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Space-'me	least-squares	Petrov-
Galerkin	nonlinear	model	reduc'on	

Youngsoo	Choi	and	Kevin	Carlberg	
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Nonlinear	Dynamical	Simula'on	

2	
Courtesy:	K.	Carlberg	 Courtesy:	K.	Carlberg	
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Reduced	Order	Model	(ROM)	

3	

Goal:	exploit	data	to	dras'cally	reduce	simula'on	costs	
									and	achieve	a	good	accuracy	

high	fidelity	
models	/	

experiments	

collect	&	
compress	

data		

low-dim	
subspace	

dynamical	
system	
solu'on	

project	&	
propagate	
in	'me	

W3W2W1 = U

⌃ V T

�
wn

w̃n = �ŵ
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ROM	oRen	works	very	well	

Physical	data	are	strongly	correlated	due	to	physical	laws	

4	

Redundancies	in	space	and	'me	

Restric'on	of	solu'on	onto	a	subspace	with	
small	dimension	keeps	accuracy	high	enough	
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Complexity	in	'me	
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Cap've-carry	simula'on	

6	

Vor'city	field	Pressure	field	

GNAT	ROM	
32	min,	2	cores	

Courtesy:	K.	Carlberg	

High-fidelity	
5	hours,	48	cores	

Courtesy:	M.	Barone	

+	229x	savings	in	core–hours	
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§  Full	order	models	
	
§ A	typical	projec'on-based	ROM	
	
§ A	space–'me	ROM	

7	

Outline	
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§  Full	order	models	
	
§ A	typical	projec'on-based	ROM	

§ A	space–'me	ROM	

8	

Outline	
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A	system	of	nonlinear	ODEs	

	

§  State,	
§  Ini'al	condi'on,	
§  Nonlinear	velocity,	
§  Parameter	vector,	
	

	
9	

µ 2 RNp

dw

dt
= f(w, t;µ)

w(0;µ) = w0(µ)

w : [0, T ]⇥ RNp ! RNs

w0 : RNp ! RNs

f : RNs ⇥ [0, T ]⇥ RNp ! RNs
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Fully	discrete	system,	OΔE		

Linear	mul3step	schemes	
		
	

§  Uniform	'me	step:		
§  Total	'me	steps:	
§  		
	
At	nth	3me	step,	solve	
	
	
	

	
	
		

10	

rn(wn) :=
kX

j=0

↵jw
n�j ��t

kX

j=0

�jf(w
n�j , tn�j ,µ)

rn(wn) = 0

�t

n 2 N(Nt)

Nt := T/�t 2 N
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The	Newton	method	

jth	Newton	step	at	nth	3me	step	
	
	
	
	
§  States,	
§  Increment,		
§  Residual,	
§  Jacobian,								
	
	
	
	
	

11	

wn
j+1  wn

j +�wj

Jn
j �wj = rnj

Jk
j := rrn(wn

j ) 2 RNs⇥Ns

rnj := rn(wn
j ) 2 RNs

�wj 2 RNs

wn
j ,w

n
j+1 2 RNs

Costly:	
-  State	dimension	
-  Residual	size	
-  Jacobian	size	
-  A	large	system	of	

equa'ons	to	solve	
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§  Full	order	models	
	
§ A	typical	projec'on-based	ROM	
	
§ A	space–'me	ROM	

12	

Outline	
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Subspace	genera'on	

13	

high	fidelity	
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collect	&	
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Subspace	genera'on	

Singular	value	decomposi3on	

14	

⌃
U

V T

A =

W 1 W 2 W 3

�

A = U⌃V T
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State	approxima'on	

15	

= +

w(tn) ⇡ w̃(tn) = wref +�ŵ(tn)
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Spa'otemporal	subspace	

16	

	
	
	
§  	Spa'al	subspace				
	
§  #	degrees	of	freedom			

-  Ignores	temporal	reduc'on	

m
w̃ 2 wref ⌦ 1Nt + S ⌦ RNt ✓ RNs ⌦ RNt

dim(S ⌦ RNt) = nsNt

w̃(tn) = wref +�ŵ(tn)

S = Ran(�) ✓ RNs , dim(S) = ns
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Over-determined	nonlinear	system	
	
	
§  Unknowns,			
§  Equa'ons,		
	
Two	projec3ons	
§  Galerkin,	
§  Petrov-Galerkin,		

				

rn 2 RNs

ŵ := ŵ(tn) 2 Rns

rn(wref +�ŵn) = 0

�Trn(wref +�ŵn) = 0

⇤Trn(wref +�ŵn) = 0

⇤,� 2 RNs⇥ns , ⇤ 6= �

Projec'on	
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Discrete-residual	minimiza3on	

	
§  LSPG:	
§ Colloca'on:		
§ GNAT:	
	
	
§ Op'mality	condi'on	
	
+  Spa'al	complexity	reduc'on	achieved	
-  No	temporal	complexity	reduc'on:								'me	steps		

Least-squares	Petrov-Galerkin	projec'on	

Figure	1.	Spa'al	GNAT	Z	

18	

minimize
r̂

kZ(r ��rr̂)k22

r = Zr =

Nt

ŵn = argmin
y

kGrn(wref +�y)k22

⇤Trn(wref +�ŵn) = 0

G = (Z�r)†Z 2 Rnr⇥Ns

G = Z 2 Rnz⇥Ns

G = I 2 RNs⇥Ns
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Complexity	figure	
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Complexity	figure	
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Complexity	figure	
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Complexity	figure	
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§  Full	order	models	
	
§ A	typical	projec'on-based	ROM	
	
§ A	space–'me	ROM	

23	

Outline	
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Mo'va'on	
§  Typical	ROMs	apply	spa'al	projec'on	

+  Reduces	spa'al	computa'onal	complexity	
-  Does	not	reduce	temporal	complexity	(number	of	'me	steps	remains	large)	

24	

§  Larger	'me	steps	with	explicit	'me	integra'on	[Krysl	et	al.,	2001]	
+  Larger	stable	'me	steps	achievable	with	ROMs	
-  Speedup	limited	by	stability	
-  Not	applicable	to	s'ff	dynamics	

§  Forecas'ng	with	'me–domain	data	[Carlberg/Ray/van	Bloemen	Waanders	2015],	
[Carlberg/Brencher/Haasdonk/Barth	2016]	

+  Prac%cal:	does	not	require	space–'me	discre'za'on	in	full-order	model	
-  Limited	reduc%on:	no	temporal	projec'on	pursued	

§  Space–'me	reduced-basis	[Urban/Patera	2012],	[Yano	2014],	[Yano/Patera/Urban	2014]	
+  Dimensionality	reduc'on	in	both	space	and	'me	
+  Error	bounds	grow	linearly	in	'me	
-  Not	always	prac%cal:	requires	space–'me	discre'za'on	in	full-order	model	
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Space–'me	ROM	
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Goal:	exploit	data	to	dras'cally	reduce	simula'on	costs	
									and	achieve	a	good	accuracy		

high	fidelity	
models	/	

experiments	

collect	&	
compress	

data		

low-dim	
subspace	

dynamical	
system	
solu'on	

Space–'me	
project	

W3W2W1 = U

⌃

�

only	
once	

 T

V T
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Space–'me	projec'on	
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w̃ = ⌥ŵ

w
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Subspace	genera'on	I	

Singular	value	decomposi3on	
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Fixed	temporal	basis	

Singular	value	decomposi3on	

28	

=

AT = U t⌃tV
T
t

U t

⌃t V T
t

AT

W T
1

W T
2

W T
3
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§  Tailored	basis,	
	

§  Fixed	basis,		

Space–'me	state	basis	

29	
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t
⌦ �1 . . .  1 ⌦ �ns

. . .  nt
⌦ �fns

⇤

⌥
tailored

⌥
fixed

h
 1

1 ⌦ �1 . . .  1
n1
t
⌦ �1 . . .  ns

1 ⌦ �ns
. . .  ns

nt
⌦ �ns

i

Space–'me	LSPG	nonlinear	model	reduc'on																																																																	Youngsoo	Choi	



Spa'otemporal	subspace	

30	

	
		
	

§  Spa'al	subspace		

§  Temporal	subspace			

§  #	degrees	of	freedom	

+ 		Fewer	degrees	of	freedom	

m

dim(�ns
i=1Si ⌦ Ti) =

Pns

i=1 n
i
t

w̃ 2 wref ⌦ 1Nt +�ns
i=1Si ⌦ Ti ✓ RNs ⌦ RNt

w̃(tn) = wref +
nsX

i=1

ni
tX

j=1

�i 
i
jnŵij

Si := span(�i) ⇢ RNs , i = 1, . . . , ns, dimSi = 1

Ti := Ran
⇣h
 i

1 · · ·  i
ni
t

i⌘
⇢ RNt , i = 1, . . . , ns
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Spa'otemporal	LSPG	projec'on	
§ discrete-residual	minimiza'on	

	
§  LSPG:	
§ Colloca'on:		
§ GNAT:							=	nth	column	block	
														of	
	
	
+ More	complexity	reduc'on	

Figure	1.	Spa'al	GNAT	Z	

Figure:	Spa'otemporal	GNAT	
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Z
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Complexity	figure	
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Error	bound	

33	

Spa3al	LSPG	
§  Linear	mul'step	'me	integra'on	[Carlberg et al., 2016] 

	
	

	
-  Exponen'al	growth	in	'me	

Spa3otemporal	LSPG	
§  Linear	mul'step	'me	integra'on	
	
	
+  Slower	stability-constant	growth	in	'me	

kwn
? �wn

PGk2 
n�1X

j=0

�t

(h)j+1
k(I � Pn�j)f(w̃n�j

PG )k2

kw̄? � w̄PGk2  �t

h
k(T�1

LMFLM � P)f̄(w̄PG)k2
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1D	Burgers’	Equa'on	

34	

§  The	governing	equa'on	

						where															for		all												and		
§  Spa'al	discre'za'on	:	a	finite	volume	method	
§  Time	integrator	:	the	Backward	Euler	method	

@w(x, t)

@t

+
@f(w(x, t))

@x

= g(x)

w(0, t) = µ

x 2 [0, 1]t > 0w 2 R

w(x, 0) = 1
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FOM	solu'on	
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Spa'otemporal	basis	
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Solu'on	History	
§  GNAT-ST	is	10	3mes	faster	than	GNAT	

37	

0 0.2 0.4 0.6 0.8 1
Spatial Domain

0

1

2

3

4

5

6

C
on

se
rv

ed
 Q

ua
nt

ity
FOM
LSPG
GNAT
GNAT-ST

Space–'me	LSPG	nonlinear	model	reduc'on																																																																	Youngsoo	Choi	



Op'mal	Pareto	front	
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Quasi	1D	Euler	equa'on	

§  Governing	equa'on	

§  Spa'al	discre'za'on:	a	finite	volume	method,		
§  Time	integrator:	implicit	Row	method,		
§  Parameter:	exit	pressure	increase,			

39	

@w

@t

+
1

A

@fA

@x

= q

w =

2

4
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e

3

5 f =
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4
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⇢u2 + p
(e+ p)u

3
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4
0
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Moving	Shock	Problem	

Supersonic	Inlet	

40	

A(x)	

x	 1	0	

Flow	
Pexit	
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FOM	solu'on	
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Spa'otemporal	basis	
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Mach	History	
§  GNAT-ST	is	8	3mes	faster	than	FOM	(Full	Order	Model)	
§  GNAT	fails	at	first	'me	step	
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Op'mal	Pareto	front	
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Conclusion	
Accomplishment	
+  Complexity	is	independence	of	both	space	and	'me	
+  Construc'on	is	purely	algebraic	
+ Does	not	require	a	space–'me	full-order	model	
+  Amenable	to	any	'me	integrator	
+  Slower	'me	growth	in	error	bound	
	
Future	work	
§  Implement	in	HPC	codes		
§  Apply	the	method	in	PDE-constrained	op'miza'on	and	UQ	
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