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Abstract

Fuel cells, batteries, thermochemical and other energy conversion devices involve the trans-
port of a number of (electro-)chemical species through distinct materials so that they can meet
and react at specified multi-material interfaces. Therefore, morphology or arrangement of these
different materials can be critical in the performance of an energy conversion device. In this
paper, we study a model problem motivated by a solar-driven thermochemical conversion device
that splits water into hydrogen and oxygen. We formulate the problem as a system of coupled
multi-material reaction-diffusion equations where each species diffuses selectively through a given
material and where the reaction occurs at multi-material interfaces. We introduce a phase-field
formulation of the optimal design problem, and numerically study selected examples.

1 Introduction

The efficiency of fuel cells, batteries and thermochemical energy conversion devices depends on
inherent material characteristics that govern the complex chemistry and transport of multiple
species as well as the spatial arrangement of the various materials. Therefore, optimization of the
spatial arrangement is a recurrent theme in energy conversion devices. Traditional methods of
synthesis offer limited control of the microstructure and there has been much work in advanced
imaging for these uncontrolled microstructures (e.g., [31]) and optimizing gross features. However,
the growing ability for directed synthesis [28, 21, 29, 23] allows us to ask the question of what
microgeometries are optimal for particular applications. In this sense we direct the problem to one of
optimal design where we are not limited by the imagination in determining new microstructures but
instead allow for the underlying physical behavior and optimization techniques to direct architecture
and microstructure, and eventually lead synthesis to unprecedented performance.

The tailoring of material microstructure and nanostructure is not new to energy conversion
and storage [23, 4]. The development of hierarchical structures and porosity affords balancing
interfacial reactions and chemical transport to maximize efficiency. For example, in cathodes of
solid oxide fuel cells, the efficiency is largely determined by reactions at triple phase boundaries and
the availability of transport pathways through each phase. These features are coupled with volume
fractions, surface area densities, interfacial curvatures, and phase tortuosities to find the optimal
balance between surface reaction and transport [30, 25]. Similarly, the importance of microstructure
on anode performance [5, 27, 15, 12] has also been established. The morphology of materials used in
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Figure 1: The physical setting: chemical species 1 enters through the source 0;f2, diffuses through
1, is converted to chemical species 2 through a surface reaction at the interface S, chemical species
2 diffuses through Q5 and leaves through the sink 9»€).

lithium ion batteries is of interest from both the theoretical [26, 10, 9] and experimental standpoint
[19, 20, 29]. Mass and ion transport and interface measure in battery electrodes directly impact
the storage capacity and rate performance and is an ideal problem for optimization across many
length scales.

In this paper, we are interested in the problem shown in Figure 1. Chemical species 1 enters
through the source 0412, diffuses through €1, is converted to chemical species 2 through a surface
reaction at the interface S, chemical species 2 diffuses through (22 and leaves through the sink
0282. Given the overall domain €, the inlet 012, the outlet 952 as well as the concentration of the
species at the inlet and the outlet, we seek to find the best arrangement of the two domains 21,
Q9 separated by the interface S to maximize the flux through the system.

This problem is motivated by metal oxides in solar-driven thermochemical conversion devices.
The application of metal oxides for solar-driven thermochemical conversion devices offers a promis-
ing new sustainable energy source [11]. The lack of complex and expensive catalyst systems and
full use of the entire solar spectrum separate these devices from many other photo-based energy
sources. Here, a porous, redox active oxide is cyclically exposed to inert gas at high temperature,
generating oxygen vacancies in the structure, and reactant gas (HoO, CO3), at moderate tempera-
ture, releasing fuel upon reoxidation the oxide [28]. We have a two phase material (solid oxide and
pore) where reactions at the surface create (gaseous) oxygen in the carrier gas in the pores and
bound oxygen in the solid oxide; the oxygen diffuses through the carrier gas in the porous region
and bound oxygen diffuses through the solid oxide. We seek to understand the arrangement of the
solid and porous regions to maximize the transport given sources and sinks for the gaseous oxygen
and vacancies. We note that there are a number of other areas of energy conversion devices that
lead to similar problems.

There is a large literature in the study of optimal design problems, especially seeking to minimize
compliance for a given weight as well as maximize conduction for a given mass. It is understood
that the underlying problem is ill-posed in that the optimal designs often lie outside of the set of
“classical admissible designs.” One has to either relax the problem by homogenization [18, 22] or
regularize it through the introduction of constraints: e.g. on the perimeter [3, 8], on the geometry
itself via a curvature bound, or fixing the topology of the material domain a-priori [24]. These
treatments lead to a variety of widely used methods in shape and topology optimization [6, 1]. The
presence of two species lends a vectorial character to our problem, and the presence of the surface
sources makes the problem at hand different from those in the literature.



We formulate our optimization problem in Section 2. We begin with a sharp interface formula-
tion of physical problem in Section 2.1. However, the optimal design of the sharp interface model is
difficult. Therefore we introduce a diffuse interface model by adding a Allen-Cahn term to describe
the phase arrangement in Section 2.2. We solve this numerically in selected examples in Section 3
and conduct a parameter study. These show that the optimal design can be quite intricate as it
seeks to balance transport and reaction.

2 Formulation

2.1 Sharp interface formulation

Consider an open, bounded region 2 C R™ with Lipschitz boundary separated into two regions
Q1 and 9 by an interface S as shown in Figure 1. We consider the diffusion of one species
with concentration uq in region 1 with isotropic diffusivity K1 > 0, and a second species with
concentration wug in region s with isotropic diffusivity Ko > 0. The two species meet at the
interface and react with reaction rate ks > 0. The boundary of ) is divided into three regions
0 = 01Q U QU JpQ2 where 9;Q2 C 0€;. The concentration of species i is held at a prescribed
value u} on 0;Q2 while 9y(2 is insulating. This is described by the following system of equations:

V-K;Vu; =0 in Q;

—K;Vu; -1 =ks(u; —u2) onS (1)
U; = Uy on 9;Q)

K;Vu;-n=20 on 00\ 9;2

for i = 1,2 where 1 represents the normal to S pointing from €1 pointing to €25, and n represents
the outward normal to 02. The first equations describes the diffusion of the ith species in €2; while
the second describes the reaction kinetics and mass balance at the interface S. Finally, the third
and the fourth condition describe the boundary conditions.

It is easy to see that the problem above is the same as minimizing

K K. ks
L) = [ (Gl 10 VP ) ot [ S - wda 2)
Q S

over uj, ug subject to (1)g where x is the characteristic function of ;.

We seek the arrangement of two subregions €27 and €29 that maximizes the flux through the
domain:

K1Vup -ndA = — KyVus - ndA
10 0202

where n is the outward normal to €, uj, ug solve (1) and the equality follows from (1). In practice,
it is common to have u; uniform over 9;€2. So, by normalizing if necessary, we take objective
function to be

1 1
0= */ u1K1Vu1 -ndA — ~/ UQKQVUQ -ndA.
2 Joa 2 Jora
We can use (1) to show that L = O. Thus, we study the optimization problem

max min L(u, x) (3)

X u1,u2

subject to a constraint on the volume fraction v of 2.



2.2 Diffuse interface formulation

The optimization problem above is difficult to solve directly. So, we regularize it with a diffuse inter-
face formulation. The idea is to introduce a smooth function y that approximates the characteristic
function of €. Recall the Allen-Cahn functional [2]

/Q (aW () + BIVXP) da,

for

W(x) =x*(1-x)
The minimizers of this functional are smooth and take values close to 0 and 1 separated by regions of
thickness of the order of \/B/—oz — 0. Indeed, near the boundaries between the sets, the minimizers

are of the form .
o
x(§) = 3 (tanh<\/%§> + 1)

where £ is the coordinate normal to the boundary. Thus, minimizers of the Allen-Cahn functional
approach the characteristic function of sets in the limit y/3/a — 0.
Therefore, we consider the functional

£ = [ |5 30 kiVal + Gxl =0 — ) == (W) + BV | do. ()
i=1,2
where
ki(z) = kux(z) + ki2(1 — x(2)),  ka(z) = karx(x) + ka2 (1 — x(2)) (5)
with k11 = Ki,koo = Ko >> kio,ko1 > 0 and ¢ is a constant of order unity dependent on the
choices of a, 8, and study the optimization problem
max min £(u, x). (6)
X u1,u2
Henceforth, we take ¢ = 1 redefining k; as appropriate.

Notice that we have extended the definition of wuq,us to the entire domain, but taken the
diffusivity of species 1 in region 2 and species 2 in region 1 to be extremely small. The second term
in the integrand of (4) approximates the interfacial term of (2). For any y that approximates a
characteristic function, the product x(1 — x) is almost zero everywhere except near the interface. A
is a Lagrange multiplier that enforces the constraint on the volume fraction of region 1. The final
two terms are the Allen-Cahn functional that forces x to approximate a characteristic function.

Note that given any x € H'(€,[0,1]), L(u,x) is strictly convex in u. So it follows (see for ex-
ample Dacorogna [16]) that there exists a unique minimizer u, € {u € H(Q,R?),u; = u} on §;Q2}.
Now define

F () = L(uy, x) = min L(u, X).

Let {xx} be a maximizing sequence for F. It is easy to show that {x;} is bounded in H!' N L.
It follows that there is a subsequence (suitably relabelled) and xo such that x; — xo in H! and
Xk — xo in L%, where — and = denote weak convergence and weak sconvergence, respectively.
Now,

lim sup F(xx) — F(xo0) = limsup (L(uy,, Xk) — L(tyy, X0))

k—oo k—o0
< likm sup (£ (U, Xk) — L(Uxgs X&) + Iikmsup (L(txo, Xk) — L(Uxg, X0))
—00 —00
<0.



Note that the term in the first parenthesis is non-positive since w,, is a minimizer of L(u, x%).
Since the sequence yy is (strongly) compact in any LP with 1 < p < 400 from Sobolev embedding,
for any fixed u, L(u, x) is upper-semicontinuous in y. Thus, the second limsup is non-positive. It
follows that x¢ maximizes F, and thus the min-max problem (6) is well-posed.

3 Numerical study of the optimal design problem

We seek to find the solution to our optimal design problem (6) by considering a gradient flow:

/ax ds — — (5,.L, 0)

X

Ew dz = —— (0uL, )

@ (
for every ¢,v € H'(;RY) subject to the appropriate boundary conditions. Here (-) denotes
the L? inner product, 6, £ and §,L denote the first variations of £ with respect to x and u, and
dy,dy, > 0 are the inverse mobilities. We obtain the following system of equations:

ox _ ki 2, 1 2 !

Ay _j§2§|Vuz| + - Au(l = 2x) = A+ BV — aW'(x), (7)
8ui

dua =V kiVu; — x(1 — x)Aiju; (8)

subject to boundary conditions and constraints, with

1 -1
amn(t 7).

We have implemented the system of equations (7), (8) using the commercial software COMSOL
[14]. All our simulations are in two dimensions (n = 2). We work with non-dimensional units
where the size of the domain, the concentration at a boundary and the (diagonal components of
the) diffusion coefficient are O(1). We discretize the problem spatially using linear finite elements
generated by Delaunay triangulation, and integrate the resulting ordinary differential equation in
time by using the backward differentiation formula. We impose the volume fraction of region 1,
v, as a global constraint that is built into COMSOL, removing the need to calculate A for each
iteration. Additionally, we impose a point-wise constraint restricting x € [0, 1]. We typically begin
with an initial guess of uniform y, and run the simulations until an apparent steady state is reached
(i.e., when the right hand sides of (7) and (8) become small compared to a given tolerance). The
simulations can get stuck in local optima, but we try to avoid this by doing parameter sweeps and
studying additional initial conditions. Variations in the inverse mobilities d, and d,, are used to
balance numerical stability and convergence rate but generally have no impact on the resulting
geometries.

3.1 Square reactor

We begin with a square domain, = (0,1)2, shown in Figure 2(a). We prescribe u; = 1 on
the left face 9192 = {0} x (0,1) corresponding to a source of species 1, us = 0 on the right face
022 = {1} x (0, 1) corresponding to a sink of species 2, and zero-flux boundary conditions otherwise.
We also impose a zero flux boundary condition on our phase-field variable y.
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Figure 2: (a) Square reactor with a source of species 1 on the left and a sink of species 2 on the
right. (b) Optimal design (x) for the parameters in (9)).
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The resulting optimal design x is shown in Figure 2(b) for the parameters

ki1 =kos =1,kig=koy =1x 10ﬁ6,k5 =1x 102,
a=1,8=2x107°, (9)
v = 0.5.

This simulation had a mesh with 67068 elements, took 845 time steps and the L? norm of the time
derivative of y is 3.945 x 10~ at the end of the simulation. We have verified that the design does
not change by refining the mesh and driving the L? norm of the time derivative of y to 10712, As
noted above, the parameters d, and d, which is a rescaling of the time step do not affect the final
(stationary) solution and are used to balance numerical stability and convergence rate.

The resulting design has a clear intuitive explanation. Given the boundary conditions, the
design seeks to draw in species 1 from the left, react it in the center to convert species 1 to species
2, and expel species 2 at the right. Therefore, the design puts material 1, which has a high diffusivity
of species 1, on the left so that it can easily transport species 1 from the source to the interface
where the reaction consumes it. Material 2, which has a high diffusivity of species 2, is placed on
the right so that it can easily transport species 2 from the interface, where the reaction generates
it, to the sink. The design maximizes the reaction by creating a zig-zag interface between the two
materials.

We now begin a parameter study for the same problem. Figure 3 shows the resulting designs for
a volume fraction v = 0.5 for various diffusivities ki1, koo. Figures 4 and 5 show the corresponding
concentration fields u; and wug respectively while Figure 6 shows the corresponding reactions by
plotting the local evaluation of the second term in the right hand side of (8);.

We begin at the center for the case k11 = koo = 1, which is what we described earlier. Decreasing
both diffusivities by moving up on the diagonal to k11 = koo = 0.1 leads to a similar segregation
of the material but the interface is sharper and straight. The interfacial reaction constant is now
high compared to the diffusion and thus there is no need to increase interfacial reaction by making
a zig-zag interface. Further, a straight interface leads to a constant gradient and thus maximizes
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Figure 3: Designs with volume fraction v = 0.5 as we vary diffusion coefficients with a = 0.1, 8 =
5% 1075, k1g = 1073 X kq1, ko1 = 1073 X koo, ks = 1 x 102.
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Figure 4: Concentration field u; associated with the designs presented in Figure 3.
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presented in Figure 3; normalized units.
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bulk diffusion. We also notice that interface appears sharper despite the fact that the phase field
parameters a and 8 and in particular the ratio §/« remains the same. This is because the decrease
of the diffusion constant increases the relative contribution of the phase field part of the energy
thereby discouraging mixed material.

On the other hand, increasing both diffusivities by moving down the diagonal to ki1 = koo = 10
still segregates the material, but in a very diffuse manner with an almost constant gradient. Since
the diffusivities are both large, the reaction is relatively difficult and diffusion easy. Thus, one
would seek to create a highly oscillatory interface with very fine microstructure in a sharp interface
model. However, the increased diffusivity also decreases the relative contribution of the phase field
energy since o and § are held constant. Therefore, the penalty against mixed material is weakened
resulting in a diffuse interface. As we shall see in the next example, increasing « while keeping the
ratio 3/a fixed enforces pure phases and resolves the diffuse region into an oscillatory interface!.
In other words, this diffuse interface is an indication of fine-scale structure.

We now turn to the situation when the diffusivities are different. Consider the case when
k11 = 1, koo = 0.1 as shown on the top-center. The diffusion of species 1 is considerably easier than
that of species 2. Therefore, it is advantageous to have the reaction close to the sink. Species 1 is
transported by the long arms of material 1 (red) which protrude from the left to the right where
it reacts very close to the sink, thereby reducing the distance that species 2 has to be transported.
The excess material 2 (blue) is ‘hidden’ on the left in arms that do not participate in the transport.
The case k11 = 10, koo = 0.1 shown on the top-right is similar with a slightly wider interface since
reaction is more difficult compared to the transport. The seemingly constant concentration field
for u; in this case is a consequence of the normalization across all the cases, but exhibits similar
structure to the previous case mentioned. The surplus of this species also propagates into the non-
favorable phase because of the non-zero diffusivity k12. The case ki1 = 10, koo = 1 shown on the
right-middle is also similar except the interfacial region is even wider. The cases k11 = 0.1, ko = 1;
k11 = 0.1,ko2 = 10 and k11 = 1, ko = 10 are the analogous, with the roles of material 1 and 2
reversed.

The phase-field functional, the domain, and the boundary conditions have a symmetry, and
we examine if the resulting designs reflect this symmetry. Specifically, note that if {uy, ug, x} is a
solution for a problem with ki, ko on the square domain, then {1 — uy,1 — uj,1 — x} is a solution
for a problem with ko, k1 on the square domain obtained by changing x to 1 — x. We see that our
designs reflect this symmetry. Specifically, compare the case k13 = 0.1, ko2 = 1 and the resulting
design x1 shown in middle-left of Figure 3 and the case k11 = 1, koo = 0.1 and the resulting design
X2 shown in top-center of Figure 3. We see that xi(z,y) =~ 1 — x2(1 — 2,1 —y).

Table 1 shows how the different contributions to the energy change for the various cases. It also
shows how the flux varies. Further, it shows that the flux at the source, sink, and reaction zone
all agree ensuring the ”conversation of mass”: species 1 is drawn in at the source, converted in the
reaction and drawn out through the sink.

Figure 7 shows the designs for the same parameters, but for a volume fraction v = 0.3. The
designs are similar, except the interface is more to the left.

3.2 Cylindrical reactor

Many reactors designed for thermochemical conversion devices implement a cylindrical ceramic
structure that allow for even heating and easy transport of reactant gas. Thus, for the second
example we look at an annular structure where the inner edge with » = 0.2 is held as the source

"We also study in the appendix the opposite case when a = 8 = 0.
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Table 1: Contributions to the energy functional L(u,x), the phase field regularization, the flux J;
of each species calculated at the boundary, and the reaction integrated on the domain for v = 0.5.

ki1 koo Transport Energy Reaction Energy Phase Field J1in J2.0ut Reaction
[ 3> kil Vil Bx(1 = x) (w1 — ug)? JkaVuy - — [koVug - [ ksx(1 = x)(u1 — up)
0.1 0.1 0.0451 0.0023 0.0203 0.0948 0.0948 0.0949
01 1 0.1706 0.0285 0.0748 0.3866 0.3977 0.3983
0.1 10 0.2952 0.2022 0.0779 0.9610 0.9947 0.9948
1 0.1 0.1706 0.0285 0.0550 0.3977 0.3864 0.3983
1 1 0.4276 0.0340 0.1070 0.9202 0.9201 0.9232
1 10 0.9044 0.3595 0.1502 2.5015 2.5256 2.5278
10 0.1 0.2953 0.2021 0.0574 0.9946 0.9602 0.9947
10 1 0.9044 0.3596 0.1150 2.5257 2.5011 2.5278
10 10 2.2730 0.9990 0.1699 6.5257 6.5254 6.5440
0.1 1.0 10 ki
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Figure 7: Parameter sweep with v = 0.3, a = 0.1, 8 = 5 x 107, k1o = 1073 X kyq, ko1 = 1073 x
koo, ks = 1 x 102,
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a=0.1,8=2x10"° a=1,8=2x10"3 a=10,8=2x 104

1
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k11

0.1

0.1, koo

k11

0.1

=1,ko2 =

k11

(8) (i)

Figure 8: Designs for a cylindrical reactor with a source of the first species at the inner edge and
a sink for the second species at the outer edge. The parameters are in (9) except as noted in the
rows and columns of the figure. Further, k1o = 1072 X k11, ko1 = 1072 X koo.
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of the first chemical species (012 where u; = 1) and the outer at » = 1 is set as a sink for the
second (02 where uy = 0). We consider the same parameters as (9). The resulting design is shown
in Figure 8(b). The first species enters from the inside, reacts and converts to the second species
which exits from the outside. Thus, we see much of the first material on the inside and the second
on the outside. Further, to enable sufficient reaction, the interface region is diffuse. If we decrease
the phase field coefficients by an order of magnitude, we obtain the design in Figure 8(a) where
the mixed region increases as the penalty for deviating from the pure materials is reduced. On the
other hand, increasing the phase field coeflicients by an order of magnitude yields the design in
Figure 8(c). Indeed, here, the penalty for deviation from the pure phases increases and therefore
the interface becomes corrugated allowing sufficient reaction.

The second row of Figure 8 show the analogous result when the diffusivity is reduced by an
order of magnitude. Transport is now harder compared to the reaction, and therefore nearly pure
phases dominate to ensure transport to the interface. The interface is corrogated if the phase
field coefficient is small but becomes smooth as it increases. The final row of Figure 8 shows the
results for unequal conductivity. Since the transport of first species is easier, material 1 forms long
arms to transport the first species to close to the outlet where the reaction takes place. Further,
individually increasing the phase field parameters, a and 3, promotes pure phases and leads to
fewer arms, respectively.

3.3 Periodic cellular reactor

It is common to construct reactors as a periodic tubular array where the first species enters the
reactor through one set of tubes while the second species is extracted from the reactor with a
different set of tubes. Looking at a cross-section, one sees a square array of inlets and a square
array of outlets. This motivates our next example where the reactor is taken to be periodic with
the unit cell shown in Figure 9(a). The source is at the corners of the cell while the outlet is at the
center. We look for a periodic design to optimize the transport as before. The resulting unit design
for the parameters shown in (9) is shown in Figure 9(b). It is repeated periodically in Figure 9(c).

4 Conclusions

This paper aimed to examine numerical methods for designing optimal microstructures for energy
conversion. We used a coupled, two-phase, reactive-diffusion system describing the transport of two
chemical species each residing in separate phases (pore space and solid), and undergoing an interfa-
cial conversion reaction. The optimal design problem associated with maximizing the through-put
of the domain was numerically investigated using a phase field method, where intermediate den-
sities are penalized to ensure manufacturability and an inherent length scale. Optimal interface
shapes are dependent on transport parameters, but in general, saw-tooth or branched structures
are obtained.

The simplified models provided a proof of concept and approach: with a full characterization
of realistic transport and interfacial chemistry, the same method could be applied to design a real-
world system. The reaction form prescribed at the interface could match stoichiometric ratios and
mechanisms that were deduced experimentally. The relevant species to a real-world system could
be tracked in a similar manner. Extensions of the transport models could include realistic fluid
flow and interaction with the solid [7]. The optimal structures determined effectively yield designs
with arbitrary length scales, and could be coupled well with additive manufacturing techniques
to be experimentally verified. The “composite” regions or intermediate densities of the diffuse
interface results can be interpreted as a separate length scale of porosity or material mixture.

14



Figure 9: Periodic square distribution of circular sources and sin

design on the unit domain, (c) Periodic design.
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The construction of such a device would rely on being able to control this secondary porosity by
the inclusion of space-filling material or other techniques. Regardless, the results found exemplify
structures that balance interface area and two-phase transport.
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Appendix

We have seen above that the optimal (phase field) design often involves oscillatory interfaces or
a diffuse interface (which we argue is also an indication of oscillatory interfaces). To understand
when such rough interfaces can occur, we study the problem without a phase field penalization:

0 = ;22;21@ L(u,x) = /Q % i:zl:Q Ei|Vug|? + %X(l —x)u-Au— Axdz » . (10)
where A € R is given and
X =1%9;[0,1) and V={ve H(QR?):v; =u} ondQ,i=1,2}.
We have the following explicit characterization of the optimal design problem (10).

Theorem 4.1. We have
0 = min/ W (v, Vv) dx.
Q

veY
where
(1 (161Kt + |€2[%K22) (v,€) € Ro,
— 1£.12)2 12 : Y . _9))2
W(U,f) — (Zz Akz|§z| ) =+ 2 Z@ |€z| (kv(;;;l =t kz?) 2)‘Ak1) = (kv 2)‘) (1)7 ) = R,
5 (I611Pk11 + &2 k12 — 2X) (v,8) € Ry
with
Ro={(v:€): Y Akil&]> —2X < —ko},
R={(v,8): —ky < > _ Aki|&G|* — 2X < ky},
Ri={(v,6): ) Akil&]> =21 >k},
and

Ak = ki — kia, Ky = ks(v1 — v2)2.

16



This explicit characterization provides insights into when we see individual phases and when
we see diffuse intermediate phases. The region Rg is where x = 0 and we have pure phase 2 while
the region R4 is where x = 1 and we have pure phase 1. The region R is where we have y € (0,1)
or the mixed phase region (which we interpret as fine scale structure). This region is shown as the
shaded region in Figure 4 along with the contours of the function W for various parameters. Note
that when A = 0 and the two diffusivities and gradients are equal ki1 = koo, |£1]| = |€2| then we
are in the mixed phase (or rough interface) regime. This is consistent with the numerical examples
studied earlier.

Proof. For v € R? ¢ € R?*2 y € R, set

1 ks
W(v, & x) = 3 > (ki + (1= k)&l + 5 X(1 = x)v- Av = Xx
i=1,2

and

W(0,) = max W(v,€,x). (11)
x€[0,1]

Note that
O—supmf/Wv Vo, x)dx

XEX veVY
We can show (see [13] for details) using Proposition 2.4 of Ekeland and Témam [17] that the saddle
point problem is attained and the order can be reversed. Specifically, there exists v € V, y € X
such that

0 = /W v, Vv, xX)dx = sup inf/ W (v, Vv, x)dz = inf sup/ W (v, Vv, x)dx
EX’UGV [9) veY XEX

= 1nf/WvVv

veY

It remains to compute W. To that end, note that for a fixed v,&, W(v,&,x) is quadratic in y.

Therefore, the equation
ow

Dy

has an unique solution y = x*. A simple calculation reveals

v,§,x) =0

Zi Ak1|£112 + ks(’Ul — 1)2)2 — 2

X (v,€) = 2ks(v1 — v2)?
Notice that
S 0 (,U7§) = Ro,
X*(v,6) 4 €(0,1) (v,§) €R,
>1 (U,f) eERy.

A longer, but straightforward, calculation reveals that

(3, Akil&il?)® + 2 3, (16 Pko (kin + kiz) — 2AAk;) + (ky — 2))2
8ky '

W, & x") =

17



13

|€1] |€1]
(c)
|€1] |€1]

Figure 10: Contour plot of W for fixed v, \. The shaded regions indicate where mixed phase
(x € (0,1)) occurs. (a) k11 = koo = ks = 1,k12 = ko1 = 0.1, (v1 — v2)? = 1, A = 0. (b) Parameters
as in (a) except k11 = 5, (c) Parameters as in (a) except A = 1, (d) Parameters as in (a) except
(Ul — ’02)2 = 10.
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Similarly,

W(v,€,0) = = (|&1%ka1 + |&2]?ka2)

(|61 k11 + &2 k12 — 2X) .

| =D =

W(’U, &, 1) = 2

Now, we can verify by explicit calculation that

Wl &)~ W(,6,0) = (00,02
W0, 6,x7) — W&, 1) = 10 (0,8) 1) (12)

W(U7 3 ]-) - W(”? 3 0) = % (Z Ak1|€l|2 - 2)‘>

We obtain the desired result by recalling (11), rewriting

W(v,€) = max{¥(v, )W (v,€,Xx"), W(v,£0), W(v,§ 1)}

where

1 (v,§) e R

—00  else

\I/(’U,g) = {

and using (12).
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