation , a linear elastic region up to the 

proportional limit (or yield point), a plastic region up to a peak or critical stress, a plateau region followed by “strain 

hardening” and culminating in global densification. The linear elastic behavior is associated with elastic bending or 

stretching of the cell walls; the local peak or “critical point” is related to initiation of cell collapse under wall buckling 

and/or plastic hinge formation; the plateau region is caused by continuing cell collapse and local densification (locked-

up); the strain hardening region ends with the final densification stage which corresponds to complete cell collapse 

and touching of opposite cell walls. 

 

Fig. 1. Cell morphology of divinycell H250 foam (scale bar is 1 mm) and principal material axes of foam plate. 

 

 

Fig. 2. Typical stress-strain curve and characteristic features of a foam under uniaxial compression 
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Macroscopic characterization of cellular foams is a challenging problem because of their hyperelastic behavior and 

tendency for deformation localization due to local collapse of cells and end crushing under compression.  Some of the 

difficulties can be overcome by using stress-controlled and strain-controlled experiments and full-field strain 

measurement methods [14, 17].  Stress controlled experiments at various orientations with respect to the principal 

material axes were conducted with coupons of appropriate aspect ratio.  

Strain controlled experiments were conducted by using thin plate specimens constrained between metal blocks as 

shown in Fig. 3. Such experiments were conducted at quasi-static and moderate strain rates of 10-4 and 1 s-1. The 

optimum specimen aspect ratio for compressive, shear and combined compressive and shear strain loading was 

determined by Finite Element Analysis using previously published properties of a different batch of the same material 

[2]. The higher the aspect ratio the more homogeneous is the state of strain. An aspect ratio of 10 was deemed suitable 

for compression and shear specimens. 

 

 

 

 

 

 

 

 

 

Fig. 3.  Uniaxial, shear and biaxial strain experiments 

 

Compressive stress-strain curves for the off-axis specimens tested under uniaxial stress are shown in Fig. 4 at various 

orientation with respect to the in-plane direction (1- or 2 -direction).. The effect of anisotropy is reflected in the 

variation in axial modulus and characteristic first peak in the stress-strain curve. The latter, as mentioned before, is 

the “critical point” of initiation of local collapse of the cell structure.  

Compressive stress tests along the in-plane (1) and through-thickness (3) directions were conducted under uniaxial 

strain at three strain rates, quasi-static (1-5 10 -4 s-1), intermediate (1-3 s-1) and high (103s-1). Shear stress tests, were 

conducted   with the shear test configuration of Fig. 3, at quasi-static and intermediate strain rates. Quasi-static and 

intermediate rate tests were conducted in a servo-hydraulic testing machine; high rate tests were conducted in a split  
Hopkinson (Kolsky) Pressure Bar (SHPB) system using polycarbonate bars for better impedance match with the foam 

material [14, 17]. All strain components other than the one measured were constrained to be zero. These tests yield 

the stiffness components   C11 = C22, C33, C44 = C55 and C66. 

Biaxial strain tests were conducted by the fixture shown in Fig. 3 under quasi-static and intermediate strain rate 

loadings. In these tests only the vertical load and crosshead displacement were recorded during the test. The strain 

components can be resolved from purely geometrical considerations as shown in Fig. 5. However, the stress 

components are more difficult to resolve because of the indeterminacy caused by the constraint on the loaded faces of 

the fixture and the unknown horizontal force components at these faces.  

 

 

3 
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Fig. 4. Compressive stress-strain curves of off-axis specimens for loading orientations of 0, 20, 45, 70, and 90 deg 

with the 1-2 plane. 

 

 
 

Fig. 5. Stresses and strains generated in biaxially loaded specimen  

under  vertical displacement control 
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The engineering strains are 
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The stresses are expressed as follows 

              cossincostan 2
133 xyxx                                                      (3) 

              2
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The experiments described before provide σx ,  θ, ε3 and γ3  and the experimental stress-strain  relation 

            )( 1313  f                                                                                                                     (5) 

3. Strain-rate-dependent stress-strain behavior 

Stress-strain curves obtained at strain rates ranging from 5x10-4 to 2x103 s-1 under nearly homogeneous uniaxial 

compressive strain in the in-plane and through-thickness directions (1-and 3-directions, respectively) are shown in 

Figs. 6 and 7.  The stiffness, based on the initial slope of these stress-strain curves, does not vary with strain rate. Four 

characteristic properties were identified in these stress-strain curves: 1) Yield stress, 2) Peak or “critical” stress 

corresponding to collapse initiation of the cells, 3) Plateau stress following the initial collapse of the cells, and 4) 

Strain hardening stress at the end of the plateau region and before the onset of densification.  All of the above 

characteristic stresses increase with strain rate along radial lines from the origin. This behavior is similar to that 

observed for the polymer matrix of composites [18]. It was also found that these characteristic stresses vary linearly 

with the logarithm of strain rate. They can be normalized by their values at the reference strain rate (10-4 s-1 in this 

case) as shown in Fig. 8 for the case of in-plane loading. This allows for any property at any train rate to be related to 

the corresponding property at the reference strain rate as follows: 

 

        
                (6) 

where 

           P = property (yield stress, critical stress, plateau stress, strain hardening stress) 

           m = 0.104 

          reference strain rate (10-4 s-1)  

Using the above relation, the stress and strain at any strain rate can be transformed into equivalent values at the 

reference strain rate by the following transformation relations  
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  and the stress-strain curves of Figs. 6 and 7 can be collapsed into the master curves of 

Figs. 9 and 10.  
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Fig. 6.  Stress-strain curves at three strain rates (uniaxial strain along in-plane direction) 

 

Fig. 7. Stress-strain curves at three strain rates (uniaxial strain in through-thickness direction) 
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              Fig. 8. Variation of normalized characteristic properties with strain rate for in-plane compressive loading 

  

 

                           Fig. 9. Master stress-strain curve for in-plane compressive loading at any strain rate 
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                          Fig. 10. Master stress-strain curve for through-thickness compressive loading at any strain rate 

Stress-strain curves at two strain rates under in-plane and out-of-plane shear are shown in Figs. 11 and 12. Again, the 

yield stress and critical stress (as defined in Fig. 11) vary along radial lines through the origin linearly with the 

logarithm of strain rate. This allowed the representation of such curves by master stress-strain curves at the reference 

strain rate as shown if Fig. 13. 

 

                                    Fig. 11. Shear stress-strain curves at two strain rates (in-plane shear) 
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                                    Fig. 12. Shear stress-strain curves at two strain rates (through-thickness shear) 

 

 

             Fig. 13. Master shear stress-strain curves for in-plane shear (left) and through-thickness shear (right) 

One characteristic feature in all stress-strain curves is the critical stress which was found to vary linearly with the 

logarithm of strain rate. This property for the various loadings and strain rates was normalized by its respective quasi-

static (reference) value and plotted versus the logarithm of strain rate. It was seen that the normalized critical stress 

follows the same strain rate law for different loadings normal or shear, in-plane or through the thickness of the 

anisotropic foam material as was shown for the in-plane loading in Fig. 8.   

Stress-strain curves at two strain rates, obtained from biaxial tests using the loading scheme of Fig. 3, are shown in 

Figs. 14-16. They represent combinations of compressive normal stress and out-of-plane shear stress. In the case of 

20-deg loading, the behavior is dominated by the transverse compressive stress and the curves, for normal or shear 

stress, show a pronounced critical peak. The curves for the 45-deg loading are equally influenced by the normal 

compressive and through-thickness shear stresses. The critical peaks are less pronounced. The case of 70-deg loading 

is dominated by the through-thickness shear behavior. The critical peaks are not distinct, as in the case of pure shear 

loading, because of the smooth transition from the elastoplastic regime to the strain hardening one. All critical stresses, 

after normalization by the quasi-static values, vary with strain rate like those discussed before for uniaxial loadings. 
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                             Fig. 14. Biaxial stress-strain curves obtained by loading at 20 deg with 3-direction 

 

                             Fig. 15. Biaxial stress-strain curves obtained by loading at 45 deg with 3-direction 

-1s1

-14s10

-1s1

-14s10

1s1  

1s10 4   



 

                               Fig. 16. Biaxial stress-strain curves obtained by loading at 70 deg with 3-direction 

4. Constitutive Modeling  

In the development above it was shown that the strain-rate dependence of the material behavior can be characterized 

by one parameter only, the slope m of the characteristic property versus logarithm of strain rate curve. Thus, modeling 

of the constitutive behavior at one strain rate (reference rate) would be sufficient to describe the mechanical behavior 

under any state of stress (or strain) and at any strain rate. The following loading function in strain space is proposed.  

            

                                                  (8) 

  

 

where             is the effective strain and                                           are material parameters. The potential (loading) 

function consists of one part associated with deviatoric deformation including the terms with coefficients 

,,,,,, 654321 aaaaaa  a quadratic dilatational term with coefficient 
va  and a linear dilatational term with coefficient b . 

For a transversely isotropic material about the 3-axis 

              

All stress-strain curves regardless of stress state or strain rate show similar elastic-plastic behavior up to the critical 

point. The linear elastic behavior is determined from the characterization tests described before which yielded the Cij 

stiffness matrix.  The plastic behavior has been represented before as a power law [17]. The combination of the 

linearelastic behavior and the power-law plastic behavior can be expressed in the following incremental constitutive 

relation 

     

   j
ji

n
iji d

FF
nACd 

























1

                                                                              (9) 

For example, the stress-strain relation for the case of uniaxial loading in the 3-direction is modeled with a linear term 

for the linear elastic response and a power law term for the plastic deformation 

          n
AC 33333                        (10)  

where C33 is the elastic stiffness and constants A an n are obtained in terms of the critical stress and critical strain [17].  
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A comparison with experimental results is shown in Fig. 17.  

 

                  Fig. 17. Modeling of elasto-plastic stress-strain behavior for uniaxial loading in 3-direction 

To predict the mechanical behavior of the material for any strain rate and any state of stress, the strain rate parameter 

m, the elastic constants of the material Cij , the parameters of the potential function, and the power law curve fitting 

parameters A and n  must be determined from experiments. The parameter m is determined from a few controlled tests 

at different (at least three) strain rates as discussed before. The material stiffnesses  Cij can be obtained by quasi-static 

(at the reference strain rate) characterization. The five independent parameters            can be determined by 

five independent quasi-static tests, e. g., tests in the 1- and 3-directions, two shear tests and a biaxial test.  

5. Summary and Conclusions 

An orthotropic polymeric cellular foam used in sandwich structures, was characterized under quasi-static and dynamic 

multiaxial loading conditions. The material investigated was a closed cell PVC foam, (Divinycell H250), having a 

density of 250 kg/m3. Quasi-static (5  10-4 s-1) and  intermediate (3 s-1) strain rate tests were conducted in a servo-

hydraulic machine. High strain rate tests (103  s-1) were conducted in a split Hopkinson (Kolsky) Pressure Bar (SHPB). 

This SHPB system was made of polymeric (polycarbonate) bars for closer impedance match with foam material.  

Four characteristic properties were identified in the compressive stress-strain  curves: 1) Yield stress, 2) Peak or 

“critical” stress corresponding to collapse initiation of the  cells, 3) Plateau stress following the initial collapse of the 

cells, and 4) Strain hardening stress at the end of the plateau region and before the onset of densification. All of the 

above characteristic stresses vary linearly with the logarithm of strain rate. This allows for the development of a unified 

(master) stress-strain curve referred to one reference strain rate with the strain rate effect defined by a single parameter, 

the slope of the linear relation between properties and logarithm of strain rate. A constitutive model was proposed to 

describe the nonlinear multi-axial behavior based on a potential function in the form of a linear combination of 

deviatoric and dilatational deformation components.  
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