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I We develop a statistical model of the state error introduced by a reduced-order
model (ROM) for parameterized stationary problems.

I This technique extends the reduced-order model error surrogate method.

I The statistical model enables the error in any state-dependent quantity of
interest to be quantified a posteriori.

I Impact in many-query scenarios: forward and inverse uncertainty quantification.
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1 Definition of optimal control problems

In abstract terms, a control problem can be expressed by the paradigm illustrated in Fig. 1.
There is a system expressed by a state problem that can be either an algebraic problem, an
initial-value problem for ordinary differential equations, or a boundary-value problem for
partial differential equations. Its solution, that will generically be denoted by y, depends
on a variable u representing the control that can be exerted on the system. The goal of
a control problem is to find the control u in such a way that a suitable output variable,
denoted by z and called observed variable (which is a function of u through y), could take
a desired "value" zd, the so-called observation, or target.
The problem is said to be controllable if a control u exists such that the observed variable z
matches exactly the desired value zd. Not all systems are controllable (see, in this respect,
the review paper [39]): take for instance the simple case in which the state problem is the
linear algebraic system Ay = b, where A is a given n ⇥ n non singular matrix and b a
given vector of Rn. Assume moreover that the observation be represented by one solution
component, say the first one, and the control be one of the components of the right hand
side, say the last one. The question therefore reads: “Find u 2 R s.t. the solution of the
linear system Ay = b + [0, ..., 0, u]T satisfy y

1

= y⇤
1

”, being y⇤
1

a given value. In general,
this problem admits no solution.
For this reason it is often preferred to replace the problem of controllability by one of
optimization: by so doing one does not pretend the output variable z to be exactly equal
to the observation zd, rather that the difference between z and zd (in a suitable sense) be
minimum. Therefore, control and optimization are two intimately related concepts, as we
will see later on in this chapter.
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Figure 1: The essential ingredients of a control problem

As already noticed, we will limit to the case of systems governed by elliptic PDEs. With this
aim, we start by introducing the mathematical entities that enter in the control problem.

• The control function u. It belongs to a functional space Uad, called the space of
admissible controls. In general, Uad ✓ U , being U a functional space apt to describe
the role assumed by u in the given state equation. If Uad = U the control problem is
unconstrained ; otherwise, if Uad ⇢ U the control problem is said to be constrained .

Goal: compute efficiently the solution of a problem when a set of parameters vary

Projection-based ROM in a nutshell
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partial differential equations. Its solution, that will generically be denoted by y, depends
on a variable u representing the control that can be exerted on the system. The goal of
a control problem is to find the control u in such a way that a suitable output variable,
denoted by z and called observed variable (which is a function of u through y), could take
a desired "value" zd, the so-called observation, or target.
The problem is said to be controllable if a control u exists such that the observed variable z
matches exactly the desired value zd. Not all systems are controllable (see, in this respect,
the review paper [39]): take for instance the simple case in which the state problem is the
linear algebraic system Ay = b, where A is a given n ⇥ n non singular matrix and b a
given vector of Rn. Assume moreover that the observation be represented by one solution
component, say the first one, and the control be one of the components of the right hand
side, say the last one. The question therefore reads: “Find u 2 R s.t. the solution of the
linear system Ay = b + [0, ..., 0, u]T satisfy y

1

= y⇤
1

”, being y⇤
1

a given value. In general,
this problem admits no solution.
For this reason it is often preferred to replace the problem of controllability by one of
optimization: by so doing one does not pretend the output variable z to be exactly equal
to the observation zd, rather that the difference between z and zd (in a suitable sense) be
minimum. Therefore, control and optimization are two intimately related concepts, as we
will see later on in this chapter.

Control

Input

State Observation

OutputSystem

Figure 1: The essential ingredients of a control problem

As already noticed, we will limit to the case of systems governed by elliptic PDEs. With this
aim, we start by introducing the mathematical entities that enter in the control problem.

• The control function u. It belongs to a functional space Uad, called the space of
admissible controls. In general, Uad ✓ U , being U a functional space apt to describe
the role assumed by u in the given state equation. If Uad = U the control problem is
unconstrained ; otherwise, if Uad ⇢ U the control problem is said to be constrained .

M = {u(µ) 2 V : µ 2 P}

Mh = {uh(µ) 2 Vh : µ 2 P}

C(µ)hs

{uN (µ) : µ 2 P}

2
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Projection-based ROM in a nutshell

        Nonlinear steady case:

= rnJn -

while err < tol

end

Overall computational efficiency

 ensured by the (discrete) 

empirical interpolation method.

u(k+1)
n = u(k)

n + �un
�un



The state error eh = uh ≠Vun can be additively split into

eh(µ) = (uh(µ) ≠Puh(µ)) + (Puh(µ) ≠Vun(µ))
= (INh ≠P)uh(µ) +V((VTXV)≠1VT uh(µ) ≠ un(µ))
= eV ‹

n
(µ) + eVn (µ).

I eV ‹
n

(µ) lies in the full-order space (out-of-plane state error);
I eVn (µ) lies in the reduced-order space (in-plane state error).

State error

Stefano Pagani

eV ?
n
(µ)

eVn(µ)

eh(µ)

Vn

uh(µ)

Puh(µ)
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X� orthogonal projection

V = [�1, . . . ,�n]

P = V(VTXV)�1VTX

Vun(µ)



We assume that

eVn (µ) = V”Vn (µ) eV ‹
n

(µ) ¥ V‹”V ‹
n

(µ),

where V œ RNh◊n and V‹ œ RNh◊n‹ and ”Vn (µ) œ Rn, ”V ‹
n

(µ) œ Rn‹ , for any µ œ P.

ROMES models ”̃Vn (µ) and ”̃V ‹
n

(µ) are built for each element of ”Vn (µ) and ”V ‹
n

(µ).

uh(µ) ¥ Vun(µ)¸ ˚˙ ˝
ROM (deterministic)

+V”̃Vn (µ) +V‹”̃V ‹
n

(µ)
¸ ˚˙ ˝

ROMES (statistical)

:= ũh(µ);

ROM error surrogate

Stefano Pagani
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ũh(µ)

�̃Vn(µ)

V?�̃V ?
n
(µ)

GOAL kuh(µ)� ũh(µ)kX ⌧ kuh(µ)� Vun(µ)kX

Vun(µ)



In-plane state error case

1. each component i = 1, . . . ,n of the in-plane state error is given by

(”Vn )i = (VTXV)≠1VTX(uh ≠Vun)i ; (a)

2. we can approximate the residual r of the problem as

0 = r(uh) = r(Vun) + ˆr
ˆu

(Vun)(uh ≠Vun) + O((uh ≠Vun)2); (b)

3. by combining (a) with (b), we have that

(”Vn )i ¥ ≠(VTXV)≠1VTX
Ë

ˆr
ˆu

(Vun)
È≠1

r(Vun).

ROMES derivation
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Vn

Puh(µ) Vun(µ)

V�Vn(µ)

= for linear problem



By introducing pi
h œ Vh, i = 1, . . . ,n, such that:

(pi
h)T = (VTXV)≠1VTX

Ë
ˆr
ˆu

(Vun)
È≠1

,

solution of the following dual problem
Ë

ˆr
ˆu

(Vun)
ÈT

(pi
h) = ≠((VTXV)≠1VTX)T

i . (c)

Full-order ROM in-plane state error correction

(”Vn )i ¥ ≠(pi
h)T r(Vun).

Instead of solving (c) for each i = 1, . . . ,n, we compute the reduced-order dual solution
pi

n = Vppi
h where:

VT
p

Ë
ˆr
ˆu

(Vun)
ÈT

Vppi
n(µ) = ≠VT

p ((VTXV)≠1VTX)T
i

using a unique transformation matrix Vp for all i = 1, . . . ,n.

Stefano Pagani November 9, 2017

ROMES derivation

= for linear problem



Final reduced-order ROM in-plane state error correction:

(”Vn )i ¥ ≠(Vppi
n)T r(Vun).

Final reduced-order ROM out-of-plane state error correction:

(”V ‹
n

)i ¥ ≠(V‹
p (p‹

n ))T r(Vun).

Statistical ROMES: regression (Gaussian Process) model ”̃Vn (µ) and ”̃V ‹
n

(µ).

Stefano Pagani November 9, 2017

ROMES derivation

�Vn(µ)

�(Vpp
i
n)

T r(Vun)

�̃Vn(µ)



Test case: forward problemReduced basis (RB) method

=

Summary: nonlinear problem

Stefano Pagani

Standard ROM method ROMES enhanced method (in-plane)

=pi
n -

# operations: # operations:

>

while err < tol

end

rnJn �un - =

while err < tol

end

rnJn �un -

<

In the steady nonlinear case the additional relative cost is smaller.

O
✓
nit

2

3
n3 +

2

3
n3
d + 2nn2

d

◆
O
✓
nit

2

3
n3

◆
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D

D = ((VTXV)�1VTX)T

kuh � V(un(µ) + �Vn(µ))kXkuh � Vun(µ)kX

Jd
n = VT

d


�r

�u
(Vun)

�T
Vd

Jd
n



We consider the following shear test on the domain ⌦0 = [0,1]3: find u= u(x;µ) s.t.
8
>>>>><

>>>>>:

div(P(u;µ)) = 0 x 2⌦0

P(u;µ)n(x) = µ3nz x 2 �N

P(u;µ)n(x) = 0 x 2 �N,free

u= 0 x 2 �D

(1)

where the parameter vector µ is composed by:

I the Young modulus µ1 2 [6 ·104,7 ·104];

I the Poisson coe�cient µ2 2 [0.3,0.4];

I the external load µ3 2 [103,2 ·103].

Numerical example: mechanical steady problem

Stefano Pagani

µ = [6.98 · 104, 0.3144, 1.64 · 103] µ = [6.22 · 104, 0.39, 1.99 · 103] µ = [6.43 · 104, 0.34, 1.22 · 103]

�N�D

�N,free

Fig: FOM displacement approximation for different values of the parameter vector
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Finite element model:

I number of parameters: 3

I degrees of freedom: 2700

I number of elements: 4374

I average computational time: 1.3860 [sec.]

I average number of Newton iterations: 4 (tolerance 10�5).

Full-order model

Stefano Pagani

µ = [6.1 · 104, 0.393, 1.59 · 103] µ = [6.86 · 104, 0.37, 1.26 · 103] µ = [6.43 · 104, 0.306, 1.91 · 103]

Fig: FOM displacement approximation for different values of the parameter vector
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POD-DEIM reduced basis model:

I number of parameters: 3

I number of basis functions: 5

I number of basis functions for the DEIM approximation: 41

I average computational time: 0.1346 [sec.]

I average number of Newton iterations: 4 (tolerance 10�5).

Reduced-order model

Stefano Pagani

µ = [6.1 · 104, 0.393, 1.59 · 103] µ = [6.86 · 104, 0.37, 1.26 · 103] µ = [6.43 · 104, 0.306, 1.91 · 103]

Fig: ROM displacement approximation for different values of the parameter vector
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I ROMES decreases by two order of magnitude the mean state error;
I by increasing the POD tolerance toldual , CPU times might become more relavant.

Error analysis

Stefano Pagani

Fig: approximation error vs number of basis functions

Reduced dual problem accuracy increasing
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I ROMES of the in- and out-of-plane state error leads to the best performance;

Performance

Stefano Pagani

Fig: average online relative error over the test sample vs the CPU time [s]
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How does uncertainty in model parameters propagate to the outputs of interest?

The goal is e.g. to estimate the expected value:

E[Q] =
⁄

�
Q(uh(µ))fi(µ)dµ ¥ 1

Nmc

Nmcÿ

q=1

Q(uh(µq)),

and/or its variance

Var(Q) =
⁄

�
(Q(uh(µ))≠E[Q])2fi(µ)dµ ¥ 1

Nmc

Nmcÿ

q=1

A
Q(uh(µq)) ≠ 1

Nmc

Nmcÿ

q=1

Q(uh(µq))

B2

.

Forward uncertainty quantification

Stefano Pagani

PDE model

Q(uh(µ))

⇡(µ)

µ
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SPEED-UP: reduced-order expected value

E[Qn] =
⁄

�
Q(Vun(µ))fi(µ)dµ ¥ 1

Nmc

Nmcÿ

q=1

Q(Vun(µq)).

The e�ect of the state error can be outlined by decomposing the error

E[Q] ≠ 1
Nmc

Nmcÿ

q=1

Q(Vun(µq)) = E[Q ≠ Qn]¸ ˚˙ ˝
approx. error

+E[Qn] ≠ 1
Nmc

Nmcÿ

q=1

Q(Vun(µq))

¸ ˚˙ ˝
statistical error

.

ROMES enables to minimize E[Q ≠ Qn] without changing the ROM:

E[Q̃n] ¥ 1
Nmc

Nmcÿ

q=1

Q(Vun(µq) +V”̃Vn (µq) +V‹”̃V ‹
n

(µq)).

Forward uncertainty quantification
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Forward UQ: linear scalar output
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Forward UQ: linear scalar output



Quantity of interest: Von Mises stress field

‡VM(x;u) =


0.5((‡11 ≠ ‡22)2 + (‡22 ≠ ‡33)2 + (‡33 ≠ ‡11)2 + 6 ú (‡2
12 + ‡2

23 + ‡2
31)),

where ‡ij = (P(u)(I + Òu)T )ij , i , j = 1,2,3.

Stefano Pagani November 9, 2017

Forward UQ: Von Miss stress 

E[�VM (x;uh)]

E[�VM (x;Vun)]

E[�VM (x;V(un + �̃Vn))]

E[�VM (x;V(un + �̃Vn) + V?�̃V ?
n
)]

log10 �VM log10 �VM

log10 �VMlog10 �VM

n = 1 n? = 13



Quantity of interest: Von Mises stress field

‡VM(x;u) =


0.5((‡11 ≠ ‡22)2 + (‡22 ≠ ‡33)2 + (‡33 ≠ ‡11)2 + 6 ú (‡2
12 + ‡2

23 + ‡2
31)),

where ‡ij = (P(u)(I + Òu)T )ij , i , j = 1,2,3.
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Forward UQ: Von Miss stress 

E[�VM (x;uh)]

E[�VM (x;Vun)]

E[�VM (x;V(un + �̃Vn))]

E[�VM (x;V(un + �̃Vn) + V?�̃V ?
n
)]

log10 �VM

n? = 12n = 2
log10 �VM

log10 �VM

log10 �VM
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