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Abstract

Full waveform inversion allows the seismologist to utilize an entire waveform and all
the information it contains to help image the 3-D structure of the interior of the earth.
This report summarizes the basic theory that has been developed in full waveform
seismic inversion, primarily related to computation of sensitivity kernels. It then
describes the implementation of this theory using Sandia Geophysics Department’s
Parelasti code, a 3-D full waveform elastic simulation algorithm. Finally, the code is
validated using synthetics from simple homogeneous elastic earth models.
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NOMENCLATURE

Abbreviation

Definition

3-D

Three Dimensional

CPML

Convolutional Perfectly Matched Layers

MPI

Message Passing Interface







INTRODUCTION

An understanding of the structure of the earth on a variety of scales forms a basis for
many of the scientific endeavors that geophysicists are pursuing. Some research, such
as tectonic studies and oil exploration, seeks to use earth structure directly to build
tectonic models or decide where to drill. In other cases, such as full waveform
forward simulation and moment tensor inversion, earth structure itself may not
necessarily be of direct interest, but still critical to achieving desired goals.

Our direct access to the earth is extremely limited due to the expense and many other
factors that make it impractical to sample the earth directly. However, seismic waves
do sample the earth and recordings of these waves can be used to infer the earth
structure through which they passed. Many methods have been developed to utilize
seismic waves to glean information about earth structure. One of the newer of these
methods is full waveform seismic inversion. As the name implies, the entire seismic
waveform, instead of portions or some parameterization of the waveform, is used to
build an image of the earth. The primary advantage, of course, is that one is using all
the information in the seismogram instead of a small portion as many other methods
do. However, the cost is a much greater computational expense compared to more
traditional methods, such as first arrival time tomography. Full waveform tomography
also suffers from the same difficulties that all other inverse techniques do: non-
uniqueness, incomplete sampling, noise, etc. Many tactics are used to mitigate these
issues, but it is important to be cognizant of them.

Tarantola (1984) was one of the first authors to develop the theory behind full
waveform inversion of seismic data. Since then, multiple authors (e.g, Tarantola,
1988; Fichtner et al., 2006; Plessix, 2006; Tromp et al. 2005; Aldridge, 2009) have
further developed the theory and practice of full waveform inversion of seismic data
for earth structure and source parameters. This report describes the implementation of
Fréchet derivatives, or sensitivity kernels, for an elastic medium using Parelasti,
Sandia Geophysics Department’s massively parallel finite-difference elastic full
waveform simulation software. It will also demonstrate for very simple models that
the computed kernels are correct for computing the change in the model that would be
necessary to reduce the misfit objective function.



2.1

THEORY

Much of the theory behind full waveform inversion of seismic data has been detailed
in the literature (e.g., Tarantola, 1984; Tromp et al., 2005; Aldridge, 2009). Thus, a
derivation will not be set forth here; instead, a brief overview of the theory will be
reviewed for constructing the necessary pieces for the sensitivity kernels.

The inverse problem seeks to minimize some misfit objective function. This misfit
objective function throughout this document will be defined in a L2 norm sense.
Specifically, we are seeking to minimize the waveform misfit function defined as
(Tromp et al., 2005)

1 (7 2
X = —J |s(Xr, 1) —dx.,0)| di (2.1)
2 0

where s(X,., t) are synthetic displacement waveforms based on a current model of the
earth and d(X,, t) are observed displacement waveforms, both from receivers at
positions X, and time t. For multiple sources and receivers, we can simply sum over
them to obtain the total waveform misfit function. We would like to find the change in
the current model that would reduce the waveform misfit function in Equation 2.1 as

%)
much as possible. The quantity 6_)( describes how the misfit function will change as
m

the model m changes and is called the Fréchet derivative of the misfit object function.

Fréchet Derivatives

An elastic earth model, m, contains elastic moduli and densities for every point in the
3-D model domain. Thus, m can consist of a very large number of parameters. It

would be computationally infeasible in most cases to compute 0_)( directly by varying
m

a medium parameter at each point in the model and assembling the sensitivity vector
piecemeal. However, one can use other much more computationally efficient means
of computing the Fréchet derivatives. There are multiple equivalent approaches for

%)
arriving at the expressions for 8_)( Plessix (2006), for example, uses adjoint theory as
m

a basis for deriving the Fréchet derivatives. Aldridge (2009) derives equivalent
equations using the reciprocity theorem and first Born approximation with signal
processing theory throughout without any appeal to adjoint state theory. Others, such
as Tromp et al. (2005), employ the representation theorem and first Born
approximation to arrive at similarly equivalent solutions.

All methodologies used to arrive at Fréchet derivatives utilize an adjoint field. This
field is simply the seismic wave field that is induced by an adjoint source. An adjoint
source is a body force-type source, activated at the receiver position, that uses the
time-reversed residual (observed minus predicted) waveform as the source time
function. It is a “body force-type” source because the source time function does not
have units of force per unit volume, but of length (assuming displacement
seismograms). However, it is activated just like a body force source in the algorithm
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(i.e,fi(x,t) in Equation 2.6). With multiple receivers these adjoint sources are
activated simultaneously and, thus, their fields superimpose to produce the total
adjoint field. It is also possible to use other source types (i.e., moment-type sources)
for an adjoint source; however, this report uses force sources exclusively. See
Aldridge (2009) for more information on using other source types.

This document will closely follow Tromp et al. (2005) since the subject of their paper
includes fully anisotropic sensitivity kernels, but will transform these equations into
forms similar to those in Aldridge (2009) since these are more readily implemented
with Parelasti.

From Tromp et al. (2005), the sensitivity kernels for density, shear modulus, and bulk
modulus for an isotropic elastic media are (Equations 14, 17, and 18 in their paper):

K'(x) = — N x)8(x, T — t)mdt (2.2)
AR # ’ or2 '

T

KI'x)=—| 2u(x)DX,T—1): D(x,1)dt (2.3)
Jo
T

KIx)=-| «®|[V-8x,T-0)] [V sx0)]dt (2.4)
J0

where the tilde indicates an adjoint field and D is the traceless strain deviator (strain
tensor after removal of the trace).

These kernels are combined to form the gradient of the misfit function via

oy = [ [K T(x)dlnp(x) + K| (x)0lnu(x) + K[ (x)dlnk (x) [ dV (2.5)
v

This function relates fractional changes in medium parameters to the change of the
misfit objective function.

One can also show through simple manipulations that the change in the misfit
objective function is related to the full change in medium parameters by

i = J [Kp(x)ap(x) + K, (00u(x) + K (00k(x)| dV 2.6)
%

for the revised kernels
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2.2

K (x)=— nTg(x P I)Mdt @27
AR M 012 '

T _

KM(X) =—1| 2D(xX,T—1):D(x,t)dt (2.8)
J0
T

Kx)=—| [V-8x,T-0][V-sx,1)dt (2.9)
Jo

Velocity-Stress Sensitivity Kernels

Parelasti solves the velocity-stress system of coupled first-order partial differential
equations for an isotropic elastic media:

ov(x,1) 1 anj(X, 1)
= + fi(x, 1) (2.10)
ot p(x) 0x;
do(x, 1) v (x,1)  Om(X,1)
D50 _ ¢ w2en | @11
ot . ox; ot

where v; is the i" component of particle velocity, o;; is a component of the 3x3

symmetric stress tensor, p is density, f; is a body force source term, C;; is the elastic

modulus tensor, 72;; is a symmetric moment tensor source, X is a point in (assumed) 3-

D space, and 7 is time (repeated indices imply summation). Cjj; is symmetric with
respect to exchanges in i <> j; k <> [;and i, j < k, [, meaning there are only 21
independent moduli in a fully anisotropic medium (e.g., Aki and Richards, 2002). For

an isotropic elastic medium, C, ., = G, = C,,.. =4 + 24,

Crxyy = Crrpr = Gy, = A,and G, = C . = €, = p, and all other non-

symmetric C;j;; components are zero. / is the Lamé parameter and is related to the
2

bulk modulus, k, via A =k — g/,t.

Equations 2.2-2 4 contain displacements and accelerations, whereas Parelasti solves
for velocities. Instead of integrating (differentiating) velocities to displacements
(accelerations) in Parelasti, one can find the sensitivity equations that use velocities
directly. Aldridge (2009) provides the sensitivity kernel for K ,(x) using exclusively
velocities, which can be easily derived from Equation 2.7 using convolution theorems.
Equations 2.8 and 2.9 are both related to the strain tensor. To see relation of Equation
2.9 to the strain tensor, first recall the strain tensor components are defined as

===+ 2.12)
2 ax] axi
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2.3

Thus, V - s(x, ) is just the trace of the strain tensor (Tr(e) = €;;). Using this
information, one can see how one derives the K, (X) equation in Aldridge (2009)
(Equation 5.5b therein) from Equation 2.9. The reformulated kernels from Equations
2.7-2.9 are now:

T
K,(x)=—| ¥(x,T-0v(x,0)di (2.13)
Jo
T
K(x)=-| 2D(x,T-1):D(x,1)dt (2.14)
Jo
o T
Kx)y=-| €&T- t)ejj(x, t)dt (2.15)
J0

These equations close to what is needed for Parelasti. However, Equations 2.14-2.15
use strains, which are not directly calculated in Parelasti. Utilizing Equation 2.11, one
can derive equations for the traceless strain deviator and the trace of the strain tensor
needed for Equations 2.14 and 2.15:

Ojj .

Dij = z, [ #] (2.16)
1[1 1

D, . = ; g(fxx - g (()'yy + 622) 2.17)
1[1 1

Dy, = ; 3mT (Uxx + Gzz) (2.18)
1[1 1

D= |30g (53 + o) (2.19)

1
€ = m [Gxx + ny + GZZ] (220)

Alternative Parameterizations

Equation 2.6 gives the change in the misfit object function when the medium
parameters p, u, and k change. However, other parameterizations are possible,
including a (P-wave speed), f# (S-wave speed), and 4, among others (see Aldridge
(2009)). The expressions for kernels based on these parameters are derived via change
of variable techniques, since these are all interrelated.

13



2.3.1

2.3.2

Density, P-, and S-wave Speed Parameterization

oy = I [K;V(X)dp (x) + K/y(x)ﬁﬂ (x) + Kj(x)oa(x)|dV
%

Ky =K + K, + (o~ 2 p2) K
p_pﬂ,u a—gﬁ K

8
Ky = 2K, =5 bpK,

K) =2apK,

These are obviously non-linear with respect to the medium parameters.

Density, Shear Modulus, and Lamé Parameterization

oy = [ [K;(x)ap(x) + KAX)0u(x) + K}(x)0(x)| dV
14

A —

K=K,

- 2
Ki =K, +IK,
K} =K,

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
(2.27)

(2.28)

The kernels are the same as for the p, u, k parameterization except for Equation 2.27.
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3.1

IMPLEMENTATION

Section 2 outlined the basic theory and tools needed to perform full waveform seismic
inversion using Parelasti. Equations 2.13-2.20 in combination with Equation 2.6
provide the means to compute the gradient of the waveform misfit function. From
Equations 2.13-2.15, one needs both the adjoint field and forward field simultaneously
to calculate the kernels. Of course, to produce the residual waveforms needed for the
adjoint source and field, one must have already calculated the forward seismic field.
Thus, a brute force approach might require storage of the full 3-D wave field for all
simulation times, which could demand a vast amount of disk space even by today’s
standards depending on the model. An approach proposed in Tromp et al. (2005)
greatly reduces the computational storage requirements at the cost of increased
execution burden. Basically, one first computes the original forward simulation, while
storing only boundary information (and receiver traces). One then can run the adjoint
simulation using the residual waveforms, while simultaneously running the original
simulation backwards in time from the stored boundary data. Although Equations
2.13-2.15 have time-reversed adjoint fields, not forward fields, it is easy through a
change of variable to show that the equations will yield the same result if the adjoint
field is used forward in time and the original field is computed backwards in time.

Storing Boundary Information

The forward field is first computed in a standard way with true sources and receivers
with the current best-estimate earth model. While it is running, however, we can
collect boundary information so that we can replay the same calculation backwards in
time when we are computing the kernels. From a theoretical perspective, to run the
simulation backwards one needs the wave field variables on the boundaries of the
model for all times, plus a complete 3-D snapshot of all wave field variables at the end
time of the simulation. This information provides the initial and boundary conditions
for the reverse-time partial differential equations. From a practical perspective, the
discrete nature of the underlying standard staggered finite-difference grid and
numerical absorbing boundary conditions used in Parelasti must be considered.

Parleasti uses a standard staggered finite-difference grid (Virieux, 1986). In this
scheme compressional stress nodes exist on integer node points, velocity component
nodes are staggered one-half grid node in their respective directions from
compressional nodes on the edges of a cell, and shear stress nodes are centered on
faces of the cell, one-half grid node in two directions from compressional nodes
(Figure 3.1). Material parameters are colocated with the compressional nodes and
interpolated as needed to half-integer node points. Besides being spatially staggered,
the grid is also temporally staggered, so that stresses are updated on integer time steps
and velocities are updated on half-integer time steps. This allows Parelasti to use
centered finite-difference operators, which are 4th and 2nd order accurate in space and
time, respectively. This means that only one previous time step is needed for time
stepping, but one and a half grid nodes are needed for spatial derivatives. This can be
visualized in Figure 3.2. To compute the values of the velocities and shear stresses at
position D in Parelasti, the compressive stress and vertical velocities at positions A and
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Figure 3.1: Unit cell (top) and time axis (bottom) for the
staggered finite-difference scheme.

C from the boundary zone must be provided. Once the dependent variables at position
D have been computed, then the compressive stresses and vertical velocities at
position E can be calculated from data in position B from the boundary zone and the
previously computed values at D. Thus, three “layers” of variables, with a total
thickness of one and a half grid nodes, must be stored for each of the six sides of the
model volume at each time step. Edges (where two sides meet) and corners (where
three sides meet) do not need stored since all derivatives align with the coordinate
axes (no off-axis information is needed).

Parelasti

p>—=C0—>

Boundary Zone

—>—=0

A B C E

h—O—Ah—+O0—2r—

Figure 3.2: Required spatial distribution of velocities (triangles)
and stresses (circles, diamonds) needed by Parelasti for reverse-
time boundary conditions.
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3.2

3.3

The other consideration is that of absorbing boundary conditions. Parelasti uses
Convolutional Perfectly Matched Layers (CPML) (Komatitsch and Martin, 2007) to
mitigate unphysical numerical domain boundary reflections. These absorbing
boundary conditions work well at minimizing these undesirable numerical artifacts.
From the standpoint of performing a reverse-time simulation, the only consideration is
that they do their job well in the forward simulation. We capture the boundary field of
the forward simulation just before the beginning of the CPML zones on all sides,
while the field is still in “normal” space. This means that absolutely no CPMLs are
needed in the reverse time simulation, saving some computational effort, and removes
the need to undo the effects of the CPMLs, which could lead to numerical issues.

Adjoint Calculation

Once the forward simulation is complete, the adjoint source(s) can be computed. As
outlined in Section 2, the residual wave forms are first calculated by subtracting the
synthetic (forward) simulation traces from the observed traces for all of the
components at all receivers. Section 2 provides the theory based on displacement
waveforms for both observed and synthetic traces. In many instances this will mean
the observed traces must be integrated from velocity traces to displacement, which can
have numerical issues if not handled carefully for certain datasets. For synthetics, this
is not (usually) an issue, since Parelasti computes the integration internally with
appropriate calling flags. Additionally, the observed waveforms should be low-pass
filtered so that they have approximately the same frequency content as the synthetics.
This will ensure that the adjoint calculation is accurate for the given model
discretization. Using an adjoint source with too high of frequency content will lead
these higher frequencies to be erroneous due to numerical dispersion issues (e.g.,
Haney and Aldridge, 2008).

These residual waveforms are then time reversed to form the adjoint source time
function. These are input as simultaneous force sources at the true receiver locations.
The component of the force source will be the same as the component of the receiver
from which the residual waveform was derived. Once the adjoint sources have been
determined, a forward run of Parelasti can commence. As far as the underlying
equations and CPMLs are concerned, this is a standard forward simulation of
Parelasti. The differences arise in combination with the reverse-time simulation of the
original forward problem of Section 3.1.

Computing the Kernels

Simultaneously with the adjoint calculation, the forward simulation in Section 3.1 is
replayed backwards in time. At start up, the last time step of the original forward
problem is read back to populate all dependent variables, forming the initial
conditions. Then at each subsequent time step, only the boundary zones for that time
step are read in to replace the dependent variables that correspond to those points in
the original forward simulation. Recall from Section 3.2 that CPML conditions are
not needed in the reverse-time simulation because the full wave field is defined by the
initial and boundary conditions supplied by the input data. In addition, the time-
reversed (to match the time-reversed simulation) and negative source time function

17



3.4

from the original forward simulation must be utilized. The only other difference in the
reverse-time simulation compared to a standard forward calculation is that the time
step is negative that of the original simulation. When run alone in reverse-time mode,
the simulation looks just like the original wave field played in reverse.

The adjoint and time-reversed original calculations are run in sync, such that the first
time step in the adjoint calculation is run at the same time as the last step of the
original simulation. The second time step corresponds to the penultimate time step of
the original simulation and continuing until the final time step of the adjoint
simulation corresponds to the first time step of the original simulation. The kernels are
built up over the simulation time, via the integrals over time given in Equations
2.13-2.15 from information available at each time step. Each kernel is a 3-D volume
with no time component; thus, each kernel will be n,n,n, in size, which can become

large for certain models.

y

Parallelization and Data Management

Parelasti is parallelized using the message passing interface (MPI). Thus, the steps
above can be computed in a massively parallel framework on thousands of cores, if
available, down to a single work station. The forward model simulation (Section 3.1)
when saving boundary conditions does require more computational effort than a
standard run (without saving boundary conditions). It also requires significant disk
space: a full 3-D volume for each of the 9 dependent variables at the final time step
and boundary zones for all six sides at all time steps. The boundary zone requires 12
dependent variables on each side since one and a half grid nodes worth of information

is needed. Thus, the 3-D volume will require storage of 9 X n,n,n, values and the

boundary zones will need roughly 2 X 12 X (nxny +n.n, + nynz> X n, values stored,

where n, is the number of time steps. Although some compression of this could be
accomplished with future work, currently all the above is written to disk.

All of this information is written to netcdf (https://www.unidata.ucar.edu/software/
netcdf/) files, which store the data along with associated metadata in binary files.
These netcdf files are read during the adjoint phase in order to replay the original
simulation in reverse. Additionally, the trace data from the original forward
simulation, needed to make the adjoint sources, are written to netcdf files. The kernels
output from the adjoint phase are also written to netcdf files. Most modern computer
languages and programs have netcdf interfaces that allow access to the data on a wide
variety of platforms.

18



4.1

BASIC VALIDATION

The kernels computed via Equations 2.13-2.15 in combination with Equation 2.6 give
the sensitivity in changes of the waveform misfit objective function to variations in the
medium parameters. This section provides a basic validation of those equations as
implemented in Parelasti for very simple cases to confirm the mechanics of the kernel
calculation are correct.

For these validation tests, a homogeneous whole space with medium properties V, =
2500 m/s, Vs = 1500 m/s, and density = 2000 kg/m3 (k = 6.5€9 Pa, u = 4.5€9 Pa) was
chosen for the best-estimate (synthetic) earth model. A vertical force source located at
the center of the 100 m by 100 m by 100 m model with a 50 Hz Ricker source time
function and recorded at a single vertical displacement receiver situated 10 m
vertically above the source. This model remains unchanged throughout the tests; thus,
the synthetic trace, boundary conditions, and final time wave field files are created
once and remain unchanged (Section 3.1). Only the “observed” data from the “true”
earth will be varied to test the kernels.

Equation 2.6 describes the relationship among changes in medium parameters to
changes in the misfit object function. It is important to recognize that the kernels,
which quantify the change in the misfit objective function for a change in one of the
medium parameters, is itself dependent on the underlying model. Thus, Equation 2.6
is a nonlinear equation of the medium parameters. One method of solving Equation
2.6 to minimize the misfit objective function is to perform an iterative inversion
scheme. In this scheme, the problem is solved like it is a linear problem, a step is
taken in the implied direction, and a new model is created. This new model then is
used to create new kernels that are subsequently used to solve the equations again in a
linear fashion. This process is repeated until some convergence criteria is satisfied. In
the following examples (except one) we will perform only one linear step to observed
how closely one single step approaches the solution. Of course, all simulations
contain numerical error. Numerical error can also slow convergence by not accurately
replicating exact solutions.

Density Variation Only

Equations 2.6 indicates that if the density is the only parameter to change, then only
the density kernel will have any bearing on the outcome. Additionally, if the density
perturbation is constant in space (a change in the whole space), then,

__%
|K,dV

ap (4.1)

The density for this “true” earth model is set to 2100 kg/m3. In order to keep the bulk
and shear moduli fixed relative to the synthetic model, V, and Vs must be adjusted
accordingly to 2440 m/s and 1464 m/s, respectively. A standard forward run of
Parelasti is performed for the source and receiver identical to that of the synthetic
model.
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Figure 4.1: Log1o of the absolute value of the 1-D integrated density
kernel. Source is located at (0,0), receiver at (0,10).

The output from this model is the “observed” data. The residual waveform is
computed, time reversed and written to a netcdf file as a vertical force source time
function as the adjoint source (Section 3.2). Finally, an adjoint simulation is made
simultaneously with the time-reversed synthetic model to find the density kernel.

According to Equation 4.1, the misfit objective function (Equation 2.1) divided by the
volume integral of the density kernel will give the change in density needed by the
synthetic model to match the observed data. The result of performing this operation
gives dp = +99 kg/m3, approximately a 1% error. Thus, a single assumed linear step is
able to get us 99% of the way to the true solution.

Figure 4.1 shows the density kernel, integrated along the y dimension. The logio of
the absolute value of this operation is made to show the structure. The kernel peaks at
the source and receiver locations and rapidly decreases in magnitude away from these
locations except near the ray path connecting source and receiver. The blue lines are
zero crossings of the kernel.
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4.2

Bulk Modulus Variation Only

In this case, density and shear modulus are fixed; thus, only the bulk modulus kernel
will have an effect. As before, if the change in bulk modulus is independent of space,
then

oy

= 4.2
= Tx.av e

The bulk modulus is changed to approximately 6.25e9 Pa (Ak = -248,750,000 Pa),
which corresponds to Vp = 2475 m/s. Vs is unaffected and remains at 1500 m/s and
density at 2000 kg/m3. Again, a standard forward run is made with Parelasti, from

which the adjoint source is computed.

Computing Equation 4.2 using the resulting kernel yields dk = -256,428,112 Pa, which
is an error of approximately 3%. A single assumed linear step achieves 97% of the
total distance toward the true solution, not as far as for density variations, but still very
nearly linear.

-30 -20 -10 O 10 20 30

X (m)

Figure 4.2: Log1o of the absolute value of the 1-D integrated bulk
modulus kernel. Source is located at (0,0), receiver at (0,10).
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4.3

4.4

The 1-D y-integrated bulk modulus kernel (Figure 4.2) also peaks near the source and
receiver locations, but has nodal lines of zero sensitivity at the z-positions of the
source and receiver for this source-receiver geometry, given that only the vertical
component of displacement is utilized. Otherwise the kernel exhibits a circular pattern
of kernel zero crossings surrounding the source-receiver locations. It has lower
relative amplitude along the ray path connecting the source and receiver compared to
the density kernel.

For the this case only, a second iteration of the process was completed to demonstrate
that it does converge to the true answer. In this case, the computed dk; = -256,428,112
Pa from above was added to the starting synthetic model x and an updated synthetic
model was constructed and simulated. The residual trace from this model was used to
form the adjoint source and perform the adjoint calculation to compute a new dk,
using the same procedure as before. This yielded 0k, = +7,710,590 Pa, which when
combined with the dk from the first iteration gives a total dk,,, = dk; + 0k, =
-248,717,522 Pa, a 0.013% error relative to true model. Thus, further iterations do
converge toward the true value and, in this case, quite rapidly.

Shear Modulus Variation Only

For this “true” model, the shear modulus is altered, but the bulk modulus and density
are set at the synthetic model values. Analogously to Sections 4.1 and 4.2, if the
change in shear modulus is independent of space then

__ %
|K,dv

ou (4.3)

The change in shear modulus, besides the obvious change in Vi, will also affect V.
The shear modulus is changed to 4.455e9 Pa (Au = -45,000,000 Pa). This
corresponds to Vp = 2494 m/s and Vs = 1492 m/s. Density is unchanged. The adjoint
source is computed from the trace produced from this model.

Using Equation 4.3, for the above case the calculation yields du = -45,713,908 Pa,
which is about 2.5% error. Similar to bulk modulus variations, a change in shear
modulus is very nearly linear, with a single linear step providing 97.5% of the change
toward the true solution.

The 1-D integrated shear modulus kernel shown in Figure 4.3 also demonstrates peak
values near the source and receiver locations, with lower magnitudes in a quasi-
circular region connecting source and receiver (distorted by numerical noise in the
image). The ray path between source and receiver has higher relative magnitude
similar to the density kernel.

Vp Variation Only

From Equations 2.21-2.24, one can also allow a to vary while keeping density and /3
fixed. Solving for da, and assuming it is not a function of space, while setting df and
dp to zero, one obtains
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4.5
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x (m)
Figure 4.3: Log1o of the absolute value of the 1-D integrated shear
modulus kernel. Source is located at (0,0), receiver at (0,10).

9
da = —2% @4.4)
2ap [KdV

The P-wave speed is changed to 2475 m/s (Aa=-25 m/s), while the shear wave speed
and density remain unchanged from the synthetic case. Equation 4.4 is clearly non-
linear with respect to P-wave speed in addition to the nonlinearity of K. Solving
Equation 4.4 for the assumed linear step gives da=-25.6 m/s, which is a 2.6% error.
This is comparable to the dk and du errors, but still indicates very nearly linear
behavior.

Figure 4.4 shows the 1-D y-integrated P-wave speed kernel. It is simply a scaled
version of the bulk modulus kernel shown in Figure 4.2.

Vs Variation Only

Finally, the shear wave speed will be varied while the P-wave speed and density
remain fixed. These are again described by Equations 2.21-2.24. Solving for a
spatially independent df3, while setting dp and da to zero yields
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Figure 4.4: Log1o of the absolute value of the 1-D integrated P-wave
speed kernel. Source is located at (0,0), receiver at (0,10).

ay

p = -
26p [K,dV — = pp [ K dV

4.5)

The shear wave speed in this test is changed to 1492.5 m/s (Af=-7.5 m/s) while the P-
wave speed and density remain at the same values as the synthetic model. Equation
4.5 depends on two basic kernels and is also dependent on the shear wave speed itself,
so again clearly nonlinear. Solving Equation 4.5 gives 9ff=-8.4 m/s, a 11% error when
assuming a single linear step. Given the structure of Equation 4.5, it is not overly
surprising that this is the most nonlinear of the tested variations.

The 1-D integrated shear wave speed kernel (Figure 4.5) is a scaled combination of the
shear modulus kernel and bulk modulus kernel. Thus, it shows properties of both
kernels, but is closer in similar to the shear modulus kernel. As with all the other
kernels, the peak values are near the source and receiver points. There are also high
relative magnitudes for the kernel near the ray path between source and receiver.
Similar to the shear modulus kernel, a quasi-circular region of lower magnitude
connects source and receiver.
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Figure 4.5: Log1o of the absolute value of the 1-D integrated shear wave
speed kernel. Source is located at (0,0), receiver at (0,10).
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SUMMARY

This report has described the implementation and basic validation of computing elastic
kernels for full waveform seismic inversion. The basis of the theory was elaborated in
Section 2 with Section 3 providing the implementation in Parelasti. Section 4
demonstrates the validity of the implementation for simple earth models. The
Appendix gives the flags needed in Parleasti for both the forward and adjoint portions
of the problem.

Although the validation exercises in Section 4 are simple, they do demonstrate that
computed homogeneous changes in the model can nearly replicate the true solution in
one step, despite the underlying nonlinearity of the kernels. For the bulk modulus
kernel, the rapid convergence of the process toward the true solution was also
demonstrated. The K, K, and K, kernels (Equations 2.13-2.15) provide the simplest
form of the equations investigated. They are also nearly linear, achieving 97-99% of
the full solution step in one linear step. Kernels of the wave speeds are more nonlinear
with the Kj; kernel showing the most nonlinearity, but still achieving 89% of the full
solution step in one linear step.

This work is just the first step in a true full waveform inversion capability. The
kernels form the basis upon which a full inversion package can be built. The next
steps will involve deciding how to mitigate the large null space inherent in many
inverse problems; which algorithm should be used to perform the inversion; and a
framework for performing the iterative inversion from start to finish with specified
convergence criteria.
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APPENDIX A: PARELASTI USAGE

Computing the kernels necessary for the gradient of the misfit objective function requires several
steps (outlined in Section 3) and some additional flags be given to Parelasti when running
simulations. In general, Parelasti can use the same flags as for a standard run; however, some
flags may be of limited usage during certain steps in practice. For example, during an adjoint
calculation of the kernels, calculation of time slices and receivers is disabled because these
would provide unnecessary information except for debugging purposes. This appendix provides
the new flags that can be used with Parelasti during the different steps of the process.

A1 Forward Calculation

The first step in computing kernels involves a standard forward waveform simulation. In this
step all flags that are used in a standard forward simulation are available for use. In fact, one sets
up the forward part of the simulation just like one would if one were not eventually performing
an adjoint simulation, except that one should ensure that displacement traces are created.
However, in order that the forward simulation be utilized as part of the adjoint simulation step
later, the boundary and final time-step volume information must be stored. To do this, one
simply adds the -Ef flag with two arguments:

-Ef fullWaveformkFile.cdf boundaryFileBase: fullWaveformFile.cdf is the name of the netcdf file
where you would like the full 3-D waveform from the final time step stored.
boundaryFileBase is the base file name you would like the boundary information stored.
Files will be named boundaryFileBase+’_N.cdf” where N is a number starting at 0 and
incrementing as needed to keep file sizes manageable.

No other changes are necessary. Note that the files created can be quite large.

A.2 Adjoint Source

This step does not use Parelasti. Instead it uses the displacement traces created in step A.l to
compute residual waveforms from the observed data. An external program such as Matlab,
python, etc., can be used to pull the synthetic traces from the created netcdf files and compute the
residual waveform. These same external programs can then be used to create the adjoint source
netcdf model file. For example, after time reversing the residual waveforms to form the adjoint
source time functions, the Matlab function ‘writeSgfdModel.m’ can be used to write the adjoint
source to a model file with the ‘forceSource’ optional input parameter. This model will serve as
the input 3-D earth model, containing the adjoint source, for step A.3.

A.3 Kernel Calculation

In this step, the original simulation from A.1 is re-computed backwards in time at the same time
that the adjoint calculation is performed forward in time with the adjoint source. There are many
similarities in a kernel calculation run compared to a standard run, but with a few subtleties. In
the first place the adjoint source is expected to be contained within the input model file as a
‘forceSource’ as described in A.2. The source from the original forward simulation is given on
the command line like it was in the original forward simulation of A.1, with an additional flag
that time-reverses and negates that original source waveform. Some additional flags are also
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given to inform the Parelasti to read in the 3-D full waveform and boundary information from
step A.1., compute the kernels, and write the kernels out to file. Here are the additional flags:

-SNn 0: Time reverse and negate the command line source time function. The input source time
function and source must match that for the original forward simulation from step A.1. The
‘0’ argument tells Parelasti to shift the input source time function by O time steps after time
reversing.

-IR fullWaveformFile.cdf boundaryFileBase: This reads in the 3-D volume from the final time
step created in A.l1 from fullWaveformFile.cdf and boundary information from the

boundaryFileBase file(s) and sets up a reverse-time simulation of the original simulation in
Al

-K kernNamel ... kernNameN: Compute the kernels given as arguments. Currently, the options
are ‘kkap’, ‘kmu’, and ‘krho’. At least one kernName must be provided, but additional ones
may also be given.

-Eow kernOutputFileName.cdf: The output from the requested kernels will be output to the file
kernOutputFileName.cdf.

The above flags are all that are necessary for a kernel calculation Parelasti run. The kernels will
be output into the file given with the -Eow flag and can be read by any external program that can
process netcdf files (e.g., Matlab, python). Making time slices (with the -En flag, for example)
and receivers (-R family of flags) will not work in kernel calculation mode.

A.4 Time Reverse Flag
One other flag will simply read in the full 3-D volume and boundary information and perform a

reverse simulation alone (no kernel or adjoint simulations are computed). This flag is

-Ir fullWaveformFile.cdf boundaryFileBase: This reads in the 3-D volume from the final time
step created in A.l from fullWaveformFile.cdf and boundary information from the
boundaryFileBase file(s) and runs a reverse-time simulation of the original simulation in A.1.

In this case, receivers and slices are allowed, just as in a standard Parelasti simulation. This flag
could be used diagnostically or, with further development, as part of a reverse time migration
process. It is not used as part of a standard full waveform inversion workflow.
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