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Abstract

Results of axisymmetric compression tests on weak, porous Castlegate Sandstone (Cretaceous,
Utah, USA), performed at various mean stresses and covering a range of dilational and
compactional behaviors, are examined for localization behavior. Assuming isotropy, bulk and
shear moduli evolve as increasing functions of mean stress and Mises equivalent shear stress
respectively, and as decreasing functions of work-conjugate plastic strains. Acoustic emissions
events located during testing show onset of localization and permit calculation of observed shear
and low-angle compaction localization zones, or bands, as localization commences. Total strain
measured experimentally partitions into: A) elastic strain with constant moduli, B) elastic strain
due to stress dependence of moduli, C) elastic strain due to moduli degradation with increasing
plastic strain, and D) plastic strain. The third term is the elastic-plastic coupling strain, and
though often ignored, contributes significantly to pre-failure total strain for brittle and
transitional tests. Constitutive parameters and localization predictions derived from experiments

are compared to theoretical predictions. In the brittle regime, predictions of band angles (angle
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between band normal and maximum compression) demonstrate good agreement with observed
shear band angles. Compaction localization was observed in the transitional regime in between
shear localization and spatially pervasive compaction, over a small range of mean stresses. In
contrast with predictions, detailed acoustic emissions analyses in this regime show low angle,

compaction-dominated localization.

1. Introduction

Sandstones exhibit a range of deformational responses under stress conditions typical of
the earth’s subsurface. Understanding these responses, and quantifying their behavior
mathematically (i.e., constitutively), is necessary to predict sandstone response for a variety of
sub-surface geo-engineering pursuits such as oil and gas production and exploration, and
geologic carbon storage [de Waal and Smits, 1985; Rutqvist et al., 2009, Wawersik et al., 2000].
An important aspect of rate-independent sandstone deformation is the transition between
localized deformation, in the form of shear and compaction zones or bands (i.e., concentrated
tabular zones of strain that lack a discrete surface of discontinuity), and spatially pervasive pore
collapse. The formation and development of localization can have important consequences for
reservoir quality. Predictability of localized deformation from advanced constitutive modeling is
thus a relevant consideration for waste injection or resource extraction [Sulem et al., 1999; Sulem
and Ouffroukh, 2006; Gajo and Bigoni, 2008].

Localization in sandstones has been studied since the late 1970’s [Aydin, 1978; Aydin and
Johnson, 1983; Antonellini and Aydin, 1995], and recently identified variants in sandstone
localization behavior include shear bands and compaction bands [Olsson, 2001; Holcomb and

Olsson, 2003; Wong et al., 2001; Klein et al., 2001, Issen and Rudnicki, 2000; 2001; Olsson et
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al., 2002; Detournay et al., 2003; Bésuelle et al., 2003; Haimson, 2001; 2003; Borja and Aydin,
2004; Borja, 2004; Borja, 2006; Haimson and Lee, 2004; Baud et al., 2004; Tembe et al., 2006;
Stanchits et al., 2007; Rudnicki, 2007; Eichhubl et al., 2010; Ingraham et al., 2013a; 2013b] and
extension (dilation) bands [Bésuelle et al., 2000; Bésuelle, 2001; Du Bernard et al., 2002]. Aydin
et al. [2006] note that the earliest reports of compaction bands in the field were by Hill [1989],
and possibly the first experimental evidence of compactional deformation bands produced in the
laboratory were by Muhuri [1994]. Recent detailed descriptions by Eichhubl et al. [2010] discern
between pure compaction bands and shear-enhanced compaction bands.

While it is desirable to link constitutive response of laboratory samples to field examples,
the disparate time scales and complex boundary conditions existing in field settings versus
experiments make such comparisons difficult [Holcomb et al., 2007]. As such, direct comparison
of geological examples and laboratory experiments is fraught with uncertainty. It is relevant
however to understand laboratory constitutive response in order to gain some insight on field
observation. In axisymmetric compression experiments (o1 > o, = o3, Where the principal
stresses are o1 > o0p > o3, positive in compression), compaction localization has been observed to
form in high porosity sandstones (20-28%) [Olsson, 1999; DiGiovanni et al., 2000; Olsson and
Holcomb, 2000; Wong et al., 2001; Klein et al., 2001; Holcomb and Olsson, 2003; Baud et al.,
2004; Vajdova et al., 2004; Stanchits et al., 2007]. Work by Olsson [1999], Holcomb and
Olsson [2003] and Vajdova et al. [2004] demonstrate that localized compactive behavior results
in order of magnitude changes in permeability.

This research examines mechanical response and localization behavior of a porous
sandstone reservoir analogue rock, the Upper Cretaceous Castlegate Formation sandstone of east

central Utah, USA [McLaurin and Steel, 2007], a dominantly fluvial sheet sand facies of the
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Mesaverde Group. A suite of axisymmetric compression tests are conducted over a wide range
of mean stresses under triaxial and constant-mean stress loading conditions. While compaction
localization is of particular interest, Castlegate samples are also observed to fail via shear
localization or uniform (non-localized) pore collapse, depending on mean stress. The
localization theory of Rudnicki and Rice [1975] is applied toward predicting observed failure
modes, and focus is placed on elastic-plastic coupling (i.e., modulus degradation with plastic

strain) as an important consideration for constitutive modeling of porous sandstone deformation.

2. Theoretical Background

2.1 Constitutive Response and Elastic-Plastic Coupling

To evaluate localization predictions from Rudnicki and Rice [1975], the total strain
determined in experiments must be separated into elastic and inelastic components. This section
describes the model used to conduct this strain separation. We start with common assumptions
in elastic-plastic constitutive models, namely the separation of total strain into elastic and plastic
parts (denoted by ‘e’ and ‘p’ superscripts)

g5 =&l +&f
(1)
where, upon unloading to zero stress, elastic strain vanishes and total strain equals plastic strain.

We additionally assume an elastic strain that follows from

_ e
i =Ciju’u @)

With assumptions of isotropy and with usual definitions of invariants, (2) becomes
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For the axisymmetric compression (ASC) tests used here, mean stress o= —I;/3 = —oi /3 is

determined by o= (o + 201) / 3 and Mises shear stress, 7 =,[J, = [%s;s; , (Where |5 and J, are

ij
the first and second invariants of the stress tensor, and the deviatoric stress is s; = oy —306,,5;)
isgiven by 7= (oa— oL )/\/5, oa = o1 Is the axial stress and o = 03 = o7 is the confining
pressure. The elastic volumetric strain is found from &°® = &} + 2/, and the elastic shear strain

from ¢ = Z(g,i —gﬁ)/ﬁ, during elastic portions of deformation, where & is the axial strain and

&L is the lateral strain. The bulk modulus and shear modulus are K and G, respectively.

Guided by experimental behavior shown later, we examine stress and plastic strain dependence

of elastic moduli as the following

KHas’) G-Gaz)’) 4

Placing these into the former relations and expressing in incremental form, these become
det =d| —Z— |+ de”
K(o,&P)
and ®)

dyt =d| —= dyP
Y (G(T,yp)JjL 4

Expanding the total derivative yields

dest =d?“ —% [gﬁ do-+% dgpj+dgp
O E

and (6)
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drz 7 (oG oG
dyt =— ——| —dr+—=dy® [+dyP
e GZ(GT ‘ oy® yj 4

From this, there are four strain increments that we label

do o oK o oK

de?=—; de® =————do; ds®* =———de&’; de® =ds”
K K oo K og®
(7)
dr 7 0G T 0G
dy*=—; dy® =——Zdr; dy® =———=-dy®; dy°=dy”
e G e G oz o, Uy G oy’ Y e e

where the superscript ‘A’ refers to strain due to change in stress at a constant modulus, ‘B’ is due
to the stress dependence of the modulus, ‘C’ is the coupled strain due to plastic strain
dependence of the modulus, and ‘D’ is the plastic strain. Strains A, B and C are mechanically
recovered upon unloading to zero stress, and only strain D (plastic) is not recovered.
Following Rudnicki [1984], we distinguish between an “increment of inelastic strain”

which arises from only irrecoverable (plastic) strain,

de” =dePand dy® =dy®, (8)
Versus an “inelastic increment of strain” that includes both irrecoverable plastic strain and strain
arising from degradation of elastic moduli (and as such combines C and D strains). The inelastic
increments of strain are required to evaluate localization predictions [Rudnicki and Rice, 1975;
Rudnicki 1984]. Consistent with Rudnicki [1984] after Hill and Rice [1973], we use the
following notation for inelastic increments of strain:

d°e=ds® +ds" and d"y =dy® +dy°® (9)
If the elastic moduli do not evolve with stress, then the B strain increment vanishes and (7) is
equivalent to equation (2) of Collins [2002] and to equation (1) (with different sign convention)

of Rudnicki [1984].
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2.2 Localization Theory

The strain localization framework of Rudnicki and Rice [1975] predicts conditions for the
onset of localization in the form of a planar band of deformation, consisting of shear parallel to
the band and/or compaction or dilation normal to the band. Localization is attributed to a
constitutive instability in an initially uniform, inelastic deforming, pressure-dependent material;

formation of a planar band of localized strain is an alternative solution to continued
homogeneous deformation. The localization condition was found to be det‘ni Lisa n,‘ =0, where n;
are the components of the band normal and L is the modulus tensor in the constitutive relation
doj; = Ly,deg, . Using the localization condition, and assuming that the hardening modulus

decreases with continued loading, Rudnicki and Rice [1975] determined the predicted band
orientation and the expression for the critical hardening modulus. Here, we present the relevant

expressions, specialized for axisymmetric compression testing. Shear bands are predicted when

- 3<ﬁ+y<+«/§(2_v), (12)
1+v

where £ is the dilation coefficient (local slope of the plastic potential, Figure 1), which is positive

for dilatant response, and negative for compactant response. Values for the dilation coefficient

are determined from inelastic increments of strain, f=—dP&s/d"y , at the onset of localization.

The friction factor is «, which is the local slope of the yield surface (see Figure 1). At low to
intermediate mean stresses, Py is used to track yield surface evolution; therefore, the initial and
subsequent yield surfaces are contours of constant P». Values for x are determined by
calculating the local slope of the yield surface at the onset of localization. Poisson’s ratio for

elastic unloading is v.
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For shear bands, the predicted band angle is given by [Rudnicki and Olsson, 1998]:

0:—+1arcsm[7(1+v)(,8+y)—%(l—Zv)}, (13)

where the band angle is defined as the angle between the band normal and the direction of
maximum compression. The onset of localization is predicted to occur when the hardening
modulus, h, (slope of the shear stress — plastic shear strain curve at constant mean stress)
decreases to a critical value, he,. The expression for the critical hardening modulus for shear

bands is [Rudnicki and Rice, 1975; Issen and Challa, 2008]

N—"

h§=(93((11+v){(ﬂ uy (1_2V)[ﬁ+(ﬂ+y)]2}. (14)

f (B +u)<—3, then compaction bands, #= 0°, are predicted, and the expression for the

critical hardening modulus is [Issen and Rudnicki , 2000]

hcz—w(ﬂ+£j[/¢+£) (15)

“ 9(1-v) 2 2

f(B+u)= ﬁ(Z—v)/(1+ v), then dilation bands, &= 90° are predicted. However, since

dilation bands were not observed in the Castlegate experiments described below, the expression
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for the hardening modulus is not provided, but can be found in other works [e.g., Issen and
Rudnicki, 2000; Issen and Challa, 2008].

The above predictions are appropriate for low and intermediate mean stress tests, where
significant plastic shear strain occurs. However, for high porosity sandstone, a yield surface cap
exists [Wong et al., 1992; Wong et al., 1997; Olsson, 1999; Baud et al., 2006; Tembe et al., 1997,
Ingraham et al., 2013b] and under hydrostatic pressure, compaction is accompanied by
significant plastic volume strain [Zhang et al., 1990] and little plastic shear strain. Therefore,
extending the yield surface as a contour of constant Py to intersect the mean stress axis is
problematic. A simple way to circumvent this problem is to formulate a separate constitutive
framework for the cap, which depends on inelastic volume strain, instead of inelastic shear strain
[e.g., DiMaggio and Sandler, 1971; Issen, 2002; Baud et al., 2006]. To simplify our data
analysis, we choose the cap model derived by Issen [2002], as the resulting localization
conditions parallel those of Rudnicki and Rice [1975]. For the cap, the initial and subsequent
yield surfaces are contours of constant "¢ ; values for  are still determined by calculating the
local slope of the yield surface at the onset of localization. Determination of values for S
remains unchanged. However, the relevant hardening modulus is now the “bulk” hardening
modulus, k, (slope of the mean stress — plastic volume strain curve at constant shear stress).
Using this cap mode, when $ and u are both negative (as expected for compacting material),

equations (12) and (13) are still applicable. The critical bulk hardening modulus is

Ky, =h, /(Bu), using the appropriate he from equation (14) or (15) [Issen, 2002].
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3. Experimental Methods

3.1 Axisymmetric Compression Experiments

There have been numerous studies examining deformation of Castlegate sandstone
[Vinegar et al. 1991; Olsson, 1999; Olsson and Holcomb, 2000; Olsson, 2001; Olsson et al.,
2002; Holcomb and Olsson, 2003; Coop and Willson, 2003; Holcomb et al., 2004; Ingraham et
al., 2013a; 2013b], as it may serve as an outcrop analogue for porous reservoir sandstones from
similar depositional environments. Here, an experimental data set of Castlegate behavior is
compiled to compare localization occurrences to theoretical predictions. Coring, sample
preparation and jacketing procedures were performed as described by Olsson [1999]. Right-
cylindrical samples were prepared by coring parallel to the bedding plane and grinding to a
nominal 5.08 cm diameter by 12.7 cm length. All samples were cored from the same block of
Castlegate in an attempt to minimize sample-to-sample variability. As discussed by Holcomb
and Olsson [2003], coring parallel to the bedding plane eliminates the possibilities that
compaction bands are a product of variation in material properties across the bedding planes or
simply collapse parallel to bedding.

The sandstone cylinders were jacketed with 100 micron copper foil, with a copper cap at
each end. To minimize end frictional effects, a stearic acid-petroleum jelly lubricant was used
between the copper cap and the sandstone, and a teflon sheet coated with molybdenum
disulphide was placed between the outer copper caps and upper and lower pistons [Holcomb and
Olsson, 2003].

Experiments were conducted using a servo-controlled test frame under axial strain control
at 10” to 10° s nominal strain rates, using total axial strain as the control variable, to minimize

effects of machine stiffness and to better control strain rates during localization. Axial strain (&)

10



228  measurements were made via linear variable differential transformer (LVVDTs) mounted end to
229  end on the sample, and lateral strains (&) were measured using a ring gage mounted near the
230  middle of the sample. Axial load was measured via an external load cell. During each loading
231  path, mechanical data acquired include axial load, axial displacement, confining pressure, pore
232  pressure (where applicable), radial displacement, and acoustic emissions. Stress states for

233  samples deformed to large strains and higher mean stresses were corrected for changes in cross
234 sectional area; for all samples that underwent localization, this correction amounts to less than 1
235 MPa and so was not applied in these cases.

236 Samples were subjected to a variety of loading paths: uniaxial, hydrostatic, hydrostatic
237  followed by triaxial compression, and hydrostatic followed by constant mean stress loading.
238  Seventeen experiments, consisting of these different loading paths, are summarized in Table 1.
239  Results of seventeen such experiments are plotted in Figure 2, which shows axial stress — axial
240  strain and — lateral strain behavior (in each of Figure 2A and B, the curves to the right plot axial
241  strains, while the curves to the left plot lateral strains). These experiments are also portrayed in ¢
242  — ostress space (Figures 2C-D). Figure 2A and C are for tests which exhibited some form of
243  localization, while Figures 2B and D show results of tests which did not experience any

244 localization behavior.

245 In most of the constant mean stress tests and in the uniaxial tests, unloading-reloading
246  cycles (visible as stress decreases in the curves in Figures 2A-B) were performed to track the
247  evolution of elastic properties of the sandstone. This permitted quantifying the important role of
248  plastic deformation in modifying elastic parameters (elastic-plastic coupling as discussed above).
249  During typical unloading cycles, stresses were decreased by about 10% of expected peak stress

250  (for unloading during constant mean stress tests, op was increased as oa was decreased, so as to

11
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change only 7), before reloading and continuing the loading portion of the test. During unloading
loops, stress and strain exhibit hysteresis as a result of the use of an external load cell. Friction
between piston and piston seal (where the piston enters the pressure vessel) delays transmission
of load from the loading system to the sample, both on unloading and reloading. To surmount
this, only portions of unloading loops, wherein friction has been overcome, were used to infer
elastic properties. Only pre-peak unloading-reloading cycles were used in determining elastic
moduli evolution, as after peak stress is achieved (corresponding to onset of shear or compaction

localization), sandstone specimens can no longer be reasonably approximated as homogeneous.

3.2 Acoustic Emissions

For the majority of the experiments, acoustic emissions (AE) were recorded using arrays
of three to fourteen transducers soldered to the sample copper jacket, in the manner described by
Olsson and Holcomb [2000]. AE signals were amplified by 60 db in the frequency band from
100 kHz to 1.2 MHz. A full wave form recording system capable of acquiring about 5 events per
second recorded events detected by five or more transducers. Signals were digitized at 8 bit
resolution and 32 MHz for later use in event location. It is estimated that the recorded events
represent approximately 10% of the total event set. Recorded events were processed by means of
“picker” software to determine arrival times for the signal from an event at each transducer, and
the simplex algorithm of Olsson and Holcomb [2000] was used in determining locations from the
first arrivals. A separate event counter system triggered by one event detector typically records
several hundred thousand events during an experiment. Event locations were used to determine

orientation of localization features.
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4. Experimental Results

4.1 Stress-Strain Response

Examples of Castlegate behavior under different loading conditions are shown in Figure 3.
Black lines plot axial stress — axial strain curves, while grey lines plot AE rate. Uniaxial loading
behavior is shown in Figure 3A (experiment 41; no AE was recorded for this test), resulting in a
stress peak and formation of high-angle shear localization. Constant mean stress loading (o
equal to 30 MPa) is shown in Figure 3B (experiment 22), resulting in shear localization and a
less distinct stress peak. Constant mean stress loading (o equal to 70 MPa), with dominantly
compactional localization is shown in Figure 3C (experiment 15). Constant mean stress loading
(o equal to 90 MPa, experiment 21), resulting in no localization, is shown in Figure 3D. Note
that in Figures 3B-D, the initial loading curves contain a segment of hydrostatic loading,
followed by an increase in differential stress at constant mean stress. The post-peak plateau in
Figure 3C is characteristic of compaction localization and propagation [Olsson and Holcomb,
2000] and it is interesting that no stress drops are discernable along the stress plateau, as occur in
other examples of experimental compaction localization [e.g. Baud et al., 2006].

In Figures 3B and C, it is evident in all experiments that some acoustic activity, suggestive
of plastic deformation, initiated from the start of loading. Peak AE activity, for samples which
underwent shear or compaction localization, occurs near peak stress (where localization
commences as per Olsson and Holcomb, [2000]) and then tapers off. In experiment 21 (Figure
3D), in which no localization occurred, AE activity peaks near peak stress and dies off with
subsequent loading, while in experiment 15 (compaction localization, Figure 3C), continued AE
activity attends the development and propagation of zones of compaction localization. These

results are consistent with the results of Ingraham et al. [2013].
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4.2 Acoustic Emissions Analyses

Historically, determinations of localization were made post-test by measuring the slope of
the macroscopic fracture, often made evident by the deformation of the jacket. For shear
localization, this is reasonably valid because once shearing begins on a plane, it is difficult for
the angle of localization to change due to the kinematic constraints of the now-discrete blocks of
material sliding past each other. It is possible for other zones of localization to form, however,
and then determination of initial bands of localization is impossible post-test. Because the
localization analysis only applies at the point where the localization condition is first satisfied, it
is important to know the band angle prior to significant deformation and possible formation of
secondary features. The problem is compounded for low angle bands which often do not visibly
deform the jacket or sample, requiring microscopic examination to determine localization band
characteristics.

Acoustic emissions are elastic waves produced by grain-scale failures and motions that are
assumed to be discrete microscopic sources of continuum macroscopic phenomena described by
localization theories. If deformation is localized, then it follows that the locations where AE
occurs should similarly be localized and can be used to track and characterize spatial character of
the localization process. This technique has the advantage of being able to observe the interior of
the sample during deformation without interfering with the experiment; it can detect features that
are obscured or destroyed by the progressive deformation of the sample after localization occurs.

Deforming one specimen can easily result in 100,000 recorded AE, of which perhaps 50%
can be located to an accuracy of 2-3 mm. By plotting the locations as a series of time slices, like

a movie, the spatial and temporal evolution of the causative deformations can be observed. This
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was the approach used by Olsson and Holcomb [2000] to confirm that low angle zones of
localized deformation, termed compactional bands by them, were forming and propagating
through Castlegate sandstone. In that work, clouds of AE were described as relatively flat-lying,
i.e., having a band angle of zero degrees. In the current work, a more thorough analysis was
done of event cloud orientation to facilitate comparison with calculated band angles discussed
later.

Figures 4, 5, and 6 are examples of AE results for tests, arranged in order of increasing
mean stress, which produced shear localization, compaction localization, and no localization,
respectively. In each figure, the lower panel plots axial stress as a function of axial strain, along
with the band angle computed for the cloud of AE events that occurred during sequential time
slices of the experiment. At the top of each figure are three examples, captured from the full
results, showing the AE locations in the cylindrical specimen during three time slices, with a
vector (in grey) showing the normal to the best fit plane. Black dots correspond to events in the
upper half of the specimen that were used to compute the best-fit plane. Gray dots are events that
occurred in the lower half of the specimen during the same time slice. Because localization
frequently results in bands that are simultaneously forming in the top and bottom halves of the
specimen, it was necessary to restrict the analysis to half of the sample at a time. Arrows
pointing to the stress — strain curve indicate the portion of the test of which the examples are
representative: pre-peak, near-peak and post-peak. In all figures, the plot has been rotated about
the cylinder axis until the view direction is along the strike of the fitted plane, emphasizing the
slope.

Results from a test at low mean stress, seen in Figure 4, show a diffuse band of events

formed in the upper half of the sample near peak stress, and evolved post-peak into a band with a

15
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well defined slope. The band angle evolved from near 90°, a numerical artifact as discussed
below, to about 50° as the stress dropped post peak. Near the stress peak, it is clear that AE
activity had localized, but there was no obvious shear plane until the sample shortens by about
0.007 strain units post-peak. A possible explanation for this phenomenon is that when the
localization condition is satisfied in the cylindrically symmetric stress state, the band angle with
respect to the maximum principal stress is determined, but not the azimuthal angle. As a result,
localization initiates on all possible planes with that band angle, resulting in a rotationally
invariant cloud of events, which resolve into one dominant band as deformation continues.

A low angle compactional band formed in sample 15, which was tested at an intermediate
mean stress (see Figure 5). Prior to peak stress, events were uniformly distributed with no
meaningful band angle calculated. At peak, a well defined band formed near the upper end of the
sample, accompanied by a nearly complete cessation of activity in the lower half of the sample.
The band angle was computed to be approximately 10° and remained in the range of 5° to 15° as
the band of AE activity propagated down the sample.

Figure 6 presents results for an experiment where no localization occurred. Pre-peak
(left-most AE location plot), the events are uniformly distributed as would be expected for
homogeneous deformation accompanied by plastic shear and volume strain associated with pore
collapse. Near the peak (center plot) there is some indication of localization deformation as
shown by the denser concentration of events in the lower half of the cylinder, but no real band or
zone forms. As deformation continues, the event distribution becomes relatively uniform,
consistent with the interpretation that localization did not occur in this sample. Note that no plane
normal is plotted, even though the algorithms computed a good fit to a plane with a dip angle of

approximately 90°, as shown in the lower portion of Figure 6. Visually it is clear that the best fit
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plane would indeed run parallel to the axis of the cylinder as a result of the 2.5 to 1 aspect ratio
forced on the event cloud by the confines of the cylindrical specimen. However, for our
purposes, this result is meaningless and attributable to sample geometry.

Acoustic emissions analyses were conducted for all specimens for which AE events were
collected. For those specimens where localization occurred, the localization band angles were
determined as described above; these observed angles are shown in Table 2. In some specimens,
a low angle compaction localization developed at each end of the specimen; therefore, two

angles are reported.

5. Strain Partitioning Into Elastic and Plastic Portions.

5.1 Evolution of Bulk Moduli

To examine evolution of elastic moduli with stress and plastic strain, we first look at
Castlegate hydrostatic consolidation (experiment 38), shown in Figure 7A. The mean stress —
volume strain curve portrays a typical behavior for porous sands and sandstones [Zhang et al.,
1990; Karner et al., 2003; 2005], including an initial concave-up pressure-strain segment
(nonlinear elastic), a first inflection followed by a slightly convex segment (initial and
subsequent plastic yielding), a second inflection followed by a roll-over with large strain
accumulation (pore collapse), and a final convex segment with increasing slope (compaction and
pore crush-out). Four unloading loops and the final unloading segment in this experiment aid in
interpreting elastic moduli evolution during the progressive loading. Evident by the difference in
slopes of the initial loading and final loading segments is an increase in elastic compliance with

accumulating plastic strain, that is, elastic-plastic coupling as discussed above.

17



388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

408

409

410
411

For non-linear elasticity, it is important to distinguish between stress dependent secant
moduli, such as given in (3), with tangent moduli, which are local slopes of stress-strain curves.
We denote secant bulk and shear moduli as K and G respectively, and tangent bulk and shear
moduli as Kin and Gian, respectively. Tangent bulk moduli, Ky, are determined from local
slopes of mean stress-volume strain curves in elastic loading/unloading regimes, which include
pre-yield initial loading , during unload-reload cycles, and final unloading. For the initial, final,
and unloading segments of the stress-strain curve for experiment 38 (Figure 7A), tangent moduli
are plotted as symbols in Figure 7B. Values of K., increase initially due to stress dependence,
and then decrease relative to the values of K, determined during the initial unloading loop,
suggestive of plastic strain dependence due to yielding initiating at ~50 MPa. Combining the first
unloading moduli with the pre-50 MPa moduli suggests a K(o) relation wherein K, increases as
an exponential function of o, similar to that determined for Berea sandstone by Kahn et al.
[1991]. The K, calculated from the second unloading loop displays a slope that is less than
values from the first unloading loop, as are moduli determined from the final unloading. Note
that the final unloading moduli also indicate an exponential Kin(o) relation, but with lesser
slopes, suggesting that moduli at similar stress conditions decrease as a function of increasing
plastic strain. Slopes and zero-stress intercepts appear to both decrease monotonically as a
function of increasing plastic strain. These relationships are also found during hydrostatic
loading/unloading portions of other experiments (not shown here).

In an attempt to capture these functional relationships in as simple and tractable a
mathematical form as possible, we suggest the following for a stress- and strain-dependent bulk

modulus, K =K (o, £):
K=Kl-+rKo—Ke ™)  (16)

18



412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427
428

429

430

431

432

433

434

435

where K3, K, and K3 are constants and K is a parameter that decreases as a function of plastic

volume strain, £”. Here we have chosen the work-conjugate stress and strain variables (i.e., an
increment of plastic work for an isotropic material given by dW = ode® + dyP) to express the
stress and strain dependence of K. This stress dependence is suggested from work on
compression- and shear-wave velocities in porous sandstones. For example Kaselow and Shapiro
[2004] provide a pore-scale interpretation in which the exponential term in (16) derives from
compliant microcracks and cracked-shaped pores, and the linear term derives from more rounded
pores; these are termed compliant and stiff porosity, respectively. The plastic volume strain
dependence we apply is based on empirical observation of Castlegate behavior.

The form of K, applicable to elastic portions of stress — strain curves, which include initial
loading, unload-reload cycles, and final unloading (whereupon the increment of plastic strain

deP vanishes) can be found by combining (16) with the first of equations (6) and assembling

terms such that de® = d o/Kan, Where

K, .= {% —% (K2K,Kqe s )}_

17)
Values for the parameter set {Ko, K1, K, K3} can be determined by either curve fitting secant
moduli to (3) or tangent moduli to (6). The procedure we adopt is to (1) fit the final unloading
curve (Fig. 7A) to find {Kq, K1, K;, K3}, and then fit unload-reload cycles with these values of
K1, Ko, and K3 to find a unique Kq applicable to each cycle and initial loading; and (2) determine
a smooth function for Ko = f(¢P) to interpolate between unload loops. As ¢° is initially unknown,
a simple procedure for interpolation is to first find Ko = f(¢"), that is, as a function of total strain.

While there are certainly a number of functions that we could use, a simple form for K, that we

have found to apply to all experimental results presented here is
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=K [I-Ke"", (18)
where, for initial interpolating, the &° is replaced by &. This expression is applied to each
experiment with the same values for Ky, K, K3, K4, K5 and a K that evolves monotonically with
plastic volume strain but is constant during unloading loops. Best-fit K; parameters for initial
loading, unload-reload cycles, and final unloading for non-localized samples are determined for
each experimental mean stress-volume strain path (that is, we fit the secant modulus) by
applying the nonlinear Levenberg-Marquardt regression algorithm, using a commercially
available software package. To determine plastic volume strains applicable to a given unloading
loop, each unloading stress — strain curve is extrapolated to zero stress, and the plastic volume
strain is equated to the intercept of the volume strain axis.

To demonstrate the viability of our model for K, calculated tangent moduli are shown as the
solid black line in Figure 7B for experiment 38 using the parameterization scheme as {K,’, K,
K>, K;, Ky, Ks} equal to {2814, 0.0057, 0.79, 1.54e-5, 0.98, 0.067}. Compared to experimental
values (symbols in Figure 7B), this model for K,,,, does well at the latter portions of the
experiment and for initial loading, but slightly overestimates moduli for the second unload loop,
and a slightly lessened slope for the first unload loop. For comparison, the calculated secant
moduli K for the same Kjvalues is shown by the grey line in Figure 7B; values of the secant

moduli are approximately half those of the tangent moduli for much of the stress path.

5.2 Partitioning of Total Volume Strain Into Elastic and Plastic Parts

Having developed a model for the evolution of K during loading and plastic yielding, it is
a simple matter to calculate elastic volume strains by combining equations (3), (16) and (18),

and, by subtracting elastic from total strains, to calculate plastic volume strain. This is shown
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graphically in Figure 7C. The solid black line is total (measured) volume strain, the dark grey
line is calculated elastic strain (¢”+&5+£©), and, by difference, the dashed black line shows
plastic volume strain (£°). The light grey line, which shows no hysteresis, plots the elastic strain
that would manifest if no modulus degradation occurred (¢*+&5). It is immediately evident that
elastic-plastic coupling (¢, the difference between the dark grey and light grey curves), caused
by the plastic volume strain dependence of the bulk modulus, accounts for approximately half of
the total strain for much of the loading path. Similar results were found for some lithofacies of
the Mt. Simon Sandstone [Dewers et al., 2013]. For example, at peak mean stress of 400 MPa,
the total measured strain (") is about 0.18 strain units, plastic strain (¢°) is about 0.05 strain
units, and the elastic volume strain (¢*+&®+£) is 0.14 strain units. The elastic strain with no
modulus degradation (&*+&®) would amount to a little less than 0.05 strain units, which implies
that the coupling elastic strain (¢ ©) and inelastic strain ("c = £ “+&°) would, at peak load,
amount to approximately 0.09 and 0.14 strain units, respectively. The coupling strain then,
accounts for a significant portion of total strain accumulated during the experiment, as well as
much of the shape of the overall hydrostat.

Figure 7D plots equation (18) as a dashed line, for the plastic strain path shown in Fig. 7C;
the solid symbols are plotted for each unload-reload cycle. This suggests that much of the
modulus degradation, with largest drop in modulus value, occurs between the second and third
unload-reload cycle. This is reasonable, corresponding to the largest accumulation of plastic
strain and accordingly, the “knee” of the hydrostat. Values for {K4, Ks} applicable to using &”

are {0.68, .003}.

5.3 Evolution of Shear Moduli and Partitioning of Total Shear Strain
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Secant and tangent shear moduli, G and Gy, can found by similar methods as done for
bulk moduli. As an example we show evolution of shear moduli as functions of plastic shear
strain, ¥, and shear stress, 7, for experiment 42, a constant mean stress test at o-equal to 150
MPa. The stress path for 42 (Figure 8A) includes hydrostatic loading to 150 MPa, followed by a
constant mean stress loading to zequal to 70 MPa with eight unload loops. Sample 42
experienced no localization, which enable us to determine shear moduli from final unloading as
well.

Figure 8B shows tangent moduli from the unload loops and final unloading, and is
suggestive of a shear modulus that increases with zat constant plastic shear strain, and decreases
as a function of plastic shear strain, . (Note that we observe a clear mean stress dependence of
shear moduli, but as most of our results are for constant mean stress tests, we focus on the
observed shear stress dependence.) In analogy with our model for K, we choose to express the
stress and plastic strain dependence of G in terms of the work-conjugate variables »” and r as the

following:

G=G [1+G,e " k1+Gyr). (19)

Go and G; parameters are determinable via a non-linear regressions procedure as was done for K.
We initially fit the stress dependence from the final unloading to give G;, as well as final Gy, and
then apply the same G; to the unload loops. As was done in the case of bulk moduli, we first use
the total strain in (19), replacing »” with »', as a function that allows us to interpolate between
unload loops. In Figure 8B, we compare calculated Gan (Symbols) to (19) using the
parameterization scheme of {Gy’, G1, G2, G4, Gs} equal to {7611, 0.0071, 0.60, 0.0021} with

overall good agreement.
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By combining (3) with (19), we then calculate elastic shear strains (y*+y %+ %) shown by
the dark gray line in Figure 8C, and then by difference with total strain, the plastic shear strain "
(or »P) shown by the dashed black line in Figure 8C. The calculated elastic strain (»"+y®) with
no plastic strain dependence (i.e., G4, Gs in equation 19 equal to zero) is shown by the light grey
line. In contrast with the hydrostat in Figure 7A, it is evident that plastic shear strain dominates
measured values compared to the elastic strain, and the elastic strain associated with elastic
plastic coupling (»©; the light grey curve subtracted from the dark grey curve) is roughly twice
that of elastic strain with no coupling (* + »®).

Evolution of the G, parameter with plastic shear strain »® is shown in Figure 8D. As was
seen Figure 7C for the hydrostatic case, the biggest drop in shear modulus is associated with the
“knee” of the stress strain curve, corresponding to the accumulation of plastic shear strain

between the second and fourth unload-reload cycle.

5.4 Partitioning of Strain for Experiments Resulting in Localization

Following the procedures in the last two sections, results of partitioning of total strain into
elastic and plastic portions for three experiments, up to peak stress where localization
commenced, are shown in Figures 9A-F. These are experiment 41 (Figures 9A-B), loaded under
uniaxial conditions to a peak 7 of 8.7 MPa; experiment 22 (Figures 9C-D), loaded to 25 MPa
mean stress hydrostatically, and then loaded to a peak 7 of ~28 MPa at constant mean stress; and
experiment 15 (Figures 9E-F), loaded to a mean stress of 70 MPa hydrostatically and then under
triaxial conditions to a peak z of ~50 MPa. Solid black lines in Figure 9 refer to total strain,
dashed lines plot calculated plastic strains (¢° and ), dark grey lines plot elastic strains

including elastic-plastic coupling (¢*+&8+¢© and »*+78+7 ), and light grey lines are elastic

23



528

529

530

531

532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

strains ignoring the coupling strain terms (&”+¢® and »*+»®). In all three cases, changes in
bulk moduli accompanying plastic volume strain were deemed so small as to be negligible, and
were ignored in the calculation of plastic volume strain. However, elastic-plastic coupling in the
determination of elastic shear strain was found to be extremely important (» € is roughly 25%,
50% and 66% of the total strain for experiments 41, 22 and 15, respectively), suggesting that a
significant amount of pre-peak shear deformation in porous sandstones is attributable to elastic-
plastic coupling. This observation also applies to experiments conducted at higher mean stresses
which experienced no localization, although we do not include these results here.

This strain partitioning procedure was applied to eleven experiments which experienced
localization (these are 3, 8, 13, 14, 15, 16, 17, 20, 22, 40, and 41 in Table 1 and Figure 2A and C)
and two experiments at higher mean stress which exhibited no localization (these are 21 and 42
in Table 1 and Figure 2B and D). The partitioned A, B, C, and D volume and shear strains so
calculated, and in particular the inelastic strains (C+D), are then used in determining constitutive
parameters S and g, needed to evaluate localization theory predictions in the next section. Note
that the triaxial experiments 13, 17, and 3 had no unload-reload cycles from which to determine
the evolution of G, so we applied the G(z,°») parameterization from 15 to these tests. As these
were triaxial tests and as such cover a range of mean stress, this likely introduces some degree of

uncertainty in strain partitioning for these experiments as G is a function of o as well as z.
6. Comparison with Localization Theory

6.1 Calculating u: Yield Surfaces as Contours of Constant Pyand e

As discussed in Section 2, predictions of localization as per Rudnicki and Rice [1975]

depend on values of the constitutive parameters /3, 1, and hardening modulus h. Holcomb and
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Rudnicki [2001] determined yield surfaces as contours of plastic shear strain, y”; analogously,
we use contours of inelastic shear strain, y, which accounts for elastic-plastic coupling. Yield
cap surfaces are determined as contours of inelastic volume strain, ¢, in analogy with Issen’s
[2002] use of plastic volume strain &P, but accounting for elastic-plastic coupling. In this section
we calculate u as local slopes of shear and cap yield surfaces at peak stress conditions, where
localization occurs.

For the shear surface, it is first necessary to determine a failure surface as the loci of peak
loading stress conditions. These are shown in Figure 10A (black squares) for five experiments
that displayed localization. A non-linear mean stress-dependent failure surface suggested by
Brannon et al. [2009] fits the peak stress data to an excellent degree, as shown by the dashed line
in Figure 10A (corresponding to {as, ay, a3, a4} equal to {48, 0.03, 46, 0.096}):

T=a —a.e ¥ +a,0 (20)
This implies a value of x equal to

ﬂ=2—; =a,8,e 7 +2a, (21)

For shear yield surfaces that apply to localization (i.e., at peak stresses) we are looking for
contours of constant Py that asymptote at the peak stress for the experiment of interest, in order to
calculate slopes and g for that experiment. Thus we apply the same form of (20) but fit contours
of Py that apply to the value of Py at failure (localization). Results for four experiments (only
results for 41, 22, 20, and 15 are shown for clarity in plotting) are shown in Figure 10A.
Corresponding values of x found from the curve fits and (21) are given in Table 2.

Similarly, for cap surfaces, we seek an elliptical-like equation to fit as contours of constant

inelastic volume strain Ps. We follow the form used by Brannon et al. [2009]:
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where o and # are equal to mean stress and shear stress values at the intersection of the cap
surface with the failure surface and oy, is the mean stress where the cap intersects the hydrostat.
To express the cap surface as a contour of constant P, we apply (22) with 7 and o as fit
parameters using values of o, determined experimentally. The results for 14 and 15, experiments
which failed at higher mean stresses via a low-angle compaction localization (i.e., as shown in
Figure 5B for 15), and 21, which experienced no localization (as shown in Figure 5C), are shown
in Figure 10B. The x value is calculated as the slope of (22) where the cap meets the failure

surface, found from (22) to be:

1
- 2
lu:ﬁ:T_f 1_6 Ot 1 (23)
oo 2 o, — O o, — O

Corresponding values of 4 for the cap yield surface are given in Table 2 for 14, 13, 15, 17,

and 21. Samples 13 and 17 experienced localization at nearly the same P& values as 15 (0.0050
and 0.0055 for 13 and 17, respectively, compared to 0.0044 for 15), so we apply the slope

determined from 15 to these experiments.

6.2 Calculating the g Constitutive Parameter

The dilation coefficient is a function of inelastic increments of volume and shear strain as
per Rudnicki and Rice [1975] and Rudnicki [1984] and is given by 8= —d Pg/d Py. The Bvalue is
found from local slope of inelastic strain P< versus Py plot at peak stress, approximately when
localization commences. Recall that inelastic strains as defined here include the C and D

components of strain. Plots of P& versus Py for experiments 40, 41, 22, 20, 14, 15, 17, 13, 3 and
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21 (in order of increasing mean stress) are shown in Figure 11. Values of g at peak load are
given in Table 2.

Experiments that experienced shear localization (40, 41, 22, and 20) show failure at
progressively larger values of Py, with decreasing positive values of £, correlated to increasing
mean stress. Experiments that experienced compaction localization have increasingly negative
values of Bthat correlate with increasing values of P<. Sample 21, which did not experience
localization, is a constant o test conducted at higher values of o than the other tests, and so
experienced more ¢ along the initial hydrostatic loading portion. This is why that experiment
shows a higher ¢ value at the zero-"y intercept than the other tests. Sample 3 is a triaxial
experiment that localized at the highest o of any of the other experiments that exhibited
compaction localization. Between the o values for samples 3 and 21 (between 80 and 90 MPa)
there is a transition in behavior from compaction localization to pervasive compaction. Between
the o values for samples 20 and 14 (between 30 and 50 MPa), there is a transition in behavior

from shear band localization to compaction localization.

6.3 Predicted Band Angles and Hardening Moduli he,

Results of g and u calculated for the eleven localizing samples of Figure 10A and B and Figure
11, plus the non-localizing experiment 21 for comparison, are given in Table 2, along with the
shear modulus and calculated Poisson’s ratio (found from v = (3K — 2G) / [2(3K + G)]), both
determined just pre-peak. These values of gand u are, to our knowledge, the first to be

determined using the full increment of inelastic strains and allowing for elastic-plastic coupling.
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Critical hardening moduli for the shear surface, equations (5) and (6), and for the cap

surface (where k,, =h, /(Su) after Issen [2002]), using equations (5) and (6)), are given in

Table 2 for the localizing experiments, along with the predicted band angles from equation (4).
7. Discussion

Observed angles of shear banding and compaction localization are given in Table 2 and
can be compared to predicted band angles from the Rudnicki and Rice (1975) formalism, also
shown in Table 2. The two uniaxial tests (40 and 41) formed shear bands at angles of 67° — 70°
(Table 2). The overall specimen response was dilatant (8 =~ 0.92 and 1.01 for 41 and 40
respectively) and the predicted band angles for both tests are 73 - 76°. The two constant mean
stress tests at low mean stress (specimens 20 and 22) formed shear bands at angles of 30° — 48°.
The response was still dilatant (5 = 0.17 and 0.26 for 20 and 22 respectively), but less so than the
uniaxial tests, and the predicted band angles are 49° and 50°. Thus, at low mean stresses, the
predicted shear band angle demonstrates reasonable agreement with observed band angles,
although predicted band angles are consistently slightly larger than observed angles. However,
the predicted critical hardening modulus is strongly negative, in contrast with the observation of
localization at/near peak stress, where h = 0. Predicted band angles for compactant experiments
14, 13, 15, 17, and 21, with negative values of and values of u calculated using shear yield
surfaces as contours of constant Py, consistently over-predict band angles (35-40° compared to 4-
25° as observed). Band angles predicted using the cap surfaces as contours of constant P&, shown
in the lower portion of have overall better agreement (10-23° calculated compared to 4-25°
observed). Unlike the shear band tests, for compaction localization, the predicted critical

hardening moduli are all positive, but this still contrasts with the observation of localization
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at/near peak stress, where h = 0. There is one transitional specimen (14), at 50 MPa mean stress,
that exhibited overall compactant response (5 = —0.23) for a predicted band angle of 40°. This
specimen formed a low angle band, 8° — 12°, even though the overall response was less
compactant than the experiments exhibiting compaction localization.

As expected and as observed by others, at higher mean stresses beyond a threshold value,
no localization occurs. This threshold is approximately 90 MPa for the Castlegate specimens in
this study. At this mean stress, the overall response was compactant, with 4 equal to —0.51, but
this value is much less than experiments at slightly lower mean stresses (70-79 MPa) that did
exhibit compaction localization. Therefore, there appears to be a relatively small range of
intermediate mean stresses for which the material response becomes strongly compactant leading
to compaction localization. Below this small range, shear bands form and above it no

localization occurs.
8. Summary and Conclusions

A suite of axisymmetric compression tests (o1 > o» = o3) were presented over a wide
range of mean stresses and deformational behaviors, for Castlegate sandstone, an analog for
porous sandstone reservoirs for oil production or subsurface carbon storage. Results were used
to develop a complete set of constitutive parameters, including stress and plastic strain
dependence of the elastic moduli. Acoustic emissions (AE) events were utilized to identify
strain localization. Constitutive parameters and AE results permitted evaluation of theoretical
predictions for strain localization.

At low mean stress, shear localization occurred, while at high mean stress, homogeneous
compaction without localization (pore collapse) was observed. At a small range of intermediate

mean stresses, compaction localization develops. For localization modes, acoustic emissions
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events confirmed that band formation generally begins at/near the peak in the axial stress — axial
strain curve and enabled determination of localization band angle. For shear bands, the observed
band angles (angle between the band normal and the direction of maximum compression) were
30° —70°, and decreased with increasing mean stress. For intermediate stress tests, compaction
localization occurred. Previously this localization mode was reported as compaction bands
(theoretically, a pure compaction band angle is 0°). However, the more detailed AE analyses
performed in this work reveals that these features are actually low angle bands, 4° — 25°; the lack
of shear offset suggests that they are dominantly compactant. These observed angles were used
to evaluate theoretical predictions using the framework of Rudnicki and Rice [1975].

An important finding is the relative importance of elastic-plastic coupling via the plastic
strain dependence of elastic moduli in Castlegate Sandstone elastic-plastic deformation. Bulk and
shear moduli evolve as increasing functions of mean stress and Mises equivalent shear stress,
respectively, and as decreasing functions of the work-conjugate plastic strains. Total strain
increments were partitioned into four parts: A) elastic strain (constant moduli), B) strain due to
stress dependence of elastic moduli, C) strain due to moduli degradation with increasing plastic
strain (“coupling strain”), and D) plastic strain. The sum of the first three parts is the elastic
strain increment; the plastic strain increment, part D, is total strain less elastic strain. The sum of
the third and fourth parts (C and D) is referred to as the increment of inelastic strain, and was
used in the calculation of constitutive parameters. The friction factor, ., is the slope of the yield
surface, which is a contour of constant inelastic shear strain (for the cap, x is determined as a
contour of constant inelastic volume strain). The dilation coefficient, f, is the negative of the

slope of the inelastic volume strain — inelastic shear strain curve.
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At low mean stresses, overall specimen response was dilatant (5 > 0) and the predicted
range of band angles of 40° — 73° are in good agreement with observed band angles of 30° — 70°,
although predicted angles were consistently slightly higher than the observed. At intermediate
mean stresses, the response was compactant (5 ~ —0.5) and observed band angles were 4° — 25°.
Using a shear yield surface calculated as a contour of inelastic shear strain, the yield surface
slope is positive and predicted band angles were 35° — 40°; this procedure thus over-predicted
band angles significantly. Alternatively, using a cap yield surface calculated as a contour of
inelastic volume strain, the yield surface slope is negative and lower angle bands were predicted
(10° - 23°), in better agreement with observed values. At low mean stresses, the predicted critical
hardening modulus is strongly negative (implying post-peak localization), while for intermediate
mean stresses, it is positive (pre-peak localization); these both contrast with AE results, which
show that localization occurs at/near peak stress where the hardening modulus is zero.

In conclusion, the Rudnicki and Rice [1975] theoretical treatments show a reasonable
predictive ability with respect to Castlegate Sandstone deformation. Elastic-plastic coupling is an
important consideration for constitutive behavior of weak porous sandstones, and can be a major
component of elastic-plastic behavior in constitutive modeling for subsurface engineering

endeavors.
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Figure Captions

Figure 1. Idealized yield surface in space of Mises equivalent shear stress t and mean stress c.
Also delineated is a portion of the plastic potential, and definitions of the constitutive parameters
pand . The vertically oriented arrow normal to the plastic potential surface refers to the
direction of inelastic increment of strain as defined in the text. The dashed arrow shows the
loading path in stress space.

Figure 2. A and B. Axial and radial stress-strain pathways shown for Castlegate experiments
exhibiting localization (A) and no localization (B). Curves on the right hand side of plots
correspond to axial strains; those on the left correspond to radial strains. C and D. Loading
pathways in o — 7 space are shown for uniaxial, triaxial, and constant mean stress experiments
for samples with localization (C) and no localization (D).
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Figure 3. Castlegate axial stress-strain curves with acoustic emissions for A. uniaxial loading
path resulting in shear localization (experiment 41); B. constant mean stress loading (experiment
22) resulting in shear localization; C. constant mean stress loading (experiment 15) resulting in
compaction localization; and D. constant mean stress loading path (experiment 21) resulting in
spatially pervasive pore collapse.

Figure 4. Acoustic Emissions (AE) results for specimen 22 (shear localization). The lower panel
shows axial stress (thin black line) and calculated band angle (thick gray line) vs. axial strain. In
the upper panel, acoustic emissions events (black and gray dots) are shown for three portions of

the test indicated by the arrows. Only the black dot events were used to calculate the band angle.

Figure 5. AE results for specimen 15 (compaction localization) . The lower panel shows axial
stress (thin black line) and calculated band angle (thick gray line) vs. axial strain. In the upper
panel, acoustic emissions events (black and gray dots) are shown for three portions of the test
indicated by the arrows. Only the black dot events were used to calculate the band angle.

Figure 6. AE results for specimen 21 (no localization). The lower panel shows axial stress (thin
black line) and calculated band angle (thick gray line) vs. axial strain. In the upper panel,
acoustic emissions events (black and gray dots) are shown for three portions of the test indicated
by the arrows.

Figure 7. A. Mean stress-volume strain path for hydrostatic compression experiment 38,
including four unloading loops and final unloading. B. Observed (symbols) and model prediction
(solid line) of tangent bulk modulus evolution for experiment 38, including both mean stress and
plastic volume strain dependence. The solid grey line is the calculated secant bulk modulus. C.
Partitioning of total volume strain in A (solid black line) into elastic (solid dark grey line) and
plastic (dashed black line) portions. The light grey curve shows the elastic response ignoring
elastic-plastic coupling. Nearly half of the total strain arises from elastic-plastic coupling, i.e., the
plastic volume strain dependence of the bulk modulus. D. Evolution of the K, parameter for the
bulk modulus model, used to quantify the modulus degradation due to plastic volume strain
dependence.

Figure 8. A. Measured shear stress-strain plot for Castlegate sandstone (experiment 42)
deformed at a constant mean stress of 140 MPa. B. Observed tangent shear moduli (symbols)
and model prediction (solid line) of shear modulus evolution for experiment 42, including stress
and plastic shear strain-dependence. C. Partitioning of total measured shear strain in A (solid
black line) into elastic (solid dark grey line) and plastic (dashed black line) portions. The light
grey curve shows the elastic response ignoring elastic-plastic coupling. In this case, about 20%
of the total strain arises from elastic-plastic coupling, i.e., the plastic shear strain dependence of
the shear modulus. D. Evolution of the G, parameter for the shear modulus model, used to
quantify the modulus degradation due to plastic shear strain dependence.

Figure 9. Partitioning of total measured strain (black curves) into elastic (dark grey line) and
plastic (dashed black line) portions for three Castlegate experiments, shown as mean stress vs.
volume strain, and shear stress vs. shear strain: A and B. Experiment 41; C. and D. Experiment
22; E. & F., Experiment 15. The light grey curve in all cases shows the calculated elastic strain if
elastic-plastic coupling is ignored.
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Figure 10. A. 7 -o plots contoured for constant inelastic shear strain. This includes both total
plastic strain and that due to elastic plastic coupling and is equal to the sum of the inelastic
increment of shear strain. Plotted are data from experiments 41, 22, 20, 15, and 21. Inelastic
shear strain contour values are equal to the value at peak for each individual experiment. B. o—t
plots contoured for inelastic volume strain (sum of inelastic increments of volume strain, which
includes plastic volume strain and that due to elastic plastic coupling). Includes data from
experiments 14, 15, and 21. Also shown as dashed line in both A and B is the failure surface: the
locus of peak yield stresses for experiments that localized are shown as solid squares in A.

Figure 11. A. Plot of inelastic volume strain P& versus inelastic shear strain Py, for all
axisymmetric triaxial compression experiments performed with Castlegate sandstone. The
constitutive parameter £ is determined as the negative of the local slopes of these curves.
Experiments that resulted in shear localization have positive values of S, while those that
experienced compaction localization have negative £.
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Tables

Table 1. Summary of experiments, including loading configuration, stress conditions, peak

stresses, and failure mode

Experiment  Loading type G Peak o' Peak ;' Maximum c' Maximum t' Localization mode
38 hydrostatic - 400 400 400 -
41 uniaxial 0 0 145 4.9 8.4 shear band
40 uniaxial 0 0 14.4 4.8 8.4 shear band
22 constant ¢ 25 8.5 56 25 28 shear band
20 constant ¢ 30 11 68 30 32 shear band
14 constant ¢ 50 26 98 50 42 low-angle shear b.
15 constant ¢ 70 41 127 70 52 compactional band
21 constant ¢ 90 60 150 90 56 no banding
23 constant o 110 83 160 110 58 no banding
42 constant ¢ 150 110 233 150 72 no banding
44 constant ¢ 185 143 266 185 73 no banding
43 constant ¢ 195 150 284 195 77 no banding
13 triaxial 45 45 123 71 45 compactional band
17 triaxial 45 45 121 70 43 compactional band
8 triaxial 45 45 132 74 50 compactional band
3 triaxial 50 50 137 79 51 compactional band
16 triaxial 45 45 125 71 46 compactional band

Notes:
! Mpa
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Table 2. Summary of pre-peak constitutive parameters and calculated angles

Shear Surface

0, 0,

Exper# B n v G! he/G predicted” | observed®
41 0.92 1.23 0.23 1267 -1.01 73 67-70
40 1.01 1.23 0.23 1635 -1.07 76 67-69
22 0.17 0.68 0.16 2410 -0.39 49 30-35
20 0.26 0.63 0.15 4885 -0.42 50 45-48
14 -0.23 0.35 0.17 5273 -0.17 40 8-12
13 -0.58 0.26 0.20 4424 -0.22 35 10-20
15 -0.41 0.26 0.18 4598 -0.32 37 4-8; 5-25
17 -0.59 0.26 0.21 4528 -0.21 35 5-8; 19-20
21 -0.51 0.20 0.18 5912 -0.24 35 no local.

Cap Surface

0, 0,

Exper# B M v G' Ke/G predicted” observed?
14 -0.23 -0.82 0.17 5273 0.131 23 8-12
13 -0.58 -1.02 0.20 4424 0.051 10 10-20
15 -0.41 -1.02 0.18 4598 0.108 15 4-8; 5-25
17 -0.59 -1.02 0.21 4528 0.049 10 5-8; 19-20
21 -0.51 -0.88 0.18 5912 0.007 16 no local.

Notes:

‘MPa

’degrees
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