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Electronic	
  structure	
  of	
  phosphorus	
  

§  Black	
  phosphorus	
  is	
  a	
  layered	
  material	
  
§  InteracGons	
  within	
  layers	
  are	
  covalent	
  
§  InteracGons	
  between	
  layers	
  are	
  

mediated	
  by	
  dispersion	
  
§  Transport	
  occurs	
  primarily	
  within	
  layers	
  
§  Environment	
  of	
  layers	
  does	
  affect	
  	
  

transport	
  
§  It	
  would	
  be	
  useful	
  to	
  be	
  able	
  to	
  predict	
  

these	
  properGes	
  from	
  quantum	
  	
  
calculaGons	
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Standard	
  electronic	
  structure	
  approach	
  –	
  
Density	
  FuncGonal	
  Theory	
  (DFT)	
  
§  Density	
  funcGonal	
  theory	
  

§  Replace	
  3N	
  dimensional	
  wavefuncGon	
  with	
  
3	
  dimensional	
  density	
  

§  KineGc	
  piece	
  is	
  approximated	
  well	
  by	
  using	
  
an	
  ansatz	
  of	
  a	
  noninteracGng	
  problem	
  in	
  
an	
  effecGve	
  potenGal	
  

§  Challenge	
  is	
  to	
  replace	
  simple	
  Coulomb	
  
interacGon	
  with	
  effecGve	
  potenGal	
  
§  Classes	
  of	
  approximaGon	
  vary	
  in	
  what	
  
informaGon	
  is	
  included	
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§  Density	
  funcGonal	
  theory	
  
§  Replace	
  3N	
  dimensional	
  wavefuncGon	
  with	
  

3	
  dimensional	
  density	
  
§  KineGc	
  piece	
  is	
  approximated	
  well	
  by	
  using	
  

an	
  ansatz	
  of	
  a	
  noninteracGng	
  problem	
  in	
  
an	
  effecGve	
  potenGal	
  

§  Challenge	
  is	
  to	
  replace	
  simple	
  Coulomb	
  
interacGon	
  with	
  effecGve	
  potenGal	
  
§  Classes	
  of	
  approximaGon	
  vary	
  in	
  what	
  
informaGon	
  is	
  included	
  

–  Local	
  density	
  only	
  
–  Gradients	
  of	
  density	
  
–  Local	
  kineGc	
  energy	
  density	
  
–  Global	
  density	
  
–  NoninteracGng	
  wavefuncGon	
  

§  ApproximaGons	
  are	
  non-­‐perturbaGve	
   4	
  

Standard	
  electronic	
  structure	
  approach	
  –	
  
Density	
  FuncGonal	
  Theory	
  (DFT)	
  



§  Solve	
  Schrodinger	
  equaGon	
  directly?	
  

§  Ignore	
  scaling	
  problem	
  
§  Green’s	
  funcGon	
  approach	
  changes	
  differenGal	
  equaGon	
  to	
  integral	
  

§  Integral	
  is	
  sGll	
  evaluated	
  in	
  3N	
  dimensions!	
  
§  StochasGc	
  sampling	
  vs	
  determinisGc	
  

Improving	
  electronic	
  approximaGons:	
  
Quantum	
  Monte	
  Carlo	
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§  Integral	
  sGll	
  exists	
  in	
  a	
  very	
  large	
  space	
  
§  Guide	
  sampling	
  according	
  to	
  trial	
  wavefuncGon	
  from	
  another	
  method	
  

§  O]en	
  DFT	
  wavefuncGon	
  X	
  correlaGon	
  terms	
  
§  SGll	
  exact	
  as	
  long	
  as	
  guess	
  saGsfies	
  certain	
  properGes	
  

§  Must	
  recast	
  integrand	
  as	
  a	
  probability	
  distribuGon	
  
§  Probability	
  distribuGons	
  must	
  be	
  posiGve	
  everywhere	
  
§  WavefuncGon	
  is	
  not	
  posiGve	
  definite!	
  
§  Restrict	
  sampling	
  using	
  nodes	
  of	
  trial	
  wavefuncGon	
  

§  This	
  advance	
  allowed	
  the	
  calculaGon	
  of	
  the	
  energy	
  of	
  the	
  
homogeneous	
  electron	
  gas	
  
§  Basis	
  for	
  all	
  DFT	
  calculaGons	
  
§  Ceperley	
  and	
  Alder.	
  PRL.	
  45,	
  566–569	
  (1980)	
  

StochasGc	
  Sampling	
  +	
  Schrodinger	
  EquaGon	
  =	
  Quantum	
  Monte	
  Carlo	
  



§ Fit	
  Vinet	
  form	
  to	
  E(V)	
  and	
  compare	
  equilibrium	
  volume	
  (density)	
  and	
  bulk	
  
modulus	
  of	
  solids	
  (compressibility)	
  to	
  experiment	
  

Mean error: -0.38 +/- 0.15 
Mean absolute error: 2.28 +/- 0.15    
RMS error:  -0.697 +/- 0.066% 
Mean absolute relative error: 1.79 +/- 0.07% 

§  Materials	
  span	
  a	
  factor	
  of	
  10	
  in	
  
equilibrium	
  volume	
  

§  Four	
  types	
  of	
  bonding	
  are	
  included	
  
§  Ionic	
  
§  Covalent	
  
§  Metallic	
  
§  Van	
  der	
  Waals	
  

§  Lakce	
  Constants	
  within	
  ~0.9%	
  	
  
§  Accuracy	
  comparable	
  to	
  popular	
  DFT	
  

funcGonals	
  of	
  many	
  different	
  types	
  
§  PRB	
  88,	
  245117	
  (2013)	
  

Error in Calculated Equilibrium Volume
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Accuracy	
  in	
  solids	
  has	
  been	
  shown	
  to	
  be	
  
equal	
  to	
  or	
  beoer	
  than	
  DFT	
  on	
  a	
  large	
  class	
  
of	
  solids	
  



The	
  method	
  has	
  been	
  validated	
  for	
  
large	
  van	
  der	
  Waals	
  systems	
  

•  Van der Waals interactions are handled naturally because the interaction 
is not approximated 

•  The scalability of the method allows calculations on hundreds of atoms  

Benali et al. JCTC, 2014 



The	
  largest	
  approximaGon	
  is	
  o]en	
  the	
  core-­‐
valence	
  parGGoning	
  (pseudopotenGals)	
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HCP Equilibrium Parameters 
QMC All Electron QMC Exp 

c/a 1.569 +/- 0.004 1.569 +/- 0.004 1.568 

V0  (angstrom^3) 7.746 +/- 0.078 8.129 +/- 0.012 8.117 

Bulk Modulus 
(Gpa) 124 +/- 2 115.7 +/- 1.5 116.8 

•  Be is a case where the 
performance was poor 
relative to DFT 

•  Compare all electron 
calculations to 
pseudopotential ones 

•  All electron EOS Properties 
agree with experiment 
within small error bars! 



Two	
  pseudopotenGals	
  were	
  tested	
  and	
  
validated	
  for	
  phosphorus	
  
§ Compare	
  properKes	
  of	
  dimer	
  and	
  isolated	
  atom	
  to	
  experiment	
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re = 1.8618 +/− 0.0009 Å (5e)
re = 1.8824 +/− 0.0018 Å (13e)
re = 1.89340 +/− 0.00044 Å, CCCDB

De = 5.0034 +/− 0.0067 eV (5e)
De = 4.9994 +/− 0.0402 eV (13e)
De = 5.03 +/− 0.02 eV, JCP 94, 7221 (1991)

5e
13e

5 e- valence 13 e- valence expt 
Ionization potential 10.7112 +/- 0.00084 10.6832 +/- 0.0598 10.48669 

Electron affinity 0.6405 +/- 0.0084 0.7483 +/- 0.0626 0.746609 

•  Accuracy of atomic results 
is limited in practice by the 
choice of trial wavefunction 

•  Both choices of valence 
yield results in good 
agreement with experiment 
(within fixed node error) 



Previous	
  work	
  on	
  graphite	
  shows	
  strengths	
  and	
  
limitaGons	
  of	
  QMC	
  for	
  layered	
  materials	
  

§ Bond	
  length	
  is	
  
insensiGve	
  to	
  
calculaGon	
  cell	
  

§ Rigorous	
  procedure	
  for	
  
esGmaGon	
  of	
  finite	
  size	
  
effects	
  makes	
  
energeGcs	
  difficult	
  

Spanu et al. PRL, 103, 196401 (2009) 

Graphite energy as a function of 
layer separation 



Advances	
  in	
  computaGonal	
  resources	
  have	
  allowed	
  
insight	
  into	
  finite	
  size	
  effects	
  for	
  layered	
  materials	
  

In	
  plane	
  is	
  insensiGve	
  to	
  number	
  layers	
   1/N2	
  scaling	
  with	
  number	
  of	
  layers	
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CalculaGons	
  on	
  bulk	
  black	
  phosphorus	
  yield	
  
good	
  structure	
  compared	
  to	
  experiment	
  

§  Cannot	
  calculate	
  forces	
  in	
  DMC,	
  using	
  geometries	
  from	
  
approximate	
  DFT	
  vdW	
  funcGonal	
  

§  Considerably	
  sGffer	
  as	
  a	
  funcGon	
  of	
  layer	
  spacing	
  than	
  GGA+D2	
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CalculaGons	
  of	
  bound	
  exciton	
  show	
  
strong	
  influence	
  of	
  layer	
  spacing	
  
§  CalculaGons	
  performed	
  by	
  exciGng	
  an	
  electron	
  to	
  the	
  

conducGon	
  band	
  in	
  the	
  DMC	
  trial	
  wavefuncGon	
  (provides	
  
upper	
  bound	
  on	
  true	
  excitaGon	
  energy)	
  

§  Good	
  agreement	
  with	
  experiment	
  at	
  equilibrium	
  geometry	
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Isolated	
  black	
  phosphorene	
  shows	
  
liole	
  relaxaGon	
  of	
  geometry	
  from	
  bulk	
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Allows calculation of binding energy wrt layer spacing:  40 +/- 7 meV 
  



OpGcal	
  excitaGon	
  for	
  phosphorene	
  
shows	
  linear	
  increase	
  with	
  strain	
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•  Values considerably larger than experiment 
•  Role of environment? 
•  Trial wavefunctions from DFT possibly worse? 



Blue	
  allotrope	
  is	
  similarly	
  underbound	
  by	
  DFT	
  
within	
  the	
  sheet	
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Conclusions	
  

§  Electronic	
  structure	
  of	
  phosphorus	
  is	
  challenging	
  for	
  DFT	
  
§  DMC	
  provides	
  an	
  alternaGve	
  with	
  proven	
  accuracy	
  for	
  vdW,	
  

but	
  challenges	
  for	
  layered	
  materials	
  
§  DMC	
  results	
  for	
  black	
  phosphorus	
  provide	
  excellent	
  

geometries	
  compared	
  to	
  experiment	
  
§  Comparison	
  with	
  single	
  layer	
  sheet	
  provides	
  binding	
  energy	
  of	
  

40	
  +/-­‐	
  7	
  meV	
  
§  CalculaGons	
  of	
  opGcal	
  properGes	
  a	
  work	
  in	
  progress	
  but	
  

suggest	
  DFT	
  wavefuncGons	
  are	
  significantly	
  beoer	
  for	
  bulk	
  
than	
  layered	
  structure	
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