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Abstract

Shor’s groundbreaking quantum algorithm for integer factoring provides an exponential speedup
over the best-known classical algorithms. In the 20 years since Shor’s algorithm was conceived,
only a handful of fundamental quantum algorithmic kernels, generally providing modest polyno-
mial speedups over classical algorithms, have been invented. To better understand the potential
advantage quantum resources provide over their classical counterparts, one may consider other re-
sources than execution time of algorithms. Quantum Approximation Algorithms direct the power
of quantum computing towards optimization problems where quantum resources provide higher-
quality solutions instead of faster execution times. We provide a new rigorous analysis of the recent
Quantum Approximate Optimization Algorithm, demonstrating that it provably outperforms the
best known classical approximation algorithm for special hard cases of the fundamental Maximum
Cut graph-partitioning problem. We also develop new types of classical approximation algorithms
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for finding near-optimal low-energy states of physical systems arising in condensed matter by ex-
tending seminal discrete optimization techniques. Our interdisciplinary work seeks to unearth new
connections between discrete optimization and quantum information science.
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Chapter 1

Introduction

Approximation algorithms and constraint satisfaction problems (CSPs) are central topics in our
work. To motivate both, we briefly discuss approximation algorithms in the context of the Max-
imum Boolean satisfiability problem (Max-SAT). The Boolean satisfiability problem (SAT) has
become an essential ingredient in the analysis and verification of trustworthy and resilient software
and hardware systems; applications include vulnerability discovery, program synthesis, and prop-
erty checking. SAT seeks to find a satisfying assignment to the variables of a Boolean formula|
and is a prototypical example of a computationally hard, NP-complete, problem. Many heuristics
for SAT are known, but for certain types of mission-driven applications, one may desire a guaran-
tee on the quality of solutions generated by the algorithm, which heuristics do not address. One
such quality measure is the total fraction of clauses satisfied; however, this is a poor measure when
few or no clauses are satisfiable. A better measure is the maximum possible fraction of clauses
satisfied by any assignment, and we call this quantity OPT, which is shorthand for “optimal.” An
o-approximation algorithm is an algorithm that (1) runs in time polynomial in the size of its input,
and (2) is guaranteed to always produce a solution whose quality is at least & - OPT, for some
a € (0,1]. Although motivated by the maximization version of SAT (Max-SAT), this definition
also applies naturally to other discrete optimization problems. Thus the approximation guarantee,
o of an approximation algorithm indicates the quality of solution it produces relative to the best
possible.

In order to design an approximation algorithm, one needs an estimation of OPT, yet for most
hard discrete optimization problems, computing OPT 1is just as hard as actually finding an optimal
solution. Thus we turn to a relaxation of the problem, in which some of the underlying constraints
are relaxed at the benefit of yielding a problem that is easier to solve. Integer linear programming
(ILP), which optimizes over integer-valued variables that satisfy a set of linear inequalities, has
proven a consistent source of high-quality relaxations for discrete optimization problems. Max-
SAT is readily captured by an ILP formulation, and we may obtain a relaxation by simply allowing
variables to take rational values instead of only integer values.

For an example of Max-SAT, consider the following 4 SAT clauses on two variables: (x; Vx3),
(x1 V—x2), (—x1 V), and (—x; V —x2). These clauses were chosen as en example where it is
impossible to satisfy all of them; however, any 3 of the clauses may be satisfied. We can represent

' An example of such a formula is, (x; V =) A (—x1 VX2 V x3) A (—x1), where V, A, and — are the logical OR,
AND, and NOT operations, respectively, and parentheses denote clauses. This formula may be satisfied by setting
X1 = xp = FALSE and x3 arbitrarily.
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these 4 clauses as linear constraints over variables that takes values either O or 1: x; +x; > 1,
x1+(l—=x2)>1,(1—x1)+x >1,and (1 —x;) + (1 —x2) > 1. Analogously to the Boolean case
above, if x, xo € {0, 1}, then it is impossible to satisfy all 4 of these inequalities simultaneously.
However, if we relax the domain of the variables so that x;, x, € [0, 1] are now real numbers, instead
of just O or 1, then we can satisfy all 4 inequalities simply by setting x; = x, = %

Relaxing the integrality constraint on the variables above allows the relaxed problem above
to satisfy 4 inequalities rather than 3. Remarkably, linear programming (LP) relaxations of hard
integer-linear programs can be solved in polynomial time. Since a relaxed problem is less con-
strained than the original, an optimal relaxed solution is guaranteed to have quality at least that
of an optimal feasible solution. However, a relaxed solution does not directly yield a feasible so-
lution to the original problem; e.g., how does one interpret % as Boolean value? An algorithm
that converts an optimal relaxed solution, of quality OPTg, into a true feasible solution is called a
rounding algorithm. One may view rounding as a tradeoff between quality and feasibility. In fact,
if a rounding algorithm is able to always produce a feasible solution of quality at least o - OPTg,
then we have an a-approximation algorithm, since OPTg > OPT and o - OPTg > o - OPT. Al-
though the term rounding stems from relaxations that drop integrality constraints, we will consider
quite general relaxations and procedures for converting relaxed solutions into feasible solutions.
We must also have a strong relaxation, one for which OPTg is close to OPT . If our relaxation is
weak, we will be unable to prove that our approximation algorithm performs well.

Our goal is to generalize the above type of framework to design new types of approximation al-
gorithms in the quantum setting. By this we mean quantum approximation algorithms for classical
discrete optimizations, as well as approximation algorithms for optimization problems that natu-
rally arise in quantum physics. For the latter we will exploit connections between such problems
and well-studied discrete optimization problems.

1.1 Quantum Optimization

Approximating ground states (i.e., lowest energy states) of physical systems underlie many appli-
cations in physics and chemistry. The feasible energy levels of a physical system are prescribed by
the eigenvalues of a linear operator called a Hamiltonian. A Hamiltonian serves as a model for a
physical system, and understanding the eigenspectrum of a Hamiltonian can help ascertain critical
properties and predict behavior of the underlying physical system. Since low energy states tend
to be more stable, nature routinely heuristically solves optimization problems by driving physi-
cal system towards low energy states. This provides an intrinsic and natural connection between
quantum physics and discrete optimization: the energy levels of a finite quantum system may typi-
cally only take a discrete number of values, hence finding a ground state is a discrete optimization
problem. The challenge in solving such problem is that the number of energy levels of physically
relevant quantum systems is typically exponential in the number of parameters used to describe
it. Chapter 2 and Appendix Al outline this relationship between discrete optimization and quantum
physics in more detail; the latter is a general introduction to quantum computing.
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Our work aims to exploit this connection between discrete optimization and quantum physics
in both directions: we seek to design and rigorously analyze (1) quantum algorithms that in effect
approximately solve discrete optimization problems by trying to attain the ground state of quan-
tum system, and (2) algorithms leveraging discrete optimization techniques to approximately find
ground states of quantum systems.

1.2 Key Results

The Quantum Approximate Optimization Algorithm (QAOA) is a recently proposed quantum al-
gorithm to approximately solve classical discrete optimization problems. QAOA is in some sense
a discrete counterpart to the celebrated Quantum Adiabatic Algorithm, and enjoys many properties
suggesting that it may be amenable to implementation on near-term to intermediate-term quantum
computers. As a heuristic QAOA is well motivated, yet rigorous analysis and comparison with
classical optimization techniques has proven challenging. We offer a new analysis of QAOA for
a fundamental discrete optimization problem, Max-Cut. Our analysis precisely characterizes the
behavior of QAOA with a concise mathematical formula. It was somewhat surprising that such
a characterization is indeed possible. We use this formula to rigorously demonstrate that QAOA
outperforms the best-known classical algorithm for a hard special case of Max-Cut. Chapter 2
describes QAOA and our results.

The Heisenberg model, } _; ;~ Gl.ij-‘ + O'iy O'Jy. + GiZGJZ-, is fundamental for describing quantum
magnetism, superconductivity, and charge density waves. Beyond one dimension, the properties
of the anti-ferromagnetic Heisenberg model are notoriously difficult to analyze. By generalizing
a connection between the Ising model of magnetism and the fundamental discrete optimization
problem, Max-Cut, we propose a new variant of the Heisenberg model, Y.; ;. I — 00} — 0] 0} —
o} (7;. Finding a maximum energy eigenstate of our model is equivalent to finding the ground state
of the aforementioned anti-ferromagnetic Heisenberg model; however, we demonstrate that the
new model is easier to approximate in a rigorous way. We demonstrate a classical algorithm that is
guaranteed to produce a classical product state whose energy is within a factor of 0.498 of that of
the optimal quantum state. Thus although our algorithm is classical, its performance is measured
against the best possible quantum state. Moreover, we show that there are instances where the
best possible product state has at most % the energy of the best possible quantum state, hence our
result is essentially the best possible. Our techniques generalize to a much broader class of 2-
local Hamiltonians. Our results rely on generalizations of powerful classical discrete optimization
techniques such as semidefinite relaxations and hyperplane rounding. We view this as the initiation
of a body of work that seeks to provide classical and quantum algorithms producing approximately
optimal eigenstates with rigorous guarantees on their performance. Chapter 3 details these results.

13
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Chapter 2

An Analysis of the Quantum Approximate
Optimization Algorithm

This chapter appears in the Ph.D. thesis of Ciaran Ryan-Anderson [RA18], who was employed at
Sandia National Labs when this work was completed, jointly with Ojas Parekh.

Currently, large-scale, fault-tolerant, universally-programmable quantum-computers do not ex-
ist. It is, therefore, useful to consider what algorithms one potentially wants to run on noisy
intermediate-scale quantum (NISQ) devices [Prel8] when designing architectures. These algo-
rithms inform the architect about the type of interactions and connectivity that are needed and how
difficult it may be to map the desired applications to the constraints of the hardware. Further anal-
ysis of the target algorithms and hardware implementation may also reveal the type and degree of
noise the computation must be protected against to obtain satisfactory outputs.

The focus of this chapter is on evaluating a quantum algorithm that is of potential interest.
More specifically, this chapter presents an analysis of the performance of the Quantum Approx-
imate Optimization Algorithm (QAOA) applied to the Max-Cut problem. QAOA was designed
to find approximate solutions to classical constraint satisfaction problems (CSPs). QAOA is an
algorithm of interest for NISQ hardware since QAOA provides a natural tradeoff between quality
of solution and circuit depth. Here we argue that QAOA outperforms the currently known best
classical approximation algorithm for the Max-Cut problem on certain restricted graphs.

2.1 Introduction

QAOA was originally defined by Farhi, Goldstone, and Gutmann in 2014 [FGG14b] and is the first
known quantum approximation algorithm for classical constraint satisfaction problems (CSPs).
Specifically, QAOA is a quantum-algorithmic framework for finding approximate solutions to dis-
crete optimization problems [FGG14b; FGG14a]. QAOA may be viewed as a discretized simula-
tion of adiabatic quantum computation (AQC) and, as with AQC, is a universal model of quantum
computation. Farhi et al. demonstrated worst-case bounds on the performance of QAOA for Max-
Cut in 3-regular graphs [FGG14b] and Max-3-XOR [FGG14a] (i.e., each clause is the XOR of 3
Boolean literals). QAOA has since been generalized by others [JRW17; Had+17; MW18].
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In this work, we explore the performance of QAOA and present a closed-form expression
for the expectation of QAOA on Max-Cut for any graph instance. Using this result, we show
that QAOA for Max-Cut on k-regular triangle-free graphs outperforms the currently best known
classical approximation algorithms.

This chapter is organized as follows: In Section 2.2, we present background on the QAOA
algorithm and the Max-Cut problem. In Section 2.3, we discuss the previous results of QAOA
on the Max-Cut problem. In Section 2.4, we make a brief comment on the difference between
sampling and optimization. In Section 2.5, we discuss the specific results of this work as well as
give an overview of the techniques used to derive the results. In Section 2.6, we give the proof of
our results. Finally, in Section 2.7 we conclude.

2.2 Background

In this section, we will introduce CSPs and discuss how one may arrive at QAOA from an ap-
proximate simulation of AQC. We focus on the version of QAOA first described by Farhi ef al. in
[FGG14b].

2.2.1 Constraint Satisfaction Problems

Following the definition of a CSPs as defined in other works on QAOA (e.g., see [FGG14b] and
[FH16]), we now define the constraint satisfaction problem confined to Boolean function con-
straints.!| A CSP is specified by 7, the size of bit strings to be considered, and a set {Cy(z)} of m
clauses (also known as constraints). Each clause is of the form

1 if z satisfies the clause

Ca(z) = { (2.1)

0 otherwise,

where for QAOA we let z € {+1,—1}" (the eigenvalues of Pauli Z). Typically, clauses only eval-
uate a few bits; therefore, we will restrict all Cy(z) to evaluate the satisfiability of at most k bits,
where k is some fixed integer. In other words, each clause is k-local.

A CSP is solved when a bit string z is found that satisfies as many clauses as possible. To
accomplish this goal, we can define an objective function

C(z) =) Calz) (2.2)

!One can define CSPs more generally, e.g., see [LZ16].
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and maximize C(z) for all z. Since C(z) merely counts the number of satisfied clauses, a z that
maximizes C(z) is a solution to the CSP.

The Maximum Cut problem (Max-Cut) is an example of a CSP and can be defined as follows:
Given a set of vertices V and a set of edges E between the vertices in V, Max-Cut on a simple
graph G = (V,E) is the problem of finding a bi-partition of V that maximizes the number of edges
that run between the two partitions. Note that the edge between vertices i and j will be indicated
by ij. Since we will only consider undirected graphs, ij is equivalent to the set {i, j}. If we label
one partition 0 and the other 1, then one choice of objective function for Max-Cut is

Clz)= Y. Cylz); (2.3)
ijeE
where
1
Cij(e) = 5 (1 ~zz)). (2.4)

Here the value of bit z,, indicates which partition vertex u belongs to. On inspection, we see that for
an edge ij the clause Cj;(z) assigns the value 1 if z; # z; and 0 if z; = z;. Thus, C(z) is maximized
when the number of edges whose vertices are not in the same partition is maximized.

2.2.2 Adiabatic Quantum Computation

QAOA can be described as a discrete approximation of AQC. Arguably, understanding the con-
nection between AQC and QAOA provides useful insight into QAOA. Therefore, in this section
we will briefly review AQC.

AQC is an application of the adiabatic approximation for the purposes of quantum computation.
Loosely speaking, the adiabatic approximation says that if a state is an instantaneous eigenstate
of a time-dependent Hamiltonian, then the state will remain in the instantaneous eigenstate of
the Hamiltonian as long as the evolution of the Hamiltonian is slow enough and there is always
an energy gap between the instanteous eigenstate and the rest of eigenstates [BF28]. There are
numerous proofs of varying rigor and refinements of the adiabatic approximation. Many of these
proofs as well as a review of AQC are given in [AL16] by Albash and Lidar.

AQC is defined by two time-independent Hamiltonians Hp (the “driver Hamiltonian) and Hp
(the “problem Hamiltonian”). These Hamiltonians are chosen to be k-local and, therefore, can be
written as

H= ) H, (2.5)
KC|n]
\K|<k

17



where [n] = {1,2,--- ,n} and each Hk only acts on the qubits indexed by the set K.

The Hamiltonian Hp is the initial Hamiltonian of the computation and is chosen so that the
ground state of Hp is easy to prepare. The Hamiltonian Hp is the final Hamiltonian and is chosen
so that the ground state of Hp encodes the solution to a problem of interest.

Inspired by the adiabatic approximation, AQC is performed by initializing in the (not necessar-
ily unique) ground state of Hp and adiabatically interpolating to Hp. The state then remains in the
ground state throughout the evolution with high probability. After the evolution, the final state is
measured in the computational basis to determine the encoded solution as defined by Hp.

The interpolation is given by time-dependent Hamiltonian

H(t) = (1—s(t))Hp + s(t)Hp, (2.6)

where s(t) is a smooth function of time ¢ such that s(t =0) =0 and s(r = T) = 1. Here T is the
time interval during which the interpolation between the driver and problem Hamiltonian occurs.
The function s(¢) is often referred to as the schedule of the computation.

Note, assuming an AQC interpolation H(¢) given in Eq. 2.6 between two time-independent
Hamiltonians Hp and Hp, a necessary condition for a finite gap to exist during a non-trivial com-
putation is that Hp and Hp must not commute [Wool8]. As described by the simultaneous di-
agonalization theorem (see Theorem 2.2 of [NC11]), if [Hp,Hp| = 0 and both Hp and Hp act
non-trivially over an entire joint Hilbert space, then Hp and Hp share the same set of energy eigen-
vectors. Therefore, assuming the two Hamiltonians are not the same, Hp and Hp assign different
energy eigenvalues to at least some of the energy eigenvectors. Assuming the initial ground-state
is not the solution to the problem, which would make the computation effectively trivial, the final
ground state is not the same as the initial ground state. Since the initial ground-state is an eigenstate
of Hp and the final eigenstate is an eigenstate of Hp, then for the computation to be non-trivial, the
energy eigenvalues of the two states must cross during the computation. Thus, there is no gap if
[Hp,Hp] = 0 and the computation is non-trivial.

Different formulations of the adiabatic theorem place different constraints on the schedule s(7)
such as the derivatives of the function. To meet the assumptions of the adiabatic approximation,
T is often chosen to be T = 0(1/g%..), where gmiy is the minimum energy gap between the
ground state and the first excited-state, during the schedule for times on this order, the Euclidean
norm between the actual final ground-state and the ideal ground-state of Hp (the “error”) can be
made arbitrarily small [AL16]. Selecting a version of the adiabatic theorem in order to specify the
constraints on s(¢) and T that will ensure a target error is unnecessary to understand the connec-
tion between AQC and QAOA. For a discussion on AQC'’s robustness to experimental error, see
[CFPO1].

AQC has been proven to be a quantum computation model that is universal [Aha+04]. A ver-
sion of AQC that is restricted to solving optimization problems is known as the quantum adiabatic
algorithm (QAA or, alternatively, QADI—for Quantum ADIabatic algorithm) [Far+00; Far+01].
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We will now consider QAA.

Given a CSP, it is relatively simple to construct a problem Hamiltonian. The a clause Cy(z) as
defined by Eq. 2.2 can be described by a matrix

Co= Y Cald)l)al, @.7)
z€{0,1}*

in the computational basis.

Restricting each clause Cy(z) to act on at most k bits and recalling that |0)(0| = 1 (I+Z) and
[1)(1| = § (I — Z), we can re-express Eq. 2.7 as

Ca= Y, WaxZF, (2.8)
KCln]
|K|<k
where Wy k¢ € R and we define
M= @ M;. (2.9)
jek

Here M; is a 2x2 matrix acting on qubit j and it is assumed that MX acts as I on any qubit not
indexed by K. Also, we define M? = I.

Each clause Cy (z) can be considered a Boolean function f: {0, 1}" — {0, 1}. The conversion of
Boolean functions to operators of the form defined in Eq. 2.8 is described in [Bia08] and [Had18].

From Eq. 2.2, Eq. 2.8, and Eq. 2.7, it follows that the matrix or operator form of the objective
function in the computational basis is

c=YCu= Y C@l)E=Y wkz¥, (2.10)
o z€{0,1}" KCln)
|K|<k

where Wx = Y, Wy k and C(z) is given in Eq. 2.2.

Since

Ct= Y @)= Y C@)lNd=C, (2.11)

ze{0,1}" ze{0,1}"
C is Hermitian and could be identified as a Hamiltonian. However, solutions to the CSP defined
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by C corresponds to eigenvectors with the maximum eigenvalue. Since AQC is normally defined
to track the ground state, for QAA we take

Hp=-C=-Y wgZzK. (2.12)
KC|n]
|K|<k

Also, for QAA problems, Hp is taken to be

Hp = —B, (2.13)

where

B=) X, (2.14)

Y, |2 (2.15)

The minimum energy gap between the ground state and first excited state is unknown for gen-
eral AQC problems; however, since the H(s) as defined by Eq. and Eq. 1S stoquastic
(a Hamiltonian with off-diagonal elements only in R<p), QAA always has a non-vanishing gap,
which is assured by the Perron-Frobenius theorem [Per07; Frol2].
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If we consider Max-Cut on a simple graph G = (V,E) as defined in Section 2.2.1, then the
matrix form of a clause C;;(z) as described by Eq. 2.4 is given as

1
C;ij = |01)(01];;+[10)(10];; = SU=2Z;). (2.16)
Thus, C for Max-Cut is
1
C= ,Z 01)(01];; + [10)(10];; = ZE(I—Z,-ZJ-). (2.17)
ijEE ijEE

2.2.3 Discretizing Adiabatic Quantum Computation

The continuous evolution of Hamiltonians can be simulated by sequences of discrete, k-local uni-
taries for fixed k [Fey82; L1096]. One algorithm used to find such simulations is commonly known
as “Trotterization.” It is through the Trotterization of AQC that we present the connection between
QAOA and AQC.

We start by considering Trotterization since the AQC Hamiltonian is time-dependent and gen-
erally the Hamiltonian will not commute with itself at different points in time, the unitary induced
by AQC is Eq. , that is U (T,0) = Fexp{—i [y H(t)dt}. Besides being potentially intractable
to calculate, this AQC unitary may be difficult to experimentally implement. We can begin to
simplify the unitary by first noting that we can break it up as follows:

U(T,0)=U(T, T —At)U(T — At,T —2At)---U(At,0)
P
=[TuGas, (- 1)a), (2.18)
j=1
where pAr =T.

Then, if we choose Az to be small enough so that H(¢) is approximately constant over the
time interval [(j — 1)A¢, jAt] for all 1 < j < p, we can use the time-independent unitary solution

U (t,tp) = exp{—iH (t — o)} (Eq.|/A.28) to approximate the unitaries in Eq. as

U(jAt, (j—1)Ar) ms e HHUAN A (2.19)

Applying Eq. 2.19 to Eq. 2.18, we now write

U(T,0) ~ [J e #lAN A (2.20)
j=l1
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Note, for a version of Trotterization that accounts for time-dependence, see [Pou+11].

Given Eq. 2.20, We can further simplify the unitary sequence by recalling that the AQC Hamil-

tonian (Eq. 2.5) has the form H = ) xc[, Hx and that the Lie-Trotter product formula [Tro59]
' IK|<k
is

JATBIX _ 1im <eiAX/peiBX/p>p ’ (2.21)

p—ee

where x € C and the matrices A and B are real or complex.

Suzuki derived recursive formulas for calculating approximations of Eq. 2.21] [Suz91; HS05],
known as Lie-Trotter-Suzuki decompositions. It is common to use the lower order decompositions

ei(A+B)x _ eiAxein + ﬁ(x2) (222)

or

HATB)x _ iBx/2 iAx ,iBx/2 | O(x) (2.23)

for simulating Hamiltonians.

Combining Eq. 2.20 and the lower-order approximation of Eq. 2.22, we arrive at

P .
U(T,0)~ [] T e 'Hxlan 4. (2.24)

We now have an approximation of the AQC unitary consisting of unitaries that each act on at most
k qubits. If necessary, we might further simplify an instance of Eq. 2.24 by decomposing the
unitaries e~/ K UA) At into sequences of simpler gates.

Note, for an analysis of the error of Trotterizations described by Eq. 2.24 and higher-order
decompositions, see [Wie+08]. For a discussion of the stability of the Lie-Trotter-Suzuki decom-
position due to imprecisions in applying unitaries, see [DS14; KM15].

If we now turn to approximating the QAA Hamiltonian defined by the Hp of Eq. and the
Hp of Eq. 2.13 with the approximate unitary given by Eq. 2.24, we get

U(T,0) ~ ﬁexp{i [1—s(jAr)] At B} exp{i s(jAt) At C}. (2.25)
=1
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2.2.4 Quantum Approximate Optimization Algorithm

The number of steps p needed to adequately approximate a QAA computation with Eq. 2.25 may
be large in general. However, rather than finding an exact solution to a CSP, one may be satisfied
with finding a high-quality solution that obtains a large fraction of the maximum number of sat-
isfiable clauses. One may then be curious to what degree one can reduce the quality of a unitary
approximation of QAA and still produce adequate results. This question naturally leads to the
formulation of QAOA.

Given a CSP that is specified by an objective operator C (defined by Eq. 2.10), QAOA generates
states of the form

7. B) = Uqaoa, (7, B)ls), (2.26)

where Y= (71,7, , %) and B = (B1,B2,- -+, Bp) are vectors of angles, the state |s) is the equal
superposition of the computational basis-states as defined in Eq. 2.15, and

4 . .
Uqaoa, (7.B) = HeﬂﬁjBeﬂ nie, (2.27)
j=1

Here B is the sum of Pauli Xs as defined in Eq. 2.14, and by QAOA, we mean the subclass of
QAOA where a fixed p specifies the number of e~ BiBe—iviC products present in Ugaoa,,-

We see that if we identify y; as —s(jAt) At and B; as —[1 —s(jAt)] Az, then the QAOA , unitary
Eq. 2.27)is equivalent to the QAA unitary Eq. 2.25| for the same value of p. While the QAA and
QAOA unitaries are of similar form and both the angles and p may be chosen so that they are
equal, there are two differences.

First, since QAA is an AQC algorithm, QAA must turn the problem of finding a state that
maximizes C to finding a ground state that minimizes —C. However, QAOA approximately simu-
lates a process that instead initializes in an eigenstate with the maximum eigenvalue of the driver
Hamiltonian and remains in the instantaneous eigenstate that has the maximum eigenvalue of the
interpolating Hamiltonian H(t) = (1 — s(t))Hp + s(¢t)Hp, where for QAOA we let Hp = B and
Hp = C. While this is inconsistent with ground-state AQC, the adiabatic theorem merely requires
an energy gap between the instantaneous state and the rest of the energy spectrum.

The other distinction to note between the QAA and QAOA unitaries is that for QAOA, typically
p 1s chosen to be some small integer. Currently, p = 1 or p = 2 is frequently considered.

To compensate for such an extremely crude approximation, Farhi et al. [FGG14b] showed
that a hybrid classical and quantum gradient-search algorithm can be used to efficiently choose the
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optimal values for v and B given a fixed p, where optimal means obtaining the value

M, = max (v,BICly,B) - (2.28)

Given a CSP, the goal of QAOA obtain a high approximation ratio

Cmax’ .
VVhere
max ’ { ’1}” ( ) ( )

Note, for a given class of problems, Ci,x is not always know a priori.

Once good angles are found, the state |y, 3) is prepared and measured in the computational
basis until a measurement output z is found such that C(z) > M.

If desired, the approximation ratio can be increased by raising p to obtain better solutions, since

lim M}, = Cax.- (2.31)

pes

This is because as p tends to infinity, then UQAOAP can at the very least simulate QAA and, due
to the Perron-Frobenius theorem, QAA will in principle be able to find the solution to the CSP
(although T might be very large). Further,

M,>M, (2.32)

since Ugaoa, = e B Be=itp CUQAOAW1 implies that finding optimal angles for p — 1 means that
we can at least obtain M, = M,_; since we can set ¥,,, = 0. Therefore, M, monotonically
increases.

QAOA then provides a natural trade-off between depth of the resulting quantum circuit and
the quality of solution produced. While we may increase p to produce better solutions, precise
analysis of M, versus p poses a challenge. However, Wang et al. [Wan+17] obtained an analytic
expression for QAOA , for Max-Cut on a simple cycle.
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2.3 Previous Work

Previously, Farhi et al.’s analysis of QAOA; for Max-3-XOR in 2014 showed that QAOA; is

expected to satisfy at least (% + %) m clauses on instances with m clauses where each variable

occurs in at most d of them. This surprising quantum result improved upon a longstanding classical
approximation algorithm by Hastad [Has00] from 2000, guaranteeing only at least (% + @) m

clauses. In 2015 Barak et al. [Bar+15] subsequently gave a classical randomized approximation

algorithm for Max-k-XOR with an expected performance of at least (% + %) m clauses. Farhi

et al. [FGG14a] soon thereafter provided an improved analysis showing that QAOA | matches this

bound within a &'(In(d)) factor, i.e., <% + W%) m. Substantial improvements in these results

are unlikely since Trevisan showed in 2001 that there is a constant ¢ > 0 such that a (% + ﬁ) =
approximation is NP-hard [TreO1].

For Max-Cut in 3-regular graphs, QAOA; is a 0.6924-approximation [FGG14b]; however,
Halperin, Livnat, and Zwick [HLZ02] give a classical 0.9326-approximation based upon an im-
proved SDP relaxation. Yet it is still possible that QAOA | may outperform classical algorithms on
specific instances of 3-regular Max-Cut.

2.4 A Comment on Sampling versus Optimization

Comparing the performance of QAOA against classical algorithms requires a bit of care. Farhi
and Harrow showed that QAOA,, for C corresponding to a classical 2-local CSP, can produce
quantum states that are hard to sample from classically [FH16]. However, QAOA is foremost an
optimization algorithm, and as such the most relevant performance measure is (y, B|C|y,B), as we
seek a state that maximizes C. Thus, although a classical algorithm may not be able to sample
from |y, B), it can still outperform QAOA as an optimization algorithm if its performance exceeds

(r.BIClY,B).

To further illustrate the distinction between sampling and optimization in the context of QAOA,
observe that for C defined above corresponding to Max-Cut, we may multiply any term %(1 —ZZj)
by (1+2ml/y) for an integer [ without altering the resulting state |y, [3). This observation can
be used to show that the states used by Farhi and Harrow to establish the classical hardness of
sampling from QAOA correspond to a multitude of weighted optimization problems, including
trivial ones.
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2.5 Results

We now summarize the results of our analysis found later in Section 2.6. Note, in our analysis we
consider QAOA’s simplest form (QAOA):

17, B) = e PBe=1Cg), (2.33)

Theorem 2.1 (Shown formally by Theorem 2.4.). For any 3-regular graph, there is a deterministic
linear-time classical algorithm that delivers at least as large a cut as QAOA, is expected to.

On the other hand, we show:

Theorem 2.2 (Shown formally by Theorem 2.3.). The expected number of edges cut by QAOA | on
a k-regular triangle-free graph with m edges is

11 Nz 1 03032

This improves upon classical randomized algorithms developed by Hirvonen, Rybicki, Schmid,
and Suomela [Hir+14] in 2014, with performance (% + w)m, and by Shearer [She92] in 1992,

Vk
with performance (% + 0%7)

Our results here are enabled by a new exact closed-form expression for the expectation of
QAOA, on any Max-Cut instance, G = (V, E). The expectation for an edge ij € E is

+ —sin(4) sin(7) [cos(}/)"”_1 + cos(y)df_l] (2.35)

(the proof of which is given in Lemma 2.2), where o, is the degree of a vertex u € V, and n;; are the
numbers of common neighbors of i and j, which is also the number of triangles in G containing the
edge ij. The parameters 3 and 7y are specified as input to QAOA |, and one typically chooses them
to maximize the expectation. We give precise values for f and y that maximize the expectation
of QAOA, on k-regular triangle-free instances of Max-Cut. Our formula helps shed light on the
features of a graph that influence the performance of QAOA ;. We note that the above result was
obtained simultaneously and independently by Wang et al. [Wan+17], who applied it in a different
context.
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2.6 Analysis of QAOA for Max-Cut

For Max-Cut on general graphs we obtain an exact closed-form expression for the expectation of
QAOA,. Since the objective function of a classical CSP can be written as a sum of tensor products
of Pauli Zs, we start our analysis by considering the following lemma.

Lemma 2.1. For |y, B) as defined as in Eq. with C as defined in Eq. and B =Y jcjn X;
as defined in Eq.

(v.BIZ"|y.B) =

(512 | ¥ () cos(2B) K Hsin(2B)HxE T

LCK

Proof. First note

exp(—2iyWuz") | |s)
MCin]
|MNL| is odd

(7.BIZX|y,B) = (s|e"CePBZK ¢iPBe—1C]s)

= (s\eiyceiﬁB { ® Zu] e*"ﬁBe*"VCM

= (s]e"
= (sl

= (s]en®

ucek

ugKeiﬁBZueiﬁB] efin|s>

g e

® Zu} |:® e—ZiBXu] e—in|S>
luek uck

= <s|ZKeWC l ® e_ZiBX”} e_i7C|s>,

uck

(2.36)

(2.37)

since e PX« and Z; commute if u # i and anticommute otherwise. Also, both ZX and e~** com-
mute since both are diagonal matrices.

Continuing, we have
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(s|ZKeiYC ® e_ZiﬁX”] e_iycls> =
luek

(s|ZKe"C -M?K (cos(2B) —iX, sin(ZB))l e Cs) =

(s|ZKerC ()M cos(2) K-t sin(28) I X T
)3

| LCK

e 1Cs) =

(s|ZX [Z ()M cos(28) K= sin(zls)'LlefchLeWC] |s) =

LCK

<S|ZK |: Z (,)\Ll COS(2ﬁ)|K‘_|L| sin(2ﬁ)|L‘

LCK
( H einMzM> XL( H efinMzM)] |s> _
MC[n] MC|n]
(s1Z5 | Y () cos(2B) K H sin2B) Xt TT  exp(—2iyWunz™) | Is), (2.38)
LCK MCln]

|[MNL| is odd

where the identity ¢/%4 = Icos(8) + iAsin(0) (assuming A> = I for matrix A) was used. Note that
if M = @, then [M NL| = 0; thus, M = & is not evaluated in the product. O

Restricting the claim of Lemma 2.1/ to the case of the Max-Cut problem results in the following
lemma.

Lemma 2.2. Let 0; be the degree of a vertex i €V, and let n;; be the number of common neighbors
of i and j. For|y,B) as defined as in Eq. with C = Y;icp (I —Z:Zj) and B= Yy X,

1. . o
(1, B1ZiZ)|7.B) = 5 sin®(2B) cos(y) "* @D (1 — cos(2y)")
— %sin(4ﬁ) sin(y) (cos()/)(”'_1 +cos(}/)6f_1> : (2.39)

whenij € E.
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Proof. Note that Eq. can be written as

m 1
C=21- Z 52iZj. (2.40)
ijeE

We then first consider evaluating (Y, B|Z:Z;|y, B). Applying Eq.2.36 of LemmaR.1\to (y, B|Z:Z;|v.B)
for Max-Cut, we get

(v:B|Ziz|v,B) = (slcos’(2B)Ziz;  []  exp(ivZiz)) (2.41)
\uvﬂugvfig odd
—sin(2p)cos(2B)ZY; H exp(iyZ.Zy) (2.42)
|uvﬂ?}’}}€|€s odd
—sin(2f3) cos(2B)YiZ; H exp(iyZuZy) (2.43)
|uvﬂl{4}}}€\li?s odd
+sin*(2B)YY;  []  exp(ivZiz)ls), (2.44)

uvek
Juvn{i,j} is odd

where we have used the identity Y = iXZ to simplify the expression.

To simplify further derivations, we defining the edge set

Ag = {uv € E| |[{u,v} N S| is odd } where S C V. (2.45)

For clarity, Fig. 2.1 depicts examples of edges sets Ag;y and Ag; ;1.

i j i j
[ L @ _’._:_' - -0
e
‘o

(a) Example Graph (b) Edges in Ay (c) EdgesinAg; j

Figure 2.1: Given the graph (a), the solid edges in (b) are the set of edges in Ayjy and the solid
edges in (c) are the set of edges in A{i, P That is, (a) and (b) are graphical depictions of the set of
edges (Ag) that are incident on the corresponding set of vertices (S) an odd number of times.

‘We then obtain
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(v, BIZiZj|v,B) = (s| cos*(2B)ZiZ;
—sin(2f3) cos(2B)ZY; H exp(iYZ,Zy)

uveA{j}
—sin(2f3)cos(2B)Y.Z; H exp(iyZuZy)
uveAn
+sin?(2B)YY; [] exp(ivZizy)|s). (2.46)

quA{iﬁj}

Note, the first term drops out since (s|Z;Z;|s) = 0 for i # ;.

We next derive closed-form expressions for (s|Y;Y; [HWE Ay e(iYZqu)} |s) and (s|Z;Y; |TLiwea i eUYZiZs) | |s):

an expression (s|Y;Z; [Hwe Ay e(i}’Zqu)} |s) will follow from the analysis of the latter.
We consider (s|Z;Y; [HWGA{J,} e(”’Z“ZV)} |s) first. Letting

o = (isin(y))/F! COS(')/)'A{1}|_|F‘ (2.47)

for F C A{j}, we have

<S|Zl'Yj H €iY(Z”ZV) |S> = <S|Zin H ei}/(Z_,-Z,,) |S>
MVGA{j} MjEA{j}

— (szi¥; [T (cos(nI+isin(1)Z;Z,)ls)
M_].EA{]-}

= <S’Zin Z (092 H Zqu|S>

FQA{J-} ujel

= Z aF<S|ZinHZqu|S>

FQA{J'} ujel
1
= Y oTr <®ieV§(I+Xi)> zyi [1ziz.|.- 248
FQA{]-} ujekl

Note, here we have used the fact that [+){+| = (I+X) /2 to replace |s)(s| with ®;cy 3 (I +X;).

The operator within the trace is a sum of tensor product of Pauli operators on each qubit, hence
the trace is proportional to the coefficient of the / term. The only way to obtain such a term is when
F 1s chosen so that it contains an odd number of edges incident upon each of i and j, and an even
number of edges incident upon all other vertices. The only such F C Ay jyis F = {{i, j} }.
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In other words, it is a necessary condition for non-vanishing terms that the product [, ;cr Z;Z,
yields the value Z;Z; to cancel the Z;Z; introduced by Z;Y; in the expression in the last line of
Eq. @ Given that sum on F is restricted to F C A{ i} (e.g., see Fig. @), the sufficient condition
that [1,jer Z;Z, yields Z;Z; is only met for F = {{i,j}}. Terms where F' # {{i, j}} necessarily
vanish.

Restricting the sum to F = {{i, j}} leads to

Z (XFTI' ((@ieV%(l +X,‘)> Z,‘Yj H iju>

FCA(p ujer

1
= a{ij} Tr <(®i6V5(1+Xi)) ZinZjZ,')

1
=0y Tr ((@ievi(l—%x,-)) in)

=10y
= —sin(y) cos(}/)'A{f}‘_l. (2.49)

The above, in conjunction with Eq. 2.48, yields

(s1zyv; | TT €% ||s) = —sin(y)cos(y) 27", (2.50)

uVGA{j}

The following may be derived analogously.

(s|YiZ; H V) |s>:—sin(y)cos(’y)m{"}'*l. (2.51)
MVGA{I-}
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It remains to analyze (s|¥;Y; |[Twea,, , %) | |s) . Following the derivation of Eq. 2.48:

Gy | TT e s)
quA{i_j}

= (s|¥; [ (cos(n)i+isin(y)ZiZ,)ls)

MVGA{I'J}

= Z OCF<s|YinHZqu|S>

FQA{I-_J-} uvel

=) aFTr((®ieV%(I+Xi))Y,-YjHZMZV>. (2.52)

FQA{LJ-} uveF

As with our previous derivation, the only terms of the sum that do not vanish are those for which
F C Ag;jy (for reference see, e.g., Fig. 2.1¢c) contains an odd number of edges incident upon each
of i and j, and an even number of edges incident upon all other vertices. Or, in other words, non-
vanishing terms only arise when the product [],,cr Z,Z, yields the value Z;Z; to cancel the Z;Z;
introduced by Y;Y;. Note that i ¢ Ay; jy; however, any path of length two from i to j results in a non-
vanishing term in the sum. So, for example, the product Z;Z, times Z,Z; ((i.e.,) F = {{i,a},{a, j}})
would survive as it would yield Z;Z;. Moreover, a union of an odd number of such paths also
yields a non-vanishing term. Let W;; C V be the set of common neighbors of both i and j (e.g., see
Fig. 2.2). Then each path of length two between i and j, (ik;kj), is in one-to-one correspondence
with a k € Wj;. Finally, observe that o only depends on |F|; we will use oy as shorthand for an
of with |F‘ =1,
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Figure 2.2: An example of W;;. Here W;; = {a,b,c}. That is, W; is the set of vertices that are
common neighbors to 7 and ;.

We consequently have

Y orTr (<®ievé (1 -I-Xi)) vy [1 Zuzv)

FQA{LJ'} uveF

1 .
= Z aZ\U\ Tr (<®i€V§ (I —{—Xi)) lXin)
UQVV,'J'Z
|U| odd

Wi
== ) %u=- ) ( o
USW,: 1<I<|Wl:

U/ odd 1'odd

—— 5 (M) st cost -
1<I<|W]: l

[ odd

= cos(y)l4e 2y (|W) (sin(y))" (cos2(y)) "™
1<i<wyl: \ L
1 odd
PPN
= cos(y)'A{iﬂj|*2|Wij| 1- (cosz(y) 2_ sz(?’)) !
! |Ag; i|—2|Wij| W, |
= yeos(n) I (1 - cos(2n)™) (2.53)

where, as mentioned, we use oy as shorthand for an oy with |F| = [ and the penultimate equality
follows from the identity

n — n n
)3 <l>qlp” '=((p+a)"—(p—a)")/2 (2.54)
[ odd
By Eq. 2.52, we have
(s]e~TCY;Y e 7C |s) = % cos(y) /At =2Wi (1 — cos(2y) ™ ') . (2.55)
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Combining Eq. 2.46 with Equations 2.50, 2.51, and 2.55 yields the claim of the lemma, since
ijeFE and |A{,-7 j}| = §;+ 0; — 2 (the number of edges shared between i and j not including the edge
ij). Recall that o, is the degree of vertex u and |W;;| = n;; is the number of common neighbors
between i and j. ([l

Corollary 2.2.1. The expected number of edges cut by QAOA, on a k-regular graph with m edges
s,
(€)=

(% — ;lsm (2B) cos ()2t (1 — cos(29)") + % sin(4f3) sin() COS('}’)k_l) m.  (2.56)

Proof. This follows from Lemma 2.2 since

[\)I'—'

(v.BIClv.B) =5 —5 ¥ (r.BlziZ;|v.B). @57)
ijek

O

Theorem 2.3. We may set B and 7y so that the expected number of edges cut by QAOA;| on a
k-regular triangle-free graph with m edges is

11 N2 1 0.3032

Proof. Since n;; = 0 for a triangle-free graph, Corollary 2.2.1 yields

(r.Bicty.B) = 5+ 5 sint@B)sin(p)cos(r " ). 259

We select f = m/8 to maximize the above. The quantity sin(y) cos()/)k*1 1s maximized when

sin(y) = ﬁ and cos(y) = % so that,

1 1 1\ 2
1 1 1 1 0.3032



where the first inequality follows since for k > 1, (1 — 1/k)¥"! > 1/e (see, e.g., page 435 of
Ref. [MR95]). Ul

Lemma 2.3. For a 3-regular graph with m edges, the expectation of QAOA is at most,

1 1
— 4\ m<0.6925m. 2.61
<2 3\@) - &5

Proof. For a k-regular graph, we observe that the i sin?(23) cos(y)Zk—Z(nin) (1

from Corollary 2.2.1]is non-negative, hence

—cos(27y)"7) term

(1.BICI.B) < (5 + 5 sn(4p)sin(r)cos(f ") m. .62

We obtain the result by using the values of § and y from the proof of Theorem 2.3 for k=3. [

Theorem 2.4. For any 3-regular graph, there is a linear-time deterministic classical algorithm
that delivers at least as large a cut as QAOA is expected to.

Proof. Locke [Loc82] gives a deterministic algorithm that yields a cut with at least %m edges in any
3-regular graph except K4. By Lemma 2.3, Locke’s algorithm outperforms QAOA on 3-regular
graphs, except possibly K4. The most time-consuming step of Locke’s algorithm for 3-regular
graphs is finding a Brooks’ coloring, which can be done in linear time [Sku02]. Ul

2.7 Conclusion

In conclusion, we analytically evaluated the performance of QAOA; on the Max-Cut problem.
In so doing, we developed a closed-form expression for the expectation of QAOA; for Max-Cut
on any simple graph (see Lemma 2.2). Restricting QAOA; on Max-Cut to k-regular triangle-
free graphs with m edges, we found the optimal values for the angles B and y. These angles

k=1
allowed us to determine that for k-regular triangle-free graphs (C) = <% - 21W (1—1) 2 ) m>

1, 03032
2Tk
[Wan+17]; however, our derivation differs from theirs and may provide further insight into fu-

ture analyses of QAOA. We observe that our analysis of performance of QAOA; on Max-Cut for
k-regular triangle-free graphs improves upon the currently known best classical approximation al-
gorithm for these graphs for £ > 3, which was developed by Hirvonen et al. [Hir+14] in 2014.

This classical randomized algorithm has a performance of C(z) = (5 + %)m

) m. These results were obtained simultaneously and independently by Wang et al.
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Chapter 3

Approximation Algorithms for Ground
States of Physically Motivated Hamiltonians

This chapter represents joint work of Sevag Gharibian and Ojas Parekh.

3.1 Introduction

The study of approximation algorithms for NP-complete problems is a central area of research in
theoretical computer science (see, e.g., [Hoc97; Vaz01]). Indeed, the field has seen breakthroughs
such as the celebrated Goemans-Williamson [GW95] 0.878-approximation algorithm for Max-Cut,
and the PCP theorem [AS98; Aro+98], which yielded a general framework for showing hardness
of approximation results. Here, an approximation algorithm A with ratio 0 < r < 1 is defined
as follows: Given an instance IT of a maximization problem with optimal value OPT, A runs in
polynomial time and outputs a value OPT satisfying rOPT < OPT < OPT. Focal points of study
in approximation algorithms are Boolean constraint satisfaction problems (CSPs) such as Max-
SAT and Max-Cut, in which one is roughly given a set of local constraints acting on k € O(1) bits
each (out of a total of n bits), and asked to compute the largest number of constraints which are
simultaneously satisfiable.

In the quantum setting, CSPs are naturally generalized by the k-local Hamiltonian problem
(k-LH) [KSVO02]. In the latter, one is given as input a local Hamiltonian H = ngn] Hg acting on
n qubits, where each local “clause” Hg acts on a constant number k of qubits denoted by subset
S C [n] with |S| = k. (Formally, Hs implicitly denotes operator I}, s ® Hs.) The goal (roughly) is
to estimate the smallest eigenvalue of H, Ayin(H), i.e. its ground state energy. Due to its physical
significance and importance for quantum complexity theory (5-LH was the first known QMA-
complete problem [KSV02], where QMA is Quantum Merlin-Arthur), k-LH has been a central
problem of study in the field of Quantum Hamiltonian Complexity (see, e.g. [Osb12; Gha+14] for
surveys).

Despite this, relatively little is known about the approximability of k-LH. What is particularly
interesting here is that there are now two notions of approximation one may consider — classical
approximation algorithms for QMA, or guantum approximation algorithms for either NP or QMA.
In this work, we consider both notions.
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3.1.1 Previous Work

Classical approximation algorithms for k-LH. A challenge in approximating k-LH is that the
ground state of H (the eigenvector corresponding to Amin(H)) may require exponentially many
bits to represent. Nevertheless, in 2009, Bansal, Bravyi, and Terhal [BBT09] gave a classi-
cal polynomial-time approximation scheme (PTAS) for k-LH on bounded degree planar graphs.
Gharibian and Kempe [GK12] gave a PTAS for computing product-state solutions to dense CSPs,
and showed their algorithm yielded a d'!~* approximation for dense k-LH on local d-dimensional
systems. Branddo and Harrow [BH13] then gave PTAS-es for k-LH in three settings: Planar,
dense, and low threshold rank. (The planar and dense settings are QMA-hard [OT08; GK12].)
Each of these results optimizes over a set of succinctly representable states, or an ansatz, specifi-
cally the mean-field or tensor product ansatz p = @/, p;. Note that while mean-field states cannot
capture entanglement, mean-field theory has proven remarkably useful in condensed matter the-
ory [Gha+14].

In addition to the above, very recently, Bravyi, Gosset, Konig, and Temme used [Bra+18]
techniques similar to ours to give a O(logn)-approximation algorithm for traceless 2-local Hamil-
tonians (again, in the maximization setting). This complements our results nicely: We provide
constant-factor (i.e. stronger) approximations for physical Hamiltonians such as the antiferromag-
net (as well as a generalization to non-traceless symmetric Hamiltonians in Section 2.3 of our tech-
nical version), whereas [Bra+18] studies the class of all traceless Hamiltonians, at the expense of
a weaker (logarithmic) approximation ratio. Both papers employ the same SDP relaxation, but use
different rounding schemes generalizing that of [GW94]. Together, the two works hence provide a
foundation for employing SDP relaxations for approximating 2-LH.

Next, we discuss Hamiltonians of infermediate complexity. Here, Bravyi [Bral5] and Bravyi
and Gosset [BG16] showed fully polynomial randomized approximation schemes (FPRAS) for
approximating the partition functionm of certain ferromagnetic models, such as the ferromagnetic
transverse field Ising model (ferromagnetic TIM). Bravyi and Hastings showed TIM is StogMA-
complete [BH14], for MA C StogMA C QMA.

Finally, an important related open question is: Does a quantum PCP theorem hold [Aha+09;
AAV13]? Recently, the “entangled non-local games” version of the PCP theorem has been es-
tablished under randomized reductions [NV 18], but the “hardness of approximation” version in-
volving approximating ground state energies of local Hamiltonians, which is relevant to this work,
remains open.

3.1.2 Our Results

In this work, we give two main results, which we now discuss. The first involves classical algo-
rithms for QMA, and the second quantum algorithms for NP. For clarity, the first result studies the
natural maximization variant of k-LH, in which one is given H and asked to estimate its largest

I'The ability to compute the partition function allows one in turn to solve k-LH.
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eigenvalue Am.x (H). We study this variant for two reasons (see also [GK11]): First, in the min-
imization setting, if Api,(H) = 0, the notion of an approximation ratio is not well-defined, and
second, the maximization setting allows us to naturally align with classical approximation algo-
rithms for CSPs such as Max-Cut. We remark that in the exact setting, computing Ay, (H) is
equivalent in complexity to computing Amax (H) since Amin(H) = Amax(—H) — thus, both max-
imization and minimization variants of k-LH are QMA-complete. In terms of approximability,
however, the complexity of both models need not coincide in general.

Classical approximation algorithms for the quantum Heisenberg model. An important task
in both classical constraint satisfaction and condensed matter physics is to solve constraint sat-
isfaction problems which arise from well-motivated constraint classes. For example, classically,
such an important class is that of Max-Cut. It turns out that in the quantum setting, Max-Cut has
a natural quantum analogue (in the context of k-LH), known as the quantum Heisenberg model.
The latter is a fundamental model in the study of magnetism, and has received attention for at least
almost a century now (e.g. the well-known Bethe ansatz of 1931 [Bet31]). Generally speaking, the
model is given by a 2-local Hamiltonian, defined in this paper as having constraints H;; acting on
qubits i and j of the form (see Section 3.2/ for formal definitions):

Hl'j:I—OCXi®Xj—ﬁYi®Yj—’}/Zi®Zj.

(Recall we study maximization, i.e. estimating Amax(H). Also, here X,Y,Z denote the Pauli ma-
trices.) Two important well-known special cases are the Heisenberg anti-ferromagnet (o« = 8 =
Y= 1) and XY models (¢ = 8 = 1, y = 0). The anti-ferromagnet, for example, is a notoriously
difficult model to solve, with solutions only known in the 1D [Bet31] and complete graph (see,
e.g., [CM16]) settings. Indeed, when non-negative polynomial-size weights are allowed on each
constraint, both models were recently shown to be QMA-hard [CM16; PM17].

Our first result is informally stated as follows (see Theorem 3.2 for a formal statement).

Theorem 3.1. Let a,,y € {0,1}. Then, there exists a randomized, polynomial time classical
algorithm which outputs a product state solution with ratio at least:

e 0.878 if a+ B+ y =1 (equivalent to Max-Cut),

e 0.649 if a+ B + v =2 (includes the XY model),

e 0.498 if a.+ B + v = 3 (anti-ferromagnet).
In fact, in Section 3.2.3 we generalize this algorithm to work for any 2-local Hamiltonian of the

form I — P, where P is traceless and contains no linear terms, and the representation of P in the
Pauli basis is an orthogonal projector. Formally, these are Hamiltonians of form:

Hij:=1-Y 04(qi1Xi+qi2Yi+q3Z) (911X + @ 2Yj + 41.3Z;),
<3

with o € {0,1}, Yy<3 qtzk =1 for all 7, and ) <3 g5 xq: x = O for distinct 5,7. Here, the variables
o, 00,03 play the same role as o, 3,7, and the approximation ratio obtained matches that of
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Theorem 3.1/ (i.e. depending on Y, o). Thus, in addition to the models listed in Theorem 3.1, we
are able to get (e.g.) a 0.878-approximation for Hamiltonians with constraints such as I — %(X,X 5t
XiZi+Z;X; -|-Z,'Zj>.

The significance of Theorem 3.1]is threefold. (1) The ratios 0.649 and 0.498 are almost optimal
in the following sense: We show that a product state ansatz can achieve ratios at most 2/3 and 1/2
for the XY model and anti-ferromagnet, respectively, in the worst case. (Our algorithm outputs
a product-state solution.) In contrast, note the naive “random assignment” strategy (i.e. choose
the maximally mixed state 7/2") yields ratios of only 1/3 and 1/4 for the XY model and anti-
ferromagnet, respectively. (2) As far as we are aware, our approximation algorithm is the first
tailored to a physically significant QMA-complete model (i.e. the Heisenberg model). (3) Our
efficiently obtainable approximation ratios for the XY model and anti-ferromagnet of ~2/3 and ~
1/2, respectively, imply that a quantum PCP theorem cannot hold for these models for these ratios,
unless QMA collapses to BPP. (Previously, a non-algorithmic ratio of 1/2 was known for models
including the anti-ferromagnet, via the Mixing Lemma of [GK11]. Unlike [GK11], however, we
show how to efficiently obtain ratio 0.498.)

3.1.3 Techniques

Classical approximation algorithms for the quantum Heisenberg model. As mentioned ear-
lier, since optimal solutions to k-LH may not have efficient descriptions, we must optimize over a
restricted ansatz or class of states; similar to previous works [BBT09; GK11; BH13], we choose
to optimize over tensor product (i.e. mean-field) states p = p; ® --- ® p,, for single qubit states
pi. (Note that optimizing over the mean-field ansatz is NP-hard in general, and thus highly non-
trivial.) Our approach uses the first level of a non-commutative generalization of the Lasserre SDP
hierarchy (used also in [BH13]) to approximate this optimization. In contrast to the techniques
of [GK11], our approach crucially relaxes not only the best product state objective function value,
but rather yields a relaxation of Apmax(H) itself (i.e. it relaxes the true optimal value). This is why
the ratios obtained in Theorem 3.2 can be close to optimal for a product state ansatz.

In addition to our approximation algorithm, we analyze the power of the product state ansatz it-
self for the Heisenberg model. Specifically, Corollary 3.1.1] gives general upper bounds on the best
ratio achievable by a product state for any setting of the parameters «, 8,y € R for the Heisenberg
model. Our approximation algorithm in Theorem 3.2 then shows these bounds are almost tight for
the cases of the XY model and anti-ferromagnet.

3.1.4 Open Questions

Many questions in the study of approximability in the quantum setting remain open. For example,
what are the best achievable approximation ratios classically for the Heisenberg model? Can tight
ratios of 2/3 and 1/2 be obtained for the XY model and anti-ferromagnet, respectively? Are there
non-trivial approximation algorithms for general k-LH? How well can one approximate “interme-
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diate” Hamiltonian models such as the anti-ferromagnetic TIM? Can one optimize approximately
over more general ansatzes than mean-field/product states, such as tensor network states? Can
quantum approximation algorithms provably outperform the best classical approximation algo-
rithms? Finally, does a quantum PCP theorem (in the sense of “hardness of approximation for
quantum CSPs”) hold? It is hoped that the current paper will act as a step towards resolutions for
some of these problems.

3.1.5 Notation

Let [n] :={1,...,n}. The sets 7 (Z"), Z(Z), and Z(Z") denote the sets of Hermitian, positive
semidefinite, and density operators acting on complex Euclidean space 2. For A,B € 5 (%),
we say A = B if A — B is positive semidefinite, i.e. A — B > 0. The spectral/operator norm of A is

£

denoted ||A]|., = tr(VATA).

3.2 Physically Motivated 2-Local Hamiltonians

Let G = (V,E) be a simple, undirected graph with |V| = n and |E| = m. In this section, we
study physically motivated 2-local Hamiltonians H based on the quantum Heisenberg model,
H = 2(,-71-)6,5 wijH;j for H;j = aX;X; + BY;Y; + YZ,Z; (more accurately, since we are in the set-
ting of maximization, we use local terms as given in Equation (3.1))), where we consider o, 3,7 €
{0,1} and w;; > 0. This includes QMA-hard special cases such as the quantum Heisenberg anti-
ferromagnet [CM16; PM17]. Here, X, Y, Z are the Pauli matrices

01 0 —i 10
(Vo) = (0) =0 b))

and X;,Y;,Z; refer to the Pauli matrices acting on the ith qubit (i.e., tensored with identity on all
other qubits).

Specifically, we consider the equivalent (in the setting of exact computation) maximization
variant where each local term is defined

and our goal is to estimate the largest eigenvalue of H = Z(i7 j)eE Wi jH;j with w;; > 0. This variant
is clearly still QMA-hard, and includes as a special case, for example, the canonical NP-complete
problem Max-Cut, obtained up to scaling by a constant factor of 2) by setting « =0, =0,y=1.

We now set definitions for the rest of this section. Let Fy, g , denote the set of all H with (non-
negative weighted) constraints of the form of Equation (3.1)), with parameters o, 3,y and on all
interaction graphs G (for all n > 0). For example, Fpg 1 denotes the set of all possible Max-Cut
instances. In this paper, we refer to the family F' = Uy g ye (0.1} Fo,p,y @s “the Heisenberg model”.
Let SEP = conv(®', p; | p; € Z(C?)) for conv(S) the convex hull of set S, i.e. SEP is the set of
fully separable quantum states on n qubits.
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3.2.1 Upper Bounds on Product State Ratios

As quantum states on n qubits generally require exponential space to represent, a classical approx-
imation algorithm for estimating ground state energies must generally optimize over a restricted
class of quantum states, or an ansatz. Our ansatz in this section will be to optimize over SEP. To
formalize this, we first define the notion of a product state ratio.

Product state ratio Let H € .77 ((C?)®") be a Hermitian operator with largest eigenvalue OPT(H) =

Amax (H ), and let

OPTyprod(H) 1= Jmax tr(Hp).

By convexity, the optimal p here is a (pure) product state. The product state ratio is defined as
OPTypr0q(H)/OPT(H). For the Heisenberg model in particular, for any fixed o, 8,y € {0,1}, define

T — min OPTprod(H )
%PV Hek,s, OPT(H)

the worst-case product state ratio over all Hamiltonians in Fy, g .

By definition, I'y g , yields an upper bound on the best approximation ratio achievable by any
approximation algorithm using a product state ansatz. It is thus crucial to understand I'y, g ,, which
we now do for the Heisenberg model. For this, we first give two lemmas which fully characterize
the optimal product state ratio on a single edge. Note the characterization we give is more general
than how we defined the Heisenberg model here, in that it applies for any a, 8,y € R. The proofs
of both lemmas are deferred to Appendix B.1.

Lemma3.1. Let H = oX QX +BY @Y +yZ&Z for a, B,y € R. Then OPTpr0q(H) = ||(, B, 7)]|co-
Lemma3.2. Let H=0X QX+ BY QY +vZRZ for o, B,y € R. Then

OPT(H) = max(|a — B| + v, + B[ = 7).

The following corollary now follows essentially immediately from Lemmas and 3.2.
Corollary 3.1.1. Forany a,B,y€ R,

1+maX(|O“»|B|a|?’|)
Vet = T max(ja— Bl -y, e+ B+ 9)

Proof. Combine Lemmas 3.1 and 3.2 with the following additional observation: The values «, 3,7,
as defined for Fy g ,, should be interpreted as —a, —f, —y for Lemmas and 3.2/ due to how
Equation 3.1]is stated. As a result, the positions of the y and —7 terms are swapped in the result of
Lemma 3.2. O]

We thus have the following for the special case of the Heisenberg model we consider here (i.e.

a?ﬁ?’}/e {071})'
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Corollary 3.1.2. Forany o, 3,y € {0,1}, if:

e a+f+y=1thenTyp,=1
e a+f+y=2thenTyp,<2/3.

e a+B+y=3thenlypg,<1/2.

Proof. When a, 3,7 € {0, 1}, the bound of Corollary simplifies to

2
Copy<—— ),
GEY=T+a+B+y

from which the upper bounds claimed follow. The matching lower bound for ¢ +f +y =1
is obtained since H can be mapped via local Pauli gates to H' € Fyo, i.e. H’ is diagonal in
the standard basis. Thus, product states are optimal in this case. For example, applying local
Hadamard gates to each qubit maps any H € Fj o to H "e Fo,0,1. (A matching lower bound can
also be obtained for ot + 8 4 ¥ = 3 by observing that H;; = 0, and using the general result that
any local Hamiltonian H’ (not necessarily from the Heisenberg model) with positive semidefinite
constraints satisfies OPTpoq(H')/OPT(H') > 1/2 [GK11]. However, unlike Theorem 3.2, the
lower bound of [GK11] is not known to be efficiently achievable.) O

3.2.2 Almost Optimal Mean-Field Approximation Algorithms

In Section 3.2.1, we gave upper bounds on I', g, for the Heisenberg model. In this section,
we give almost matching algorithmic lower bounds on I, g , when o + B + 7 € {2,3} (recall
o+ B +7y=1is equivalent to Max-Cut, and so Iy, g ,, = 1). Specifically, we give an approximation
algorithm which is almost optimal in the following sense: Given H € Fy g 4, it outputs a product
state Pprog With approximation ratio at least 0.649 and 0.498 when o + 8 + ¥ equals 2 and 3,
respectively, which by Corollary almost matches the best possible mean-field ratios of 2/3
and 1/2, respectively.

Theorem 3.2. Let H € Fy g o for a3,y € {0,1}. There exists a randomized, polynomial-time
algorithm which obtains approximation ratios at least 0.878, 0.649 or 0.498, when oo+ B +y
equals 1, 2 or 3, respectively.

Proof. Suppose H has interaction graph G = (V,E) for |V| = n and edge weights w;; > 0 for
(i,j) € E. We first define a semidefinite programming (SDP) relaxation of OPT(H) via the first
level of the Lasserre hierarchy (see, e.g., [BH13] for a similar exposition for the setting of low
threshold rank graphs). We then show that applying a generalization of the Goemans-Williamson
(GW) [GW95; BOFV 14] rounding scheme yields the desired result.
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The SDP Each solution of the SDP relaxation will be a “moment matrix” M € R3"*3" whose
rows (resp., columns) are indexed by 2-tuples (i,k) € [n] x [3] (resp., (j,I) € [n] x [3]) such that
ideally, i,j denote qubits, and k, j a choice of Pauli matrix from sequence (07, 02,03) = (X,Y,Z).
Under this interpretation, an ideal solution M corresponds to a density matrix p € 2((C?)®"), such
that .

M(ik, jl) = tr(poioy), (3.2)

where o corresponds to Pauli operator oy applied to qubit i, i.e. implicitly we have 6} I\ (-

Let us remark about the assumption that M is real. Note that for an ideal solution (i.e. as
in Equation (3.2)), M is Hermitian. Indeed, for i # j, M(ik, jl) = M(jl,ik) € R, since the Pauli
terms act on different qubits and hence commute. (A similar argument holds fori = j and k = [.)
If, however, i = j and k # [, then since the Pauli matrices anti-commute, we have M(ik, jl) =
—M(jl,ik), and indeed M (ik, jl),M (]l ik) € C\R (since, e.g., XY = iZ), implying M (ik, jl)* =
M(jl,ik) (thus M is Hermitian; here, * denotes complex conjugate). Note, however, that the case
of i = j and k # [ corresponds to linear local terms, i.e. those of the form G]i, and these are the only

non-real entries of M. Since our objective function involves only quadratic local terms (i.e. G,icl]
for i # j), we can hence eliminate entries of M with i = j and k # [ by replacing M with moment
matrix M’ = (M + M*) /2, which is real and matches M on all entries with i # j (as well as on i = j
and k = ). The real symmetric matrix M’ is positive semidefinite if the Hermitian M is, and M’
results in an equal objective value to that of M, hence the restriction to real moment matrices is
without loss of generality.

We have thus far described the ideal solutions, M. Next, we add constraints to the SDP to help
enforce this ideal interpretation of M:
1. Foralli € [n],k € [3], set M(ik,ik) = 1, since ideally M (ik,ik) = tr(po,o;) = tr(p) = 1.

2. For all i € [n],k # 1 € [3], set M(ik,il) = —M(il,ik), since distinct Pauli matrices anti-
commute.

3. Set M > 0. This is since, ideally, for all s € R3", we have

sTMs = Zs,ks]lM(lk Jjl) —tr( (Zs,k6k> (Zsﬂcrl>> pSZ) 0, (3.3)

ijkl

where S := Y six07, and since p,S* = 0.

Finally, the relaxed objective function is obtained by replacing each term tr(p G,ﬁO‘lj ) with M (ik, jl).
For example, the relaxed objective function for Fy 1 | becomes Y. ; jycpwij(1—M(il, j1)—M(i2, j2) —
M(i3, j3)).

Let us remark that our formulation is essentially the first level s = 1 of the Lasserre SDP
hierarchy. Higher levels s > 1 are obtained by considering s-local terms for the moment matrices,
1.€. M(ilkl,. 25 ,isks) = tr(poﬁ e G]:)
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Rounding solutions to the SDP Given any solution M to the SDP, we take the Cholesky de-
composition of M to obtain a set of vectors vz € R for i € [n] and k € [3], such that M(ik, jl) =
viiv ji- Since M (ik,ik) = 1, each v; is a unit vector. Now, our aim is to round M to a product
state solution Pproq = P1 @ --- @ P, on n qubits. Thus, writing p; in terms of its Bloch vector
pi = (I +ryX + rpY +r3Z) /2 each vy should be thought of as a 3n-dimensional relaxation of
rix € R. For any v € R", w € R™, define operation

0 ifv=0andw=0

% ifv#0andw=20
vow =

w iftw#0andv=0

I, whT  otherwise,

where (vI',wT)T € R"™ denotes the concatenation of v and w. Recalling that H € Fy p.y for

o,B,y € {0,1}, we now set
ui = (avi) o (Bvin) o (yviz) € RO+,

This yields first that w;;(1 — u! u;) equals the term in the relaxed SDP objective function for H
corresponding to edge (i, j) € E. For example, if H € Fy 1 o (i.e. the local terms are w;;(/ — X;X; —
YiY;)), then u; € R?" and for edge (i, j) € E we have M(il, j1) +M(i2, j2) = ul u;. Second, we

have ||ui|, = o+ B +7.

To obtain the desired claim, define now x; = u;/||u;||,. We use a generalization of the Goemans-
Williamson (GW) [GW95] rounding procedure due to Briét, de Oliveira Filho and Vallentin [BOFV 14].
Specifically, we randomly round each x; € R(@B+1)" 1 a Bloch vector y; € R*TB+7 as follows.
Let M be a random (o + 8 +7) X (a + B + v)n matrix, each of whose entries is chosen indepen-
dently from a standard normal distribution with mean 0 and variance 1. Then, for each i, set

yi = Mx;/||Mxi]|, € R#HPHY.

We map this to a (pure) single-qubit state p; as follows. Let /(k) be the index in sequence (a, 8,7)
of the kth non-zero entry (if it exists), for k € {1,2,3}. Then, set the /(k)-th Bloch vector entry
of p; to y;x. For example, if & = 8 =y =1, this yields p; = (I +y;1 X +yi2Y +yi3Z)/2, if
o= =1and y=0, this yields p; = (I +y;1X +yi2Y)/2,and if @ = B = 0 and y = 1, this yields
pi = (I+Yi1Z)/2 (note the subscript 1 in y; ;). For ease of exposition, henceforth we refer to the
Bloch vector for p; as rj = (r1,r2,r3), where the entries of r; which are not set in the rounding
scheme above being implicitly set to 0. For example, r; = (yivl, ¥i2,Yi3)s ti = (Vi1 yi,g,O), and
r;i = (0,0,y; 1), respectively, in the examples above.
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Approximation ratio. To analyze the approximation ratio obtained, note that for edge (i, j) € E,
we have

Wl'j
wijtt(HijPproa) = =~ w(Hy(I+rinXi+ripYi +risZi) (L +rj1Xj+1j2Y; +1j3Z;))
o
= %tr((l— OCX,‘X]' —ﬁYij = ’}/Z,'Zj) .
U+ riaXit+ripYi+risZi) (I +rjaXj+rj2Yj+r3Z)))
wij(1 —ariirj1 — Briarja —vriarj3s)
= wij(1=yi-y;)).

On the other hand, recall the SDP obtains value w;;(1 — ul'u j) on edge (i, j) € E. For brevity,
let Fu-v] denote the right hand side of Equation (Lemma in Appendix B.2), such that
Lemma says E[u-v] = Flu-v] (in the notation of Lemma B.1, r = a + 8 + 7). Then, by
linearity of expectation, the expected approximation ratio is given by the expected ratio attained
on each edge, which is

1-Ely;-y;] 1-Flyi-y]  1-Fliy]  1-F[]

l—u;-uj l—u,--uj _1—(a+B-|—}/)x,--xj_1—((x+ﬁ—|—}/)t’

where we defined 7 = x; - x; (note the value of ' only depends on 7; see Appendix B.1)). Numerically
evaluating via Mathematica (see Appendix for Mathematica code)

; 1 —Flt]
min ,
tel-11/(at+p+y) 1 — (€ +B+7)t

we obtain ratios of 0.878 (for o+ +7vy= 1), 0.649 (for a+  +y=2), and 0.498 (fora+ B + vy =
3), respectively. Note we minimize overz € [—1,1/(a+ B + 7)), since fort € [1/(ot+ B +7),1]
the ratio can only be negative (the denominator is negative, and the numerator is in range [0,2]).
This completes the proof. [

3.2.3 Approximation for a Broader Class of Hamiltonians

Here we extend the results of the previous section to address 2-local Hamiltonians of the form:

Hij:=1-Y 04(qi 1 Xi+qi2Yi+ 932 (911X + q:.2Yj + 41.3Z;),
1<3

with oy € {0,1}, Yi<3 qrzk =1 for all ¢, and Y;<3¢sxq:x = O for distinct s,¢. The variables
oy, 0,03 play the same role as o, B,y from the previous section, and the approximation ratio
depends on ) ; o and as indicated in Theorem 3.2. For example, we get a 0.878-approximation for
the Hamiltonian I — 3(X;X; + X;Z; + Z:X; + ZiZ;).

Given a Hamiltonian as above, we define vectors ¢g; := (q,71,q,72,qt,3) € R? and construct a
matrix Q :=) ;<3 a:q:q] € R¥3. Observe that by the conditions on ; and ¢, Q is an orthogonal
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projector. We diagonalize, Q = PDPT, where P € R3*3 is an orthogonal matrix, and D € R3*3 is
a diagonal matrix with entries in {0, 1}.

Suppose we are given an instance on an interaction graph G with Hamiltonian H;; acting on
qubits i and j for all (i, j) € E. We appeal to the semidefinite relaxation of the previous section;
however, the objective function will be based on the Hamiltonian H :=} (; j)cg Hij. We employ
the vector perspective of the SDP relaxation, where the variables are vectors v;; € R". The index
i corresponds to a qubit, and k indicates one of the three Pauli bases, as in the previous section.
The v;; are related to the moment matrix M by a Cholesky decomposition. For convenience, we
will also define V; € R"*3 as the matrix whose kth column is vj. The following is equivalent to the
relaxation from the previous section:

max ), (1= Y () awqearvivin) = ), (1-t(QV'V)))
(i,J)eE k1<3 <3 (i,j)€EE
vivi =1, foralli € [n], k € [3]
vk € R, foralli € [n], k € [3].

We henceforth let v;; refer to an optimal solution to the above relaxation.

In order to appeal to the rounding algorithm devised in the previous section, we introduce a
modified Hamiltonian of form (3.1)), as previously analyzed. In particular we replace each H;; with
H;ij:=1—D1X;X; —D;,Y;Y; — D3 3Z;Z;. This yields a relaxation akin to the above with objective
Y j)e p(l—tr (D‘ZTVJ) ), Where 7, € R” refer to a set of feasible vectors for the above relaxation,

and V; € R™3 has 7 as its kth column.

Our algorithm is as follows.

1. Obtain optimal vectors vj; € R" for the relaxation with objective H.

2. Employ the rounding algorithm from the previous section on the 7 to yield Bloch vectors
y; € R3.

3. Output the Bloch vectors y; := Pj; € R3.

To see that this algorithm produces a product state matching the approximation ratios from Theo-
rem 3.2, we observe that tr(QV/V;) = tr(PDPTVV;) = tr(D(V;P)" (V;P)). This implies that if
the V; represent a feasible solution to the relaxation with objective H, then setting Vi:= VP yields
a solution of the same objective value for the relaxation with objective H (recall that P is orthog-
onal). The other direction holds as well, and consequently, the relaxations with objectives H and
H must have equal optimal values. A similar argument shows that the y; produced in Step 3 of the
algorithm are feasible for the relaxation with objective H and have the same cost that the §; have
for the relaxation with objective H.
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Chapter 4

Conclusion

Through two bodies of complementary work, we have demonstrated that (1) advances in quan-
tum algorithms can be brought to bear to provide rigorous approximations to discrete optimization
problems, and (2) advances in discrete optimization can be brought to bear in approximating low
energy states of quantum systems. We feel that our work is a prelude to deeper interactions be-
tween discrete optimization and quantum computation. Aside from technical hurdles, there is an
inherent challenge in bridging two fields with rich but disparate cultures. We have used the exper-
tise developed within this project to secure follow-on opportunities to continue bridging discrete
optimization and quantum information science.
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Appendix A

A Brief Introduction to Quantum
Computation

This chapter, appearing Ciaran Ryan-Anderson’s Ph.D. thesis [RA18], presents the notation used
in this dissertation by giving a brief introduction to the language of quantum computation (QC)—
quantum mechanics. As the primary intent of this chapter is to present notation, the style of this
chapter will be that of giving a high-level survey rather than discussing the subject in a rigorous,
axiomatic fashion. Therefore, this chapter may serve as a quick overview of quantum computation
for those outside the field.

For curious readers who might be interested in arguments about why nature’s choice of the
axioms of quantum mechanics might make sense, see Aaronson’s book [Aar13]. For short in-
troductions to QC for non-physicists see [RP98], [Nanl17], and [Lan18]. More comprehensive
presentations of QC can be found in works such as [Mer07; RP11; NC11; Will3; Pre98].

The organization of this chapter is as follows: In Section A.1}, I introduce the representation of
noiseless classical and quantum states, i.e., bits and qubits. Then, I discuss the evolution and mea-
surement of qubits. In Section |A.2, I present how quantum states and operations are represented
pictorially. In Section |A.3], I discuss a formalism for describing noisy quantum-systems. Finally,
on Section |A.4 I give a brief comparison between classical and quantum computation.

A.1 Ideal Classical and Quantum Systems

A.1.1 Classical States

Before discussing quantum systems, I will start by presenting how the states of digital computers],
which are so ubiquitous in modern life, are represented. The fundamental unit of information in
classical information theory is the binary digit, or biz. This unit takes the value of O or 1; therefore,
a single bit is represented as a one-dimensional vector of the set {0,1}. Alternatively, a bit is
represented as an element of {TRUE,FALSE} or {+1,—1}.

By “digital computer,” unless otherwise indicated, I will mean a binary, transistor-based computing device with
finite memory.
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Physically, bits can be represented by two-level classical systems such as the on-off states of
switches, the up-down spins of magnetic domains, or the not-charged (1) or charged (0) states of
floating gate transistors in NAND solid-state drives (SSDs).

In the parlance of theoretical computer science, digital computers are finite-state machines (al-
though given the large size of a typical digital computer’s memory, they are practically equivalent
to Turing machines, whose memory is formally infinite). The state of these devices is represented
as a binary vector, or binary string, z € {0,1}". Here {0, 1}" is the set formed by taking the n-fold
Cartesian product of {0, 1}. Often, a sequence of bits is presented as a concatenation

Z2=2122" " Zn, (A.1)

where z; € {0, 1}. For example, z = 101010 = (1,0,1,0,1,0) € {0, 1}°.

A.1.2 Quantum States

The quantum analog of the bit is the quantum bit, or qubit. A pure qubit state is represented by a
two-dimensional vector in C2. As I discuss later, a norm is defined for the complex vector spaces
of which quantum states are elements. Thus, such a space is a Hilbert space (commonly denoted
as #Z). Qubits can represent any physical two-level quantum-system, which include the spin of an
electron, the ground and excited energy-levels of an atom, or the polarization of a photon.

Qubits may be generalized to d-level quantum states, known as qudits, or even to non-discrete,
infinite-dimensional states; however, this work focuses on qubit systems.

A standard choice for the basis states of a two-level quantum system is described by the notation
|0) and |1), known as the computational basis. Here the ket, |-), of the Dirac notation [Dir39] is
used to represent vectors. The notation was developed to facilitate expressing the linear algebra of
Hilbert space. Note that the Dirac notation can be used to represent binary vectors as well. For
example, a bit can be represented as an element in {|0), |1)}, and a bit string z is equivalent to |z).
However, kets tend to be reserved for indicating that a vector is a member of a Hilbert space rather
than just an element of {0, 1}".
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Besides the ket of the Dirac notation, computational-basis states can also be represented as
column vectors, where

0) = [(1)] and |1) = m . (A2)

Written in terms of these basis states, a general pure state |y) can then be described as a vector

) = al0)+BI1) = 5] (A3)

where the coefficients o, § € C and |a|* +|B|* = 1. The last condition is known as normalization.
As we will discuss later, normalization is a useful condition that allows the complex coefficients
of the basis states to be related to the probability of measurement outcomes. Note that these
coefficients are often referred to as amplitudes.

The computational basis is not the only possible basis. I discuss two more common bases when
introducing the Pauli matrices in Section|A.1.3.3.

A collection of 7 qubits can be represented as unit a vector in the vector space C%* = (@2) B
the n-fold tensor product of the vector space C> (C x C). A basis for such a vector space is the
n-fold tensor product of single-qubit computational-basis states. So, for example, a basis for a
two-qubit state would be

10)1 ©10)2, [0)1 @[1)2, [1)1 ®10)2, and [1); @ 1), (A4)

where the subscripts identify qubits. It is common to drop the tensor product and allow the order
of the vectors to identify qubits. Thus, the set of basis vectors in Eq. A.4| are often presented as

100), [01), |10), and [11). (A.5)

In terms of the n-qubit computational basis, a general n-qubit state is described as a vector

®0o---00
®00---01
v)= ) «l=| " | (A.6)
{01} 1111
where for all the amplitudes ¢, € C and the normalization condition is
Y el =1 (A.7)

z€{0,1}"
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Note, unless otherwise stated, the vectors and matrices presented in this work are written in
terms of the computational basis using standard positional notation, where bit strings labeling
the computational-basis states start at zero, the value of each successive string increases by one,
and the significance of the bits increases from right-to-left. Also note, that Eq. A.6 could just have
easily been written in terms of any basis that spans the space.

The dual of a qubit vector is represented in Dirac notation as a bra, (-|. The bra of a state |y)
is the conjugate transpose of |y). For example, the dual of the state |y) as defined in Eq. is
the bra or row vector

wi=lw)i=(v"' = Y & @d=[%.0 %01 - .11l (A.8)
26{01}"

where * is the complex conjugate, 7T is the transpose operator, and T is the conjugate transpose.

In Dirac notation, an inner product between states |y) and |@) is notated as (y|¢@), where,
given two vectors |w) =Y ;| j) and |¢) =¥ ; ¢;|j) expressed in the same basis, the inner product
is defined as

¢
wio) = wlio)=vi vi - vil|7| =Lvie, (A9)
ol 7

As we will see, the inner product is useful in defining things such as normalization and prob-
ability of measurement outcomes. Note that since (| is a bra and |¢@) is a ket, the inner product
(A|w) is also known as a bra-ket. This is an example of physicist notation-humor.

Like the inner product, an outer product, also known as a dyad, is simply defined as

Vior vior o vig,

Vi *
wiel= | : |1or o o= V0 W% Wl (A10)

Yin ll/n¢1* Wn‘l’z* %4’3{

where the vectors |y) and |@) are defined as they were in Eq.|A.9.

Given a set of basis vectors {|j)} that span a Hilbert space ¢ = ({|)})¢, where ()¢ is the
span over the field C, it is clear that the identity matrix for /7 is

=YLl (A.11)
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This equation is known as the resolution of the identity. We can see that by linearity / ,» sends any
vector in 7 to itself. Often, the subscript indicating the Hilbert space of an identity is dropped
and is understood by context. Also, it is common to equate / with the scalar 1.

Using the inner product, the Euclidean norm, also known as the 2-norm, of a vector |y) is
written as

) ll, = v {vly). (A.12)

Note, other norms can be defined and are distinguished by subscripts such as 2 for the Euclidean
norm. In this work, if a norm for a vector is not identified by a subscript, it can be assumed that
the Euclidean norm is being used.

Likewise, norms of operators can be defined. If a norm of any operator A on some Hilbert
space ¢ is not specified in this work, then ||A|| is taken to be the operator norm defined as

1A]lop = sup{[AlW)[ [ VIw) € 2, [[lw)l| = 1}. (A.13)

The Euclidean norm is used to define a unit vector. Such a vector |y) has the property

[ly)| = 1. (A.14)

Note that Eq. [A.14 is equivalent to Eq. A.7.

Two vectors |y) and |@) are said to be orthogonal if and only if

(y]¢) =0. (A.15)

A set of distinct vectors are said to be orthonormal if and only if for any pair of vectors | j) and
|k) in the set

(jlk) = 0;;. (A.16)

A.1.3 Dynamics

Now that I have presented a representation of pure states, I now discuss how states evolve through
time. That is, how the amplitudes of states change. The evolution of states is described by operators
that act on states. As states can be represented as complex vectors, linear operators can be repre-
sented as complex matrices. See [AL98; Aar(5; Aarl3] for arguments why quantum mechanics is
linear.
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A.1.3.1 Schrodinger’s equation

The evolution of a closed quantum system is described by Schrodinger’s equation

H() ly) =i A1)

where H is an operator known as a Hamiltonian. A Hamiltonian is a Hermitian operator that
describes the energy of the system. A Hermitian operator A is a matrix such that A = AT. A
Hamiltonian is defined as

H(t) =} Ej(t) i)l (A.18)
J

where E;(t) € R and the vectors {|j)} form an orthonormal basis, which are known as energy
eigenvectors. Note, in this dissertation I will assume that basis vectors are time-independent; how-
ever, one may also consider basis vectors that are time-dependent. The (possibly time-dependent)
eigenvalues E (1) are referred to as energy eigenvalues. The expectation of the Hamiltonian H (¢) of
a system is the classical energy of the system (see Section |A.1.4 for how to calculate an expectation
value).

Note that Eq. |/A.18|is a natural definition for a Hamiltonian operator since it assigns real num-
bers E(t), representing amounts of energy, to eigenvectors. Given this definition, the Hamiltonian
H must be Hermitian since

H) =Y Ej@0)* 1))l = ZE —H(t). (A.19)

J

Note, by the spectral decomposition theorem (see Chapter 2 of [NC11]), all Hermitian opera-
tors can be described by Eq. |A.18. Thus, all Hermitian matrices can be identified as Hamiltonians.

A.1.3.2 Unitary Evolution

While dynamics are physically implemented through Hamiltonians, it is often useful to think about
dynamics in terms of the evolution operators that Hamiltonians induce. Such evolution operators
that take a state |y/(1p)) to state |y(¢)) are define as

|W(t)> = U(t7t0)|W(tO)>7 (A.20)

where U(1,t) is a unitary operator. A unitary operator U is represented as a matrix such that
U~!'=U". Thus, UUT = U'U = I. Note, here I have suppressed the time dependence for the
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unitaries. [ will often drop the dependency when it is unnecessary or cumbersome.

The class of unitary operators is the class of square matrices that leaves the norm of kets
unchanged since

1Uw) | =/ (wUTU ) =/ (wlw) = [[|[w)]l. (A.21)

This implies that the association of probabilities to the square of amplitudes of basis vectors still
holds after the evolution of a state by a unitary operator.

The differential formula that relates a Hamiltonian H to the unitary operator U is given as

L dU(t,1)

H(t) Ul(t,tg) = ih & (A.22)

with the boundary condition that U (¢o,#p) = I.

The solution to Eq.|/A.22 depends on the time-dependence and the commutativity of the Hamil-
tonian with itself. The general solution to Eq A.22 is

; t
Ult,t0) = T exp(—% dt H(1)) (A.23)
)
%) _l- n t T TZ
=1+) (—) /drn dt,_1--- | dtH(t)H (%) - -H(T,), (A.24)
n=1 hi To Iy fo

where .7 is the time-ordering operator, which is defined as

A(n)B(ty) ifty>1

. (A.25)
B(t1)A(t;) otherwise.

TA(2)B(1) = {
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Two operators A and B are said to commute if and only if the commutator

[A,B] = AB— BA (A.26)

is equal to zero.

If for all times ¢; and 12, [H (1), H (r2)] = 0, then effectively the time-ordering operator (Eq A.25)
acts like identity. Thus in such a case, Eq.|A.23| simplifies to

U(t.10) = exp{ 1 "dTH (D). (A27)

To

It is clear that if the Hamiltonian is time-independent, then Eq.|A.27 further simplifies to

Ult, 1) = exp{—%H it 1]} (A.28)

Note, the interval between two times is often notated as Af = ¢ — .

One can easily prove that U (t,1y), as defined by equation A.23,|A.27, or A.28, must be unitary
if H is Hermitian (which it is by definition).

Note, so far, I have explicitly included Planck’s constant 7 ~ 1.0546 x 10734 Joule seconds:
however, in QC it is common to choose units such that # = 1. In this work, I often follow this
convention.

In the following sections, I discuss unitaries that are commonly used in the study of quantum
information.
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A.1.3.3 Single-qubit Unitaries
A particularly useful set of single-qubit unitaries are the Pauli matrices, which are

61:XE[(1) (1)],02:1/5[? Bi},andcrg:ZE[(l) _01] (A.29)

Although not technically a member of the Pauli matrices, the single-qubit identity

10]

q=1=p | (A.30)

is often informally considered a Pauli matrix. In this work, I also include I as a member of the
Pauli matrices.

As these matrices are ubiquitous in quantum information text, it is useful to highlight some
of their properties. The Pauli matrices are Hermitian matrices that square to identity. Excluding
identity, the Pauli matrices anticommute with each other. That is,

0,0j = —0j0;. (A.31)

In terms of the anticommutator

{G,',Gj} = 0,0+ 0;0;, (A.32)

this can be alternatively stated that for all i and j, {0, 0;} is equal to zero when i # j and i, j # 0.

The Pauli matrices may serve as observables in measurements. The eigenvectors associated
with the non-identity Pauli measurements are commonly used basis-vector sets.

The Pauli Z operator is defined as

Z = [0)0| — |1)(1]. (A.33)

Thus, the associated basis vectors of Z are the eigenvectors |0) and |1) with eigenvalues +1 and
—1, respectively. Therefore, the computational basis is also known as the Z-basis. As the unitary
Z adds a —1 phase to a |1) state and leave a |0) alone, Z is also known as the phase-flip operator.

The Pauli X operator is

X =) =101 (A.34)



where the eigenvectors

1

[+) = —=(10)+[1)) and [-) = —=(]0) - [1)) (A.35)

)
5l-

2 2

with eigenvalues +1 and —1, respectively. This basis is therefore known as the X-basis. The
operator X can also be written as

X =[0)(1[+[1)0] (A.36)

Therefore, X is known as the bit-flip operator.
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The Pauli Y operator is given as

Y = |[+i)(+i| — |—i){(—1], (A.37)
where the eigenvectors

1
V2

1

|+i) = 7

(10)+i|1)) and | —i) = (10) —i|1)) (A.38)

with eigenvalues +1 and —1, respectively. Since Y = iXZ, the operator Y performs both a bit-flip
and phase-flip.

Another common operator seen in quantum information is the Hadamard gate, which is defined
as

H= 0+ 1] = 0+ 0 =5[] ) (A.39)

Thus, the Hadamard exchanges the basis states |0) and |+) as well as the basis states |1) and |—).

Two other common unitaries used in quantum information are roots of Z. The first is known as
the phase gate, S, which is defined as

S=vVZ= [(1) ?] — 0)0] +7[1)(1]. (A.40)

The other commonly used root of Z is the 7" operator,

T=+7= {(1) e,-,?/é@ = ]0)(0\+ein/4’1><1|. (A41)

A.1.3.4 Two-qubit Unitaries

One of the simplest two-qubit unitaries is the SWAP operator. The SWAP operator simply ex-
changes the state of two qubits. That is, in the computational basis SWAP maps

100) — [00),[01) — [10Y,]10) — [01), and [11) — |11). (A.42)
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The SWAP gate is equivalent to the matrix

SWAP = , (A.43)

OO~
oO—O O
SoOo—O
—OoOo O

with respect to the computational basis.

Other common two-qubit operations are controlled unitaries. For each of these operations,
one qubit is called the “target” qubit and the other, the “control” qubit. These controlled unitaries
have the property that if the control qubit is in the |0) state, then identity is applied to the target
qubit; however, if the control qubit is in the |1) state, a single-qubit unitary is applied. This can be
expressed as

CU=[0)0| @I+ |1)(1|®U, (A.44)

where the tensor product has been suppressed.

One of the most commonly discussed two-qubit operations is the CNOT or controlled-X (CX).
This unitary is equivalent to

1 000
eNOT = ool 1+ 1)(1|@x = |3 § § Y], (A.45)
0010
in the computational basis.
A related controlled unitary is the controlled-Z (CZ). This unitary is described as
1 00 O
cz=lo)oleI+)(1lez=g ¢ | 51 (A.46)
000 —1
in the computational basis. It is easy to prove that
CZ=10)0| R+ |1X1|RZ=1x]0)(0| +Zx |1)(1]. (A.47)

That is, either qubit can be considered the control qubit.
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A.1.3.5 Three-qubit Unitaries

In quantum information, perhaps the most common three-qubit unitary discussed is the Toffoli
gate. This gate is similar to the CNOT except that the Toffoli gate has two controls instead of
one; thus, the Toffoli gate is also known as the CCNOT gate. The Toffoli gate can therefore be
represented as

OO~

Toffoli = (I1 — | 11)(11]) @ T+ [11){(11| @ X = : (A.48)

SOO—ROOOO
SO~ OOOoOOo O
—OoOOoOOoOoOOoOOoO
O—ROOOOoOOoO

SOOOoOoOo—O
SOOOoO—OO
SOOO—OOO

I
L

in the computational basis.

The CZ analog of the Toffoli gate is the CCZ gate, that is, the doubly-controlled Z gate. The
CCZ gate can be written as

SO OoOoO -

CCZ = (II—N11){(11])) @I+ [11){(11|®Z = : (A.49)

coo—ocooco
co—ococococo
o—ocoocococo
| cococococo

p—

COoOoOOO—O
SOOoOoOO—OO
SOOoOOoO—ROOO

A.1.4 Projective Measurements

Normalization allows the complex coefficients of a ket to be associated with probabilities. For
example, if the state |y) = ¢|0) + B|1) is projectively measured in the computational basis, then
after the measurement the qubit is found in either the state [0) with probability |ct|* or the state |1)
with probability ||*. Likewise, if the state |¥) = Y.—{0,1}» %|z) is measured in the computational
basis, then the probability of finding the state as |z) after measurement is |o.|*. The identification
of the square of amplitudes to probabilities is known as the Born rule [Bor26].

In general, a projective measurement, also known as a von Neumann measurement, is associated
with an observable M, which is written as

M=) AP, (A.50)
A
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where P;, is a projector onto an eigenspace of M with eigenvalues A. The projector Py, is a sum
P=Y 13l (A51)
J

where the vectors {|j)} are a set of basis vectors that span the A-eigenspace.
Note that a projector P) has the property
PE=P (A.52)

since

PfZZI}')UIZ ZZU (jllke) (k| = ZZ L)k = ZIJ (il =Py, (A.53)

where the sums run over the same basis.

Also, since the projectors are a sum of basis vectors that span the A-eigenspaces, the projectors
have the property that

Y =L (A.54)
The probability that the state |y) is projected into the A-eigenspace is

p(A) = (y|P,|v). (A.55)

Note that by identifying probabilities with Eq. and assuming the state |y) is normalized,
0 < p(A) < 1, as we would want for a quantity representing probabilities.

We see Eq. and Eq. guarantees that p(4) > 0 since

p(A) = (wiRly) =} (i)} (jlv) = Z| (lw)IP = 0. (A.56)

j
Further, normalization of the pure states and Eq. mean that p(A) < 1 since

Y p(A) =Y (WP |w) = W|ZP7L|‘V (yly) =1. (A.57)
A A

74



Upon measuring, a measurement device outputs a result corresponding to the eigenvalue of the
eigenspace that the state was projected to, and the state |y) becomes

(A.58)

Note that if two states |y) and |¢) differ by a global phase, i.e., |w) = ¢®|¢) where 8 € R,
then the measurement statistics of the two states are the same. For this reason, global phases are
said to be physically meaningless.

The average eigenvalue found when measuring an observable M is expected to be

E[M] = (y|M|y) =Y A({y|P]y) =} A p(4), (A.59)
p p

where |y) is the state being measured. This value is known as an expectation value.

So far, I have only discussed projective measurements. These type of measurements take pure
states to pure states. However, a more general type of quantum measurement is known as the
Positive Operator-Valued Measure (POVM), which I discuss later in Section A.3.3.

A.2 Quantum Circuits

A quantum circuit is a space-time diagram depicting the sequence of quantum gates. In this text, I
use the term “gate” to refer to any quantum operation including unitaries, measurements, and state
preparations. An example of a quantum circuit is shown in the diagram:

2 =
B
@
N [=
N

<
e
Py
v

(XHz- 1w

Figure A.1: An example of a teleportation quantum circuit depicting input states, unitaries, and
measurements.

In these circuits, time moves from left-to-right and each wire corresponds to the world-line of
a qubit. Input states generally appear on the far left, while output states appear on the far right.

A measurement is usually depicted as a stylistic drawing of a meter or as a cap-shape as seen
in Fig. A.1. A label may be included in the drawing to indicate what basis the measurement is
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being made in. If no basis is indicated, then it often assumed that the measurement is in the Z
basis. Double lines drawn exiting the right-side of a measurement are used to represent classical
information determined from measuring. On such lines, a filled in circle is used to indicate classical
control of unitaries as seen in Fig A.1|.

Unitaries are represented as boxes with symbols indicating the unitary that is being applied.
Examples of the Pauli X, Pauli Z, and Hadamard gates are depicted in quantum circuit seen in
Fig. /A.1. The lines representing the qubits being affected by a unitary will enter from the left of
the unitary and exit from the right. Some multi-qubit gates are indicated by unique symbols rather
than boxes. Examples such symbols are seen in Fig. A.2.

——— ——
— —— —%—
— ——
I —— e ) —— -
(a) CU (b) CNOT (c)CZ (d) SWAP (e) Toffoli ) CCZ

Figure A.2: Quantum-circuit diagrams for commonly used multi-qubit unitaries. In these figures
the filled-in circles represent controls, and the hollow circles represent targets for which Pauli X
may be applied to the qubit. Note that the CZ symbol shown in (c) is depicted with filled-in
circles on both qubits. This is to indicate that either qubit can be treated as the control in the
manner described by Eq. A.47.

A.3 Noisy Quantum Systems

So far, I have discussed the quantum mechanical formalism for pure states, which are ideal states
that we assume we have perfect knowledge of. I now briefly describe the density-matrix formalism,
which allows one to describe quantum systems where there is some lack of knowledge of the state
of the system as well as its evolutions and measurements. Ideally, we would avoid using such a
formalism, but in practice our knowledge and control of any system is never perfect.

A.3.1 Density Matrix

We begin by considering an ensemble of pure states

&={p(),lvi)}, (A.60)

where i indexes the pure states |y;). For such an ensemble, it is not necessary that states |y;) are
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orthogonal to each other; however, since the p; represent probabilities, there is the requirement that

Zp(i) = 1, (A.61)

A density matrix, also known as a density operator, is used to describe the state of such an
ensemble of pure states. A density operator is defined as

p= Zp (i) |wi)(wil - (A.62)

The probabilities p(i) of the density matrix also have the requirement of Eq. and the states
|w;) are normalized.

The density matrix is an alternative representation of a state. Any pure state |y) can be repre-
sented as a density operator

p = yXvyl. (A.63)

For the density matrix representation, the trace is often useful when defining such things as
normalization, measurements, and expectation values. Using the Dirac notation, the trace is written
as

= (ilAli) = } A, (A.64)

i i

where the vectors i) form a complete, orthonormal basis appropriate for the space that the operator
A belongs to.

A useful property of the trace to note is

= ZZAiiji = ZZBjiAij = tI‘(BA). (A.65)
[ joi

It is straightforward to show that the trace is invariant for general cyclic permutations, e.g.,

tr(ABC) = tr(BCA) = tr(CAB). (A.66)

Using the trace, given that a density operator is an ensemble of normalized pure-states and that
the probabilities of these states sum to one, it is natural to express the normalization of density
operator as
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tr(p) =) (ilpli) ZZp (il lwi)(willi) = Y p (j)<wjl<Z|i><il>|wj>

i i

=)_p()) <%V\WJ‘>=ZPJ = 1. (A.67)
J J

Later, I discuss how to use the trace to express measurements and expectation values of density
matrices.

Other frequently cited properties of the density matrix, which one can show by the representa-
tion’s definition, is that

p =Y p()" lvi)wil’ —Zp ) lwid(wil = p (A.68)

and

V|¢) € A, (dlpl¢) =0 (A.69)

since for any state |¢) we find

(91plo) =Y. p(i) (9|i) (wil) = L p(i) | (wil9)[* > 0. (A.70)

Now that density matrices have been defined, one might be curious about whether one can
easily determine if a density matrix represents a pure state or not. It would be even better if there
was a method for evaluating the degree of purity.

We can start to answer these questions by first considering the ensembles representing pure
states and maximally-mixed states.

Any pure state is represented as a normalized state |y), and thus the ensemble

bpure = {P=1,|¥)} (A.71)

and the density matrix

Ppure = [W)(Y]. (A.72)

78



A maximally-mixed state for a Hilbert space . spanned by d basis states {|j)} is represented
by the ensemble

1

(g)max—mix = {p(]) = E, |]>} (A73)
and the density matrix
1 . 1
Pmax-mix = E Z |]><J| = El- (A74)
J

That is, the maximally-mixed state has an equal probability of being in any of the basis states {|j) }.

The purity of a density matrix p is defined as

P(p) =tr(p?). (A.75)

If we evaluate the purity of ppure and Pmax-mix We find

P(ppure) = 1 (A.76)
and
1 1
P(Pmax-mix) = tr(ﬁ) = " (ATT)
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For a general density matrix p (Eq./A.62) we have

P(p) = Z<k! Z (i) [w2) wlep ) [wiX(wil | k)
—Zp j)!<wi|wj>!=Zp(i)2- (A.78)

Thus, we see that 5 <P(p)<Ll.

A.3.2 Dynamics

Evolution of an ensemble of pure states as described by Eq. /A.60 evolves by a unitary U according
to

& ={p(i),lvi)} = & ={p(i),Ulyi)}. (A.79)
Thus, the evolution of a density operator from p to p’ by a unitary U is described by
p'=UpU". (A.80)

Note that unitaries also preserve the normalization of a density matrix since
tr(UpUT> :tr(pU*U) —tr(p). (A.81)

A.3.3 Measurements

The previously described projective measurements are ideal measurements that take pure states to
pure states. In this section, I now discuss a more general measurement called a Positive Operator-
Valued Measure (POVM). A POVM may take pure states to mixed states.

A POVM is described by a set of measurement operators {M;}. These operators must be such
that

Y MM =1. (A.82)
i
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Given such a set, the probability of measuring a density operator p and obtaining the result i
after the measurement is

p(i) =tr (M,-pMj ) . (A.83)

Note that just as the probability p(A) as defined for projective measurements (Eq. A.55) could be
shown to be restricted to lie in [0, 1], it is simple to show that the same holds for p(i) of Eq.
given the normalization constrain of the density matrix Eq/A.57 and measurement operator con-

straint Eq. A.82.

Immediately after the measurement, the density operator becomes

L (A.84)

The expectation of measuring an operator A of a density matrix p is defined as

E[A] =) (ilpAlD) =)} p(i){illw;) (wilAl)

i

=) p(/){y;lA (Z |i><i|> i) =Y p() (wilA|w;). (A85)

A.3.4 Quantum Channels

More general evolutions of density matrices are described by a quantum channel
p'=&(p) = ;E,-pEi : (A.86)
where the set of operators {E;}, called Kraus operators, are such that
YEE =L (A.87)
i
Such a transformation turns out to be the most general map that is consistent with quantum mechan-

ics that takes a valid density matrix to another valid density matrix (see Section 4.6 of [Will3]).
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This transformation can be interpreted replacing the state p with

il
ﬂ (A.88)
tr <ElpElT>
with probability
pi) = tr (EipEl.T ) . (A.89)

A.3.4.1 Error Channels

Quantum channels are commonly used to describe quantum noise. In this section, I will outline
some commonly considered quantum error-channels.

Digital computers sometimes experience bit flip errors (0 <+ 1). The analogous quantum error-
channel is also known as the bit-flip channel. On a single qubit, this channel acts as

p=(1-p)p+pXpX, (A.90)

since X |0) = |1) and X|1) = |0). We see that this channel applies X on the qubit with probability
p and otherwise leaves the qubit unchanged.

Unlike digital computers, qubits can also experience phase flips, which occur when Z is applied
as an error with probability p, as well as both phase and bit flips, which occurs when the error is Y
instead.

A symmetric application of these three errors (X, Y, and Z) is the often studied channel known
as the symmetric depolarizing-channel, which acts on single qubits as

p=(1-p)p+E(XpX+YpY +2pZ). (A91)

This channel can be interpreted as a process that leaves the system untouched with probability
1 — p and applies either X, Y, or Z with an equal probability of p/3. Note that on two qubits, errors
are chosen equally from the set {/,X,Y,Z}*? \ I®1.

Finally, the amplitude-damping channel corresponds to qubits spontaneously decaying to the
ground-state |0) with probability p. The Kraus operators for this channel is

Eo = /p|0)(1] and Ey = [0)(0] + /1 — p[1)(1]. (A.92)
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Later, in Chapter ??, I discuss a class of quantum error-correcting codes known as stabilizer
codes. For those who are curious about the broader field of quantum error correction, see the
textbook [LB13] as well as Preskill’s lecture notes [Pre98]. For a book on how classical errors
affect the architecture of modern CMOS processors, see [MukOS].

A.4 A Brief Comparison between Classical and Quantum Com-
putation

I started this chapter by first considering the states of digital computers. I now end this chapter by
making some comparisons between classical and quantum computation.

In classical (binary) computation, it is known that any Boolean function on n bits can be written
as a circuit composed of only NAND gates (00 — 1, 01 — 1, 10 — 1, and 11 — 0) and fanout
operations [She13] (assuming bit preparation and readout). That is, {NAND, fanout} is a universal
set of gates for finite-state machines (digital computers) since the composition of gates from this set
will take any state z € {0, 1}" to any other state 7’ € {0, 1}". Note that a NAND gate can be formed
from two transistors (see, for example, Chapter 2 of Feynman’s lecture notes on computation
[Fey98]).

Given that {NAND, fanout} is universal for classical computation, one might wonder whether
there are simple sets of gates that can be composed to form any quantum circuit. Fortunately,
universal sets of quantum gates that allow any unitary in U(2") to be efficiently approximated do
exist. The “standard set” of universal gates is {H,S,CNOT, T} [NC11] (assuming state prepara-
tions and measurements in the computational basis). Other universal gate sets (making the same
assumptions) include:
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1. The three-qubit Deutsch gate [Deu89]

2. All two-qubit gates [DiV93]

3. CNOT and all single-qubit U(2) [Bar+95]
4. H, T, and CNOT [Boy+99]

5. Controlled single-qubit rotation [RG02]

6. Toffoli and H [Shi03; Aha(3]

For proofs and discussions on universal quantum-gate sets, see Chapter 4 of [NC11] and Chapter
6 of [Pre9g].

The fanout gate is often implicitly assumed and is rather natural for digital circuits. It is
achieved by splitting a wire to produce multiple bits from one. In QC, the analogous operation
is copying a general quantum state. The no-cloning theorem [WZ82; Die82; Joz(02] states that no
unitary will allow such copying perfectly. That is, for any general state |y) and a fiducial state |¢)
(e.g., |0)), there is no unitary that takes |y) ® [¢) — |y) ® |y). If cloning were possible, it can
be shown that it would allow for superluminal communication [Die82]. For discussions about the
no-cloning theorem see Box 12.1 of [NC11], Chapter 3 of [Will3], and Chapter 4 of [Pre98].

Another important difference between classical and quantum circuits, which we have already
implicitly discussed, is how measurements affect the state of a computer. In digital computers one
can measure any bit as many times as one likes and not affect the state of the computer. However,
as we have discussed in Section |A.1.4, even for ideal pure states and ideal projective measurements
a general measurement will collapse a state onto a subspace. Thus, we must be careful with what
measurements we make during the execution of quantum algorithm as measurements can result in
one loosing information that was encoded in the quantum state. Together, measurement collapse
combined with no-cloning means that, in the middle of a quantum computation, one can’t just
arbitrarily read-off and see what the state is.

However, if done wisely, it is sometimes advantageous to make measurements while running a
quantum algorithm. For example, some quantum error-correction protocols enact judicially chosen
measurements to digitize error and determine recovery operations (e.g., see Chapter ??). Further,
there is a quantum computational model entirely based on measurements known as measurement-
based quantum computation (MQC or MBQC) [RBO1; Joz05; Bri+09].

Although measurements collapse quantum states, one may wonder whether it is possible to
extract more information out of n qubits than n bits. Holevo’s theorem [Hol73] proves that this
is impossible. One may obtain at most 1 bit of information for every 1 qubit measured. Thus,
the notion often heard in popular science reporting that quantum computation is really a form of
massively-parallel computation is simplistic, at best.

The unique state-space and evolutions allowed by quantum mechanics result in quantum com-
puters being able to manipulate probability distributions of states in ways seemingly unavailable
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to classical computers. Even without access to large-scale reliable quantum computes, researchers
have developed numerous quantum algorithms that outperform (sometimes exponentially so) cer-
tain best known classical algorithms. In Chapter 2, I will discuss a quantum algorithm that can
serve as framework for finding approximate solutions to classical combinational satisfaction prob-
lems. For a comprehensive collection of quantum algorithms, see the site maintained by Jordan
[Jor09]. For introductions to quantum algorithms see [Sho00; MM11; Mon15; Col+18].
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Finally, unlike modern digital computers, which are predominately based on complementary
metal-oxide-semiconductor (CMOS) technology, there is currently no dominent substrate for quan-
tum computation. Technologies that are currently being explored include ion traps [BWO08; Sin+10;
Hum+18], superconductors [MSS00; Wen16; Hum+18], semiconductors [LD97; Zwa+12; GZ18;
Hum+18], neutral atoms [Bre+98; Jak+99; Mal+15], nitrogen vacancies in diamonds [Dut+07;
Yao+12; CH13], and optics [Kok+05; Bar+14]. Each of these quantum-computing substrates has
its own advantages and disadvantages (see the works cited in the previous sentence).

The field of quantum computation is still rapidly evolving. In the following chapters, I present
my contributions to the study of quantum algorithms and the development of large-scale, reliable
quantum-computing architectures.
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Appendix B

Additional Proofs and Code

B.1 Proofs for Section 3.2

Proof of Lemma 3.1. Observe that for standard basis vectors |i), | /), |k),|I) € C?, we have

(ijIX®X|kl) = (iok)(jol), (B.1)
iy @Y|kl) = (=D)¥(ivk)(jal), (B.2)
(jlzez|kl) = (=188, (B.3)

were §;; is the usual Kronecker delta. Denoting an arbitrary product state as |y) = ac|00) +
ad|01) + be|10) + bd|11) for |a|* +|b|* = |¢[* +|d|* = 1, we have

(y|H|ly) = a(a*c*bd+acb*d* +a*d*bc+ adb*c*) +
B(—a*c*bd — acb*d* +a*d*bc+ adb*c*) +
al|e*+1b|d* = |af*|d[* = |b[*|c]*) (B.4)
= 2Relach*d*](o0— B)+2Re[adb*c*|(a+ B) +
al|e* +1b*|d | = |a*|d]* = |bI*|c]?)
2|al|b||c|ld|(Joc+ B+ o = B]) +
7| (al* = [B*) (el = 1a])].

IA

where the last inequality follows from the triangle inequality. Let us simplify the notation above by
assuming without loss of generality a,b,c,d € R*. We may also assume without loss of generality
that @ > b and ¢ > d (since this maximizes the upper bound). Thus:

(WIHIY) < 2abed(ja+B|+|a—B)+ (@ — ) (P — ).
Note now for any o, 8 € R, |a+ B|+|o— B| = ||| +|B]|| + ||| — |B||. Assume first || > |B].
Then

(wlH|y) < dabed|a| + |7|(a® —b%)(c* — ). (B.5)
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Let p = 4abced and g = (a® — b?)(c?> —d?). Note p,q > 0. Also, we claim p+ ¢ < 1; this will imply
(y|H|y) < max (|, |y]). To see this claim, note

p+q=(ac+bd)*— (ad — bc)* < (ac+bd)* < 1,

where the last inequality follows from the Cauchy-Scharz inequality. The case of |B| > |«
follows analogously with |e¢| in Equation (B.5) replaced with |3]. We hence have (y|H|y) <

max(|e, [Bl, [v]) = [[([el, IB],[7)]loo-

We now show matching lower bounds, i.e. that ||, |3
Equation (B.4):

, and |y| are attainable. Returning to

o For |a: f ¢ >0,seta=b=c=d=1/v2,and if « <0, set a=b =c=1/+/2 and
d=—-1/V2.

e For B: If B >0,seta=i/V2, c=i/V2,b=d =12, and if B <0, set a = —i/V/2,
c=i/V2,b=d=1v2.

e For |y: Ify>0,seta=c=1landb=d=0.andof y<O,seta=d=1,b=c=0.
Ul

Proof of Lemma 3.2, Denoting an arbitrary two-qubit state as |y) = a|00) 4+ b|01) +¢|10) +d|11)
for |a|® +|b|> = |c[* + |d|* = 1, we have via Equations (B.1)-(B.3) that

(VI X®@X|y) = a'd+ad"+b*c+bc’,
(ylY@Y|y) = —a*d—ad" +Db"c+bc*,
(vizozly) = laf*—[b] e’ +d*.

Thus,

(VlH|y) = a(2Re(ad")+2Re(bc"))+B(—2Re(ad") +2Re(be")) +1(la]* + |d|* — [b]* -

2Relad*](ot — B) +2Re[bc*| (o + B) + (Ja|* + |d|)* — |b|* = |c|*)7.

Observe that since the coefficient of y depends on only absolute values of a,b,c,d, we can assume
without loss of generality that the optimal assignment has a,b,c,d > 0 and satisfies

(w|H|y) = 2ad|o. — B| +2bc|o+ B| + (a® +d* — b* — c?)y.

By applying the Arithmetic-Geometric mean inequality, we hence have

(WlH|y) < (®+d*)|a—B|+ D> +c)|o+ |+ (a> —b> = +d%)y

= (@+d)(|a—Bl+7)+ B +)(a+B|-7)
< max(|a— B+, o+ Bl —7),
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where the last statement follows since a® 4 b? 4 ¢ +d? = 1. The matching lower bound is obtained
as follows. To achieve |0t — B| +7 when o > B, set a = d = 1//2, and when a < 3, set a =
1/v/2,d = —1/+/2. Similarly, to achieve |& + | — y when & > — B, set b = ¢ = 1/+/2, and when
o< —fB,seth= l/\/i,c: —1/\/§.

]

B.2 Lemmas and Mathematica code

In Section 3.2.2 we use the following lemma, which is stated as given in [BOFV14]. Below,
2Fi(a,b;c;z) is the hypergeometric function, defined for |z| < 1 as

2Fi(a,b;c;z) = i (@)n(b)n 2"

= (o) n!

where for n > 0, we have Pochhammer symbol (x), =I'(x+n)/I'(x) =x(x+1)--- (x+n—1) for
I' the Gamma function.

Lemma B.1 (Briét, de Oliveira Filho and Vallentin [BOFV14]). Let u,v be unit vectors in R" and
let Z € R™" be a random matrix whose entries are distributed independently according to the
standard normal distribution with mean 0 and variance 1. Then,

2
. [szfuz | ||zzvv||J = (W) (u-v)2F1 (1/2,1/2r/24 L)) (BS)

r

Mathematica code Below, we give the Mathematica code used to numerically calculate the ap-
proximation ratios of Theorem 3.2:

glr.] := 2/r (Gammal[(r + 1)/2]/Gamma[r/2]) "2
Flr_, t_] := g[r] t Hypergeometric2F1([1/2, 1/2, r/2 + 1, t"2]
ApproxRatio[r_] := Min[Select[ Table[(l - Flr, t])/(1 - r t),

{t, -1, 1/r, 0.01}1, # > 0 &]]
ApproxRatio[1]
ApproxRatio[2]
ApproxRatio[3]
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