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Abstract

In this study, a Johnson-Cook model was used as an example to analyze the relationship of
compressive stress-strain response of engineering materials experimentally obtained at constant 
engineering and true strain rates.  There was a minimal deviation between the stress-strain curves 
obtained at the same constant engineering and true strain rates.  The stress-strain curves obtained 
at either constant engineering or true strain rates could be converted from one to the other, which 
both represented the intrinsic material response.  There is no need to specify the testing requirement 
of constant engineering or true strain rates for material property characterization, provided that 

either constant engineering or constant true strain rate is attained during the experiment.
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Introduction

In engineering practice, the mechanical properties of materials are usually described in engineering 
stress-strain curves.  However, in constitutive modeling and numerical simulation, material 
properties are commonly described with true stress-strain curves.  Engineering stress-strain curves 
are directly measured with experiments at various constant engineering strain rates which are used 
to develop a strain-rate-dependent stress-strain constitutive relationship.  Prior to determination 
and calibration of material model constants, the engineering measurements must be converted into 

true measurements.  Under uniaxial compression, the true strain,  , is calculated with

 e 1ln                                                                                                                                  (1)
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where e represents engineering strain.  Assuming an incompressible solid, the true stress,  , is 

calculated as 

 eS  1                                                                                                                                 (2)

where S is engineering stress.  Both stress and strain are taken to be positive in compression.  

Therefore, the measured engineering stress-strain response can be simply converted to true stress-
strain response.  However, the converted true stress-strain response is specific to a constant 
engineering strain rate facilitated in the experiment.  This may generate an awkward situation in 
model development where the stress and strain are described in true measurements, whereas the 
strain rate is described in engineering measurements.  

Differentiating Eq. (1) yields true strain rate, ,
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where e  is engineering strain rate.  Equation (3) indicates that when a constant engineering strain 

rate is facilitated in an experiment, the true strain rate will not remain constant.  Instead, the true 
strain rate increases with increasing engineering strain in compression, which has been discussed 
in the literature [1-3]. Consequently, constant true strain rate experiments have been proposed and 
recommended for unifying variants (true stress, true strain, and true strain rate) in constitutive 
modeling [4-7]. A post-processing technique developed by Sofuoglu [8] extracted constant true
strain rate response from the data originally obtained at a constant cross-head speed (nearly 
constant engineering strain rate) in an MTS test.  Nowadays, closed-loop servohydraulic systems 
have been significantly improved in commercial material testing frames such that materials can be 
characterized at constant true strain rates, but only within quasi-static (or low) strain rate regime.

Kolsky bar, also called split Hopkinson bar, has become a common apparatus for material-property 
characterization at dynamic (or high) strain rates since 1949 [9].  In a conventional Kolsky bar test, 
the specimen, in most cases, is subjected to neither constant engineering strain rate nor constant 
true strain rate.  Since the 1970s, pulse shaping techniques have been developed and implemented 
in Kolsky bar experiments to facilitate constant engineering strain rates [10].  Similar to quasi-
static tests, the constant engineering strain rates result in increasing true strain rates with increasing 
specimen strain in dynamic compression tests.  Conversely, a constant true strain results in 
decreasing engineering strain rate. Ramesh and Narasimhan [11] found that a conventional Kolsky 
bar test without pulse shaping generated a more nearly constant true strain rate rather than 
engineering strain rate, especially for work-hardening materials.  However, this is not generally 
applicable to all materials.  Some authors have suggested that it may be desirable to develop a 
general experimental procedure to conduct Kolsky bar tests with constant true strain rates.  
Methods exist that utilize variable impedance strikers to achieve constant true strain rates in the 
sample [12]. The downside of these techniques is that the variable impedance shape of the striker 

was experimentally iterated upon several times to fine-tune both the value and constancy of the 
true strain rate history. Arriving at a striker shape inevitably included manufacturing time between 
each set of experiments. This process also required that the material response was known prior to 



manufacture of the striker. This made the process particularly difficult since the high-rate material 
response was the primary goal of study. When a striker design was reached, the striker could only
be used for a single material at a single value of constant true strain rate. Since families of stress-
strain curves at different strain rates are needed for model calibration, this process can quickly 
become expensive and time-consuming. Recently, Lim et al. [13] studied 304 stainless steel under 
constant true strain rate in compression. Since 304 exhibits significant work hardening, constant 
true strain rate was easily achieved with minimal pulse shaping. They also investigated the 
difference in the experimental compressive stress-strain response of 304 stainless steel obtained at 
constant engineering strain rates and true engineering strain rates.  Very little difference in the 
experimental results was observed when strain rates were below 3000 s-1.  However, at a higher
strain rate of 7000 s-1, the experimental flow stress at constant engineering strain rate was higher 

than that obtained at comparable constant true strain rate [13].  

There exist substantial challenges in both pulse shaper and/or variable impedance striker design to 
facilitate a constant true strain rate compared to a constant engineering strain rate in Kolsky bar 
experiments, especially for non-work-hardening materials.  This raises some questions –

1) Is it worth or necessary to perform specific Kolsky bar experiments at constant true strain rates?  
2) Are current experimental stress-strain data based on constant engineering strain rates sufficient 
to describe true material response for strain-rate-dependent model development?  

3) Is there any relationship of stress-strain response obtained at constant engineering strain rates 
and constant true strain rates?  

In this paper, we used the Johnson-Cook model, based on the data in Ref. [13] as an example to 
answer these questions, particularly to demonstrate the relationship of stress-strain response 
obtained at constant engineering strain rates and constant true strain rates.  

Johnson-Cook Model Based on Constant True or Engineering Strain Rates

When temperature effects are not considered, the general form of the Johnson-Cook model has the 
form [14],
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where σ is true stress; ε represents the plastic strain; A, B, C, and n are material constants; is 

plastic true strain rate; and 0 is reference strain rate.  In Eq. (4), the first term on the right 

represents the true stress-strain response at the reference true strain rate, 0, while the second term 

simply represents a scaling of the strain rate effect.

As mentioned earlier, the stress-strain response of materials is usually obtained at constant 
engineering strain rates rather than constant true strain rates.  This makes it difficult to directly 



determine the materials constants in Eq. (4) from experimental data.  Here, we consider the 
Johnson-Cook relation with engineering strain rate,
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where A1, B1, C1, and n1 are material constants; eis actual engineering strain rate; 0e is a constant 

reference engineering strain rate, 00 Re  . Now we use Eq. (5) to calculate the true stress-strain 

response at a constant true strain rate.  As indicated with Eqs. (1) and (3), a constant true strain 
rate represents an exponentially declining true strain rate history with increasing true plastic strain,

     exp1  ee                                                                                                                  (6)

Equation (5) thus becomes
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Equation (7) gives the true stress-strain response description based on constant true strain rate.  In 
the case when a constant true strain rate has the same value as the reference engineering strain rate, 

0R , Equation (7) becomes

    111 11 CBA n                                                                                                                (8)

Equation (8) shows the relationship of true stress-strain curves obtained at the same reference 

engineering and true strain rate with a conversion factor of  11 C .  To obtain the absolute

deviation, Δ, between the stress-strain curves obtained at the same reference constant engineering 

and true strain rates, 000 Re  , using Eq. (8), we have

   111
1 CBA n                                                                                                                      (9)

The relative deviation is
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Equation (10) indicates that the stress deviation increases with increasing strain.  At a certain strain, 
the deviation of stresses obtained at constant engineering and true strain rates depends on strain-
rate sensitivity.  Higher strain-rate-sensitivity results in a larger deviation.   

The Johnson-Cook material constants based on constant engineering and true strain rates 
determined by Lim et al. [13] are listed in Table 1. Lim et al. [13] characterized 304 stainless steel 
at similar reference engineering (0.01 s-1) and true (0.008 s-1) strain rates. Experimentally obtained 

true stress-strain behavior at constant engineering strain rate (dotted line) and constant true strain 
rate (dashed line) are shown in Fig. 1. Using Eq. (8) and the material constants in Table 1, the 



stress-strain curve at the same constant true strain rate of 0.01 s-1 is calculated and shown (solid
line) in Fig. 1. Thus, the experimental stress-strain curve obtained under constant true strain rate
conditions (dashed line) is compared to the calculated stress-strain curve at constant true strain 
rate (solid line) that originated from a constant engineering strain rate experiment. The two stress 
strain curves obtained by experiment and calculation show reasonable agreement. The relative 
stress deviation was also calculated using Eq. (10).  The results show that the relative stress 
deviation is only 1% at a specimen strain of 0.36, which is negligible, although the absolute 
deviation increases with specimen plastic strain (Fig. 1).  

Equation (7) also suggests that the absolute deviation of stress-strain curves at the same true and 
engineering strain rates is independent of strain rate.  However, the relative deviation (Eq. (10)) 
decreases with increasing strain rate, due to strain-rate sensitivity,
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Table 1.  Johnson-Cook material model constants for 304 stainless steel [13]

Constant True Strain 
Rate Testing

A (MPa) B (MPa) n C
0 (s-1)

566 832.8 0.5647 0.02876 0.008
Constant Engineering 
Strain Rate Testing

A1 (MPa) B1 (MPa) n1 C1 0e (s-1)

546 851 0.5075 0.0275 0.01



Figure 1.  Comparison of compressive stress-strain curves of 304 stainless steel obtained 

at the same constant true and engineering strain rates.

Now we use the material constants (Table 1) determined at constant engineering strain rates by 
Lim et al. [13] to predict the stress-strain curves at constant true strain rates and compare with the 
material model at constant true strain rates which was also presented in [13]. The comparison 
results are shown in Fig. 2.  As shown in Fig. 2, the dotted lines represent the stress-strain curves 
obtained at constant engineering strain rates; the solid lines are the calculated stress-strain curves 
with Eq. (7) from the corresponding dotted lines; and the dashed lines are the stress-strain curves 
obtained at constant true strain rates by Lim et al. [13].  As shown in Fig. 2, although little 
difference among these three curves is observed, the calculated stress-strain curves with Eq. (7) 
are observed to be very consistent with the stress-strain curves obtained at constant true strain rates 
by Lim et al [13].  This means Eq. (7) is sufficiently accurate to convert the stress-strain curves 
obtained at constant engineering strain rates to the stress-strain response at constant true strain 
rates.  Figure 2 also shows a little larger deviation at low strain rates (0.001 and 0.01 s-1).  This is 

possibly due to inconsistent values of material constant A in the Johnson-Cook model for constant 



true and engineering strain rates.  The material constant A represents the yield strength which 
should be the same whether the tests were performed at constant true- or engineering strain rates.   

Figure 2. Comparison of stress-strain curves calculated with Eq. (7) 

and experimentally obtained by Lim et al. [13]

As mentioned earlier, the Johnson-Cook equation (Eq. (5)) indicates that the true stress is a 
function of true strain and engineering strain rate.  We used the material constants (Table 1) 
presented by Lim et al. [13] and plot the true stress surface, as shown in Fig. 3.  It is noted that in 

Fig. 3, the true stress-strain response is presented with engineering strain rate.  If the true stress-
strain response needs to be presented with true strain rate, only a transformation is needed.  In fact, 
the stress surface presented in Fig. 3 represents a full map in terms of the stress-strain response at 
true strain rates.  As shown in Fig. 3, the stress-strain curve at a constant engineering strain rate, 
i.e., 1000 s-1 in this case, is represented with the intersection of the stress surface and the constant 
engineering strain rate surface (in green); however, the stress-strain curve at the same constant 
(1000 s-1) but true strain rate is represented by the intersection of the stress surface and the blue 
surface which represents the constant true strain rate of 1000 s-1.  Looking at both blue and green 
surfaces, they begin with the same value (1000 s-1) at zero true plastic strain because there is no 
difference between true and engineering strain and strain rate when plastic strain is zero.  Then 
both surfaces deviate with increasing true plastic strain.  The blue surface represents a constant 
true strain rate, while engineering strain rate decreases with increasing true plastic strain.  
Furthermore, the true stress-strain curve at the constant true strain rate is lower than that obtained 
at the engineering strain rate with the same constant, as shown in Fig. 3.  In summary, as long as 



the stress-strain data are fully obtained at either true or engineering strain rates, the intrinsic 
material response is obtained.  If the stress-strain response is obtained at constant engineering 
strain rates, the stress-strain response at constant true strain rates can be calculated with pre-
determined material models, i.e., Johnson-Cook model in this study, or vice versa.  Depending on 
experimental capabilities and challenges, experimentalists may decide the most convenient and 
realistic way in terms of constant engineering or true strain rate testing to determine the material 
properties.

Figure 3. True stress surface for material response extrusion 

at constant true and engineering strain rates 

Concluding Remarks

A Johnson-Cook model was used to demonstrate the relationship of the stress-strain response 
based on constant true or engineering strain rates.  Using 304 stainless steel as an example, the 
true stress-strain curve obtained at a constant engineering strain rate is slightly different from that 
obtained at the same true strain rate.  The difference is however very minimal, i.e., less than 1%, 
which is negligible.  This conclusion is consistent with the following work by Forrestal et al. [15].  



Compared to the work by Forrestal et al. [15], this study provides more quantitative and in-depth 
analysis on the stress-strain difference obtained at constant true and engineering strain rates.  
Mechanical testing data based on either constant true strain rate or constant engineering strain rate 
constructs the intrinsic rate-dependent material response, just in different presenting forms.  As an 
intrinsic material response, the stress-strain behavior in terms of engineering strain rate can be 
converted into true strain rate regime, or vice versa, through proper coordination transformation.  
It is not necessary or mandatory to specify mechanical testing at constant engineering or true strain 
rates.  Depending on experimental capability and challenges, the most convenient and practical 
way for either constant true or engineering strain rate testing is recommended, instead of one way 
or the other.
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