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Approximation
Algorithms

® Efficient heuristic with bound on worst
case performance

° Trades off effi C|ency for performance
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Matching

® Input: (weighted) undirected graph G = (V, E).

e M C E is a matching if each node appears in at most edge in M.

® Max matching: find a max cardinality (weight) matching.
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Matching: Extensions

® Vertex capacties: b-matching

® Subgraph with at most by edges at v
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Demands

® Facilitate modeling of:

® All or nothing scenarios

® Economies of scale
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Knapsack




Knapsack: Greedy Algorithm




Knapsack: Greedy Performs Poorly

Optimal




Knapsack: Approximation Algorithms

® NP-complete
® Modified greedy: 2-approx
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Our Problem

® Generalize matching in two directions

® demand matching: knapsack at each vertex
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Demands in Graphs

Edges: profits (p) & demands (d)
Vertices: capacities (b)
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Demand Matching

e M C Eis a demand matching if for each
vertex v:

ZeEMﬂé(fU) de < by

° Goal Fnd max proft demand matchlng
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Demand Matching

® Generalizes matching
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Demand Matching

® Generalizes knapsack ® Generalizes matching




k-Hypergraph Matching

® Fach hyperedge has < k
vertices

® Find: max weight collection of
non-intersecting hyperedges

o Eg k=3,|V|=7, [E|=7




k-Hypergraph Matching

® NP-complete

® Natural LP: k-1+1/k integrality gap
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k-Hypergraph Demand
Matching

® Vertex v: capacity by

® Hyperedge e:demand de

e MC Eisak-HDM if:
ZeGMﬂé(v) de < by

® Packing IPs with at most
k nhonzeroes per column




Results

Previous This work Inteécg;’zlity
k-HDM |8k 2k > 2(k-1+1/k)
Dem. Match. 3.5 3 > 3
2-CS-PIP 4 3 3

[1] Chekuri, Ene, & Korula 2009
[2] Bansal, Korula, Nagarajan, & Srinivasan 2010
[3] Shepherd & Vetta 2002

[4] Pritchard & Chakrabarty 2009




Iterative Packing

® |terative rounding handles soft constraints

® Emulate features of iterative rounding:

® Conceptually simple
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Matching LP Relaxation
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Integrality gap




Convex Decompositions,
Approximately

® VWhat to do with fractional solutions?

® Find an approx convex decomposition:
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Convex Decomposition: Example




Approximate Convex Decompositions

® Optimal X is precisely integrality gap!
[Carr & Vempala 2002]

® Need poly # of solutions for an approx alg
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Iterative Packing

® Begin with fractional LP solution, x
® (Goal is approx convex decomposition:

| .Remove edge e from G and x
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Iterative Packing: Example
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Iterative Packing: Example
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Iterative Packing: Example
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Iterative Packing: Example
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Iterative Packing: Example
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Iterative Packing: Example
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Iterative Packing: 2-approx

® At most one new solution per iteration

® |s !2-approx conv decomp always possible!?

® Actually did better: %5-x
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Iterative Packing: 2-approx

SI/Z'(I'Xuv) SI/Z'(I'Xuv)
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Iterative Packing: X-approx

<O (1-xuy) <O (1-Xuy)
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k-HDM LP

s.t. Z W) TR " VWil V1




Integrality gap

de Xe

(b+1)*b/(b+1) IP: 0




Integrality Gap

IP: |
LP; ~3

t-(t-1)/t




Analysis




Analysis

® 3./ is frac of solutions obstructing e at u
® Bound: B = maxy Pu
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Packing with demands




Analysis: k-HDM

® Recall x = k- B + x
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Analysis: DM

® Observation [S & V]: 3-approximation on
fractional support of an ext point

® Easier “nonconstructive” proof of |.G.

® |dea: order edges by x value (integral first)
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Iterative Packing

Problem | Solution | Ordering base X
Case

Matching | Arbitrary | Arbitrary Z p)

Matching | Ext Point Dec x Z 3/2

k-HDM | Arbitrary Dec d 2 2k

2-CS-PIP | Ext Point | Integer Frac 32

k-H b-M | Ext Point [Chan & Lau Z k- 1+ 1/k*




Open Problems

® Jk-approx for k-CS-PIP

® Better use of extreme points

Demand versions of other problems
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Thanks!




