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Reduced Order Model (ROM)
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Goal: exploit data to drastically reduce simulation costs
and achieve a good accuracy
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ROM often works very well

Physical data are strongly correlated due to physical laws

\ g

Redundancies in space and time

\ ¢

Restriction of solution onto a subspace with
small dimension keeps accuracy high enough
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Complexity in time ) .
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Captive-carry simulation ) 2.

Pressure field Vorticity field

GNAT ROM

32 min, 2 cores
Courtesy: K. Carlberg

High-fidelity
5 hours, 48 cores

Courtesy: M. Barone

+ 229x savings in core—hours
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Outline ) i,

= Full order models

= A typical projection-based ROM

= A space—time ROM




Outline ) pi

= Full order models




A system of nonlinear ODEs h) .

dw

w(0; ) = wo(p)

= State, w : [0,7] x RN» — R:
= |nitial condition, wg : RY» — R™:
= Nonlinear velocity, f:R": x [0,T] x RVr — R":

= Parameter vector, u € RV
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Fully discrete system, OAE
Linear multistep schemes
k k
r"(w") = Z ajw" 7 — At Z B fw" ™7 "7 )
7=0 §=0
= Uniform time step: At

= Total time steps: NV, :=T/At € N
"nc N(Nt)

At nth time step, solve 7" (w") =0




The Newton method h) e,

jth Newton step at nth time step

n L n
Jjij—r

J

n n .
w?, ) — wi + Aw,

Costly:
= States, w;,w;,, € RV — State dimension
o Increment, Aw; € RV - Residual size
* Residual, 77 == r"(w") € RV — Jacobian size

— A large system of

- . k' e n n NSXNS .
Jacobian, J3j := Vr™(w}) € R equations to solve
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= A typical projection-based ROM
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Subspace generation ) 2.

="
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compress
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Subspace generation ) ..

Singular value decomposition

A=UxV"




State approximation

w(t") =~ w(t") = wypep + Pw(t")

Y




Spatiotemporal subspace ) ..

W E Wrer @1y, +S@RY CRY: @ R

0

D(") = Wyes + BWH)

= Spatial subspace
S = Ran(®) C RY:, dim(S) = n,
" # degrees of freedom
dim(S @ RVt) = n, N,
— lgnores temporal reduction




e e ﬁg;]igir?al
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Over-determined nonlinear system
P (Wyer + PW") =0
= Unknowns, w := w(t") € R™

= Equations, r™ € R™V:

Two projections

= Galerkin, CIJTT"(wmf + Pw") =0

= Petrov-Galerkin, A" r"(w,.; + ®Pw") =0
A, ®cRNs>Xns AL P
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Least-squares Petrov-Galerkin projection @&

Discrete-residual minimization

~ N

w" = arg min||Gr" (w,c; + PY)||5
y
" ISPG: G =1 € R"-*Me

* Collocation: G = Z € R"=*Hs
= GNAT: G = (Z(I)T)TZ c R7rxNs

1

minimize ||Z(r — ®,.7)|3
'S

r = Zr =

= Optimality condition
ATrn(wref + dw") =0
+ Spatial complexity reduction achieved

- No temporal complexity reduction: /V; time steps
18
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Complexity figure ) .
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Complexity figure ) .
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Complexity figure ) .
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Outline ) i

= A space—time ROM
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= Typical ROMs apply spatial projection
+ Reduces spatial computational complexity
— Does not reduce temporal complexity (number of time steps remains large)

= Larger time steps with explicit time integration [krysietal, 2001
+ Larger stable time steps achievable with ROMs
— Speedup limited by stability
— Not applicable to stiff dynamics

= Space—time reduced-basis [urban/patera 2012], [vano 2014], [Yano/Patera/Urban 2014]
+ Dimensionality reduction in both space and time
+ Error bounds grow linearly in time
— Not always practical: requires space—time discretization in full-order model

u FOrecaSting with time—domain data [Carlberg/Ray/van Bloemen Waanders 2015],
[Carlberg/Brencher/Haasdonk/Barth 2016]

+ Practical: does not require space—time discretization in full-order model
— Limited reduction: no temporal projection pursued 54
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Space—time ROM ) e

Goal: exploit data to drastically reduce simulation costs
and achieve a good accuracy m

Space—time
high fidelity project
models / _
experiments low-dim f
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dynamical
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compress solution
data
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Space—time projection ) e
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Subspace generation | ) .

Singular value decomposition
A=UXV'=) ouv]

Temporal information

Uu;

T

0; (Y

.

Tailored temporal basis
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Fixed temporal basis ) e

Singular value decomposition

AT — UtZt VZ—‘




Space—time state basis i)

» Tailored basis, Y tyiiored

{7’0%@@51 ¢qlq,%®¢1 e YR, ¢Z§®¢ns}

= Fixed basis, Y fized

VR ... Y1 ®¢, ... YR, ... VY, @ Ofn,]




Spatiotemporal subspace h) ..

w € Wyef 02 ]-Nt + @?:8182 X 7; g RNS &) RNt
t .,
( — Wyef + Z Z ¢ wjnwzg

i=1 j=1
= Spatial subspace
S; == span(¢,) CRYs,i=1,...,n,,dimS; =1

= Temporal subspace

7; := Ran ({wi 1#2%}) CRM i=1,..., ng
" # degrees of freedom

dim(®;2,8; @ Ti) = > 22, m

+ Fewer degrees of freedom
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Spatiotemporal LSPG projection M.

= discrete-residual minimization

Nt Nns nz ?
. : —n A
W = argmin | ¥ G 1™ (wrep + Y Y d5,0:5)
y n=1 i=1 j=1 5
" LSPG: G = I - -
= Collocation: G =Z - _ - N =
* GNAT: G"'=nth column block 8 _ - N
of (Z®,)1Z ¥ - -
- =

Figure: Spatiotemporal GNAT Z
+ More complexity reduction
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Complexity figure ) .
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Error bound
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Spatial LSPG
= Linear multistep time integration [Carlberg et al., 2016]

lwy —whpgll2 < Z JH (T —P"=7) £

— Exponential growth in time

Wpa

)2

Spatiotemporal LSPG
= Linear multistep time integration

+ Slower stability-constant growth in time

lw, —wpgll2 < H( vFiar —PB)f(w

c)ll2

33
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1D Burgers’ Equation

= The governing equation

ow(x,t) N of (w(x,t))

ot Ox = 9(2)
w(0,) = p
w(x,0) =

where w € R for allt > 0 and x € [0, 1]
= Spatial discretization : a finite volume method
= Time integrator : the Backward Euler method

34




FOM solution .
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Spatiotemporal basis
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Solution History

= GNAT-ST is 10 times faster than GNAT

= -OM
| SPG
= GNAT
—GNAT-ST

(&)

1SN

Conserved Quantity
[\ w

0 0.2 0.4 0.6 0.8 1
Spatial Domain
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Optimal Pareto front

Reproductive Predictive
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Quasi 1D Euler equation )

= Governing equation

Ow  10fA _
ot " A oxr 1

p pu 0
w=|pu| f=|pu’+p a= 5%
e (e +p)u 0

= Spatial discretization: a finite volume method, daz = 102
= Time integrator: implicit Row method,
= Parameter: exit pressure increase,

39
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Moving Shock Problem duf

—_— Supersonic Inlet A(x) P




FOM solution .
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Spatiotemporal basis
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Mach Histo ry i) feo

= GNAT-ST is 8 times faster than FOM (Full Order Model)
= GNAT fails at first time step
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Optimal Pareto front
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Conclusion )

Accomplishment

+ Complexity is independence of both space and time
+ Construction is purely algebraic

+ Does not require a space—time full-order model

+ Amenable to any time integrator

+ Slower time growth in error bound

Future work

= |mplement in HPC codes
= Apply the method in PDE-constrained optimization and UQ
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