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Abstract 
 
The feasibility of using laser separation for rare earth recovery from coal ashes was explored. To 
do so, laser-induced motion and travel distances of some rare earth and rare earth oxides (Lu2O3, 
Yb2O3, HfO2, Dy2O3, Ta2O5, Tm, Lu, Ho, TeO2, La2O3, Ho, TiO2, Fe2O3 Y2O3, GeO2, Sc2O3) and 
mineral compounds (MgO, CaO, Al2O3, SiO2, KCl) that are commonly found is coal ashes were 
numerically investigated. The investigations were carried out for particles in quiescent air, (T = 
300 K, μ = 18.46 x 10-6 N-s/m2 , ρ = 1.177 kg/m3 ) exposing to a CW laser beam of 6 mm in 
diameter and it was focused by a 500 mm focal length lens.  The results showed that the separation 
distances between these elements varied from few micrometers to several millimeters and it 
became widened as the laser power increased.  The important result presented here is that all rare 
earth oxides were separated and concentrated in a small area located near the beam waist while all 
other mineral compounds traveled further and concentrated in a small area far from the beam waist.  
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Introduction 
 
Recently, it has been reported that the concentrations of many rare earth elements in coal ashes 
could be enriched up to within the range of mineral ore deposits, suggesting that coal ashes are the 
potential resources for rare earth recovery [1, 2].   Several extraction methods have been used [2]. 
Generally, these procedures include initial acid leaching of ash materials, followed by material 
removal, separation, and purification.  These separation steps are chemically intense and generate 
significant amount of waste streams because they require the use of large amount of water, leaching 
acids, caustic precipitates and organic solvents [3-6].  Each of these chemical components must be 
strictly handled to avoid unintended environmental release.  The waste streams must be treated 
because coal ash residuals contain many trace elements that are hazardous elements with As, Cd, 
Hg, Pb, Se, and many others. For these reasons, there is a need for a safer, more environmental 
friendlier approach for rare earth recovery [7-17]. 
 
Sine a photon carries both energy and momentum, when it interacts with a particle, photon-particle 
energy and momentum transfer occurs resulting in mechanical forces acting on the particle.  If the 
particle is absorptive, the energy transfer is significant, the particle is heated and a temperature 



gradient exists on its surface.  In this case, the force is categorized as the photophoretic force due 
to the surrounding gas molecules that rebound off the particle surface at different velocities.  If the 
particle is non-absorptive or hardly absorbs the photon, the momentum transfer during refraction 
and reflection of the photon becomes dominant.  In this case, the resulting force is called the photon 
pressure force. The pressure force composes of two forces: the gradient force acts transversely and 
the scattering (axial) force acts in the direction along with the photon propagation.  Thus, when a 
laser beam is irradiated onto a coal ash cloud, the various elements of the coal ash will experience 
these radiation forces.  They will be pulled into the higher intensity region of the beam in the 
transverse plane by the gradient force and simultaneously pushed along with the beam propagation 
direction by the scattering force.  Since the magnitudes and directions of the radiation forces 
depend mainly on the particle properties such size, shape, thermal properties, and refractive index, 
these elements will move and displace at different speeds, directions, and distances, leading to 
spatial separations.  This suggests that, by utilizing the radiation forces, the various components 
contained in a coal ash can be spatially separated and recovered without the need of using 
extraction solvents and leaching acids. 

Use of a laser beam to manipulate and separate micron/nano-size particles has been reported [18-
25].  In these studies, separation of transparent particles such as glass, silica, PMMA, polystyrene, 
nickel and aluminum oxides particles in water using a loosely focused Gaussian beam were 
investigated.  The effects of various parameters including, numerical aperture, focal length, laser 
power, particle size, refractive index, and medium velocity on the parting distance, the number 
particles separated per unit time were studied.  This study will explore the feasibility of using the 
radiation forces for sorting and separating the various rare earth compounds contained in coal fly 
and bottom ashes.  It is noted that laser separation of particles is achieved based on the motion and 
displacement, known as the retention distance of each particle induced by the thermal/momentum 
exchange between particles and photons carried by the laser beam.  To explore such feasibility we, 
therefore, will conduct a series of numerical calculations given to the laser-induced motion of some 
typical rare earth compounds that are commonly found to present in coal ashes.  The goal is to 
evaluate and observe the differences in their trajectories, their retention distances as they move 
down stream and finally escape from the laser beam.  The calculations will be carried using 
quiescent air as a medium.  Separation of rare earth compounds from coal ash in air is more 
preferable in terms of environmental impact. Other advantages are due the low viscosity and 
refractive index of air.  A low refractive index leads to a greater radiation force.  Thus, particles in 
air will move faster and farther resulting in a larger separation distance and higher separation 
throughput.   In addition, since these compounds may include both absorptive and non-absorptive 
species, the photon force equations developed by the previous investigators might not be useful.  
We, therefore, will develop a system of equations that accounts for the result of the particle 
extinction coefficient for this proposed application.  

Theoretical Consideration 



When a particle is dropped into a loosely focused laser beam, since the curvature of the wave is 
negligible [18, 26], photon streams are assumed to travel in the direction parallel to the laser 
propagation direction and interact with the particle via reflection, refraction, absorption, and 
transmission as represented in Fig.1.  The forces acting on the particle are: the gravity force, the 
photophoretic force, the photon pressure force, and the viscous force.  The gravity force, Fg induces 
the particle downwards motion. The photophoretic force Fphtr, which is due to the particle heating, 
controls the axial motion of the particle.   The photon pressure force, which is induced by the direct 
transfer of the photon momentum to the particle during refraction and reflection, composes of two 
components:  the scattering component Fx controlling the particle axial motion and the gradient 
component, Fy controlling the particle motion in the direction perpendicular to the axial direction.  
The viscous force, which is resulted due to the particle motion, resists the particle motion.  
Therefore, the particle motion in x and y-directions can be described as 

xdphtrx
x

p FFF
dt

dva
,

3

3

4


                                           (1) 

gydy
y

p FFF
dx

dva
 ,

3

3

4                                        (2) 

The x-component velocity, vx and the y-component velocity, vy are 
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In these equations, 34 3 gaF pg   is the gravity force, ρp is the particle density, a is the particle 

radius, g is the gravitational accelerator. The drag forces Fd,x and Fd,y acting on the particle in x 
and y-directions, respectively, are 
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Where μ is the viscosity of the medium.  It has been known that, in the limit where the Knudsen 
numbers Kn = l/a, (where l is the mean free path of the molecules of the surrounding gas and a is 
the particle size) are considerably less than 1 a surface temperature gradient can cause molecules 
of the surrounding gas slide over the particle surface from colder to hotter parts of the surface due 
to the phenomenon known as Maxwellian Creep.  As a result, a tangential stress on the particle 
surface is created. If the surface temperature gradient is due to a non-uniform heating of the particle 



by an optical field, this force is called photophoretic force [27-32].  Yalamov et al. [22] solved the 
boundary value problem for the spherical geometry and the force is given 
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Where Io is the laser intensity which is given as 
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and K is the thermal slip factor (from 3/4 to 1.7), ρ is the medium density, T is the temperature of 
the medium surrounding the particle, kp is the thermal conductivity of the particle, Ka is the 
absorption factor, and J1 is the asymmetry factor which is the most important factor that determines 
the magnitude and the direction of the force.  For particles with sizes such that 2πk2a/λ (where k2 
is the extinction coefficient, λ is the wave length) is small, the back side of the particle will be 
more heated than the front one, J1 has a positive value indicating that the force pushes the particle 
toward the radiation source.  As 2πk2a/λ increases, the back side of the particle will be heated less 
intensively than the front side one, J1 becomes negative.  In this case, the particle is pushed away 
from the radiation source.  To calculate J1 and Ka, the distribution of the elctromagnetic field within 
the particle must be known.   Numerical calculations for J1 were performed using the complete 
Mie formula for the internal field [27-31].  In the case where the particle is large, based on the 
Fresnel’s formulas for amplitudes of reflected and refracted waves, Yalamov et al. [32] have 
reported an approximate analytical calculation for J1 from ray optics as 
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Where 
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Where  a2  is the size parameter, N2 is the particle refractive index, and k2 is the particle 

extinction coefficient. Typical results for J1 and Ka calculated from Eqns (9) and (10) are shown 
in Fig. 2.  For the particle size up to 18 μm, increasing the particle extinction coefficient k2 results 
in a significant increase in the absorption factor Ka while for the asymmetry factor J1, increasing 
k2 leads to not only a significant increase in its magnitude but also a change in its direction.  For 
example, for k2 = 0.001, J1 was always positive and increased to a value of about 0.03.  For k2 = 
0.01, J1 increased positively initially then became negative after the particle size increased larger 
than 3 μm.  For k2 = 0.1, however, it had negative values for the entire range of the particle size 
used here.  The results shown here also indicate that for a highly absorptive particle, J1 and Ka can 
reach a limiting value of - 0.5 and 1, respectively.  In this case one can assume that the particle 
behaves as the blackbody and absorbs the laser beam entirely at its illuminated surface. Since the 
asymmetry factor indicates the direction of the photophoretic force, the results shown here indicate 
that both the magnitude and the direction of the photophoretic force depend significantly on the 
particle size and its extinction coefficient.  Regardless of the particle size, hardly absorptive 
particles (for example k2 ≤ 0.001) will experience a negative photophoretic force that acts against 
the propagation direction of the radiation beam pulling them upstream toward the radiation source 
while highly absorptive particles (for example k2 ≥ 0.1) will experience a positive photophoretic 
force that pushes them away from the radiation source. For particles with extinction coefficients 
somewhere in between, however, the direction of the photophoretic force is changing depending 
on the particle size, it  acts as a pulling force for small particles and becomes a pushing force for 
larger particles.  

The photon pressure force is induced by the direct photon-particle momentum interaction during 
refraction and reflection.  When the particle size is much larger than the laser wavelength the 
photon pressure force can be determined by ray optics [26, 33, 34].  These available models were 
developed mainly for non-absorbing particles (k2 = 0). This study explores the use of these 
radiation forces for separation of particles which involve with both absorbing and non-absorbing 
particles.  In this case, the force equations that can account for the effect of the particle extinction 
coefficient, k2 must be used.   Thus, following the derivation given by Phuoc [35] the x and y 
components for the force equations are 
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The Fresnel reflectance R is given by 
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Where co is the speed of light in vacuum, N1 is the refractive index of the medium, Po is the total 
power, r is the radial distance from the beam’s axis, w is the beam width and it is calculated as a 
function of the beam waist wo, beam diameter d, and lens’ focal length as 
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If the focal region of the beam is assumed to be cylindrical in shape, the focal spot size, in terms 
of the beam waist wo is given as 
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If the particle is at a distance h from the beam center, the radial distance r is approximated as 
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Numerical Calculation Results 

We present in Fig.3 the typical considered results for the two constituents of the radiation pressure 
force acting on a particle located at different locations across the laser beam for two locations 
along the beam propagation axis: x = 0 is the location at the beam waist, x > 0 is the location away 
from the beam waist.   Since the extinction coefficient k2 is set equal to zero, the photophoretic 
force does not exist and it is not included in this figure.  It is clear that, the magnitudes of the 
scattering force Fx and the gradient force Fy acting on the particle located across the laser beam 
were always symmetrical around the beam center and they decreased significantly in the course of 
the beam propagation.   The scattering force was always positive while the gradient force was 
negative when the particle was in the upper half of the laser beam and it became positive when the 
particle was in the lower half of the beam [36-39]. Therefore, the gradient force is the only 
component of the radiation pressure that tends to push the particle toward the beam center.  For a 
horizontally propagating beam, such as the case presented here, this is the only force component 
that acts in the direction with the gravity force when the particle is in the upper half and against 
the gravity force when the particle is in the lower half.  Thus, if it is greater than the gravity force, 
the particle will remain in the laser beam for being transported along the beam propagation 
direction by the scattering component.  For example, the typical results presented here indicate 
that Fy was greater than the gravity force Fg at the beam waist, x = 0. Thus, the particle will remain 
within the laser beam and travel along the laser beam.  Since the beam width expands in the 
propagation course, the magnitudes of both Fy and Fx decrease and Fy might become less than Fg 
as typically shown in Fig. 3 at x = 1.5 mm.    In this case, the particle will fall out of the laser beam.   

To investigate the effects of the particle refractive index, N2, on the radiation pressure, we show 
in Fig. 4 the gradient and the scattering forces across the beam waist for three different values of 
N2 while keeping N1 = 1 and k2 = 0.   As it is shown, when N2 increased, the direction of the forces 
did not alter.  The magnitude of the scattering force, however, increased significantly while that of 
the gradient force decreased moderately. As described by Eqns. (1) to (4), when a particle is 
dropped into a laser beam, its motion is induced by the scattering force, gradient force, the gravity 
force, and the drag force.  Its axial travel distance, therefore, depends on whether it can be retained 
within the laser beam or not.  As the particle is in the upper half of the laser beam, the gradient 
force is negative. Thus, while moving in the laser propagation direction due to the scattering force, 
it is also moving downwards due to the gravity force and the gradient force.  As the particle passes 
the beam centerline into the lower half, the gradient force becomes positive acting against the 
gravity force.  Thus, if the magnitude of the gradient force is less than that of the gravity force, the 
downwards motion continues and the particle will drop out of the laser beam.   On the other hand, 
if the magnitude of the gradient force is greater than that of the gravity force, the downwards 
motion is reversed.  In this case, the particle is pushed up and retains vertically in the laser beam 
and continues moving along with the direction of the laser propagation.  Since both the gradient 
force and the axial force decrease as the particle moving with the laser beam, the particle will 
regain the downwards motion and eventually drops out of the laser beam when the gradient force 



has decreased to lower than the gravity force.  Since the gradient force is the principal force that 
acts against the gravity force in order to retain the particle within the laser beam, the decrease in 
the gradient force with increasing N2, although it is moderate as shown in Fig. 4, will have a 
significant impact on laser particle transport and separation.  To demonstrate the impact of the 
particle refractive index on the particle motion, we show in Fig. 5 the trajectories of a 10 μm 
particle.  The results show that the particle with N2 = 4 continuously moved downwards and 
dropped out of the beam after traveling with a distance of about 609 μm. This is because the 
gradient force acting on this particle was not strong enough to act against the gravity force in order 
to retain the particle in the laser beam.  For the particle with N2 = 1.5, since the gradient force 
acting on it was strong enough to act against the gravity force, the reversal of the downwards 
motion was seen to occur at x = 129 μm, the particle moved upwards then regained its downwards 
motion again at x = 294 μm.   Although the axial force acting on this particle was the least, it was 
able to travel with a longest distance of about 1.12 mm. 

Effects of the extinction coefficient k2 on the gradient force Fy, the scattering force Fx, and the 
photophoretic force Fphtr are shown in Figs 6 and 7.  The results showed that an increase in k2 leads 
to an increase in the magnitudes of Fx and Fphtr but a decrease in magnitude of Fy. The pronounced 
effect observed here, however, is the change in the direction of both the gradient force Fy and the 
photophoretic force Fphtr.  For example, the photophoretic force Fphtr was negative with k2 = 0.001 
and it became positive and increased significantly for k2 ≥ 0.01.  For values of k2 less than 0.01, 
the gradient force was attractive with negative values on the particle located in the upper half and 
positive values on the particles located in the lower half.  In this case, the force will pull the particle 
toward the beam center.  For k2 = 0.1, it became repulsive with positive values acting on the particle 
located in the upper half and negative values on the particle in the lower half.  In this case, the 
force will push the particle away from the laser beam.  Thus, comparing with a transparent or less 
absorptive particle, a highly absorptive particle might possibly travel with a shorter distance 
because it can be pushed out of the laser beam before it is effectively pushed downstream by the 
photophoretic and the axial forces [40-45]. 

To explore the feasibility of using the photophoresis forces presented above for separating the 
various elements contained in a coal ash, we carried out a series of calculations on the trajectories 
of some rare earth and rare earth oxides and mineral compounds that are commonly found in coal 
ashes. These elements are chosen because their thermal and optical properties are available for our 
present calculations.  The calculations were carried out for particles in quiescent air, (T = 300 K, 
μ = 18.46 x 10-6 N-s/m2 , ρ = 1.177 kg/m3 ) exposing to a laser beam of 6 mm in diameter and it is 
focused by a 500 mm focal length lens. The results are tabulated in Table 1.  The trajectories of 
some rare earth oxides are also presented in Fig. 8 for easy reference. 

It is clear that all elements travelled with different travel distances which varied from about 100 
μm to about 4 mm.  The shortest travel distances were obtained for Lu2O3 and Yb2O3 while SiO2 
and KCl were among the elements that traveled with the longest distances. The separation 
distances between these elements varied from few micrometers to several millimeters and it 



became widened as the laser power increased. The differences in the travel distances reported here 
are due to the differences in the element optical properties, density, and thermal conductivity.  For 
transparent elements (k2 = 0), although element density has some affects, the effect of the refractive 
index was seen to be significant because it has a significant effect on the gradient force as shown 
in Fig. 4.  For example, the travel distance obtained for TiO2 with N2 = 2.82 was 1.643 mm for Po 
= 1.5 W and 3.080 mm for Po = 3 W.  For the same laser powers, GeO2, with N2 = 1.612, was able 
to travel with longer distances, (2.349 mm for Po = 1.5 W and and 4.112 mm for Po = 3 W) although 
it is much heavier than TiO2 (density of GeO2 is 4250 kg/m3 and the density of TiO2 are 3970 
kg/m3).  For absorptive elements (k2 ≠ 0), the effect of the extinction coefficient k2 seemed to be 
more important.  For example, although the density of Ta2O5 is much less than that of HfO2 the 
separation distance between these elements was only 19 μm apart. This is because the extinction 
coefficient k2 of Ta2O5 is too small and the photophoretic force acting on it was negative resisting 
its motion. 

The important result presented here is that Ho, Lu, Tm and other rare earth oxides were seen to 
concentrate in the upstream region while all mineral oxides concentrated in the downstream region 
of the laser beam.  These two regions were separated by about 300 µm for Po = 1.5 W and 500 µm 
for Po = 3 W.  As far as separation of rare earth elements from coal ashes is concerned, this result 
is significant.  Since laser parameters such as beam shape, beam diameter, focal length, etc… also 
have significant effects on the separation distance, a laser separation system can be designed such 
that these two areas can be distinguishably far apart.  The materials in each area, therefore, are 
collected separately for further processing and purification.  

Conclusions 

We have conducted a numerical study to explore the feasibility of laser separation for recovery of 
rare earth elements from coal ashes.  The calculations were performed for some rare earth oxides 
and mineral oxides that are commonly found in coal ashes.  The results indicate that, under laser 
action, these oxide particles were moving along with the laser propagation direction and finally 
dropped out of the laser beam into two small areas that were several millimeters apart.  The rare 
earth oxides were seen to concentrate in the area near the beam waist while the mineral oxides 
mainly concentrated in the area further away from the beam waist.  This suggests a new potential 
separation method that rare earth elements in coal ashes can be separated and recovered without 
the need of using leaching acids and other toxic separation solvents.  The present study, however, 
is preliminary. Similar results were previously reported by others [16, 46-48]. Continuing studies 
which investigate into the effect of the various laser parameters such as beam shape, beam diameter 
and focal length on the separation throughput together with experimental observations are being 
conducted.  The results will be reported in due course. 

 

 



 

 

 

 

Disclaimer:  
 
"This report was prepared as an account of work sponsored by an agency of the United States 
Government. Neither the United States Government nor any agency thereof, nor any of their 
employees, makes any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness, or usefulness of any information, apparatus, 
product, or process disclosed, or represents that its use would not infringe privately owned 
rights. Reference herein to any specific commercial product, process, or service by trade name, 
trademark, manufacturer, or otherwise does not necessarily constitute or imply its endorsement, 



recommendation, or favoring by the United States Government or any agency thereof. The views 
and opinions of authors expressed herein do not necessarily state or reflect those of the United 
States Government or any agency thereof." 
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Figure 1. Geometrical representation of a Gaussian beam and its interaction with a particle showing 
the photon ray OA, its reflection AR and refraction at A1 and multiple internal reflection beams: 
12, 23, 34, etc. and multiple transmission beams 1T1, 2T2, 3T3 , 4T4, etc. (d is the beam diameter, 
f is the focal length, wo is the beam waist, w is the beam width, r is the beam radius h is the distance 
from the particle to the beam center, x is the location of the particle in the x-direction, y is the 
vertical directionα is the beam divergent angle, βR is the reflection angle of AR, βT is the angle 
makes by the transmission beam with x-direction, and θ, θ1, and θ2 are angles as indicated in the 
figure) (correction made as suggested by reviewer 4) 

  



 

 
Figure 2. Asymmetry factor J1 and absorption factor Ka  

 

  



 

 

 

 

Figure 3. The scattering and the gradient components of the photon pressure acting on a particle 
(N1 = 1, N2 = 1.5, k2 = 0.0, ρp = 3000 kg/m3 , λ = 532 nm, Po = 1.5 W, beam diameter d = 6 mm, 
focal length f = 500  mm, particle radius = 5 μm) 

 

 

  



 

 

 

 

 

Figure 4. Effect of the refractive index N2 on the scattering and the gradient components of the 
photon pressure acting on a particle (N1 = 1, k2 = 0, ρp = 3000 kg/m3 , λ = 532 nm, Po = 1.5 W, 
beam diameter = 6 mm, focal length = 500 mm, particle radius = 5 μm) 

 

 

  



 

 

 

 

 

Figure 5. The effect of N2 on the trajectory of the particle the following conditions (N1 = 1, k2 = 
0.0, ρp = 3000 kg/m3 , λ = 532 nm, Po = 1.5 W, beam = 6 mm, focal length f = 500 mm particle 
radius a = 5 μm, Particle in still air at 300 K, μ = 18.46 x 10-6 N-s/m2 , ρ = 1.177 kg/m3 . The 
gravity force was calculated to be 15.41 pN. 

 

  



 

 

 

 

 

Figure 6. Effect of the extinction coefficient k2 on the scattering and the gradient components of 
the photon pressure acting on a particle (N1 = 1, N2 = 1.5, ρp = 3000 kg/m3 , λ = 532 nm, Po = 1.5 
W,  beam diameter 6 mm, focal length f = 500 mm, particle radius = 5 μm) 

 

 

  



 

 

   

 

Figure 7. Effect of the extinction coefficient k2 on the photophoretic force acting on a particle (N1 
= 1, N2 = 1.5, ρp = 3000 kg/m3 , λ = 532 nm, Po = 1.5 W, beam diameter 6 mm, focal length 500 
mm, thermal conductivity λp = 12 W/m-K, particle radius = 5 μm) 

 

  



 

 

 

 

Figure 8. Travel distances for some elements (N1 = 1, λ = 532 nm, beam = 6 mm, focal length f = 
500 mm particle radius a = 5 μm, Particle in still air at 300 K, μ = 18.46 x 10-6 N-s/m2, ρ = 1.177 
kg/m3) 

 

 

 

 

 


