SAND2017- 4018PE

Sandia
Exceptz'onal service in the national interest @ National

Laboratories

2 A= M-
Approaches for building stable pro;ectlon -based
reduced order models for compressible flow

Irina K. Tezaur!, Matt Barone?, Jeff Fike!, Maciej Balajewicz?, Srini Arunajatesan?,
Bart van Bloemen Waanders?, Earl Dowell3

1 Sandia National Laboratories, Livermore CA and Albuquerque, NM
2 University of lllinois Urbana-Champaign 3 Duke University

Virginia Tech Math Department Seminar — May 1, 2017

&T%, U.S. DEPARTMENT OF VYA T «lr

&% A\ &) - )

,{\j: ENERGY VA" N ") Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly owned subsidiary of Lockheed Martin
e Hafanal Nueleor Securty Administration Corporation, for the U.S. Department of Energy’s National Nuclear Security Administration under contract DE-AC04-94AL85000. SAND NO. 2011-XXXXP

SAND??



Sandia

Outline rhh) feima

1. Motivation.

2. Projection-based model order reduction.

3. Targeted application: compressible cavity flow.

4. Approaches for building a priori stable ROMs.
(a) Energy-stable linearized compressible flow ROMs.
(b) Energy-stable nonlinear compressible flow ROMs.

5. Approaches for stabilizing a posteriori unstable ROMs.
(a) Eigenvalue reassignment (Linear Time-Invariant systems).
(b) Basis rotation (nonlinear compressible flow).

6. Summary/perspectives.

7. Ongoing/future work.




National

O Utl Ine compressible flows since 2007. taboratores
— focus on ROM stability
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Motivation. building stable ROMs | have helped to develop.

* | have worked on model reduction for ﬂ" Sandia
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Despite improved algorithms and powerful supercomputers, “high-fidelity”
models are often too expensive for use in a design or analysis setting.

Application areas in which this situation arises:

* Captive-carry and re-entry environments: Large
Eddy Simulations (LES) runs require very fine
meshes and can take on the order of weeks.

* Climate modeling (e.g., land-ice,
atmosphere): high-fidelity simulations too *
costly for uncertainty quantification (UQ);
Bayesian inference of high-dimensional
parameter fields is intractable.

* Wind plant simulations: wind turbines need to be
controlled in real-time to attain optimal energy capture for
wind plant system.
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(3. Projection-based reduced order models (ROMs): approximately solve state )

equations, then compute outputs This talk
* Upsides: physics-based, can be evaluated in real or near-real time.
* Downsides: intrusive to implement, robustness across wide range of parameters

\_ not guaranteed J
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A 4

Compression

High-fidelity simulator
Offline

| projection (dimension reduction)

Online { Reduced Order Model (ROM)

A 4

Real-time analysis

* Three underlying mathematical premises of projection-based model

order reduction (MOR):

1. Compression: solution of governing parametric PDE or system of
PDEs lies in a subspace of significantly lower dimension.

2. Offline training: subspace can be identified/learned offline via
training simulation and high-fidelity model can be reformulated

with respect to this subspace.

3. Online prediction: identified parametric ROMs are capable of
providing new solutions at a fraction of the computational cost.
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Proper Orthogonal Decomposition (POD)/ )
Galerkin method to model reduction

ng.h fldeI!ty i Fluid modal decomposition
simulations: : Galerkin projection
Step 1 (POD): Step 2

ep tep of fluid PDEs:

Snapshot 1 — M — .

Snaps:hot 2 w(x, £) ~ Z () P () (pr,u+V-Fu) =0

Snapshot K =1

*  Snapshot matrix: X = (x!, ..., xX) € RV*K

« SVD:X=UZVT
* Truncation: @y = (¢4, ..., py) = UG, 1: M)

FOM = full order model
N = #t of dofs in FOM
v K = # of snapshots

“Small” ROM ODE system: M = # of dofs in ROM
(M << N, M << K)

Basis energy =

M 2
i=10

Ay = f(aM,1» T aM,M)



Continuous vs. discrete Galerkin projection

Continuous Projection

Governing PDEs
q=Lq

High-fidelity model
qn = Angy

Continuous modal
basis* ¢;(x)

h

Discrete Projection

If PDEs are
linear or have
polynomial
non-linearities,
projection can
be calculated in
offline stage of
MOR.

Projection of governing PDEs
(numerical integration)

ROM
dj — (¢ j’ L¢k)ak

Governing PDEs
q=Lq

High-fidelity model
qy = Apqy

Discrete modal
basis @
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Projection of FOM
(matrix operation)

ROM
a, = ®’A,Pa,,

* Continuous function space defined using e.g., finite elements.
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Most of my

ROM work

Governing PDEs
q=Lq

High-fidelity model
qy = Apqy

Discrete modal
basis @
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Projection of FOM
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ROM
a, = ®’A,Pa,,

* Continuous function space defined using e.g., finite elements.



Sandia

Outline rhh) feima

1. Motivation.

2. Projection-based model order reduction.

3. Targeted application: compressible cavity flow.

4. Approaches for building a priori stable ROMs.
(a) Energy-stable linearized compressible flow ROMs.
(b) Energy-stable nonlinear compressible flow ROMs.

5. Approaches for stabilizing a posteriori unstable ROMs.
(a) Eigenvalue reassignment (Linear Time-Invariant systems).
(b) Basis rotation (nonlinear compressible flow).

6. Summary/perspectives.

7. Ongoing/future work.




Sandia

Targeted application: compressible flow @&z

* We are interested in the compressible captive-carry problem.




Targeted application: compressible flow (.

* We are interested in the compressible captive-carry problem.

L

e Of primary interest are long-time

predictive simulations: ROM run at
same parameters as FOM but much
longer in time.




Targeted application: compressible flow (.

* We are interested in the compressible captive-carry problem.

L

e Of primary interest are long-time 0
predictive simulations: ROM run at
same parameters as FOM but much
longer in time.

— Qols: statistics of flow, e.g.,

pressure Power Spectral Densities ! = 02 06 08
(PSDs) [right]. | | ' '

Normalized frequency (xw rad/sample)

Power (dB /frad/sample)

—60




Targeted application: compressible flow (.

* We are interested in the compressible captive-carry problem.

e Of primary interest are long-time 0
predictive simulations: ROM run at
same parameters as FOM but much
longer in time.

— Qols: statistics of flow, e.g.,

pressure Power Spectral Densities ! = 7 05 08
(PSDs) [right]. | | ' '

Normalized frequency (xw rad/sample)
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* Secondary interest: ROMs robust w.r.t. parameter changes (e.g., Reynolds,
Mach number) for enabling uncertainty quantification.
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* Compressible flow equations:

p:+ (pu;) ;=0
(pu)+(puu;) ;j+p; — 7, =0
(pe),t‘l'(pui),i - (uiTij),j =0

 Compressible flow solutions can exhibit the following complex features:

e Sharp boundary layers. oritv of fluid )
* Turbulence/chaotic dynamics. el el s e ILEL HELA DL I

e Shocks are for incompressible flow.

* Desired numerical properties of ROMs:

* (Consistency (w.r.t. the continuous PDEs).

o Stability: if full order model (FOM) is stable, ROM should be stable.
* Convergence: requires consistency and stability.
* Accuracy (w.r.t. FOM).

» Efficiency.

* Robustness (w.r.t. time or parameter changes).

Focus of this talk is
ROM stability.
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Stability can be a real problem for compressible flow ROMs!

* A compressible fluid POD/Galerkin ROM might be stable for a given number of modes,
but unstable for other choices of basis size (Bui-Tanh et al. 2007, Barone et al. 2009).

* Instability can manifest itself in different ways, e.g., blow-up during time-
integration, spurious oscillations, ROM computes non-physical quantities.

* There is no a priori stability guarantee for POD/Galerkin ROMs for e o
compressible flow! ' 3

e Stability of a ROM is commonly evaluated a posteriori — RISKY!

Top r"ght: FO M Pressore p Solution - 20 Mode L2 ROM B
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* Instability can be due to:
1. Choice of inner product: Galerkin projection + L? inner product is unstable.

2. Basis truncation: destroys balance between energy production &
dissipation.

e Some* remedies:

Continuous Projection Discrete Projection
Change projection Energy inner products (Rowley et | Energy inner products (Rowley, et al.), Petrov-
(a priori) al., Serre et al., IKT et al.) Galerkin Projection (Carlberg et al.)
Change ROM Linear/nonlinear turbulence Eigenvalue reassignment (IKT et al.)
equations modeling (lliescu, Borggaard, Xie,
(a posteriori) Wang, ...)
Change ROM basis | Basis rotation (Balajewicz, IKT, et Optimization-based right basis modification
(a posteriori) al.) (Amsallem et al.)

This talk is on a priori (intrusive) and a posteriori (non-intrusive)
approaches for remedying ROM instability for POD/Galerkin ROMs.

* This is not a complete list!




Discrete Projection

Energy inner products (Rowley, et al.),
Petrov-Galerkin Projection (Carlberg et
al.)

Eigenvalue reassignment (IKT et al.)

Optimization-based right basis
modificatiOon (Amsallem)

Continuous Projection
Outline o | e Seme el Wretat)
Change ROM equations Linear/nonlinear turbulence
(a posteriori) modeling (lliescu, Borggaard, Xie,
. . Wang, ...)
1 . M Otlvat I O n . Change ROM basis Basis rotation (Balajewicz, IKT, et al.)
(a posteriori)
2. Projection-based model order reduction.
3. Targeted application: compressible cavity flow.
4. Approaches for building a priori stable ROMs.

(a) Energy-stable linearized compressible flow ROMs.
(b) Energy-stable nonlinear compressible flow ROMs.

5. Approaches for stabilizing a posteriori unstable ROMs.
(a) Eigenvalue reassignment (Linear Time-Invariant systems).

(b) Basis rotation (nonlinear compressible flow).

6. Summary/perspectives.

7. Ongoing/future work.
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* Practical Definition: Numerical solution does not “blow up” in finite time.

* More Precise Definition: Numerical discretization does not introduce any spurious
instabilities inconsistent with natural instability modes supported by the governing
continuous PDEs.

Numerical solutions must maintain proper energy balance.

« Stability of ROM is intimately tied to choice of inner product for the Galerkin projection
(Rowley et al., 2004; Barone & IKT, 2009; Serre et al., 2012).

* Norm induced by inner product in which ROM is constructed should correspond to
energy measure for system.

 Incompressible flow: solution vector is u = L? inner product induces norm

representing global kinetic energy (E = % |[ul|3).

— L? inner product is physically sensible, since POD modes represent optimally
kinetic energy present in the ensemble from which they are constructed:

u =Yl q;(t); = 2E = (uu) =Yt a;(t);

Not the case for compressible flow!
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e For linear system: leads to semi-boundedness of linear operator L w.r.t. inner
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* Energy inner product (") is one that

* For linear system: leads to semi-boundedness of linear operator L w.r.t. inner
product (+,7), i.e.,

(d;l—éwy )E= (Luy, d)g, Vo €H

. : 1d 2
— leads to stability estimate EalluMll,zg < a||uM||E

* For nonlinear system: induces norm that represents global energy quantity
(e.g., kinetic energy, stagnation energy, total energy, etc.).

Practical implication of energy-stability analysis:
energy inner product ensures that any “bad” modes will not introduce spurious
non-physical numerical instabilities into the Galerkin approximation.

» Stability-preserving inner product derived using the energy method:
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: : : 1 s :
* Defines numerical solution energy E; = > |luym| g2 and bounds it in a physical way.

* Borrowed from spectral methods community.

e Analysis is straightforward for ROMs constructed via continuous projection.



Continuous Projection

Discrete Projection

Energy inner products (Rowley et
al., Serre et al., IKT et al.)

Energy inner products (Rowley, et al.),
Petrov-Galerkin Projection (Carlberg et
al.)

Linear/nonlinear turbulence
modeling (lliescu, Borggaard, Xie,
Wang, ...)

Eigenvalue reassignment (IKT et al.)

. Change projection
Outline epron
Change ROM equations
(a posteriori)
1- Motlvatlon 0 change ROM basis
(a posteriori)

Basis rotation (Balajewicz, IKT, et al.)

Optimization-based right basis
modificatiOon (Amsallem)

2. Projection-based model order reduction.

3. Targeted application: compressible cavity flow.

4. Approaches for building a priori stable ROMs.
(a) Energy-stable linearized compressible flow ROM:s.
(b) Energy-stable nonlinear compressible flow ROMs.

5. Approaches for stabilizing a posteriori unstable ROMs.
(a) Eigenvalue reassignment (Linear Time-Invariant systems).

(b) Basis rotation (nonlinear compressible flow).

6. Summary/perspectives.

7. Ongoing/future work.

with: Matt Barone (SNL),
Srini Arunajatesan (SNL)




Linearized compressible flow equations o

Xy = Ayxy Energy-Stability for Linearized PDEs: Xy = AyXy

FOM linearly stable = ROM built in energy inner product linearly stable (Re(1) < 0)
(Barone et al. 2009, IKT et al. 2012)
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Linearized compressible flow equations

Xy = Ayxy Energy-Stability for Linearized PDEs: Xy = AyXy

h

FOM linearly stable = ROM built in energy inner product linearly stable (Re(1) < 0)

(Barone et al. 2009, IKT et al. 2012)

Linearized compressible Euler/Navier-Stokes equations are appropriate
when a compressible fluid system can be described by small-amplitude
perturbations about a steady-state mean flow.
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Linearized compressible flow equations ) e,
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Xy = Ayxy Energy-Stability for Linearized PDEs: Xy = AyXy
FOM linearly stable = ROM built in energy inner product linearly stable (Re(1) < 0)
(Barone et al. 2009, IKT et al. 2012)

Full non-linear Pt + (Puj),j =0
compressible (pui),t+(puiuj),j +p;— Tijj = 0

(pe) 1+ (pu); — (uz,) j = 0

flow equations




Linearized compressible flow equations ) e
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Xy = Ayxy Energy-Stability for Linearized PDEs: Xy = AyXy
FOM linearly stable = ROM built in energy inner product linearly stable (Re(1) < 0)
(Barone et al. 2009, IKT et al. 2012)

Full non-linear Pt u (puj)’j =1
ﬂcompressi-ble (pu)+(puu;) ;+p; — 75, =0
ow equations (pe) ++(pu,) ; — (ui’l'l.j)’j =0

* Linearization of full compressible Euler/Navier-Stokes equations obtained as follows:

1. Decompose fluid field as steady mean plus unsteady fluctuation

q = fluid solution vector
(e.g., q7 = (uq,uy,us3,T,p))

2. Linearize full nonlinear compressible Navier-Stokes equations around steady
mean to yield linear hyperbolic/incompletely parabolic system

q(x,t) =q(x) +q'(x,t)

0 K. (g o =0

A @)l
q L q axi axj



Energy-stable ROMs for linearized rh) i,
compressible flow

Linearized compressible Euler/Navier-Stokes equations are symmetrizable
(Barone & IKT, 2009; IKT & Arunajatesan, 2012).




Energy-stable ROMs for linearized rh) i,
compressible flow

Linearized compressible Euler/Navier-Stokes equations are symmetrizable
(Barone & IKT, 2009; IKT & Arunajatesan, 2012).

* There exists a symmetric positive definite matrix H = H(q) (system “symmetrizer”) s.t.:

* The convective flux matrices HA; are symmetric

* The following augmented viscosity matrix is symmetric positive semi-definite

HK,, HK,, HK,
K° = (HK21 HK,, HK23>
HK,, HK,, HK.,




Energy-stable ROMs for linearized rh) i,
compressible flow

Linearized compressible Euler/Navier-Stokes equations are symmetrizable
(Barone & IKT, 2009; IKT & Arunajatesan, 2012).

* There exists a symmetric positive definite matrix H = H(q) (system “symmetrizer”) s.t.:

* The convective flux matrices HA; are symmetric
* The following augmented viscosity matrix is symmetric positive semi-definite
HK,, HK,, HK ;
K’ =

HK,, HK,, HK,,

Symmetry Inner Product (weighted L2 inner product):

(‘h;qZ)sz q.Hq,d(}
QO




Energy-stable ROMs for linearized )
compressible flow

Linearized compressible Euler/Navier-Stokes equations are symmetrizable
(Barone & IKT, 2009; IKT & Arunajatesan, 2012).

* There exists a symmetric positive definite matrix H = H(q) (system “symmetrizer”) s.t.:

* The convective flux matrices HA; are symmetric
* The following augmented viscosity matrix is symmetric positive semi-definite
HK,, HK,, HK ;
K’ =

Symmetry Inner Product (weighted L2 inner product):

(‘h:CIz)H:j q.Hq,d(}
Q

* If ROM is built in symmetry inner product, Galerkin approximation will satisfy the same
energy expression as continuous PDEs, e.g., it will be energy-stable:
1d | 2
—_— 2 < o /
2dt”‘IM”H— ||QM||H



Symmetrizers for several hyperbolic/ ) e
incompletely parabolic systems

* Wave equation: ii = aza— or q= A—whereq (u %) = H= ((1) 0)

dx? dx a?
. o $ 0 0
* Linearized shallow water equations: q' + A.(q) G_Zi =0 >H=| $ 0
0 0 1
. - P00
* Linearized compressible Euler: q' + A.(q) a_Zi =0 >H=| 0 a?yp?p pa?
(1+a?)
0 O e
° - —_— _— aq’
Linearized compressible Navier-Stokes: q + A,(q ) o L+ o%] [K (@D Py
p 0 0
PR * Barone & IKT, JCP, 2009.
>H=|0 m 0 * IKT & Arunajatesan, WCCM X, 2012.
14 _ * |KT etal., SAND report, 2014.




Discrete counterpart of symmetry-inner
product: Lyapunov inner product
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* Consider linear discrete (i.e., discretized in space) stable full order model

x = Ax

Lyapunov function for this FOM: V(x) = x” Px where P is the solution of the
Lyapunov equation

ATP + PA=-Q
e S.p.d. solution to Lyapunov equation exists if Q is s.p.d. and A is stable.

* There are solvers for solving the Lyapunov equation, e.g., lyap function in
MATLAB control toolbox.

Discrete analog of symmetry inner product: Lyapunov inner product (Rowley et
al., 2004):
(x1,%2)p = X1 Px;

Can show: if ROM is constructed in Lyapunov inner product, it is energy-stable, i.e.,

dEy _1d
N2 <



Discrete counterpart of symmetry-inner ) o
product: Lyapunov inner product

* Consider linear discrete (i.e., discretized in space) stable full order model

x = Ax

* Lyapunov function for this FOM: V(x) = xT Px where P is the solution of the
Lyapunov equation

- Intractable for large
A"P+PA=-Q problems (O (N?3) ops!

e S.p.d. solution to Lyapunov equation exists if Q is s.p.d. and A is stable.
* There are solvers for solving the Lyapunov equation, e.g., lyap function in
MATLAB control toolbox.

* Discrete analog of symmetry inner product: Lyapunov inner product (Rowley et
al., 2004):
(x1,%2)p = X1 Px;

* Can show: if ROM is constructed in Lyapunov inner product, it is energy-stable, i.e.,

dEy _1d
N2 <



Steps to obtain stable ROM in symmetry i.p. (i)
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On the stability and convergence of a Galerkin reduced order model
(ROM) of compressible flow with solid wall

and far-field boundary treatment?

I. Kalashnikoval*2* T and M. E. Barone®

* Galerkin-project equations using symmetry inner product:

0qn’ _ dqy’ 0 dqu’
(‘I”" ot )H B _jﬂ Pl A - 0x; Ko ||
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Remark: Galerkin projection
in symmetry inner product is
equivalent to Petrov-Galerkin
projection with ¥, = H®,,.

On the stability and convergence of a Galerkin reduced order model
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and far-field boundary treatment?

I. Kalashnikoval*2* T and M. E. Barone®

* Galerkin-project equations using symmetry inner product:
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Steps to obtain stable ROM in symmetry i.p. (i)
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INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN ENGINEERING
Int. J. Numer Meth. Engng 2010; 83:1345-1375
Published online 30 March 2010 in Wiley InterScience (www.interscience.wiley.com). DOL: 10.1002/nme. 2867

Remark: Galerkin projection

in symmetry inner product is
On the stability and convergence of a Galerkin reduced order model : . ;
(ROM) of compressible flow with solid wall equivalent to Petrov-Galerkin

and far-field boundary treatment?

projection with ¥, = H®,,.

L. Kalashnikova'*%* T and M. E. Barone?

* Galerkin-project equations using symmetry inner product:

aqy’ aqy’ 0 aqy’
<¢k' ot ) = _fﬂ ¢ H A 0x; _ax]_ Kij 0x; d) Substitute BCs
H

* Integrate second term by parts and apply boundary conditions weakly:

/

aqy
GI¢) dx;

gy’ oqy’ 0 gy’
(d)k, qM) =— j [qkaAi Dy 9P e qM]dQ+ P HK,
H qQ 0x

i
i ax] J axi




Steps to obtain stable ROM in symmetry i.p. (i)
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Remark: Galerkin projection

in symmetry inner product is
On the stability and convergence of a Galerkin reduced order model : . ;
(ROM) of compressible flow with solid wall equivalent to Petrov-Galerkin

and far-field boundary treatment? projection with ¥y = HPy.

L. Kalashnikova'*%* T and M. E. Barone?

* Galerkin-project equations using symmetry inner product:

aqy’ aqy’ 0 aqy’
<¢k' ot ) = _fﬂ ¢ H A 0x; _axj Kij 0x; d) Substitute BCs
H

* Integrate second term by parts and apply boundary conditions weakly:

/

aqM, aqM’ a¢k aqu aqM
T HA, HK; Q HK. .
(¢k' ot >H jﬂ [¢k l axi + ax] ij axi dQ + aﬂ¢k ij axi Tl] ds

* Substitute modal decomposition q,;(x,t) = Y1, ay i (t)¢;(x)to obtainan M X M linear
dynamical system of the form x,, = Ax,,.




Continuous projection implementation:
“Spirit” code

“Spirit” ROM Code = 3D parallel C++ POD/Galerkin test-bed ROM code that uses data-structures
and eigensolvers from Trilinos to build energy-stable ROMs for compressible flow problems
— stand-alone code that can be synchronized with any high-fidelity code!

* POD modes defined using piecewise smooth finite elements.

* Gauss quadrature rules of sufficient accuracy are used to compute exactly
inner products with the help of the 1ibmesh library.

* Physics in Spirit:
* Linearized compressible Euler (L%, energy inner product).
* Linearized compressible Navier-Stokes (L?, energy inner product).
* Nonlinear isentropic compressible Navier-Stokes (L?, stagnation
energy, stagnation enthalpy inner product).
* Nonlinear compressible Navier-Stokes (L?, energy inner product).

“SIGMA CFD” High-Fidelity Code = Sandia in-house finite volume flow solver derived from
LESLIE3D (Genin & Menon, 2010), an LES flow solver originally developed in the Computational
Combustion Laboratory at Georgia Tech.
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“Spirit” code

“Spirit” ROM Code = 3D parallel C++ POD/Galerkin test-bed ROM code that uses data-structures
and eigensolvers from Trilinos to build energy-stable ROMs for compressible flow problems
— stand-alone code that can be synchronized with any high-fidelity code!

* POD modes defined using piecewise smooth finite elements.

* Gauss quadrature rules of sufficient accuracy are used to compute exactly
inner products with the help of the 1ibmesh library.

* Physics in Spirit: s testng
: ' . - - of ROMs for
* Linearized compressible Euler (L-, energy inner product). |¢ these
* Linearized compressible Navier-Stokes (L?, energy inner product). physics

* Nonlinear isentropic compressible Navier-Stokes (L?, stagnation
energy, stagnation enthalpy inner product).

* Nonlinear compressible Navier-Stokes (L?, energy inner product).

“SIGMA CFD” High-Fidelity Code = Sandia in-house finite volume flow solver derived from
LESLIE3D (Genin & Menon, 2010), an LES flow solver originally developed in the Computational
Combustion Laboratory at Georgia Tech.
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Numerical results: random basis example

* Uniform base flow: physically stable to any linear disturbance.
* Each mode is random disturbance field that decays to 0 at domain boundaries.

* Model problem for modes determined by numerical error: extreme case of “bad”
modes.

t [me— First Mode
= ® 1.2 Inner Product :
% 4 Symmetry Inner Product f |
205 | ; : | q
= i : i ¢ H
S ; .
“6 .
t 0“ »~ & A A A A A
3]
o
S
[
£ -0.5¢
E
-
E ‘

-1 i i 1 i ‘ :

. 2 3 4 5 6 7 8
Number of Modes
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Inviscid pulse in a uniform base flow.

High-fidelity simulation run on mesh with 3362 nodes, up totime t = 0.01 seconds.

200 snapshots of solution used to construct M = 20 mode ROM in L? and symmetry
inner products.

ap,i(t) vs.(q ' crp, P;) fori = 1,2

L? ROM Symmetry ROM
3000 0.04r
2000 % 0.03
&\ ©
g ¢ 0.0
8 3
o 0.01}
® =~
e 9 S
@ © S
2000 | - -0.01 | 1 °apq
-3000 | 8 -0.02 t i (q CFD» ¢1)
o
% 0.03 am,2
-4000 | o 003 ,
% — (9’ crp P2)
-5000 . L 1 L ) -0.04 I I I | ,
0 0.005 0.01 0.015 0.02 0.025 0 0.005 0.01 0.015 0.02 0.025
t
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Numerical results: 2D inviscid pressure pulse

* Inviscid pulse in a uniform base flow (linear dynamics).
* High-fidelity simulation run on mesh with 3362 nodes, up totime t = 0.01 seconds.

* 200 snapshots of solution used to construct M = 20 mode ROM in L? and symmetry
inner products.

p’: High-fidelity p’: Symmetry ROM p’: L2 ROM

High Fidelity p Solution - Snapshot #10 Pressure p Solution - 20 Mode Symmetry ROM

Pressore p Solution - 20 Mode L2 ROM

time of snapshot 10
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Numerical results: 2D inviscid pressure pulse

* Inviscid pulse in a uniform base flow (linear dynamics).
* High-fidelity simulation run on mesh with 3362 nodes, up totime t = 0.01 seconds.

* 200 snapshots of solution used to construct M = 20 mode ROM in L? and symmetry
inner products.

p’: High-fidelity p’: Symmetry ROM p’: L2 ROM

High Fidelity p Solution - Snapshot #160 Pressure p Solution - 20 Mode Symmetry ROM 1
‘ 0.8

1
0.8 l
0.6

0.6

Pressore p Solution - 20 Mode L2 ROM

04 0.4

0.2 0.2
> 0 > 0
-0.2 -0.2
-0.4 -0.4

-0.6

0.8 ‘ 0.8
-1 -1
X

-0.6

time of snapshot 160




Discrete Projection

Energy inner products (Rowley, et al.),
Petrov-Galerkin Projection (Carlberg et
al.)

Eigenvalue reassignment (IKT et al.)

Optimization-based right basis
modificatiOon (Amsallem)

Continuous Projection
Outline o | e Seme el Wretat)
Change ROM equations Linear/nonlinear turbulence
(a posteriori) modeling (lliescu, Borggaard, Xie,
. . Wang, ...)
1 . M Otlvat I O n . Change ROM basis Basis rotation (Balajewicz, IKT, et al.)
(a posteriori)
2. Projection-based model order reduction.
3. Targeted application: compressible cavity flow.
4. Approaches for building a priori stable ROMs.

(a) Energy-stable linearized compressible flow ROMs.
(b) Energy-stable nonlinear compressible flow ROM:s.

5. Approaches for stabilizing a posteriori unstable ROMs.
(a) Eigenvalue reassignment (Linear Time-Invariant systems).

(b) Basis rotation (nonlinear compressible flow).

6. Summary/perspectives.

7. Ongoing/future work.

with: Matt Barone (SNL), Jeff Fike
(SNL), Srini Arunajatesan (SNL)




Nonlinear compressible flow equations rh) i,

Energy-Stability for Nonlinear PDEs:
ROM built in energy inner product will preserve stability of an equilibrium point at O for
the governing nonlinear system of PDEs (Rowley et al., 2004; IKT et al., 2014).

* Compressible isentropic Navier-Stokes equations (cold flows, moderate Mach #):

Dh _
gt ] u = velocity vector
—u+|7h——Au -0 p = density
Dt Re T = temperature
T = viscous stress tensor

* Full compressible Navier-Stokes equations:

bu L von—-—v —0
Poe Tym2 P TRe T -
L i
pt PV H ( " B
DT 14 y(y —1)M

4+ (= DTV U — ——V - (kVT) — Fu-7=0
port (y = DTV -u— =L e ( LA



Energy-stable ROMs for nonlinear compressible

flow: isentropic NS (Rowley et al., 2004)

In (Rowley et al., 2004), Rowley et al. showed that energy inner product for
the compressible isentropic Navier-Stokes equations can be defined
following a transformation of these equations.

h
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Energy-stable ROMs for nonlinear compressible

flow: isentropic NS (Rowley et al., 2004)

In (Rowley et al., 2004), Rowley et al. showed that energy inner product for

the compressible isentropic Navier-Stokes equations can be defined
following a transformation of these equations.

* Transformed compressible isentropic

h

Navier-Stokes equations: ¢ = speed of sound

Dc y-—1 (c? = (y — Dh)
V- = u = velocit
Dr + > cV-u 0 Yy
Du 2 1
+ cVe ——Au =0
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Energy-stable ROMs for nonlinear compressibldm
flow: isentropic NS (Rowley et al., 2004)

In (Rowley et al., 2004), Rowley et al. showed that energy inner product for
the compressible isentropic Navier-Stokes equations can be defined
following a transformation of these equations.

* Transformed compressible isentropic
Navier-Stokes equations:

¢ = speed of sound

Dc y-—1 (c2=(y — Dh)
V- = u = velocit

Dt+ > cV-u 0 y

Du+ 2 o 1A — 0

Dt y—1c ¢ Re =

e Family of inner products:

—  (q1,9)), = j

22 do
5 U, u, y_1C1C2

1
; . ||CI||a = stagnation energy

{1 = ||ql|, = stagnation enthalpy
q =
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Energy-stable ROMs for nonlinear compressible) i
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flow: isentropic NS (Rowley et al., 2004)

In (Rowley et al., 2004), Rowley et al. showed that energy inner product for
the compressible isentropic Navier-Stokes equations can be defined
following a transformation of these equations.

* Transformed compressible isentropic
Navier-Stokes equations:

el =0
pc 2 M B
Du+ 2 o 1A — 0
Dt y—1CC Re =

e Family of inner products:

2
—  (q1,9)), = j <u1 "u, + 1 c1c2> d()
Q Y —
1=> ||q||a = stagnation enthalpy
N a=+<1
; = ||q||a = stagnation energy

¢ = speed of sound

(c?=(—Dh)
u = velocity

If Galerkin projection step of
model reduction is performed in a
inner product, then the Galerkin
projection will preserve the
stability of an equilibrium point at
the origin (Rowley et al., 2004).



Energy-stable ROMs for nonlinear compressible g iz
flow: full NS

Our work extends ideas in (Rowley et al., 2004) to full compressible N-S equations.
Requirement: transformation/inner product yields PDEs with only polynomial non-linearities.




Energy-stable ROMs for nonlinear compressible

flow: full NS

Our work extends ideas in (Rowley et al., 2004) to full compressible N-S equations.

h
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Requirement: transformation/inner product yields PDEs with only polynomial non-linearities.

* First, full compressible Navier-Stokes equations

are transformed into the following variables:

a=./p, b=au, d=ae

e =internal
energy




Energy-stable ROMs for nonlinear compressible g iz
flow: full NS

Our work extends ideas in (Rowley et al., 2004) to full compressible N-S equations.
Requirement: transformation/inner product yields PDEs with only polynomial non-linearities.

* First, full compressible Navier-Stokes equations
are transformed into the following variables:

e =internal

a=,/p, b=au, d=ae energy

* Next, the following “total energy” inner product is
defined:

(ql’ qZ)TE — J (bl ) bz + ale + azdl)dﬂ
Q

— Norm induced by total energy inner product is the
total energy of the fluid system:

1
||q||TE ZJ (pe +§Puiui> dQ
Q
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Our work extends ideas in (Rowley et al., 2004) to full compressible N-S equations.
Requirement: transformation/inner product yields PDEs with only polynomial non-linearities.

* First, full compressible Navier-Stokes equations

are transformed into the following variables:

a=./p, b=au, d=ae

* Next, the following “total energy” inner product is

defined:

(ql’ qZ)TE — J (bl ' bz SR aldz + azdl)dﬂ
Q

— Norm induced by total energy inner product is the

total energy of the fluid system:

e =internal
energy

1
||q||TE =J (pe +§puiui> dq
Q

If Galerkin projection step of
model reduction is performed in
total energy inner product, then

the Galerkin projection will

preserve the stability of an
equilibrium point at the origin
(IKT et al., 2014)
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Our work extends ideas in (Rowley et al., 2004) to full compressible N-S equations.
Requirement: transformation/inner product yields PDEs with only polynomial non-linearities.

e First, full compressible Navier-Stokes equations
are transformed into the following variables:

e =internal

a=,/p, b=au, d=ae energy

* Next, the following “total energy” inner product is
defined:

(ql’ qZ)TE — J (bl ) bz + ale + azdl)dﬂ
Q

— Norm induced by total energy inner product is the
total energy of the fluid system:

1
||q||TE =J (pe +§puiui> dq
Q

If Galerkin projection step of
model reduction is performed in
total energy inner product, then

the Galerkin projection will

preserve the stability of an
equilibrium point at the origin
(IKT et al., 2014)

© Transformed equations have only
polynomial non-linearities (projection of
which can be computed in offline stage of
MOR and stored).
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Our work extends ideas in (Rowley et al., 2004) to full compressible N-S equations.
Requirement: transformation/inner product yields PDEs with only polynomial non-linearities.

e First, full compressible Navier-Stokes equations
are transformed into the following variables:

e =internal

a=,/p, b=au, d=ae energy

* Next, the following “total energy” inner product is
defined:

(ql’ qZ)TE — J (bl ) bz + ale + azdl)dﬂ
Q

— Norm induced by total energy inner product is the
total energy of the fluid system:

1
||q||TE =J (pe +§puiui> dq
Q

If Galerkin projection step of
model reduction is performed in
total energy inner product, then

the Galerkin projection will

preserve the stability of an
equilibrium point at the origin
(IKT et al., 2014)

© Transformed equations have only
polynomial non-linearities (projection of
which can be computed in offline stage of
MOR and stored).

® Transformation introduces higher order
polynomial non-linearities for viscous case.




Energy-stable ROMs for nonlinear compressible g s
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Our work extends ideas in (Rowley et al., 2004) to full compressible N-S equations.
Requirement: transformation/inner product yields PDEs with only polynomial non-linearities.

* First, full compressible Navier-Stokes equations If Galerkin projection step of
are transformed into the following variables: model reduction is performed in
I total energy inner product, then
e =interna : JRg :
the Galerkin projection will
a=./p, b=au, d=ae energy PYoIs:
preserve the stability of an
. . _ equilibrium point at the origin
* Next, the following “total energy” inner product is (IKT et al., 2014)

defined:

© Transformed equations have only
(‘h: qZ)TE — J (b1 b, +a,d, + azd1)dﬂ polynomial non-linearities (projection of
Q which can be computed in offline stage of
MOR and stored).
— Norm induced by total energy inner product is the

total energy of the fluid system: ® Transformation introduces higher order

polynomial non-linearities for viscous case.

1 © Efficiency of online stage of MOR
||q||TE = pe + Epuiui dql can be recovered using hyper-
Q reduction (e.g., DEIM, gappy POD).
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Continuous projection '5

Implementation: “Spirit” Code

“Spirit” ROM Code = 3D parallel C++ POD/Galerkin test-bed ROM code that uses data-structures
and eigensolvers from Trilinos to build energy-stable ROMs for compressible flow problems
— stand-alone code that can be synchronized with any high-fidelity code!

* POD modes defined using piecewise smooth finite elements.

* Gauss quadrature rules of sufficient accuracy are used to compute exactly
inner products with the help of the libmesh library.

* Physics in spirit:
* Linearized compressible Euler (L4, energy inner product).
* Linearized compressible Navier-Stokes (L?, energy inner product).

) ] ) . ] _ Now, testing
* Nonlinear isentropic compressible Navier-Stokes (L?, stagnation of ROMs for

energy, stagnation enthalpy inner product). these

* Nonlinear compressible Navier-Stokes (L?, energy inner product). | physics

“SIGMA CFD” High-Fidelity Code = Sandia in-house finite volume flow solver derived from
LESLIE3D (Genin & Menon, 2010), a LES flow solver originally developed in the Computational

Combustion Laboratory at Georgia Tech.
"



Numerical results: viscous laminar cavity

* Viscous cavity problemat M = 0.6,
Re = 1500 (laminar regime).

* High-fidelity simulation: DNS based on full
nonlinear compressible Navier-Stokes
equations with 99,408 nodes (right).

* 500 snapshots collected, every At ., =
1 X 10™* seconds.

* Snapshots used to construct M = 5 mode
ROM for nonlinear compressible Navier-
Stokes equations in L? and total energy
inner products.

* M = 5 mode POD bases capture = 95% of
snapshot energy.
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Figure above: viscous laminar
cavity problem domain/mesh.
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High-Fidelity

2
1 * L2 ROM blows up;
. energy ROM
remains stable.

ROM (M = 5 modes) Error (L? norm)

4 i
-1 -0.5 0 0.5 1 1.5 2

Nonlinear L2 ROM NaN

5 mode total energy ROM
Total Energy ROM 5.52 X 1072

* Future work:
improving efficiency of
total energy ROMs

¥
— ra

| o ’ o . ' ‘ 25 £ through incorporation
of hyper-reduction
Figure above: u-component of (e.g., DEIM, gappy

POD).

velocity as a function of time ¢




Continuous Projection Discrete Projection
° Change projection Energy inner products (Rowley et Energy inner products (Rowley, et al.),
O u t I I n e (a priori) al., Serre et al., IKT et al.) Petrov-Galerkin Projection (Carlberg et
al.)
Change ROM equations Linear/nonlinear turbulence Eigenvalue reassignment (IKT et al.)
(a posteriori) modeling (lliescu, Borggaard, Xie,
. . Wang, ...)
1 . M Otlvat I O n . Change ROM basis Basis rotation (Balajewicz, IKT, et al.) Optimization-based right basis
(a posteriori) modificatiOon (Amsallem)
2. Projection-based model order reduction.
3. Targeted application: compressible cavity flow.
4. Approaches for building a priori stable ROMs.

(a) Energy-stable linearized compressible flow ROMs.
(b) Energy-stable nonlinear compressible flow ROMs.

5. Approaches for stabilizing a posteriori unstable ROM:s.
(a) Eigenvalue reassignment (Linear Time-Invariant systems).
(b) Basis rotation (nonlinear compressible flow).

6. Summary/perspectives. : — :
with: Matt Barone (SNL), Srini Arunajatesan

7. Ongoing/future work. (SNL), Bart van Bloemen Waanders (SNL)




Stable ROMs for Linear Time-Invariant (LTI) systems _

Attention restricted to Linear Time Invariant (LTI) systems

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

as a first step towards the more general nonlinear case.
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Stable ROMs for Linear Time-Invariant (LTI) systems _

Attention restricted to Linear Time Invariant (LTI) systems

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t)
as a first step towards the more general nonlinear case.

LTI Full Order Model (FOM)
x(t) = Ax(t) + Bu(t)

LTI Reduced Order Model (ROM)
Xy () = Ayxy(t) + Byu(t)

y(t) = Cx(t) Yu(t) = Cyxy(t)
Problem: A stable » A, stable! A, = PTAD
B, = ®'B
Solution: Black box Cy=CP
Unstable ROM St::g!ﬁ:;ﬁn Stable and Accurate ROM
(A4,, unstable) ~ (4,, stable)
M (AM - AM) M




ROM stabilization via optimization-based T

eigenvalue reassignment (IKT et al., 2014)

ROM Stabilization Optimization Problem
(Constrained Nonlinear Least Squares):

"”"Z I =wdl2 @
s.t. Re(/lu) <0

* A*=unstable eigenvalues of original ROM matrix 4,,.

« y* =y(t,) = snapshot output at ¢,
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Idea: modify ROM system s.t.
A, is stable and discrepancy
b/w ROM output y,,(t) and
FOM output y(t) is minimal.

Replace unstable

A,, with stable 4,,.

© Yk = Cy |exp(t,4,) 2, (0) + [ exp{(t, — 7) Ay}B)u(z)dz| =ROM output at t,.




ROM stabilization via optimization-based ) B
eigenvalue reassignment (IKT et al., 2014)

ROM Stabilization Optimization Problem Idea: modify ROM system s.t.

(Constrained Nonlinear Least Squares): A, is stable and discrepancy
b/w ROM output y,,(t) and
FOM output y(t) is minimal.
mmz Iy =wll2 @ Puty(e
s.t. Re(/1 <0 Replace unstable

A,, with stable 4,,.

¢ A*=unstable eigenvalues of original ROM matrix 4,,.
« yk =1y(t,) = snapshot output at ¢,

© Y = Cy |exp(tdy) x,,(0) + [* exp{(t, — T) A,}B,u(z)dt| =ROM output at t,.

* ROM stabilization optimization problem is small: < O(M).




ROM stabilization via optimization-based ) e,
eigenvalue reassignment (IKT et al., 2014)
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ROM Stabilization Optimization Problem Idea: modify ROM system s.t.

(Constrained Nonlinear Least Squares): A, is stable and discrepancy
b/w ROM output y,,(t) and
FOM output y(t) is minimal.
"”"Z Iy =wll2 @ Puty(e
s.t. Re(/1 <0 Replace unstable

A,, with stable 4,,.

¢ A*=unstable eigenvalues of original ROM matrix 4,,.
« yk =1y(t,) = snapshot output at ¢,

© Y = Cy |exp(tdy) x,,(0) + [* exp{(t, — T) A,}B,u(z)dt| =ROM output at t,.

* ROM stabilization optimization problem is small: < O(M).
 ROM stabilization optimization problem can be solved by standard optimization algorithms,
e.g., interior point method.
* We use fmincon function in MATLAB’s optimization toolbox.
* We implement ROM stabilization optimization problem in characteristic variables
z,(t) =8, x,(t) where A, = §,,D,,S,, .



ROM stabilization via optimization-based ) e,
eigenvalue reassignment
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Algorithm

 Diagonalize the ROM matrix 4,,: A, = $,,D,,S,, .
* Initialize a diagonal M X M matrix D,,. Set j = 1.
e fori=1to M
« if Re(Dy (i,i) < 0),set D, (i,i) = Dy (i, Q).
+ else,set D (i,i) = A%
* Incrementj « j + 1.
* Solve the optimization problem (1) for the eigenvalues {1;“} using an
optimization algorithm (e.g., interior point method).
e Evaluate 5M at the solution of the optimization problem (1).
e Return the stabilized ROM system, given by A,, <« A,, = S,,D,,S,, .




ROM stabilization via optimization-based
eigenvalue reassignment

Algorithm

Diagonalize the ROM matrix 4,,: A,, = $,,D,,S,, .
Initialize a diagonal M X M matrix D,,. Set j = 1.
fori=1to M
« if Re(Dy (i,i) < 0),set D, (i,i) = Dy (i, Q).
+ else,set D (i,i) = A%
Increment j « j + 1.
Solve the optimization problem (1) for the eigenvalues {4} using an
optimization algorithm (e.g., interior point method).
Evaluate 5M at the solution of the optimization problem (1).
Return the stabilized ROM system, given by 4,, < 4,, = S,,D,,S,, .

Solution to optimization problem (1) may not be unique.

Can solve (1) for real or complex-conjugate pair eigenvalues:
* A" € Rs.t. constraint A < 0.

o A= AN 4P ANE, A U= AN — | A € C where 24, 1% € R

s.t. constraint AjW <0.
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Numerical results: electrostatically actuated ) e,
beam benchmark

* FOM = 1D model of electrostatically actuated beam.

e Application of model: microelectromechanical
systems (MEMS) devices such as electromechanical ()
S \Y%

radio frequency (RF) filters. - i

* 1 input corresponding to periodic on/off switching, 1 T T T T T T T
output, initial condition x(0) = 0.

e Second order linear semi-discrete system of the
form:

Mx(t) + Ex(t) + Kx(t) = Bu(t)
y(t) = Cx(t)
 Matrices M, E, K, B, C specifying the problem

downloaded from the Oberwolfach ROM
repository*.

« 2ndorder linear system re-written as 15t order LTI
system for purpose of analysis/model reduction. « FOM is stable.

* Oberwolfach ROM benchmark repository:


http://simulation.uni-freiburg.de/downloads/benchmark
http://simulation.uni-freiburg.de/downloads/benchmark
http://simulation.uni-freiburg.de/downloads/benchmark

Numerical results: electrostatically actuated e

lNaEg:lorg?gries
beam benchmark
e M = 17 POD/Galerkin ROM constructed from K = 1000 snapshots up to time t = 0.05.

e M = 17 POD/Galerkin ROM has 4 unstable eigenvalues (all real).
* Two options for ROM stabilization optimization problem:
Option 1: Solve for A,, 4,, 15,1, € R s.t. the constraint 4;,1,, 45,4, < 0.

Option 2: Solve for A, + A,i, A, — A,i, A3 + A,i, A; —A,0 € C s.t. the constraint
Ap Ay <O,

* |Initial guess for fmincon interior point method: 4, = 4, = 4; = 4, = —1.

25

Jz’zl y* — 2

ROM \/Zk el

Unstabilized POD

¥

F Optimization Stabilized POD 0.0194
(Real Poles)
———FOM
05k — ——M=17 POD ROM {unstahilized) | . 1
— —— =17 POD ROM {stabilized, resl poles] Optimization Stabilized POD 0.0205
--------- M=17 POD ROM (stahilized, complex poles) (CompIex-Conjugate Poles)
— ——M=17 BT ROM
00 0005 007 00 002 00% 003 00% 004 0045 005 Balanced Truncation 1.370e — 6
- t e
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* One can show that ﬁM from the algorithm on the previous slide is given by:

~

Ay =A4,—BK,

for a specific B, and K (IKT et al. 2014).
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* One can show that ﬁM from the algorithm on the previous slide is given by:

~

for a specific B, and K (IKT et al. 2014).

* Modifying system as 4, < ﬁM can be viewed as adding a linear “controller” to the
system:
Xy (t) = Ayxy,(t) + Byu(t) + Bou(t)
Yu(t) = Cyxy(t)

where u.(t) = —K x,,(t).
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* One can show that ﬁM from the algorithm on the previous slide is given by:

~

for a specific B, and K (IKT et al. 2014).

* Modifying system as 4, < ﬁM can be viewed as adding a linear “controller” to the
system:
Xy (t) = Ayxy,(t) + Byu(t) + Bou(t)
Yu(t) = Cyxy(t)

where u.(t) = —K x,,(t).

* Deficiencies of approach:

e ROM is inconsistent with FOM.
e Efficient extensions to nonlinear case are unclear.
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* One can show that ﬁM from the algorithm on the previous slide is given by:

~

for a specific B, and K (IKT et al. 2014).

* Modifying system as 4,, < ﬁM can be viewed as adding a linear “controller” to the
system:
Xy (t) = Ayxy,(t) + Byu(t) + Bou(t)
Yu(t) = Cyxy(t)

where u.(t) = —K x,,(t).

* Deficiencies of approach:

e ROM is inconsistent with FOM.
e Efficient extensions to nonlinear case are unclear.

Next section of talk (basis rotation): method for
modifying a posteriori an unstable ROM that maintains
consistency (and is applicable to nonlinear problems).




Continuous Projection Discrete Projection
° Change projection Energy inner products (Rowley et Energy inner products (Rowley, et al.),
O u t I I n e (a priori) al., Serre et al., IKT et al.) Petrov-Galerkin Projection (Carlberg et
al.)
Change ROM equations Linear/nonlinear turbulence Eigenvalue reassignment (IKT et al.)
(a posteriori) modeling (lliescu, Borggaard, Xie,
. . Wang, ...)
1 . M Otlvat I O n . Change ROM basis Basis rotation (Balajewicz, IKT, et Optimization-based right basis
(a posteriori) al.) modificatiOon (Amsallem)
2. Projection-based model order reduction.
3. Targeted application: compressible cavity flow.
4. Approaches for building a priori stable ROMs.

(a) Energy-stable linearized compressible flow ROMs.
(b) Energy-stable nonlinear compressible flow ROMs.

5. Approaches for stabilizing a posteriori unstable ROM:s.
(a) Eigenvalue reassignment (Linear Time-Invariant systems).
(b) Basis rotation (nonlinear compressible flow).

6. Summary/perspectives.
with: Maciej Balajewicz (UIUC),

7. Ongoing/future work. Earl Dowell (Duke)
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Extreme model reduction rh) o

* Most realistic applications (e.g., high Re compressible cavity): basis that captures
>99% snapshot energy is required to accurately reproduce snapshots.

— leads to M > 0(1000) except for toy problems and/or low-fidelity models.

° Higher order modes are in genera| 102 Prcj.!e.-::ticn E!n*cr for F:asis Cr!eated U!sing 80!0 Snaps!hcts
unreliable for prediction, so B e s o
including them in the basisis unlikely  JF———7—3 | . |
to improve the predictive capabilites [~ 1 ¢
of a ROM. 5 I R |

0 10-“] |
g . . . .
Figure (right) shows projection error riad — 100% Energy, 800 modes
. . 1 -  09.999% Energy, 500 modes ||
for POD basis constrgcted using 800 10 . : 4 — 99.99% Energy, 200 modes
snapshots for cavity problem. 1076 [t ) — 100 modes
ine = . | .1 — 60 modes
Dashed line _ end Of SnapShOt 1919 _ —  99% Energy, 20 modes
collection period. " x 10 modes
1951500 0.1505 0.1510 01515 0.1520 0.1525 0.1530 0.1535 0.1540

Time

We are looking for an approach that enables extreme model reduction:
ROM basis size is 0(10) or 0(100).
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Mode truncation instability ) i,

Projection-based MOR necessitates truncation.
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Projection-based MOR necessitates truncation.

 POD s, by definition and design, biased towards the large, enerqy producing

scales of the flow (i.e., modes with large POD eigenvalues).
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Mode truncation instability

Projection-based MOR necessitates truncation.

 POD s, by definition and design, biased towards the large, enerqy producing
scales of the flow (i.e., modes with large POD eigenvalues).

* Truncated/unresolved modes are negligible from a data compression point of
view (i.e., small POD eigenvalues) but are crucial for the dynamical

equations.




Sandia

Mode truncation instability ).

Projection-based MOR necessitates truncation.

 POD s, by definition and design, biased towards the large, enerqy producing
scales of the flow (i.e., modes with large POD eigenvalues).

* Truncated/unresolved modes are negligible from a data compression point of
view (i.e., small POD eigenvalues) but are crucial for the dynamical
equations.

* For fluid flow applications, higher-order modes are associated with energy
dissipation
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Mode truncation instability ).

Projection-based MOR necessitates truncation.

 POD s, by definition and design, biased towards the large, enerqy producing
scales of the flow (i.e., modes with large POD eigenvalues).

* Truncated/unresolved modes are negligible from a data compression point of
view (i.e., small POD eigenvalues) but are crucial for the dynamical
equations.

* For fluid flow applications, higher-order modes are associated with energy
dissipation

— low-dimensional ROMs can be inaccurate and unstable.
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Projection-based MOR necessitates truncation.

 POD s, by definition and design, biased towards the large, enerqy producing
scales of the flow (i.e., modes with large POD eigenvalues).

* Truncated/unresolved modes are negligible from a data compression point of
view (i.e., small POD eigenvalues) but are crucial for the dynamical
equations.

* For fluid flow applications, higher-order modes are associated with energy
dissipation

— low-dimensional ROMs can be inaccurate and unstable.

For a low-dimensional ROM to be stable and accurate, the
truncated/unresolved subspace must be accounted for.




Mode truncation instability ) .

Projection-based MOR necessitates truncation.

 POD s, by definition and design, biased towards the large, enerqy producing
scales of the flow (i.e., modes with large POD eigenvalues).

* Truncated/unresolved modes are negligible from a data compression point of
view (i.e., small POD eigenvalues) but are crucial for the dynamical
equations.

* For fluid flow applications, higher-order modes are associated with energy
dissipation

— low-dimensional ROMs can be inaccurate and unstable.

For a low-dimensional ROM to be stable and accurate, the
truncated/unresolved subspace must be accounted for.

v N\
Turbulence Modeling Subspace Rotation
(traditional approach) (our approach)




Governing equations and ROM ) i,

* 3D compressible Navier-Stokes equations in primitive specific volume form:

{o+ Q5 — Quy; = 0

1
[PDES] Uie + Ui Uy + (P = 5-CTijj =0 (2)

1
Pt T WP+ YUjp — (P Re) (x (POJ) <—e> u;,jTij =0




Governing equations and ROM ) i,

* 3D compressible Navier-Stokes equations in primitive specific volume form:

Cetqu—qujj=0

1
[PDES] Uie + Ui Uy + (P = 5-CTijj =0 (2)

)4 y -1
Pt T WD+ YUj;p — (m) (K(Pf),j),j - (W) u;jTij =0

* POD discretization (q(x,t) = 211, a;(t)¢;(x)) + Galerkin projection
applied to (2) yields a system of M coupled quadratic ODEs:

da
P Ctlat[aTQWa+ta’QPat+a’QMa  (3)

[ROM]

where € € RM L € RM*M gnd QW € RM*M foralli=1,..., M.



Traditional linear eddy-viscosity approach) &
to account for modal truncation

Dissipative dynamics of truncated higher-order modes are modeled using
an additional linear term:

da
- =C+Lla+ [a"QWa + aTQPa + -+ + a’QMa]"
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Traditional linear eddy-viscosity approach) &
to account for modal truncation

* Dissipative dynamics of truncated higher-order modes are modeled using
an additional linear term:

da
- =C+@L+L)a+ [a"QWa+a’QPa+ -+ aTQMa]”

L, is designed to decrease magnitude of positive eigenvalues and increase
magnitude of negative eigenvalues of L + L., (for stability).




Traditional linear eddy-viscosity approach) &
to account for modal truncation

* Dissipative dynamics of truncated higher-order modes are modeled using
an additional linear term:

da
- =C+@L+L)a+ [a"QWa+a’QPa+ -+ aTQMa]”

L, is designed to decrease magnitude of positive eigenvalues and increase
magnitude of negative eigenvalues of L + L., (for stability).

 Disadvantages of this approach:

1. Additional term destroys consistency between ROM and Navier-
Stokes equations.

2. Calibration is necessary to derive optimal L, and optimal value is flow
dependent.

3. Inherently a linear model — cannot be expected to perform well for
all classes of problems (e.g., nonlinear).




Proposed new approach for modal
truncation: basis rotation
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Instead of modeling truncation via additional linear term, model the truncation
a priori by “rotating” the projection subspace into a more dissipative regime




Proposed new approach for modal ) i
truncation: basis rotation

Instead of modeling truncation via additional linear term, model the truncation
a priori by “rotating” the projection subspace into a more dissipative regime

lllustrative example
Standard approach: retain only the most energetic POD modes, i.e., ¢4, ¢,

¢3/ ¢4'

Proposed approach: choose some higher order basis modes to increase
dissipation, i.e., 1, ¢-, P, Pg, ...




Proposed new approach for modal ) o
truncation: basis rotation

Instead of modeling truncation via additional linear term, model the truncation
a priori by “rotating” the projection subspace into a more dissipative regime

lllustrative example
e Standard approach: retain only the most energetic POD modes, i.e., ¢, ¢,

¢3/ ¢4'

* Proposed approach: choose some higher order basis modes to increase
dissipation, i.e., ¢4, D,, P¢, Pg, ...

 More generally: approximate the solution using a linear superposition
of M + P (with P > 0) most energetic modes:

b, = ZM'I-PXU ¢, i=1,..,M, (4)

where ¢ € RM*PIXM js an orthonormal (XTX = I,;5y) “rotation”
matrix.




Goals of proposed new approach to ) e,
account for modal truncation

Find X such that:
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Find X such that:

1. New modes ¢ remain good approximations of the flow

— minimize the “rotation” angle, i.e., minimize ||X — I(M+p),M||F
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account for modal truncation

Find X such that:

1. New modes ¢ remain good approximations of the flow

— minimize the “rotation” angle, i.e., minimize ||X — I(M+p),M||F

2. New modes produce stable and accurate ROMs.

— ensure appropriate balance between energy production and
energy dissipation.




Goals of proposed new approach to

account for modal truncation
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Find X such that:

1. New modes ¢ remain good approximations of the flow

— minimize the “rotation” angle, i.e., minimize ||X — I(M+p),M||F

2. New modes produce stable and accurate ROMs.

— ensure appropriate balance between energy production and
energy dissipation.

* Once X is found, the result is a system of the form (3) with:

QW TMAP_ XiQ® XX, L XTLX, €« XTC*




Minimal subspace rotation )
* Trace minimization problem on the Stiefel manifold:

. . . T
MINIMIZEx ey /. p 4 —tr(X I(M+p)xM)

(5)
subjectto  tr(XTLX) =17

* Vuspym € (X € RMIPIXM. XTX = [, P > 0} is the Stiefel manifold.

* Constraint is traditional linear eddy-viscosity closure model ansatz — involves
overall balance between linear energy production and dissipation / vanishing
of averaged total power (= tr(X" LX) + energy transfer).

* 1 € R: proxy for the balance between linear energy production and
energy dissipation (calculated iteratively using modal energy).

* Equation (5) is solved efficiently offline using the method of Lagrange
multipliers (Manopt MATLAB toolbox).

* See (Balajewicz, IKT, Dowell, 2016) and Appendix slide for Algorithm.
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ndia

Accounting for modal truncation: remarks -

Proposed approach may be interpreted as an a priori consistent
formulation of the eddy-viscosity turbulence modeling approach.

e Advantages of proposed approach:

1. Retains consistency between ROM and Navier-Stokes equations —
no additional turbulence terms required.
2. Inherently a nonlinear model — should be expected to outperform

linear models.




ndia

Accounting for modal truncation: remarks -

Proposed approach may be interpreted as an a priori consistent
formulation of the eddy-viscosity turbulence modeling approach.

e Advantages of proposed approach:

1. Retains consistency between ROM and Navier-Stokes equations —
no additional turbulence terms required.
2. Inherently a nonlinear model — should be expected to outperform

linear models.
3.  Works with any basis and Petrov-Galerkin projection.
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e Advantages of proposed approach:

1. Retains consistency between ROM and Navier-Stokes equations —
no additional turbulence terms required.

2. Inherently a nonlinear model — should be expected to outperform
linear models.

3.  Works with any basis and Petrov-Galerkin projection.

 Disadvantages of proposed approach:

1. Off-line calibration of free parameter n is required.
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Accounting for modal truncation: remarks -

Proposed approach may be interpreted as an a priori consistent
formulation of the eddy-viscosity turbulence modeling approach.

e Advantages of proposed approach:

1. Retains consistency between ROM and Navier-Stokes equations —
no additional turbulence terms required.

2. Inherently a nonlinear model — should be expected to outperform
linear models.

3.  Works with any basis and Petrov-Galerkin projection.

 Disadvantages of proposed approach:

1. Off-line calibration of free parameter n is required.
2. Stability cannot be proven like for incompressible case.



Numerical results: low Re number cavity [@Es.

Flow over square cavity at Mach 0.6, Re = 1453.9, Pr = 0.72
= M = 4 ROM (91% snapshot energy).

* Above: domain and mesh for viscous channel driven cavity problem.




Numerical results: low Re number cavity [@Es.

108 Sa— T — T T T 1
E E 01k - 1 9 0.8
1] H | 3 0.6 | --standard
m ID g 'I|I EE | n B a . 4 D.-i ROM (M:4)
. :;j 1 - . 02 |~ stabilized
10~ E g B q “ | ROM (M=P=4)
. UIF 1 sl 101 | -—owns
ID—E | | | | l | 1 1 1 [
0 200 400 600 —0.1 0 0.1 1234
t | J
(a) (b) (c)

* Figure (a) shows evolution of modal energy. Standard ROM is unstable.

* Figure (b) shows phase plot of first and second temporal basis a,(t) and a,(t). Stabilized
ROM computes stable limit cycle; standard ROM computes unstable spiral.

* Figure (c) is an illustration of the stabilizing rotation matrix. Rotation is small:

||X_I(M+P).M”F — (0.188
M

X = Iyepym




Numerical results: low Re number cavity [@Es.

rmn

=1

€

,1-{1 -- standard
'g ROM (M=4)
EE — stabilized
o ROM (M=P=4)
— — DNS

| .

Q)

3

i

0 0.2 0.4 0.6 0.8 1
Normalized frequency (rad/sample)

* Pressure power spectral density (PSD) at location x = (2, —1).
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moderate Re number

Numerical results

cavity

Flow over square cavity at Mach 0.6, Re =5452.1, Pr=0.72

snapshot energy).

= M = 20 ROM (71.8%

Hlae

* Above: domain and mesh for viscous channel driven cavity problem.




Numerical results: moderate Re number ()&=

cavity
10° 8 | -
; ] 10
i v ) -"'IJI" o e ."I" il FICIL S
B 101 A T T s 20
W""W'“W .
- ' ' ' I a0
a 200 400 600
t
(2)

(b)

0.8
0.6
0.4
0.2

Laboratories

-- standard
ROM (M=20)

— stabilized
ROM (M=P=20)
— DNS

* Figure (a) shows evolution of modal energy. Stabilized ROM energy closer to FOM.

* Figure (b) illustrates stabilizing rotation matrix. Rotation is small:

0.038, X ~ I3 p)

| X-Imepymll:




Numerical results: moderate Re number (@)
cavity

— stabilized ROM (M=P=20)

— DNS

0 : | |
T \h
=3
3 0.5
3 -5 -
: :
E 3 0
Pl ”
- 3 |
£ k
k 05 -| 'llu-\

H"'\-\.
L T |
i 5.10-2 0.1 0.15 0.3 i ! .
0 5-102 0.1 .15 0.2

Normalized frequency (=7 rad/zample) . )
Mormalized frequency (xr rad, sample)

* Figures show pressure cross PSD of of p(x,, t) and p(x,, t) where x, = (2,—0.5),
x, = (0,—0.5). Left: power; right: phase lag.

Power and phase lag at fundamental frequency, and first two super harmonics are
predicted accurately using the fine-tuned ROM (A = stabilized ROM, 1 = DNS)




Future work (basis rotation) ) &=,

e Application to higher Reynolds number problems.

* Extension of the proposed approach to problems with generic nonlinearities,
where the ROM involves some form of hyper-reduction (e.g., DEIM, gappy POD).

e Extension of the method to minimal-residual-based nonlinear ROMs.

* Extension of the method to predictive applications, e.g., problems with varying
Reynolds number and/or Mach number.

» Selecting different goal-oriented objectives and constraints in our optimization
problem:

minimizexey ,,, p) f(X)
subjectto g(X,L) =0

e.g.,
 Maximize parametric robustness:

f =2 BillU*(u)X — U ()l 5.
e ODE constraints: g = ||a(t) — a*(t)]l.
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Summary/perspectives ) i,

Continuous Projection Discrete Projection
Change projection Energy inner products (Rowley et | Energy inner products (Rowley, et al.), Petrov-
(a priori) al., Serre et al., IKT et al.) Galerkin Projection (Carlberg et al.)
Change ROM Linear/nonlinear turbulence Eigenvalue reassignment (IKT et al.)
equations modeling (lliescu, Borggaard, Xie,
(a posteriori) Wang, ...)
Change ROM basis | Basis rotation (Balajewicz, IKT, et Optimization-based right basis modification
(a posteriori) al.) (Amsallem et al.)

* Energy inner product + continuous projection
* Pros: consistent, inner product known analytically in closed form.
e Cons: inner product is problem specific, expensive for nonlinear problems, BC
implementation important for stability.

* Eigenvalue reassignment
* Pros: black-box, easy-to-solve offline optimization problem
* Cons: inconsistent, work required to extend to nonlinear and predictive problems.

* Basis rotation
* Pros: black-box, consistent, works with any basis, applicable to nonlinear flow problem:s.

e Cons: work required to extend to generic nonlinear PDEs.
I ————
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» Extension of basis rotation approach to problems with generic nonlinearities
and LSPG ROMs [with Maciej Balajewicz (UIUC)].

* Implementation of Least-Squares Petrov-Galerkin (LSPG) ROMs within SPARC
finite volume flow solver and Albany* open-source multi-physics code [with
Jeff Fike (SNL), Kevin Carlberg (SNL)].

* Introduction of energy-based constraints (e.g., Clausius-Duhem inequality)
into ROMs [with Kevin Carlberg (SNL), Danielle Maddix (Stanford), Margot
Gerritsen (Stanford)].

* Extension of filtering and LES-ROMs to compressible flow problems [with
Traian lliescu (VT), Xuping Xie (VT), Kevin Carlberg (SNL)].

* Improvement of previous techniques for time-predictive problems.

* Hybrid ROM-FOMs via domain-decomposition-based coupling methods.
* A. Mota, I. Tezaur, C. Alleman. "The Schwarz alternating method in solid
mechanics", Comput. Meth. Appl. Mech. Engng. 319 (2017), 19-51.

More info: www.sandia.gov/~ikalash
Thank you! E—

* https://github.com/gahansen/Albany.
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Appendix: Connection to Lyapunov stability

xy = fn(xy), xye RY

* Lyapunov stability: if there exists a Lyapunov function V such that

« IV > 0 (positive definite), and

av av
E—af(X)SO

in B,.(x;), then x; is locally stable in the sense of Lyapunov.

* Energy stability: Let Ey = %||xN||2 denote the system energy. If

dEy

<0
dt —

is energy-stable.

Remark: the system energy Ey satisfies the definition of a Lyapunov function!
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Appendix: Symmetry (continuous) vs. Lyapunov &,

(discrete) inner product

Symmetry Inner Product
(Continuous)

(q,9)y = f q.Hq,dQ
QO

* Forlinear systems:

I

q +A(q) ax[
]

* Defined for unstable systems, but
stability of ROM not guaranteed.

* Induced by Lyapunov function for
system.

* Equation-specific (= embedded
algorithm).

* Known analytically in closed form.

K@ 2L = 0
Y axi

Lyapunov Inner Product
(Discrete)

(xler)P = x1Px2

For linear systems:

x = Ax

Undefined for unstable systems.

Induced by Lyapunov function for
system.

Black-box. Intractable for
large problems!

Computed numerically by solving
Lyapunov equation (O(N3) ops).
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Appendix: Accounting for modal truncatidi .
Stabilization algorithm: returns stabilizing rotation matrix X.

Inputs: Initial guess n(®) = tr(L(1:n,1:n)) (X = lintp)xn): ROM size n and p > 1,
ROM matrices associated with the first n + p most energetic POD modes,
convergence tolerance TOL, maximum number of iterations kmax.

fﬂrk:D,"' ,kmax
Solve constrained optimization problem on Stiefel manifold:

. e . KT
{lenlmlze — tr (X{ ) 'f[n+p}><n)
XY € V(n+p),n

subject to tr{X{HTLX{H] = 5%,

Construct new Galerkin matrices using (4).
Integrate numerically new Galerkin system.

I " k _ n {k::l 2
Calculate “modal energy” E(t)(K) = >oi(alr); )"

Perform linear fit of temporal data E{r}”‘]' o c{k}t + cé,k}, where C{k} —energy growth.

(k)

Calculate € such that ¢ (e) = 0 (no energy growth) using root-finding algorithm.
Perform update ’r;r”‘"'l]' = ’r;r”‘]' + €.
if ||1c\¥|| < ToL
X = x¥),
terminate the algorithm.
end

end



Appendix: Numerical results: low Re h) s,
number cavity

| 1
|
0 2 4
£r xr r
Standard ROM Stabilized ROM
DNS (M = 4) (M =P = 4)

* u-velocity at time of final snapshot for low Reynolds number cavity. Left:
FOM, middle: standard ROM, right: stabilized ROM.




Appendix: Numerical results: moderate Re) .
number cavity

Standard ROM Stabilized ROM
(M = 20) (M = p =20)

* u-velocity at time of final snapshot for low Reynolds number cavity. Left:
FOM, middle: standard ROM, right: stabilized ROM.




Appendix: CPU times ) i,

* Tables gives CPU times (CPU-hours) for offline and online computations

Procedure Low Re Cavity | Moderate Re

Cavity
| FOM # of DOF 288,250 243,750
Time-integration of FOM 72 hrs 179 hrs
E B Basis construction (size M + P ROM) 0.88 hrs 3.44 hrs
i Galerkin projection (size M + P ROM) 5.44 hrs 14.8 hrs
| Stabilization 14 sec 170 sec

o ROM # of DOF 4 20

% { Time-integration of ROM 0.16 sec 0.83 sec

7 Online computational speed-up 1.6e6 7.8e5

» Stabilization is fast (O(sec) or O(min)).

* Significant online computational speed-up!




