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Abstract

Fusion energy systems pose unique challenges to the modeling and simulation community.

These challenges must be met to ensure the success of the ITER experimental fusion reactor.

ITER’s complex systems require detailed modeling that goes beyond the scale of comparable

simulations to date. In this work, the Denovo radiation transport code was used to calculate

neutron fluence and kerma for the Joint European Torus (JET) streaming benchmark. This

work was performed on the Titan supercomputer at the Oak Ridge Leadership Computing

Facility (OLCF). Denovo is a novel three-dimensional discrete ordinates transport code de-

signed to be highly scalable. Sensitivity studies have been completed to examine the impact

of several deterministic parameters. Results were compared against experiment as well as the

Monte Carlo N-Particle (MCNP) and Shift Monte Carlo codes.

Keywords — fusion energy, JET, ITER, radiation transport, discrete ordinates
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I. INTRODUCTION

Fusion energy systems pose unique challenges to the modeling and simulation community

due to their size and complexity. The ITER experimental fusion reactor will be the world’s largest

fusion facility and will demonstrate the feasibility of fusion power. The design of the ITER facility

requires detailed radiation responses beyond the scale of any comparable simulations that have

been performed to date. Current simulations are limited to a combination of coarse spatial meshes

and energy grids, as well as coupling of smaller, compartmentalized models. Novel implementations

and methods are needed to fully resolve the radiation field for this class of problems.

Denovo is a three-dimensional discrete ordinates (SN ) transport code under active develop-

ment at Oak Ridge National Laboratory (ORNL) [1]. Denovo is highly scalable, allowing it to

provide high fidelity solutions across large phase spaces such as those encountered in fusion en-

ergy systems. Denovo has been applied for neutron shielding analyses of ITER problems in the

past [2,3]; however, this work aims to provide a more comprehensive, systematic validation of De-

novo for fusion neutronics analysis. To accomplish this goal, the neutronics behavior of the Joint

European Torus (JET) facility has been modeled. The JET streaming benchmark [4] problem was

run with Denovo on the Titan XK7 supercomputer at the Oak Ridge Leadership Computing Facil-

ity (OLCF), and sensitivity studies were conducted to examine the impact of several deterministic

parameters. In addition to comparison with the experimental benchmark data, results were com-

pared against solutions generated by the Monte Carlo N-Particle (MCNP) [5] and Shift [6] Monte

Carlo codes.

Section II gives background on the Denovo code, while Section III details the JET streaming

benchmark. Section IV describes the process used to model the benchmark problem with Den-

ovo. Results are presented and discussed in Section V, and Section VI gives final remarks and

recommendations for future work.

II. DENOVO RADIATION TRANSPORT CODE

Denovo is a massively parallel deterministic transport solver that solves the steady-state

linear Boltzmann transport equation using state-of-the-art solution methods. Denovo provides

multiple transport methods, but in this work we confine our use to the discrete ordinates (SN )
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solver on regular (Cartesian) grids. The numerical methods and parallel strategies used in Denovo

are documented in detail in several recent studies [1, 7–10]. Appendix A summarizes the discrete

ordinates (SN ) equations and provides a brief overview of the solution methods in Denovo in order

to motivate the parameter analysis and performance of the JET model runs described in Section V.

The spatial discretization of the SN equations (3) can be performed using several methods.

Denovo supports a family of cell-balance and discontinuous finite-element schemes, but in this work,

all results are generated using a step-characteristics/slice balance (SC) method [1]. Although SC is

only first-order accurate, this method is used in the JET simulations because it produces uniformly

positive solutions as long as the source is positive. SC is also memory efficient for large problems

because it only requires one unknown per spatial cell, while higher order finite-element methods

require multiple unknowns per spatial cell and can produce negative solutions when the mean free

path of the particle is not fully resolved. Higher order finite-element methods also require nonlinear

iterative techniques to correct for nonphysical negative fluxes.

Denovo supports several stationary and nonstationary (Krylov) solvers with a family of

preconditioners [11] that can be applied to Eq. (10). All of the results that follow use the un-

preconditioned, restarted generalized minimal residual method (GMRES)(m), which has been

demonstrated to be very efficient for this class of problems [1, 7, 12].

Denovo uses an implementation of the Koch-Baker-Alcouffe (KBA) parallel sweep algorithm

[1,9,13] to invert L in Eq. (10). KBA is a parallel wavefront algorithm that parallelizes the space-

angle components of the sweep. In this algorithm, the mesh is decomposed into domains of size

(Ib, Jb,K) on each processor, and each domain is decomposed into computational blocks of size

(Ib, Jb,Kb). Defining (I, J,K) as the total global number of cells in each direction and (Ib, Jb,Kb)

as the block number of cells in each direction results in

PI =
I

Ib
, PJ =

J

Jb
, BK =

K

Kb
,

where (PI , PJ) are the number of processors in the x and y directions, and BK is the number

of blocks in the z direction. The description above, which implies a uniform block size on every

domain, is used for convenience. While Denovo does not require uniform block sizes, nonuniform

block sizes can yield parallel inefficiencies.

Two enhancements were recently added to improve the efficiency of Denovo’s parallel solution
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methodology. One enhancement is a multilevel energy decomposition [7, 11] in which space is

partitioned into blocks as described above, and energy is partitioned into sets. Each set contains the

full mesh (all of the blocks), and the KBA sweeps never cross set boundaries. Supplementing this

inter-domain decomposition, an on-node space-angle-energy optimization was added that utilizes

an NVIDIA graphics processing unit (GPU) accelerator and introduces energy into the traditional

KBA space-angle pipeline [9, 10].

The GPU algorithm has been specifically designed to map to the Titan supercomputer mem-

ory and parallelism architecture [14]. A Titan node has an AMD 16-core Interlagos processor

connected by a PCIe-2 bus to a Kepler (K20x) NVIDIA GPU processor. The nodes are configured

in a 3D torus via Gemini interconnects. Message Passing Interface (MPI) is used to manage intern-

ode communication. While this algorithm was developed for Titan, it will apply to any NVIDIA

GPU accelerated architecture.

In order to achieve optimal efficiency, the GPU algorithm limits the choice of available solu-

tion algorithms that can be applied to solve Eq. (10). Specifically, to attain maximum occupancy

on the GPU, parallelization is required over energy. This requires using GMRES(m) over all

independent variables—space, angle, and energy—during the solution. The energy groups used

in the JET problems described herein contain no upscattering, which is where a neutron gains

energy from a collision with a neutron in thermal motion. Without upscattering, the scattering

operator S is lower triangular, and Gauss-Seidel will converge in a single iteration. However, the

improved parallel performance obtained on the GPU compensates for the poorer iterative behavior

of GMRES(m) for this class of problems [10].

In summary, all of the problems described in Section V use Denovo with SC spatial differenc-

ing. GMRES(m) Krylov iteration is used over space, angle, and energy to solve Eq. (10). Energy is

decomposed in sets, and space is decomposed into blocks on each node using the standard KBA de-

composition. The sweep is performed using the KBA algorithm, with on-node space-angle-energy

sweeps being performed on the GPUs.

III. JET STREAMING BENCHMARK

The JET facility located at the Culham Centre of Fusion Energy (CCFE) is the largest

tokamak in the world. During deuterium (DD) operations, JET produces neutron emission rates
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in excess of 1016 n/s, and an upcoming deuterium-tritium (DT) campaign anticipates neutron

emission rates over 1018 n/s [4]. As the currently operating fusion device closest to ITER, JET

is uniquely positioned to provide experimental data that are extremely relevant to ITER [15]. In

particular, experiments performed at JET are vital to the validation of the neutronics codes and

nuclear data to be used in the design and operation of the ITER facility.

In the JET streaming benchmark, the neutron fluence and air kerma through penetrations

present in the JET torus hall were measured with thermoluminescent dosimeters (TLDs). This

analysis compares against measurements made during the 2015–2016 JET campaign with calibra-

tion factors calculated at the Frascati Neutron Generator (FNG) in 2017. The benchmark provides

an MCNP input file, as well as the measured neutron fluence and air kerma, at 16 detector lo-

cations identified as A1–A8 and B1–B8. Figure 1 shows a visualization of the JET torus MCNP

model that was created with the Radiant ray-trace–based three-dimensional image generator [16].

The MCNP model contains a detailed representation of the JET torus, but beyond the machine,

the model is simplified and excludes many structures.

Fig. 1. Visualization of the MCNP model of the JET torus with the northeast quadrant cut away.

Figure 2 indicates the x-y positions of the detectors placed for the benchmark on a slice
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through the model geometry at z = −400 cm. Note that these detectors are located at different

elevations. As shown in Figure 2, detectors A1, B1, and A8 are located near the torus, detectors

A2–A7 and B8 are located in the southwest labyrinth area, detectors B2–B5 are located in the

southeast chimney, and detectors B6 and B7 are located in the basement. During the experiment,

several TLDs were placed in a high density polyethylene cylindrical moderator at each detector

location. To detect any directional effects, the TLDs were grouped into two orientations: a circular

arrangement of horizontal TLDs, and a rectangular arrangement of vertical TLDs. The measure-

ments from the two orientations were then averaged. The B5 measurement is not included due to

placement issues during the experiment and the B7 and B8 measurements are excluded because

they are near background and as a result have very large uncertainties.

Fig. 2. Slice through the MCNP model of the JET Torus Hall at z = -400 cm, with detector
locations for the 2015–2016 campaigns indicated. Note that detector locations are projected to the
same elevation with darker points indicating lower elevations.

The MCNP model of the JET torus hall provided with the benchmark files does not model the

TLDs or polyethylene moderators. Instead, the benchmark includes separate attenuation factors

for fluence and air kerma as well as flux-to-air kerma conversion factors from ICRP-74 [17]. The
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attenuation factors for the neutron air kerma are given in Table I and were estimated by calculating

the reduction in air kerma when the polyethylene moderators were present for a few detector

positions with MCNP. Energy-dependent attenuation factors were provided for the neutron fluence

calculation.

TABLE I
Neutron air kerma attenuation factors for polyethylene moderators [4]

Detector position Neutron kerma factor

A1, B1 0.101
A2–A8, B2–B8 0.081

IV. DENOVO PROBLEM SETUP

Modeling a continuous-energy, constructive solid geometry model using a multigroup discrete

ordinates code requires discretizing the problem in space and energy. The Omnibus [18] interface

uses the particle transport routines in the Shift Monte Carlo code to discretize the geometry. Be-

cause these routines require additional libraries and codes (viz. the MCNP5 executable to generate

a runtpe file and the Lava library [19] to perform the transport), we convert the MCNP repre-

sentation of the JET problem into an explicitly meshed representation as a preprocessing step so

that one discretization can be reused in multiple problems run on Titan. This preprocessing step

is not run on Titan, but rather on an institutional computer cluster, typically with 256 compute

cores at up to a half hour of wall time. Sections IV.A and IV.B discuss the material and energy

discretization.

IV.A. Material discretization

The KBA spatial decomposition discussed in Section II partitions the problem across a

configurable number of computational domains, and each domain locally generates a table of

material volume fractions in each spatial cell by tracing a configurable number of rays orthogonally

through the problem. Tracing more rays improves the estimate of the volume fractions at the cost

of additional run time for the trace; 64 rays per external Cartesian grid cell face were traced for

this model. Increasing the number of rays also makes it more likely to encounter complex regions

of the model where particles can be lost: error-correcting routines had to be added to the ray
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tracer in order to successfully trace the JET model.

Since the memory usage requirements of the runtime-calculated cross sections scale with the

number of distinct material mixtures, it is desirable to reduce the size of the volume fraction tables.

These mix tables are collapsed by declaring spatial cells with similar components as equivalent,

where the similarity is determined by comparing the relative volume fractions using a user specified

tolerance; this analysis used a tolerance of 1%. For example, two cells containing a wall-air

interface may have a slightly different volume fraction of air, but after collapsing the mix table,

they may share a material identifier. This introduces additional discretization error into the Denovo

approximation of the model.

At this point in the discretization process, the material identifiers and volume fractions are

all local to a compute domain and based on the spatial decomposition used. The spatial domains

on the institutional cluster used for this preprocessing will be considerably larger than those used

on Titan since the number of processors in use is orders of magnitude smaller. Therefore, a global

mix table and material ID field must be constructed from this local information to provide an

input for use on Titan. A global scatter of the number of distinct mixtures per domain enables

each domain to shift its local IDs to a global ID.

The domain-local data are written to two separate HDF5 fields using collective I/O oper-

ations. One three-dimensional integer field stores the provisional material IDs, and an array of

volume fractions stores the sparse mix table in coordinate format.

After the parallel discretization is complete, a serial tool reads in the global IDs and mix

tables, collapses the mix tables using an O(N logN) fuzzy sorting algorithm [20], and writes the

globalized IDs and mix tables to a new HDF5 file. Collapsing reduces the number of mixtures by a

factor of two in the discretization with almost a billion mesh cells, yielding a proportional memory

reduction in the cross section storage that allows the problem to fit within the memory constraints

of Titan.

IV.B. Energy discretization

To examine the solution’s sensitivity to energy group structure, multigroup cross sections

with 64, 128, and 256 energy groups were generated from the FENDL-3.1b library [21] with

group boundaries based on the 175-group Vitamin J library. In practice, since the experimental
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benchmark used a D-D plasma, all energy groups above the D-D source energy can be omitted

in their entirety from the Denovo solve. However, maintaining the number of energy groups as a

multiple of two improves load balancing on the GPUs. This resulted in reducing the three group

structures to 32, 88, and 216 energy groups.

The MCNP source term is described as a separable function of space and energy, so it is

only necessary to discretize the source once per mesh resolution rather than at each combination

of mesh grid and multigroup library. To discretize the source, independent MCNP history source

particles are sampled in parallel using the Lava library. Their accumulated positions on the mesh

grid are summed over all domains to obtain the global source strength. Because of the stochastic

nature of the sampling, the Denovo source term has some statistical sampling error in addition

to the discretization error. However, the error introduced by the two billion source samples is no

different than the equivalent Monte Carlo source sampling error.

The energy spectrum is separately and analytically discretized onto the multigroup energy

bounds. This spectrum is combined with the spatial discretization and material discretization to

define the final Denovo input.

V. RESULTS

These studies were performed on the Titan Cray XK7 supercomputer at the OLCF. Titan

has 18,688 compute nodes, each with a 16-core AMD Opteron CPU, an NVIDIA Kepler GPU,

and 32 GB of RAM. The number of nodes used for each simulation was driven by the level of

decomposition needed to fit the problem on the cluster.

Results were generated from an MCNP model of the JET Torus Hall that was provided along

with benchmark data. MCNP and Shift results are also provided as a computational reference.

The MCNP results were calculated by the Jožef Stefan Institute (JSI) [22] using variance reduction

parameters generated by ADVANTG [19] and the analog Shift results were calculated by ORNL

on Titan. The Denovo and MCNP calculations used the FENDL-3.1b library [21], while Shift used

the ENDF/B-VII library [23].
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V.A. Sensitivity Study

The impact of several deterministic parameters on the Denovo solution were examined, in-

cluding spatial mesh, quadrature set, energy groups, and anisotropic scattering order (PN ). The

Denovo discretization parameters that were considered are summarized in Tables II and III. The

spatial meshes were uniformly spaced and quadruple range product quadratures [24] were used for

all cases as they tend to exhibit fewer ray effects than level-symmetric quadratures. All calculations

used the step characteristics spatial differencing scheme described in Section II. This scheme was

chosen because it is both linear and maintains positivity, regardless of the discretization parame-

ters chosen, provided that the source is positive. As described in Section II, all energy groups are

solved at once and so a brief study was conducted to examine the convergence of the flux spectrum

and determined that requiring 200 solver iterations for all cases would ensure convergence.

TABLE II
Deterministic Parameters for JET Streaming Benchmark

Quadrature sets
36 angles/octant
128 angles/octant
256 angles/octant

Energy groups
32
88
216

Scattering orders
P1 (4 moments)
P3 (16 moments)

TABLE III
Spatial Meshes for JET Streaming Benchmark

Case name # Cells Mesh size [x, y, z] (cm)

1m 1 572 864 [62.50, 72.92, 54.69]
10m 12 582 912 [31.25, 36.46, 27.34]
100m 88 080 384 [15.63, 15.63, 18.23]
1b 935 854 080 [ 7.35, 7.29, 7.81]

The thermal neutron flux calculated by Denovo on 2 048 nodes with 100 million spatial cells,

32 energy groups, 256 angles per octant, and P3 scattering with a wall-time of 4.6 hours is shown

in Figure 3 through the center of the machine (z = 0) with the xy detector locations indicated.
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The neutron fluence spectra for detectors A1, A2, A6, and B8 are given in Figure 4 for the Denovo

solution with 10 million spatial cells, 32 energy groups, 256 angles per octant, and P3 scattering.

The neutron fluence drops about 8 orders of magnitude from detector A1 to B8.

Fig. 3. Thermal neutron fluence (10−5-10−1 eV) at z = 0 for 100 million spatial cells, 32 energy
groups, 256 angles per octant, and P3 scattering with detector locations projected to this elevation.

The Denovo solution to the JET streaming benchmark proved to be largely insensitive to

the deterministic parameters examined, excepting spatial mesh. Varying the number of angles

per octant, the number of energy groups, and the scattering order did not result in a significant

change in the calculated neutron fluence or kerma at the detector locations. Instead, spatial mesh

size had the dominant effect on the solution, indicating the importance of resolving the narrow

streaming paths through the labyrinth and chimney. With further mesh refinement in these areas,

it is expected that the impact of the quadrature set would become more apparent.

The uniformly spaced meshes that were considered are described in Table III. Figure 5 gives

the neutron fluence at each detector location for varying numbers of spatial cells. The neutron

fluence calculated using MCNP with ADVANTG is also given for comparison, and all MCNP

relative errors are less than 2%. In general, the Denovo solution under predicts the MCNP solution
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Fig. 4. Neutron fluence spectra calculated by Denovo with 10 million spatial cells, 216 energy
groups, 256 angles per octant, and P3 scattering at the locations of detectors A1, A2, A6, and B6.

and improves with mesh refinement. The Denovo and MCNP solutions match best near the source

and larger differences are observed as the detector locations move farther from the machine. More

studies with localized mesh refinement are needed to resolve these differences. The solution for

detector B8, which is located beyond the southwest labyrinth, is inaccurate with the coarser 1

million and 10 million cell meshes and MCNP data was not available for this location.

Figure 6 illustrates the neutron kerma calculated by Denovo at each detector location for

varying numbers of spatial cells. MCNP results for the neutron kerma were not available so Shift

results are provided as a computational reference. As with the neutron fluence, the Denovo solution

improves with mesh refinement and larger differences are observed in detectors located farther from

the source.

The wall times and nodes used for several Denovo simulations are given in Table IV. The

number of nodes used was generally determined by the problem size, but the smallest cases were

also impacted by wall time limits on Titan that restrict jobs below certain node counts.
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Fig. 5. Neutron fluence calculated values for different mesh sizes in Denovo.
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Fig. 6. Neutron air kerma calculated values for different mesh sizes in Denovo.
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TABLE IV
Wall times and node usage for selected cases.

Case name Nodes used (coresa) Wall time

1m c, 32 g, P3, 256 a 128 (3 840) 1.3 hrs
10m c, 32 g, P3, 256 a 512 (15 360) 2.5 hrs
10m c, 88 g, P3, 256 a 1024 (30 720) 1.7 hrs
10m c, 216 g, P3, 256 a 2048 (61 440) 1.5 hrs
100m c, 32 g, P3, 256 a 2 048 (61 440) 4.6 hrs
1b c, 32 g, P1, 256 a 3 840 (115 200) 10.0 hrs

a The OLCF defines each Titan XK7 node as possessing 30
total cores for the purposes of resource accounting.

V.B. Benchmark Comparison

Measurements from the 2015-2016 DD campaign at JET with calibration factors calculated

at FNG in 2017 were used for comparison with Denovo. Figure 7 gives the neutron fluence that

was measured at each detector and calculated by Denovo, MCNP with ADVANTG, and Shift.

The neutron air kerma measured by the experiment and calculated by Denovo and Shift at each

detector is given in Figure 8. The Denovo results calculated with the 1b (935 854 080) cell spatial

mesh, 32 energy groups, 256 angles per octant, and P3 scattering were used for comparison with

experiment results.

The measurements and calculations show good general agreement. The neutron fluence at

detectors B7 and B8 is near background levels and has not been included due to large experimental

uncertainties. The calculated neutron fluence and air kerma underestimate the experiment at

detector A1, which is located near the source. This was also observed in Ref. [4], which notes that

uncertainty in the exact detector position or shielding equipment not represented in the model

may be the cause. The MCNP and Shift solutions agree well, with some differences likely due to

the different cross-section libraries used.

The ratios of calculated-to-experimental (C/E) neutron fluence and air kerma for Denovo,

MCNP with ADVANTG, and Shift are given in Figure 9 and Figure 10, respectively. In Figure 9,

all three calculations show a tendency to overestimate the neutron fluence with increasing distance

from the machine, which was also observed in a previous comparison with MCNP [4]. The Den-

ovo neutron air kerma C/E is shown to underestimate the experiment at all detector locations.

The accuracy of the simulation may be limited by the air kerma attenuation factors described in
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Fig. 7. Neutron fluence measured and calculated by Denovo, MCNP with ADVANTG, and Shift.
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Fig. 8. Neutron air kerma measured and calculated by Denovo and Shift.
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Section III and further work is needed to fully understand some of these differences. In particular,

future work should examine the impact of localized mesh refinement. It is also important to note

that there are several sources of uncertainty in these ratios, in addition to the experimental errors,

statistical errors in Monte Carlo calculations, and discretization errors in the deterministic calcula-

tions. Other sources of error include uncertainty in the attenuation coefficients for the polyethylene

cylinders, approximations in the MCNP model, and inaccurate material compositions for concrete.

A1 A8 A2 A3 A4 A5 A6 A7 B1 B2 B3 B4 B6

Detector

10-1

100

101

C
/E

Denovo neutron fluence
MCNP/ADVANTG neutron fluence
Shift neutron fluence

Fig. 9. Ratio of calculated (C) over experiment (E) neutron fluence for Denovo, MCNP with
ADVANTG, and Shift.

VI. CONCLUSIONS

The highly scalable Denovo discrete ordinates code successfully modeled the JET streaming

benchmark at an unprecedented level of fidelity, taking 10 hours of wall time on 3 840 nodes of

the Titan computer at OLCF to solve a discretization with 1 billion mesh cells, P1 scattering, 32

energy groups, and 36 angles per octant on GPUs. A parameter study determined the sensitivity

of the computed results as a function of the discretization parameters; of these, the spatial mesh

size had the strongest effect on the calculated detector responses.

The Denovo-calculated neutron fluence and air kerma showed good general agreement with
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Fig. 10. Ratio of calculated (C) over experiment (E) neutron air kerma for Denovo and Shift.

the experimental results and previously simulated MCNP neutron fluence results. Further work is

needed to fully explain and resolve some observed differences. Additional results generated by the

massively parallel Shift Monte Carlo code on Titan provided further confidence in the ability to

accurately model this complex fusion system using the deterministic Denovo radiation transport

code. The Denovo-calculated flux distribution would also be effective for variance reduction of

Monte Carlo simulations, and coarser meshes could be used for this application.
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A. DISCRETE ORDINATES EQUATIONS IN DENOVO

The fixed-source steady-state Boltzmann transport equation solved in Denovo is

Ω̂ · ∇ψ(r,Ω, E) + σ(r, E)ψ(r,Ω, E)

=

∫ ∞
0

∫
4π

σs(r,Ω
′ → Ω, E′ → E)ψ(r,Ω′, E′) dΩ′dE′ + qe(r,Ω, E) , (1)

and it obeys a boundary condition that defines the incoming flux on problem boundaries with

outgoing normal n,

ψ(r,Ω, E) = Γ , r ∈ ∂V , Ω̂ · n < 0 . (2)

In Eqs. (1) and (2), the state is defined by the angular flux ψ, and the independent variables

are r = (x, y, z) in cm, Ω = (θ, ϕ) in steradians (sr), and E in MeV representing space, angle,

and energy respectively. Applying the discrete ordinates (SN ) angular and multigroup energy

discretizations, Eq. (1) becomes

Ω̂a · ∇ψga(r) + σg(r)ψga(r) =

G∑
g′=1

N∑
l=0

σgg
′

s l (r)
[
Y el0(Ωa)φg

′

l0(r)

+

l∑
m=1

(
Y elm(Ωa)φg

′

lm(r) + Y olm(Ωa)ϑg
′

lm(r)
)]

+ qge (r,Ωa) , a = 1, . . . , n , g = 1, . . . , G , (3)

where ψga ≡ ψg(Eg,Ωa). The functions Y elm and Y olm are the even and odd spherical harmonics

defined to ensure a real expansion of the angular flux. In the SN method, the angles are integrated

by a quadrature rule yielding the following forms for the angular flux moments on the right-hand

side of Eq. (3)

φglm =

n∑
a=1

Y elm(Ωa)ψgawa , (4)

ϑglm =

n∑
a=1

Y olm(Ωa)ψgawa . (5)

Finally, σgg
′

s l is the lth moment of the Legendre polynomial expansion of the scattering cross section

from group Eg
′ → Eg. This form defines the scattering as a polynomial function in angle enabling

the use of arbitrary quadratures for the same set of multigroup cross section data.
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To parameterize the solution methods in Denovo, Eq. (3) is written in operator form,

LΨ = MSΦ + qe , (6)

and the angular flux moments, Eq. (4) and (5), are written

Φ = DΨ . (7)

The size of the problem is determined by the number of groups (G), the number of angular

flux moments required by the PN scattering order (t), the number of quadrature angles (n), and

the number of spatial cells (Nc). The number of discrete angular fluxes (Ψ) that are solved is

Ng × n×Nc,

Ψ =

(
ψ1
1 ψ1

2 · · · ψ1
n · · · ψGn

)T
. (8)

The persistent state vector is comprised of the angular flux moments (Φ), and has size Ng× t×Nc,

Φ =

(
φ100 φ110 ϑ111 φ111 · · · ϑ1NN φ1NN · · · ϑGNN φGNN

)T
. (9)

Operating on Eq. (6) by T = DL−1, applying Eq. (7), and rearranging terms, the fixed-source

problem is

(I−TMS)Φ = Tqe . (10)

This equation can be written in the standard form Ax = b, where the application of operator A

requires the following steps:

matrix-vector multiply : y = MSv ,

sweep : z = DL−1y ,

return : ⇐ v − z .

The application of the transport operator, L−1 in Eq. (10), is performed by traversing through

the mesh in the direction of particle travel [25]. Each so-called sweep requires n traversals through

the mesh; therefore, every Krylov iteration requires n traversals of the mesh in the direction of

24



particle travel, and the solution of the transport equation is defined by the efficiency of the sweep

algorithm.
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