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For two electronic states coupled by conical intersections, the line integral of the derivative coupling
can be used to construct a complex-valued multiplicative phase factor that makes the real-valued
adiabatic electronic wave function single-valued, provided that the curl of the derivative coupling
is zero. Unfortunately for ab initio determined wave functions, the curl is never rigorously zero.
However, when the wave functions are determined from a coupled two diabatic state Hamiltonian
H¢ (fit to ab initio data), the resulting derivative couplings are by construction curl free, except at
points of conical intersection. In this work we focus on a recently introduced diabatization scheme
that produces the H? by fitting ab initio determined energies, energy gradients, and derivative cou-
plings to the corresponding H? determined quantities in a least squares sense, producing a removable
approximation to the ab initio determined derivative coupling. This approach and related numerical
issues associated with the nonremovable ab initio derivative couplings are illustrated using a full
33-dimensional representation of phenol photodissociation. The use of this approach to provide a
general framework for treating the molecular Aharonov Bohm effect is demonstrated. Published by
AIP Publishing. [http://dx.doi.org/10.1063/1.4971369]
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On the incorporation of the geometric phase in general single potential
energy surface dynamics: A removable approximation to ab initio data

I. INTRODUCTION

Conical intersections are understood to be the engines of
nonadiabatic radiationless transitions as they efficiently move
wave packets between potential energy surfaces (PESs).'”’
A signature property of conical intersections is the geomet-
ric phase.®~!! The geometric phase, also known as the Berry
phase,!! refers to the sign change incurred by a real-valued adi-
abatic electronic wave function transported around a closed
loop containing a conical intersection. While the geometric
phase effect is well-documented in (two state) Jahn-Teller sys-
tems,'? and specialized techniques exist for determining the
relevant PESs in the frequently studied X3 systems,'> much
less attention has been paid to a more insidious occurrence of
the geometric phase effect, a single adiabatic PES manifesta-
tion known as the Molecular Aharonov Bohm (MAB) effect,
discovered by Mead and Truhlar'®!# over 35 years ago. In
their classic analysis of this subtle combination of topograph-
ical and dynamical factors, energetic considerations restrict
nuclear motion to a single Born-Oppenheimer PES, but the
usual implementation of Born-Oppenheimer dynamics using
real-valued electronic states and single-valued nuclear wave
functions is flawed owing to the existence of energetically
inaccessible points of conical intersection whose dynamical
relevance is attributable to, as originally formulated, energeti-
cally accessible paths'®!* or more recently quantum mechan-
ical tunneling!>!® paths surrounding those points. The MAB
effect is then a quantum effect arising from interference
among “trajectories” following the different paths around the
energetically inaccessible conical intersection.!®1%17:18
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The archetypical example of the MAB effect is the reac-
tion of H, + H on the ground state PES at total energies less than
that of the minimum energy conical intersection at approx-
imately 2.75 eV relative to H + H,.!” It has been treated by
several groups over the last quarter century.”’-" In this system,
the MAB effect is small and only recently has it been suggested
that it could be seen under ultra-cold conditions.?!*?

Other opportunities for observing the MAB effect exist
and are of more practical concern. Photochemistry is an area
where the MAB effect can be of great importance.’> Recent
model calculations have clearly demonstrated that the inclu-
sion of the geometric phase has a decisive influence on the
tunneling lifetimes of photo-generated metastable states.'>3*
Like the reactive scattering case mentioned above, the interfer-
ence attributed to the geometric phase for trajectories passing
around the conical intersection retards the delocalization or
dissociation of a quantum state.

Recently, there has been a renewed interest in how this
manifestation of the geometric phase impacts nuclear motion
in the adiabatic representation in the vicinity of a conical
intersection.’*3? These recent studies'®26-28:4041 account for
the geometric phase using variants of the vector potential
approach introduced by Mead and Truhlar'®!# to treat the
MAB effect. The key formal challenge in using this vector
potential approach, and hence in treating the MAB effect, is
the determination of the complex-valued phase factor, exp(iA),
and associated vector potential, iVA, to be included in the adi-
abatic Hamiltonian to account for the geometric phase. The
phase factor exp(iA) in turn reflects the locus of points on
the conical intersection seam and the description of paths that

Published by AIP Publishing.
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surround such points. Apart from two-dimensional model sys-
tems in which the diabatic and adiabatic representations can
be uniquely defined,?*3%3° the majority of past theoretical
studies, explicitly including the geometric phase, have been
restricted to X3 systems. These systems have the advantage that
the conical intersection seam is determined by symmetry and
the requisite closed loop containing the intersection is given in
hyperspherical coordinates by the hyperangle.”’ For systems
without high symmetry, such as HO, for which the conical
intersections are either in linear or Cy, geometries, the vector
potential has been derived from a model (diatom-in-molecule)
Hamiltonian.*?

In this work, we consider the general case, untreated thus
far, where the symmetry cannot be used to determine either
the conical intersection seam or the closed loops that contain
it. Our approach is to derive the explicit expression for the
vector potential directly from a diabatic Hamiltonian, HY, fit
to the ab initio data.*3 In Section II, the well-known mathe-
matics behind the MAB effect is reviewed in order to make
clear the numerical results presented in Section III. Section IV
summarizes and describes directions for future work.

Il. THE SINGLE POTENTIAL ENERGY SURFACE
GEOMETRIC PHASE (MAB) EFFECT

A. Definitions

In the adiabatic Born-Oppenheimer approximation, the
total wave function (‘I‘JT k) is written as

97 (@, R) = ¥(q: R) A (R), )

where the adiabatic states ‘I’ﬁ“)(q; R) satisfy the electronic
Schrodinger equation

[H*(R) — E“ (R)[¥'(q; R) = 0, )

where (a) denotes adiabatic, q denotes the coordinates of 3N' el
electrons, and R denotes 3N%" the nuclear coordinates. There
are two sources of ‘I’;“)(q; R). One is ab initio (ab) adia-

batic wave functions ‘P;”)’(ab)(q; R), which for concreteness,
although it is certainly not a necessity, we take to be expanded
in a configuration state function (CSF) basis ¥q(q;R),
a=1,..., NF basis,

NCSF
YOO (@ R) = ) ch(RWalg: R), (3a)
a=1
where the ¢’ satisfy
[HSSF (R) — IE@ @Y Ryl (R) = 0. (3b)
The other is model wave functions,
siate
PO (g R) = Z 4’ R¥(q; R), (4a)
a=1

which satisfy the electronic Schrédinger equation
[HY(R) - IE " (R)]d’(R) = 0, (4b)

where H? is the coupled diabatic state Hamiltonian fit to the
coupled adiabatic states of interest and (/) stands for model
(see the Appendix).
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The nuclear wavefunction X’;(R) satisfies the adiabatic
nuclear Schrodinger equation

[H - E[1xk(R) = 0, (52)
where ad stands for adiabatic and H%? (with % = 1 hereafter)
is given by

N{H{)VII
1
HY®R) = )’ g GV + KK R) + EOKR), (5)
n=1 n

whereVnz(%M, 9 iﬂg)and

R,y OR
Natom
KR = > K ®R)Y/eM,), (62)
n=1
where
kK = (Va2 (q: R)| - V, P (q: R)) (6b)
n.n ntg B n+tKg ] q
= > R O R (6b")
L
and
(a).L.K — (w@q. @
£ R) = (V@RI @ R) (6¢)
are the Diagonal Born-Oppenheimer Correction (DBOC)*+°

and derivative coupling, respectively. In Eq. (6b), the sum on
L runs over all states. The DBOC in Eq. (6b) can be evaluated
using analytical gradient techniques.*’*® In this work, we will
use Eq. (6b”) with L truncated.

Provided that X’;((R) is single-valued, as is most conve-
nient, ‘PkT is double-valued if conical intersections of states K
and K + 1 exist. This is untenable, so Eq. (1) is multiplied
by a complex valued phase factor, exp[iAx(R)], whose sole
purpose is to make ‘{‘;f)(q;R) single-valued.'%!'* The prin-
cipal formal challenge in this work is the determination of
Ak (R). This quantity is readily defined in two-dimensional
models as the mixing angle between the adiabatic and diabatic
states,'®3* or using the polar angle with the single point of
conical intersection located at the origin of a polar coordinate
system. However, it is much more difficult to do so for a gen-
eral molecular system. Here, we propose a way to determine
this quantity based on ab initio computed derivative couplings.
There are several ways to get to the final result. Here, we use an
approach emphasizing the connection to the geometric phase
effect.

B. The MAB Hamiltonian

We begin by describing the vicinity of an arbitrary con-
ical intersection at R between states I and J. This discus-
sion (through Eq. (11b)) is excerpted from Ref. 50. In the
vicinity of R the electronic Schrodinger equation in the

electronic basis (‘I’;“)’(“b)(q; R, ‘Pﬁ“)’(“b)(q; R)) and using
orthogonal intersection adapted coordinates®! (xy,zis 1 <
< 3N99Mm_32) is given by

(HIR) - IECRNLD=R) =0, (Ta)
Here R=R“ + R,

HC"(R):S(R)I+gx((1)_Ol) +hy((1)(1)), (7b)



234111-3 Malbon et al.

(ci) stands for conical intersection,

hI,J(R) — CI(RCi)TVRHCSF(R)CJ(RCI')’ (88)
2¢”R) =/ R) -n"'(R), (8b)
3Nom_2

S(R) =s(R) - 6R = s,x + sy + 82,%is (8¢)

i=1
where g = ligh’Il, h =Wl s = (W + h/7)/2, 5. =s(R)- R, s,
=s(R)- ¥,and s, =s(R)- Z;. Inorthogonal intersection adapted
coordinates, the x-axis is parallel to g/, the y-axis is parallel to
h’-/; the z; are mutually orthogonal and orthogonal to the (x,y)
plane, which is the usual g-h plane. Then, for cylindrical polar
coordinates with (x, y) = (pcos 8, p sin 6), and suppressing the
remaining (z;) coordinates

\I,;a),(w)(R) SN ‘g(a),(Ci)’—(p, 0)
p—0

. 9
WP R) —— LD (p,0), ®
for (w) = (ab) and (m), we readily derive two results>”
LDE(p, 6+ 2m) = LD (p,0)  (10a)
and
56 fODH~(R") . dR’ = 7. (10b)
Eq. (10a) is the geometric phase. Eq. (10b) follows from>°
A_| 0 ; 1 gh
C(u),(a), _C(a),(a),+> — , (11a)
< a6 2 (gcos6)? + (hsing)?
which is independent of p and
(- a gy 2 o, (11b)
dp

obtained from the solutions to Eqs. (7a) and (7b). Since
Egs. (10a) and (10b) are derived from Egs. (7a) and (7b), p is
required to be infinitesimal. In the second equality, f denotes
the circulation, the line integral along a circle of radius r. If
either of the linear terms is removed from Eq. (7b) (so that the
lowest order term is quadratic), the intersection is not a conical
intersection and we find

LD (p, 0 +2m) =

LOeD=p,0)  (120)

and

95 fO-D+"(R") - dR’ = 0, (12b)
that is, no geometric phase. Egs. (10a) and (10b) establish
the key correspondence between the geometric phase and the
circulation of the derivative coupling.

Since ¢™ = —1, defining the phase factor as the exponen-
tial of a line integral

R
expliAx(R)] = exp(i / fOMLIRY . GR")  (13a)
RO
from Eqgs. (10b) and (12b) we find that the product of the

electronic wave function and the phase factor is single-valued,
that is,

J. Chem. Phys. 145, 234111 (2016)

PO (p, 0 + 2m)expliAk (p, 0 + 271)]

= expliAx (o, OI¥ " (p,0)  (13b)

for K =1 or J and (w) = (ab), (m) precisely as required. How-
ever, in Eq. (13b) pisrequired to be infinitesimal. For Eq. (13a)
to be useful, the line integral in that equation must vanish for
all closed paths provided the closed path does not contain a
singularity, i.e., a conical intersection.

‘We now explain how this criterion is related to the idea of
removable and nonremovable derivative couplings introduced
by Mead and Truhlar.>? From the two adiabatic state derivative
coupling using a nominally diabatic basis, that is a basis for
which fff)’(w)’L’K(R) = 0, and starting with the inverse of the
adiabatic to diabatic state (AtD) transformation

PO\ [ cosOR) sinOR) | [P a4
\P(“) ) —sin ®(R) cos O(R) \{J(d) )
we obtain

VO(R) = —f @I (R), (15)

for (w) = (ab) or (m). For (w) = (ab); Eq. (15) is used to
define ®(R). Mead and Truhlar? using the curl condition®3
showed that Eq. (15) only has a solution if the adiabatic and
diabatic spaces have the same dimension. Since N CSF 550
f(@)(@b).L.J(R) has a curl and Eq. (15) has no solution. This
derivative coupling is referred to as nonremovable>? since
it cannot be eliminated (removed) by the AtD transforma-
tion, the inverse of Eq. (14). For diabatized representations,
(w) = (m), see Eq. (4), the situation is different. ®@(R) is
defined by the diabatization procedure and Eq. (15) is used
to compute the derivative coupling f(*>"-/-/(R) in a rep-
resentation assumed diabatic. Then, from Eq. (15) in the
two-state case £(>")-1./(R) is by construction the gradient
of a scalar and consequently has no curl. The derivative cou-
pling f(@-0m-1./(R) defined in this way is termed removable>?
since the AtD transformation eliminates (removes) it. Thus
Eq. (15) is only valid for (w) = (m). From an alternative per-
spective, f(@-("-I-J(R) is a removable approximation to the
nonremovable £(®-(@)-1.J(R).

Using Eq. (15) and the following result from vector cal-
culus concerning line integrals, we demonstrate the path inde-
pendence of the line integral in Eq. (13a). The line integral of
Eq. (15) gives

R 3Nﬂr{71n
/ Z [0 RY) . 4R

i=1

- / Z VOR’)-dR/|.

R [3 Natom

i=1

RO R()
(16a)
Using ¢ to parametrize the path, this becomes
R 3N(lf(7lﬂ t d
/ Z V,OR) - }dt = / ZOR(®)dr
R° i=1 0
= O(R(1)) - O(R(0)).
(16b)

Thus, if O satisfies Eq. (15), then it is a state function and it
depends only on its end points, not its path. The converse is
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R
also true. Thus, exp(i [ fO-M{J(R"). dR"), Eq. (13a) is path
0

independent if and only if the derivative coupling is remov-
able. Here the singularities have been removed. The contribu-
tions from the singularities (conical intersections) are given by
Eq. (10b). These observations are demonstrated numerically
in Section III.

The diabatization procedure used to determine @(R) is a
key issue. For a diabatization to be useable, it must generate
the singularities in £()-(")-1-/(R) at points of conical intersec-
tion and only at points of conical intersection. Diabatizations
tend to get the conical intersections singularities correct. How-
ever, the defining equations of some classes of diabatizations
necessarily introduce fallacious or spurious singularities on
subspaces of the same dimension as that of the true conical
intersections. The diabatization used in this work, described in
the Appendix, does not suffer from this limitation, and makes
f(@.m.LI(RY ~ £(@)-(ab).1.J(R) in a least squares sense.*> The
complete description of this potential limitation is beyond the
scope of this work, but such a description can be found in two
recent publications.*

There are other ways to derive Eq. (13a). One gen-
eral method involves the topological matrix introduced by
Baer.’®>% It should also be pointed out that the line inte-
gral in Eq. (13a) picks up all the singular conical intersections
contained in a loop.

With the phase factor given by Eq. (13a), the single-state
nuclear Schrédinger equation in the adiabatic representation

becomes?:%0
[H"? - E[1x}(R) = 0, (17a)
where
N(lll)m 1
HMAB — Z 2Mn (_lvn + ffla)’(m)’l’l)2+kl’l(R) + E;a)a(m)(R)’
n=1
(17b)
and the DBOC is approximated by
6.0 -
58 -
56 -
% 54
> 52!
501
4.8 -
16"
B 20- ‘
" Qg ) 60
7. 24 < 40
%, 28° — “20 0
32" 60 01029

FIG. 1. S; and S; PESs and their conical intersection for phenol photodisso-
ciation, C¢HsOH + hv — C¢H50 + H. Reprinted with permission from H. Guo
and D. R. Yarkony, Phys. Chem. Chem. Phys. 18, 26335 (2016). Copyright
2016 PCCP Owner Societies.
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TABLE I. Energies (in cm™) of key extrema and g, h, s, in au. at
mex(S-Sp).

HA@ HAQ@)
min(S;) 37577 37543
ts(Sy) 43 426 43619
mex(S1-Sz) 44 280 44287
g 0.137 98 0.13711
h 0.013 77 0.01399
Sx -0.073 93 -0.081 48

Natom

1 a),(m a),(m
IRy~ ) o B2 R) -0 R). (17¢)
n=1 n

The approximation for the DBOC used in Eq. (17c¢) captures
precisely its singular character as the conical intersection is
approached. The singularity causes the nuclear wave function
to vanish at the conical intersection.®!63

Egs. (17a)—(17c) are key results of this work providing a
general method of incorporating the MAB effect into single
potential energy surface dynamics. Because of its position in
the parentheses in Eq. (17b), f(®-0"-1-/ is denoted as a vec-
tor potential. The caveat here is the need to use a fit surface
approximation to the ab initio determined coupled potential
energy surfaces since that is used to determine the removable
approximation to the derivative coupling. This should not be
considered a significant limitation, if a limitation at all, since in
general fit surfaces are preferred for detailed quantum mechan-
ical computations. This preference is a consequence of the fact
that since our fitting procedure fits the energies (and energy
gradients and derivative couplings) in a least squares sense, it
can smooth out discontinuities attributable to orbitals entering
and leaving the active space, a problem endemic to multiref-
erence calculations which are essential for the description of
nonadiabatic processes. In this sense the fit coupled potential
energy surfaces are a better representation of the true coupled
potential energy surfaces than the ab initio data from which
they are derived. See Ref. 43 for an example of this smoothing.

5> 5
h/|h||

>
gligll

-06 -04 -02 00 0.2 0.4 06

FIG. 2. Loops used to evaluate C(w,(0,0,0),r), w = 2,4, in Figures 3 and 4.
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The use of line integrals of the derivative coupling was
reported in curl-free circumstances by Baer.”® Attempts to
use this approach with derivative couplings obtained directly
from ab initio calculations, £(¢)-(@)}1.J(R), were justifiably
criticized®”%* as being path dependent. The availability of both
the ab initio (nonremovable) derivative coupling and a remov-
able approximation based on reliable coupled potential energy
surfaces may permit numerical studies of this approximation.

C. Implications for nuclear dynamics

In quantum dynamics on a single potential energy surface,
the geometric phase can be introduced by a complex-valued
phase [Eq. (13a)], which leads to additional terms that involve
both vectorial (V) and scalar terms, the DBOC.10:26:2942 The
Ak (R) in the phase factor is an explicit function of the nuclear
coordinates, and thus diagonal in a grid representation. It com-
mutes with the potential energy operator and the DBOC, and

5
(a)
4 r=0.07
3 ——— K@) {112 ¢ r=3.14159265
-
2 ——— HM®) 128 g r=3.14189489
1
0
47000
~ 46000
'S 45000
o
< 44000
2 43000 — pi2
o
(@ 42000 o W
41000 S
0 z n 3n 2
2 2
)
(c) s |
4 I r=0.2 !t
3 Il I HH?) | § 112 ¢ r=3.14159265
—
Al i I
2 I I . HM9) | § 123 g r=3.14149506
| |
. f\ ‘
ok o _
__ 55000
0
§ 50000
> -
2 45000 y He(2)
= _— -
K+ - -
e &)
40000 === H
0 £ n 3n 2n
2
6
€
S !
4 || r=07 ‘l
il i
e i i
2 i i
\
1 /«' '\\ /\
ot Mvaud M
140000 - :
120000 ;
T 100000 N /i
‘ ‘\\\ =x /:l//
G 80000f '\ P /Y
= \5\ \ /7N // /
3 60000 \\_ N/
S 40000 ~ ~
" 20000
0 n
0 = n 3n 2n
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as a result its introduction into the Hamiltonian only modi-
fies the kinetic energy operator. In principle, these additional
terms can be accurately represented in the discrete variable
representation and its corresponding finite basis representa-
tion, although the implementation can be tedious. The solution
of the corresponding Schrodinger equation can be obtained in
either a time-independent?®*? or time-dependent fashion,?®
but the latter initial value problem is typically easier to handle.
The major numerical obstacle in geometric phase corrected
quantum dynamics is how to treat singularities in both the
closely related derivative coupling and DBOC near the conical
intersection.

D. An MAB topography

As observed in the past,%> a saddle point can be viewed
as derived from the lower cone of a conical intersection with
the introduction of quadratic terms into the Hamiltonian. This

(b) °
4 I’=01 |
3 Il H@) | § 112 g r=3.14159265
s ‘
2 HA®) | 6122 g r=3.14212650
1
Of—— —= =
48000
'E 46000
s
> 44000
%’ Hd.(2)
42000
u HAA4)
40000
0 E n L 2n
2 2
)
d s
4
3 —— H® § 112 g r=3.14159265
=
2 ——— HY | $ 128 g r=2.91979312+
1
0
80000
'E 60000
s
2 40000
g Ho(2)
& 20000 e
0
[ £ bd 3x 2n
2 2
6
HU2) | § 12 g r =3.14159265
e HU) 6122 g =2 85622620
HdA( 2)
e HO(#)

FIG. 3. f@mx.S1.5 (R) and circulations (upper panel), and S| and S, energies (lower panel). Solid lines H4® | dashed lines H*® determined quantities.
Demonstration that the two-state diabatization is removable, has zero curl, and has the 8 dependence exhibited in Eq. (11a), independent of r. The 4 state
diabatization is seen to have a nonremovable part which deviates significantly from Eq. (11a) result for large displacements. For reference 7 = 3.141 592 65.

* indicates double-valued f@"*S1-52(R).
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connection between a conical intersection and low energy
saddle points shows how low energy paths around coni-
cal intersections may come to exist. Thus the MAB effect
inducing topography presented in Fig. 1 is not likely to
be rare. This observation and the above mathematical anal-
ysis show that the MAB effect is a two-state descrip-
tion of geometric phase issues. In a qualitative sense the
lower potential energy surface governs the dynamics while
the upper state gives rise to the geometric phase effect.
Thus it is not surprising that a general analysis of the
MAB effect requires knowledge of the interaction between
two states (Eq. (17)) provided by the derivative coupling.
It is possible to imagine more complex topographies
where motion is restricted to the lowest potential energy
surface and intersections of states 1 and 2, as well as inter-
sections of states 2 and 3 must be considered. While a gen-
eral analysis of this situation is reserved for future work, its
relevance in the present context®® will be discussed below.

lll. NUMERICAL EXAMPLES

In this section, we address the practical issues encoun-
tered in using Eq. (13a) to include the geometric phase in
dynamics on a single potential energy surface. The example
we use is phenol photodissociation through its excited S state,
CeHsOH(Sp) + hv — CcHsOH(S1,S2) = C¢Hs50 + H, which
has been the subject of much recent interest.>’-"% As seen
in Fig. 1, there is a low-lying S-S, conical intersection and
two, symmetrically displaced, lower-energy adiabatic saddle
points on S;. This topography can give rise to the MAB effect
for adiabatic dissociative dynamics on S1.'> The system will
be treated here in its full 3N“*" = 39-dimensions.

Two directly comparable coupled diabatic state repre-
sentations, described in more detail in the Appendix, are
employed: a shifted”’ 4 diabatic state (So, S1, S2, S3) represen-
tation, H*® previously reported’® and a shifted two diabatic
state (S, Sy) representation H%®  Thus, S; and S, are states
1 and 2 from H%® while they are states 2 and 3 from H*® Tt
should be emphasized that H*? is designed to treat the S;-S;
conical intersection only while H*® is more generally appli-
cable. However both coupled diabatic state representations
are suitable for describing phenol photodissociation. Here the
principal issue is that the f@"-51:52 obtained from HA®
are nonremovable while f@-"2-5152 obtained from H*? are
removable. Table I compares H* ") m = 2,4 determined ener-
gies at key geometries: the S; minimum [min(S;)], the S;
transition state [ts(S1)], and the S;-S; minimum energy cross-
ing [mex(S1-S,)] together with g and s. The agreement is seen
to be good.

The H%® determined S; adiabatic energies and the
£(@-m2.51.52(RY constitute the input needed to construct HMAB
in Eq. (17). In this section we assess the numerical accuracy
of this approach. We note that the overall sign of the reported
circulations depends on the sign of the initial f©"-51:52(R),
Since this sign is irrelevant in the present context, we only use
it to improve the clarity of the figures that follow. Our tripartite
analysis will consider the following points: (i) we will deter-
mine the size and kind of error in the circulations attributable
to the nonremovable derivative couplings, f (@,m4).515 (R); (i)
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FIG. 4. Single-valued (a) r = 0.26 vs double-valued (b) r = 0.27
£@-m451.52 (R, Also shown are £@2:51:52 (R) which is always single-valued.
Lower part of each panel reports the energies of states S; and S;. Solid lines
Hd’(z), dashed lines H*™® determined quantities.

although the results of Section II show that the circulations
of the removable derivative couplings f(@-("2-51:52(R) will be
multiples (including 0) of =, it is important to consider the
accuracy of the numerical quadratures and how the numerical
errors compare to the errors attributable to nonremovabil-
ity; and (iii) we will demonstrate that seam curvature, which
is omitted in simplified models of the MAB effect, is well
described by the present approach.

A. Orthogonal intersection adapted coordinates

To properly compare the H*® and H*? determined
results, they will be presented in individual orthogonal
intersection adapted coordinate systems using cylindrical polar
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coordinates, as defined following Eq. (8c). Table I reports
the magnitudes of the g and k vectors used to construct the
coordinate system. Their good agreement reflects the fact that
H%® provides a removable approximation to the adiabatic
representation associated with H*®,

B. Origin centered loops
Figures 2—4 illustrate the evaluation of

C(w,0,r) = 56 fOm)55 (R - dR, (18)

the circulation of the H*™") (w = 2.4) determined derivative
coupling f@-"):51:52(R) along circles in the g-h plane cen-
tered at O = (x°, y°, z°) = (0,0,0) with radii p=r=(0.07,
0.1, 0.2, 0.26, 0.27, 0.5, and 0.7) pictured in Fig. 2. Figs.

3(a)—3(f) juxtapose the H*® and H®® determined energies
and derivative couplings at the indicated . The circulations
are tabulated in Table II. For C(2,(0,0,0), » < 0.7) the inte-
gral consists of two identical halves which add to give &
exact to 8 decimal places regardless of the radius r. This
indicates the quality of f;“)’(mz)’s' 2(p, ) and that a single con-
ical intersection (at the origin) is enclosed in the loop. The
peaks in fé“)’(mz)’sl’sz (p,0) at & = n/2 and 37/2, evident in
Figs. 3(a)-3(e), arise from Eq. (11a) reflecting the ratio g/h
(~10) in Table I. The accuracy of these circulations strongly
supports the utility of this approach. Note the good agree-
ment between the H® and H*® determined energies in
Figs. 3(a)-3(e).

For C(4,(0,0,0), r < 0.2), the contribution of the nonre-
movable part of 6(“)‘(’"4)"9‘ %2(p, ) is quite small and although
increasing with increasing r, it probably could be tolerated
in numerical calculations. Even for 0.2 < r < 0.27 a.u. the
circulation is not that far from x. The increase in the non-
removable contribution with increasing r reflects an increase
in the derivative coupling of states 3 and 4 as their separation
decreases. When states 3 and 4 intersect conically, the situation
changes abruptly and dramatically. This situation is evinced in
Figs. 4(a) and 4(b), which describe that r = 0.26 a.u. and r
= (0.27 a.u., respectively. The results are completely consis-
tent with the formal analysis of linked conical intersections
in Ref. 66 denoted as HY below. For H*® the loop already
includes a 2-3 conical intersection at the origin. The existence
of a 3-4 conical intersection in the loop, which occurs for 0.26
au < r < 0.27 au., renders f"*23(p = 0.27,6) double-
valued, since now state 3 does not change sign on traversing

TABLE II. Circulations C(w,(0,0,0),r). Effect of the nonremovable part.

r w=2 w=4
0.07 3.141 592 65 3.141 894 89
0.1 3.141 592 65 3.142 126 50
0.2 3.141 592 65 3.141 950 62
0.26 3.141 592 65 3.131 307 72
0.27 3.141 592 65 3.106 175 36*
0.3 3.141 592 65 3.064 390 78
0.4 3.141 592 65 2.973 488 40*
0.5 3.141 592 65 2.919793 12*
0.6 3.141 592 65 2.856 226 21
0.7 3.141 592 65 2.856 226 21

aDouble-valued £@m4:51:52
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the loop but state 2 does. In the latter case, conical intersections
of states 2 and 3 and 3 and 4 are referred to as linked intersec-
tions by HY. HY show that for linked conical intersections of
states /, J, K, the I, J circulation depends on the starting point!
Further the circulation from 0 to 47 is zero rather than twice the
integral from O to 27 as would be expected. Compare Figs. 4(a)
and 4(b). r = 0.27 a.u. is the beginning of a complete disaster
for using H*™ to construct the requisite circulation although
it is not evident from the (starting point dependent) value of
the circulation. This situation holds for 0.27 < r < 0.6 a.u.,
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FIG. 5. Demonstration that if no[blue] (one[green]) conical intersection is
contained anywhere in the loop presented in panel (a) the circulation gives
0(mr) as required. The 4 state diabatization is seen to have a small nonremovable
part. Panels (b) and (c) report circulations, f@”™51,52(R) and the energies of
states S; and Sy, respectively. Solid lines Hd’(z), dashed lines H*® determined
quantities.
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FIG. 6. Seam curvature. Loops in the g-/ plane displaced along a z;-axis demonstrating the effect of seam curvature along the z; direction on the circulation.

although beyond r = 0.3 a.u., energy considerations limit the C. Displaced conical intersections
importance of circular paths. It is worth noting that for 0.6 a.u.

. L . With the frequently used linear vibronic couplin
< r <0.7 a.u., a second 3-4 intersection is present in the loop d y pung

model,®" there is only a single conical intersection in the
g-h plane which is usually taken as the origin. How-
ever, when quadratic terms are included, additional seams
only two states. of conical intersections can exist which intersect the g-h

and £@"423(p_9) is again single-valued. As is evident from
Table II, this pathology does not occur for H4? which has
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plane 882 Consequently, it is relevant to consider conical
intersections which do not occur at the center of a circle.
This can give rise to the type of circulation illustrated in
Figs. 5(b) and 5(c) which consider H*® and H*® determined
circulations for loops pictured in Fig. 5(a). In these figures
the origin is not a conical intersection. Thus, for w = 2 the
circulation C(w,(#*,#,0),r) = 0 for r < *V2 (Fig. 5(b)) and
Cw,(#°,°,0),r) = 7 for r > V2 (Fig. 5(c)). For w =4 a small
nonremovable part is evinced.

D. Seam curvature

Up to this point we have considered a single point of coni-
cal intersection. Our final example considers the effect of seam
curvature and how the line integral correctly accounts for it.
Seam curvature, the fact that for z # 0 conical intersections
do not occur at (x,y) = (0,0), is illustrated in Fig. 6(a) which
shows the H*® and H*® determined seams. The rectangu-
lar parallelepiped shows the seam (black line) determined as
a function of R(CO), as a function of (x,y,z2). Loops are con-
structed for fixed values of z in a plane parallel to the g-h
plane. The loops used to evaluate circulations C(w,(0,0,2>), r)
are shown in the parallelepiped. Corresponding circulations
and plots of fé”)’mw’sz‘s' (7, 6) are given to the right. Near z = 0
C(w,(0,0,22),r) =  for all r as the conical intersection at (x,y,z)
is close to (0,0,z). However, as seen from Figs. 6(b)-6(h), as
|zl increases the p. = (2 + yz)l/ 2 for the conical intersec-
tion increases so that for r < p. C(w,(0,0,z2),r) = 0 since no
conical intersection is contained in the loop. Increasing r even-
tually encloses the conical intersection and C(w,(0,0,z5),r)
becomes m. Here it is important to note that the only com-
puted values of C(2,(0,0,z;),r) are 0 or z. This essential aspect
of the MAB effect is ignored in the linear vibronic coupling
model of conical intersections. Similar results are obtained
for w = 4, indicating that the nonremovable contribution is
small.

IV. SUMMARY AND CONCLUSIONS

The MAB effect is the effect that energy inaccessible
conical intersections have on adiabatic single state dynamics
through the geometric phase. Recently there has been consid-
erable theoretical work on tunneling in phenol.!>937277.78 Of
particular relevance here are studies of nonadiabatic tunneling
which suggest that including the MAB effect can change the
predicted tunneling dissociation rate by over an order of mag-
nitude.'>'® There has been limited consideration of the MAB
effect on classically allowed or tunneling reaction dynamics
owing to technical issues: the lack of a computationally useful
general formulation of the MAB Hamiltonian and a method
of dealing with the singular terms in the MAB Hamiltonian.
Neither the prevalence nor magnitude of the MAB effect is
well-characterized. Since in principle the possibility of an
MAB effect must be considered in all adiabatic treatments
of nuclear dynamics especially for excited electronic states,
the effect is potentially transformative.

The methodology proposed here eliminates the first hur-
dle, which is the ab initio determination of the phase factor
used to render the total wavefunction single-valued. In future
work we will consider the numerical issues associated with
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solving Eq. (17), address the prevalence of the MAB effect
in the nuclear dynamics, particularly when w;a)(q; R) is an
excited electronic state, and describe the topographical factors
that determine the size of the effect.

Note that in principle it is possible to avoid the inclusion
of the MAB effect provided the dynamics is treated in the two
diabatic state approximation. However, given the increase in
computational complexity in processing two diabatic states
compared one adiabatic state, it is best to avoid this situation
when possible. In addition, the diabatic representation, which
is only determined up to a geometry independent orthogonal
transformation, does not succinctly capture the physics of the
more concise adiabatic representation. The approach espoused
here is best suited for fitted surfaces. It fails, perhaps catas-
trophically, when ab initio data are used directly. However
the use of fit surfaces should not be viewed as a (significant)
limitation since fit surfaces are preferred for detailed quantum
dynamics calculations and as discussed in detail in Ref. 43 are
actually better representations of the coupled PESs than the
ab initio data from which they are derived.

SUPPLEMENTARY MATERIAL

See supplementary material for the fit surfaces H*® and
H%® ysed in this work. Our submission is supplemented with
two .tar files (for H%® and H**) which contain the requisite
MAKE, FORTRAN, and INPUT files for the evaluation of
the adiabatic energy, energy gradient, derivative coupling, and
diabatic energies and couplings at an arbitrary point. Sample
OUTPUTs are provided as README files. The H%" used in
this work are also available online. For w =4, H*® is available
athttps://www.github.com/yarkonygrp/surfaces/phenol/4state
and for w =2, at https://www.github.com/yarkonygrp/surfaces
/phenol/2state.
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APPENDIX: HY
The HY™ employed in this work have the form”®

Nnate

d _d joj
SHY(R) = HY(R) + Z VIBY, (Ala)
j=1
where
N¢
Hd(R) — Z v, [ﬁ;lr[u(l)],lr[v(l)]g(l)(R)]Bu(l),v(l)’ (Alb)

=1

B*” is an N*%%¢ x N gymmetric matrix with a 1 in (u,v) and
(v,u) elements and the remaining elements are 0. P¥ is a pro-
jection operator for the «" irreducible representation (Ir) of the
appropriate complete nuclear permutation inversion (CNPI)%3
subgroup, here Gy. The g'”) are products of functions of the
rij= R; —Rj and rij = |I’l‘,j| forl <i<j< Naom A com-
plete description of the g/’ is found in Ref. 74. The V; are
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FIG. 7. Plot of H*® (dashed lines)
and H%@ (solid lines) determined
energy along linear synchronous transit
path from: plate (a)-min(S;) — mex(S;
-S») and plate (b)-min(S;) —ts(Sy).
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the N° linear coefficients of combination determined by the
fitting procedure.”* As formulated in Ref. 79 H¢ is obtained
by fitting the ab initio data energies, energy gradients, and
derivative couplings, while the V? are empirical geometry inde-
pendent shifts designed to improve the calculated spectrum of
SH? when compared with very accurate computational results
or experiment.

In this work, H*® is the H? reported in Ref. 74, shifted
for reasons described in Ref. 79 by V{‘BZ =-1800cm~! and VfBl

=-1038 cm™!. H*® is constructed from an intermediate H®
determined from SHY computed energies, energy gradients,
and derivative couplings evaluated at a total of 2335 points.
SH is the above H¢ shifted by Vi, =—1800 cm™!, The H ™
expansion is comprised of N = 5145 coefficients, defined
by 140 443 equations satisfied in a least squares sense. The
mean unsigned (root mean square) error for the energy is 39.73
(92.95) cm™! and that for the energy gradient is 4.82(6.19)%.
This fit was determined for R(O-H) <1.8 A, the region for
which single state S; dynamics will be considered. H*(® is
then H%™ shifted by VfB] =-1008.0 cm™! and can be directly

compared with H%®_ Comparisons of the H*® and H%®
determined S; energies along paths from min(S;) to ts(S;) and
from min(S;) to mex(S-S,) are reported in Figs. 7(a) and 7(b),
respectively. Additional comparisons are provided in Table I
and Figs. 3-6.
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