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1 Introduction

The discovery of an apparently elementary Standard Model-like Higgs at the LHC [1, 2]

has brought the hierarchy problem sharply to the fore, while the absence of evidence

for conventional signs of naturalness at the LHC renders the solution of the hierarchy

problem increasingly unclear. This tension between naturalness and LHC limits is highly

generic, whether the hierarchy problem is solved by supersymmetry or compositeness. All
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viable solutions to the hierarchy problem with a high (i.e, &TeV) cutoff require additional

symmetries to protect the Higgs mass from ultraviolet sensitivity. The O(1) top yukawa

coupling requires the top quark to transform under these symmetries as well and, since

these symmetries typically commute with the Standard Model gauge group, this implies

the existence of top partners charged under QCD. A suite of LHC searches for such top

partners has pushed limits out to ∼ 700GeV after the first run of the LHC [3–8], imperiling

the radiative stability of the weak scale. This tension is exacerbated in supersymmetric

theories with a high cutoff, as the stop mass is radiatively connected to the gluino mass

and direct gluino limits are yet stronger by almost a factor of two [9–12].

There are various opportunities to relax the tension between direct search limits and

naturalness of the weak scale (for a recent review, see [13]). One simple option in the

context of supersymmetry is for the stops to decay into an LSP with a small relative mass

splitting, typically erasing the decisive missing energy signature [14]. Another option is to

radically lower the cutoff in supersymmetric scenarios or endow the gluino with a Dirac

mass so that the gluino and stop can be parametrically separated [15]. A third, and more

radical option, is to arrange for the natural top partners to be neutral under QCD, as can

happen when symmetries protecting the Higgs mass are broken by orbifold projection. The

orbifolded daughter theory does not possess the full symmetries of the parent theory, but

scalars in the daughter theory are nonetheless protected by the parent symmetry at one

loop [16–21]. Realizations of this loophole include the twin Higgs model [22] and folded

supersymmetry [23], both of which feature top partners neutral under QCD thanks to an

orbifolded symmetry and preserve naturalness in the face of LHC limits.

All three of these options for reconciling naturalness with LHC limits are naturally re-

alized in five-dimensional theories on an interval where symmetries are reduced by bound-

ary conditions. In particular, gauge-, global-, and super-symmetries can all be reduced

by Scherk-Schwarz symmetry breaking boundary conditions [24], and a modest radius of

compactification can provide a low cutoff to the four-dimensional effective theory. Such

theories have long been fruitfully exploited for novel phenomenology [25–29] and have re-

cently attracted renewed interest for features such as typically compressed spectra [30],

relative insensitivity to radiative corrections [31], genericness of Dirac gauginos, and free-

dom to decouple fermionic superpartners of the Higgs [31]. Moreover, the Scherk-Schwarz

mechanism provides an avenue to realize exotic theories with a natural weak scale, such as

an explicit construction of folded supersymmetry [23].

However, all five-dimensional theories are inevitably accompanied by a certain degree

of baggage, including full Kaluza-Klein (KK) towers of four-dimensional matter. Espe-

cially for theories with supersymmetry, multiplets of KK towers need to be added in order

to respect the N5D = 1 supersymmetry in five dimensions. Another problem with five-

dimensional theories is that they are not ultraviolet (UV) complete, and they require a

cutoff that is often not much larger than the inverse compactification radius 1/R. In order

to stabilize the weak scale, a low cutoff will demand quantum gravity to enter at tens of TeV,

resulting in very little parametric freedom consistent with bulk symmetries. In addition,

stabilizing the compactification radius in Scherk-Schwarz theories with a small cosmologi-

cal constant requires intricate engineering [32], as well as an additional layer of dynamics

to accommodate potential recent evidence for inflationary tensor perturbations [33].
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While theories with Scherk-Schwarz supersymmetry breaking (SSSB) offer promis-

ing new venues for naturalness, 5D complications strongly motivate reproducing the same

physics in 4D via dimensional deconstruction [34] of a supersymmetric extra dimension [35–

44]. Scherk-Schwarz breaking of gauge and global symmetries have previously been suc-

cessfully deconstructed [36, 37]. Several proposals exist for the reproduction of SSSB in

four dimensions [35, 40]. However, as we will see, these proposals fail to capture the full

physics of SSSB boundary conditions and suffer from UV sensitivities. In this paper we

present the first complete four-dimensional deconstruction of five-dimensional theories on

an S1/Z2 orbifold subject to general Scherk-Schwarz twist of an SU(2)R symmetry. We

depart from previous approaches by exploiting the five-dimensional relationship between

Scherk-Schwarz boundary conditions and radion-mediated supersymmetry breaking, explic-

itly deconstructing the latter rather than the former.1 Thus our deconstruction involves

only soft breaking of supersymmetry, protecting the theory against UV sensitivity.

Our paper is organized as follows: in section 2 we begin by reviewing the spectrum

of five-dimensional supersymmetric theories compactified on a circle or an S1/Z2 orbifold,

with Scherk-Schwarz twists of an SU(2)R symmetry. We then discuss previous attempts

at deconstructing Scherk-Schwarz physics and discuss their shortcomings. Afterward, we

review the relationship between SSSB and radion mediation. In section 3 we review var-

ious aspects of supersymmetric deconstruction, including the agreement between 4D and

5D physics at the level of both the action and the mass spectrum. We then turn to the

deconstruction of radion mediation in section 4, explicitly reconstructing the action and

mass spectrum of 5D orbifold theories with SSSB. We explicitly deconstruct several canon-

ical 5D examples in section 5 before concluding in section 6. We reserve several technical

details for the appendices, including the explicit deconstruction of the 5D action for a non-

abelian gauge theory in appendix A, the complete diagonalization of mass matrices for the

Scherk-Schwarz deconstruction in appendix B, and a review of the boundary conditions for

folded supersymmetry in appendix C.

2 The path to Scherk-Schwarz in 4D

We begin by reviewing the spectrum arising from compactification of a flat fifth dimension

on a S1/Z2 orbifold with the Scherk-Schwarz twist of an SU(2)R symmetry.2 While there

are several existing proposals [35, 40] for four-dimensional theories with analogous spectra,

these proposals rely on hard breaking of supersymmetry. Although the ensuing scalar mass

spectrum depends on this hard breaking only at high loop order, such theories nonetheless

suffer from UV sensitivities associated with the absence of supersymmetry at high scales.

Moreover, as we will see, these proposals only reproduce a discrete subset of possible

Scherk-Schwarz spectra.

1Although there has been a previous attempt to deconstruct radion mediation [39], our results and

conclusions differ considerably.
2For a systematic discussion, see [29].
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2.1 Scherk-Schwarz in 5D

Consider a N5D = 1 supersymmetric gauge theory in five dimensions with gauge group G

and at least one bulk hypermultiplet. From the four-dimensional perspective the theory

possesses two N = 1 supersymmetries.3 The 5D vector multiplet contains the on-shell

components V = (Aµ, λ1, λ2,Σ), while the 5D hypermultiplet contains on-shell components

Φ = (Φ,Φc, ψ, ψc). The bulk Lagrangian exhibits an SU(2)R symmetry under which the

supercharges of the two supersymmetries, the gauge fermions λ1, λ2, and the matter scalars

Φ,Φc† each form doublets.

We can compactify the fifth dimension with radius R by identifying x5+2πR with x5.

The dimensional reduction of bulk 5D fields gives rise to a tower of KK states, where the

nth states all have mass mn = n/R and form N = 2 multiplets. In particular, the Σ(n)

scalar is eaten to render the vector A
(n)
µ massive, while the gauge fermions λ

(n)
1 , λ

(n)
2 and

the matter fermions ψ(n), ψc(n) respectively combine to form Dirac fermions.

This N = 2 tower leads to a phenomenologically unviable set of vector-like zero modes.

One solution is to compactify the extra dimension on an S1/Z2 orbifold. This orbifold is

equivalent to carrying out the above circular compactification and imposing a discrete Z2

parity identifying x5 with −x5, acting on fields Ψ as Ψ(xµ, x5)→ ±Ψ(xµ,−x5). By assign-

ing different parity to different fields in the same 5D multiplet, the orbifold breaks one of the

twoN = 1 supersymmetries and removes half of the original tower of KK modes. The n 6= 0

modes arrange themselves into N = 2 multiplet as before. The zero modes must have even

parity, and thus preserve only an N = 1 supersymmetry. By assigning an even parity only

to (Aµ, λ1) and (Ψ, ψ), the zero mode contains only an N = 1 vector and chiral multiplet.

Finally, we can break all of the 4D supersymmetries by imposing on the 5D fields

a nontrivial global-symmetry rotation under 2πR translations, acting on the fields as

Ψ(xµ, x5+2πR) = e2πiαTΨ(xµ, x5); this is the Scherk-Schwarz twist, which breaks the sym-

metry generated by T . For supersymmetry breaking, one candidate generator is T = σ2
for the SU(2)R symmetry. This choice splits the nth Dirac gaugino into two Majorana

fermions of mass |n ± α|/R, and the nth KK hypermultiplet complex scalars into two

complex scalars of mass |n ± α|/R. The mass spectrum of the nth KK gauge boson, ad-

joint scalar, and hypermultiplet fermions are untouched as they do not transform under

SU(2)R. For |α| < 1/2, the lightest gauginos and hypermultiplet scalars have masses α/R,

and supersymmetry breaking is controlled by two parameters 1/R and α/R.

The specific choice α = 1/2 is noteworthy. As α → 1/2 the Majorana fermions from

adjacent KK levels coincide, such that the zero mode spectrum consists only of a massless

gauge boson and chiral fermion, while Majorana gauginos again pair up to form Dirac

multiplets. In particular, the nth KK towers include Dirac gauginos and complex scalars

of mass |n− 1/2|/R alongside the usual spectrum of KK gauge bosons, adjoint scalars, and

matter fermions.

3We adopt the convention that N refers to amount of supersymmetry in four dimension, and ‘multiplet’

refers to 4D vector or chiral multiple unless explicitly specified.
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2.2 Twisted supersymmetry and its discontents

Our objective is to reproduce the physics of Scherk-Schwarz supersymmetry breaking in

a purely four-dimensional framework through dimensional deconstruction [34]. A four-

dimensional analogue of SSSB called “twisted supersymmetry” was proposed in [35] by

introducing hard supersymmetry breaking to an otherwise supersymmetric quiver. In [35]

the physics of a supersymmetric extra dimension are reproduced by a conventional su-

persymmetric quiver, albeit with explicit supersymmetry breaking in the form of relative

phases between the gauge-link field and the gaugino-link field couplings. Such phases can

always be removed locally at a given node in the quiver by field redefinitions, but in a

circular quiver there is one physical phase — the global phase — that is invariant under

field redefinitions. The global phase θ leads to a shift in the tree-level spectrum of gauge

bosons and fermions, namely

m2
B,n =

(
2

a

)2

sin2
(na
2R

)
(2.1)

m2
F,n =

(
2

a

)2

sin2
(na
2R

+ θ
)

where a is the lattice spacing.

This appears to reproduce the physics of SSSB for modes lighter than 1/a, but upon

closer inspection it differs in two key respects. The first discrepancy is evident in the

mass spectrum. For θ = 0, 1/2 one reproduces the spectra of a Scherk-Schwarz theory with

α = 0, 1/2, but for any other value of θ there is no correspondence with a Scherk-Schwarz

spectrum. In particular, while the phase θ can take arbitrary values as one expects for

generic Scherk-Schwarz boundary conditions, the mass eigenstates are always Dirac — in

contrast with genuine Scherk-Schwarz theories, where the gauge fermions are Majorana

for general α. The twisted construction cannot be simply altered to fix the spectra, since

introducing hard supersymmetry breaking into the gaugino-link field coupling will only

ever lead to a spectrum of Dirac fermions.

The second discrepancy is that the phase θ is only physical if the quiver is circular, such

that a global phase is well-defined. Breaking the circular quiver by removing a link field or

gauge node allows the independent re-phasing of all couplings, restoring supersymmetry.

However, an unbroken quiver gives rise to an N = 2 spectrum of zero modes, as is apparent

in eq. (2.1); the bosonic zero modes include both a massless gauge boson and a massless

adjoint scalar. Therefore we encounter an immediate tension between retaining a physical

phase and reproducing the physics of a realistic S1/Z2 orbifold.

An alternate proposal for Scherk-Schwarz-like physics in four dimensions entails break-

ing supersymmetry explicitly at a node by removing states from supermultiplets by

hand [40]. The Lagrangian is also augmented with a mass term external to the quiver

dynamics in order to reproduce the Scherk-Schwarz spectrum. As in the case of twisted

supersymmetry, this can only reproduce the spectrum of an α = 1/2 Scherk-Schwarz theory,

as the spectrum of KK gauginos is always Dirac. The advantage of this procedure is com-

patibility with S1/Z2 orbifold deconstruction since it does not rely on global phases. The
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disadvantage is that quadratic sensitivities to the cutoff typically arise at two loops since

the couplings on the non-supersymmetric node are no longer related by supersymmetry.

In these proposals, locality in theory space protects scalars from quadratic sensitivity

to the cutoff to two-loop order [40] orN -loop order [35]. Beyond that, these theories are still

intrinsically UV sensitive; supersymmetry is ultimately not a good symmetry of the global

quiver. One must either legislate that explicit supersymmetry breaking is restricted only to

a contrived set of possible terms — although in general the potential giving rise to link field

vevs is no longer protected — or furnish a UV completion for the apparent hard breaking.

This strongly motivates the construction of UV-complete four-dimensional theories capable

of producing the full range of Scherk-Schwarz breaking spectra with arbitrary α, without

reliance on arbitrary explicit supersymmetry breaking.

2.3 From Scherk-Schwarz to radion mediation

In order to capture the physics of arbitrary Scherk-Schwarz supersymmetry breaking twists

without hard breaking terms, we will exploit the relationship between Scherk-Schwarz and

radion-mediated supersymmetry breaking. As shown in [45], the two mechanisms are

related by a field redefinition. The identification makes transparent the UV insensitivity of

SSSB by relating it to a manifestly soft breaking of supersymmetry. To mimic the physics

of SSSB in four dimensions, we will exploit this equivalence and explicitly deconstruct a

5D theory where supersymmetry is broken by an F -term expectation value for the radion.

To motivate the four-dimensional setup we first review the 5D equivalence between

radion mediation and Scherk-Schwarz supersymmetry breaking, following [45, 46]. In five

dimensions, the off-shell N5D = 1 vector supermultiplet can be written in terms of two

N = 1 superfields: a vector superfield V and an adjoint chiral superfield χ. In Wess-

Zumino gauge, we have

V = −θσµθ̄Aµ − iθ̄2θλ1 + iθ2θ̄λ̄1 +
1

2
θ̄2θ2D χ =

1√
2
(Σ + iA5) +

√
2θλ2 + θ2Fχ (2.2)

For simplicity, consider the case of a U(1) gauge theory. The 5D action contains only two

terms,

S =
1

g25

∫
d5x

{
1

4

∫
d2θWαWα +

∫
d4θ

[
∂5V −

1√
2
(χ†

i + χi)

]2}
(2.3)

Ultimately, we will be interested in the 5D theory compactified on a circle with radius

R. It is therefore useful to re-parametrize the coordinate x5 = Rφ and rescale our coupling

g25 → g24/2πR, upon which the action becomes

S =
1

g24

∫
d4x

∫
dφ

2π

{
1

4

∫
d2θWαWα +

∫
d4θ

1

R2

[
∂φV −

R√
2
(χ†

i + χi)

]2}
. (2.4)

The generalization to a non-abelian gauge group can be constructed by adding appro-

priate factors of eV , namely

S=
1

g24

∫
d4x

∫
dφ

2π

{
1

2

∫
d2θ trWαWα +

∫
d4θ

1

R2
tr

[
eV ∂φe

−V +
R√
2
(χ†

i + e−V χie
V )

]2}

(2.5)
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We can also add matter fields to the theory in the form of 5D hypermultiplets, which we

can write in terms of N = 1 chiral superfields Φ,Φc transforming in the (anti)fundamental

representation. The matter hypermultiplet has the following action in terms of the re-

parameterized coordinates:

Smatter=

∫
d4x

∫
dφ

2π

[∫
d4θ Φ†eV Φ+

∫
d4θ Φce−V Φc† +

∫
d2θ

1

R
Φc

(
∂φ +

R√
2
χ

)
Φ+h.c.

]
.

(2.6)

Thus far we have treated the compactification radius R as a constant. To include

coupling with the radion, we include the radion chiral superfield T , with components

T =
1

R

(
R+ iB5 + θΨ5 + θ2FT

)
(2.7)

where B5 and Ψ5 are the graviphoton and gravitino in the x5 extra dimension. The action

is modified by making the replacements

∫
d4θ

1

R2

[
∂φV −

R√
2
(χ†

i + χi)

]2
−→

∫
d4θ

1

R2

2

T + T †

[
∂φV −

R√
2
(χ†

i + χi)

]2

∫
d4θ Φ†eV Φ −→

∫
d4θ

T + T †

2
Φ†eV Φ

∫
d4θ Φce−V Φc† −→

∫
d4θ

T + T †

2
Φce−V Φc†

1

2g2

∫
d2θ trWαWα −→

1

2g2

∫
d2θ T trWαWα (2.8)

Note that the original action is recovered with T = 1. Without the superfield T , terms

of the form
∫
d4θ χ†2 vanish identically, and the Lagrangian can be rewritten in a variety of

ways up to boundary terms. However, when all the components of the superfield T are in-

cluded, additional terms of the form
∫
d4θ χ†2/(T+T †) induce nonvanishing couplings with

the radion and cannot be neglected. This is particularly important when supersymmetry

breaking is communicated through a non-vanishing FT expectation value.

Let us now demonstrate the correspondence between radion mediation and Scherk-

Schwarz boundary conditions. In the gauge sector, a non-vanishing FT induces Majorana

masses for the fermions,

L
✘
✘✘SUSY ∋ −

FT

4R
λa1λ

a
1 +

F †
T

4R
λa2λ

a
2 (2.9)

Together with the fermion kinetic terms, these soft masses can be written in a manifestly

SU(2)R invariant way through the combination λi = (λ1,−iλ2):

L ∋ iλa†
i σ̄

µ∂µλ
a
i +

1

2R
λa
i ǫik (δkj∂φ + ifkj)λ

a
j fij =

1

2

(
0 −iF †

T

iFT 0

)
(2.10)

Written in this way, the soft supersymmetry breaking masses can be absorbed by the

field redefinition λi → eiφfijλj , explicitly demonstrating the correspondence between a

– 7 –
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Scherk-Schwarz phase and radion mediation. Analogous arguments go through for addi-

tional matter Φ,Φc; a non-zero FT mixes their scalar and auxiliary components,

L
✘
✘✘SUSY ∋

FT

2R
(F †

ΦΦ+ F †
ΦcΦ

c) + h.c. (2.11)

This mixing modifies the values of the auxiliary components FΦ, FΦc when they are inte-

grated out, such that

−F †
Φc −→

1

R

[(
∂φ −

i

2
RA5

)
− 1

2
RΣ

]
Φ+

FT

2R
Φc†

FΦ −→
1

R

[(
∂φ −

i

2
RA5

)
+

1

2
RΣ

]
Φc† − F †

T

2R
Φ (2.12)

To make the SU(2)R symmetry manifest, we can define Φi = (Φ,Φc†) and Dφ = (∂φ −
iRA5/2). The resulting kinetic terms for the Φ,Φc fields are

− |DµΦi|2 +
1

R2
|(Dφδij + ifij)Φj |2 +

1

4
|ΣΦi|2 fij =

1

2

(
0 −iF †

T

iFT 0

)
(2.13)

As with the vector multiplet, we see that the soft breaking can be absorbed into the

redefinition Φi → eiφfijΦi. Consequently, the mass spectrum of radion mediation agrees

with the mass spectrum of Scherk-Schwarz breaking with an R-symmetry twist upon the

identification FT = 2α.

The advantage for realizing the Scherk-Schwarz mechanism as radion mediation is that

supersymmetry breaking by a radion F -term is manifestly soft and under good UV control.

This immediately suggests that the deconstruction of SSSB can proceed entirely through

soft supersymmetry-breaking terms by adding analogous radion couplings, avoiding the

potential UV sensitivity of previous proposals and capturing all possible values of the

Scherk-Schwarz twist α. This is the route we will take in section 4.

3 The supersymmetric deconstruction

In this section we review key concepts for supersymmetric deconstruction, with special

emphasis on the analogue between 4D and 5D physics, in terms of both the action and

the geometric boundary conditions. As we will see, there are many subtleties involved in

correctly reproducing the physics of an extra dimension. The original deconstruction for a

non-supersymmetric theory is presented in [34]; we will only be considering supersymmetric

theories and our discussion will largely follow the discussion in [36].

The deconstructed theory is represented as a quiver diagram, where each node rep-

resents a gauge group and the links represent bifundamental superfields. There can be

additional matter content transforming under each node in the fundamental representa-

tion. In general, one may consider a variety of options for the link field variables. The link

fields may simply be elementary chiral superfields, corresponding to a linear UV comple-

tion, or they may be fields in a non-linear sigma model corresponding to a more complicated

– 8 –
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ϕ0, ϕ
c
0 ϕ1, ϕ

c
1 ϕ2, ϕ

c
2 ϕ3, ϕ

c
3

· · · QN−1
// gfed`abcSU(k)0

Q0
// gfed`abcSU(k)1

Q1
// gfed`abcSU(k)2

Q2
// gfed`abcSU(k)3

Q3
// · · ·

Figure 1. Segment of a quiver with N nodes deconstructing a bulk SU(k) gauge theory. To form

a circular quiver consistent with an S1 compactification, we identify SU(k)N = SU(k)0.

SU(k)0 SU(k)1 SU(k)2 · · · SU(k)N−1

Q0 � �

Q1 � �
...

. . .

QN−1 � �

ϕ0, ϕ
c
0 �,�

ϕ1, ϕ
c
1 �,�

...
. . .

ϕN−1, ϕ
c
N−1 �,�

Table 1. Matter content of an N -site deconstruction reproducing the physics of a 5D theory with

bulk SU(k) gauge symmetry. The Qi are link fields and the ϕi, ϕ
c

i
are vector-like matter fields

reproducing bulk matter multiplets.

dynamical UV completion. As long as supersymmetry is unbroken, this distinction is ir-

relevant for reproducing the leading physics of a supersymmetric extra dimension. As we

will see, the choice of a non-linear sigma model for the link fields will be important when

supersymmetry is broken. A segment of the standard deconstruction quiver is illustrated

in figure 1, while the matter content is summarized in table 1.

For simplicity, we will gently abuse notation by using the same labels ϕi, Qi for the

superfields and their lowest scalar components. Let the Qi develop vacuum expectation

values v1k×k due to other superpotential interactions in the UV which we will ignore for

now;4 in addition, we will assume that the vacuum moduli is already stabilized by these

interactions. For simplicity — and to reproduce the physics of a flat extra dimension —

we choose all vevs to be equal, but this requirement is not strictly necessary. Likewise, we

impose a shift symmetry i→ i+ 1 such that the couplings gi are the same for each gauge

group SU(k)i. The mass terms for the gauge fields arising from this pattern of spontaneous

4Choosing 〈Qi〉 = v fixes the gauge choice except the diagonal one. Such a gauge choice is most

convenient for calculations but will not affect physical conclusions.
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symmetry breaking are then

L ∋ 1

2

∑

i

g2v2
(
Aaµ

i+1 −A
aµ
i

)2
(3.1)

which give rise to a tower of states of mass

m2
n = 2g2v2 sin2

(πn
N

)
n ∈ {0, 1, · · · , N − 1} (3.2)

The correspondence with compactification of a 5D theory can be made clear by rewriting

the masses in terms of the corresponding 5D quantities,

R =
N√
2πgv

a =

√
2

gv
mn =

2

a
sin
( an
2R

)
n ∈ (0, 1, . . . , N − 1) (3.3)

where R is the 5D radius in the continuum limit and a is the lattice spacing for the apparent

discretized extra dimensions. The tower of masses has a degeneracy when exchanging

n ↔ N − n. These N − n modes correspond to negative momenta states. In the limit

a/R→ 0, the vector fields form uniform KK towers. At this stage the pattern of higgsing is

purely supersymmetric, so that the vector superfields and the Qi chiral superfields assemble

themselves into a tower of N = 2 multiplets. One can verify this by checking that the Qi

scalars obtain an identical KK mass spectrum from the D terms:

L ∋
∑

i

g2i
2
Da

iD
a
i ∋

g2

2

∑

i

tr
(
Q†

iT
aQi −Qi−1T

aQ†
i−1

)2
(3.4)

Substituting Qi = Q†
i = v and expanding yields a mass term for the hermitian (traceless)

part of Qi, with the same form as eq. (3.1). The trace of Qi remains massless but can be

rendered massive by adding suitable interactions. Of the scalars, 2(k2 − 1) real degrees of

freedom form an N = 2 vector multiplet with the zero mode of the gauge bosons, and the

rest are eaten to form a tower of massive N = 2 vector multiplets.

Thus far we have reproduced the spectra of an extra dimension compactified on S1.

Non-trivial boundary conditions such as the S1/Z2 orbifold can be reproduced by breaking

the circular quiver to form a linear quiver with distinct end-points, which we will explore

in sections 3.3–3.4.

3.1 The deconstructed action

While the correspondence between mass spectra is appealing, to see the full reproduction

of 5D physics, it is more illuminating to examine the correspondence at the level of the

action. In this section, we demonstrate the deconstruction of the action explicitly. For

simplicity, consider the deconstruction of a U(1) gauge theory. Starting with a circular

quiver, the action reads

S =

∫
d4x

(∫
d2θ

N∑

i

1

4g2i
WαiWαi + h.c. +

∫
d4θ

N∑

i

Q†
ie

ViQie
−Vi+1

)
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As before, the Qi develop vevs and we can expand around the vacuum expectation

value via Qi = v
(
1 + ǫRχi/

√
2
)
, where χi → 0 at infinity, and ǫ, R are normalization

factors that will be fixed by requiring agreement with the 5D action in the continuum

limit. For the moment, the Qi transform linearly under the gauge group. As long as

supersymmetry is unbroken, this choice is sufficient for reproducing 5D physics in the large

N limit. Expanding around the vev, the Kähler potential becomes

∫
d4θK(Qi, Q

†
i ) =

∫
d4θ (v†v)

N∑

i

e−(Vi+1−Vi)

[
1 +

ǫR√
2
(χ†

i + χi) +
ǫ2R2

2
χ†
iχi

]
(3.5)

=

∫
d4θ (v†v)

N∑

i

∑

n

(−1)n
n!

(Vi+1 − Vi)n
[
1 +

ǫR√
2
(χ†

i + χi) +
ǫ2R2

2
χ†
iχi

]

Let ǫ δVi = Vi+1−Vi. As we will see later, in the appropriate large N limit, the masses

for modes with large δVi will be high, so that δVi is of order unity. Using
∑

i Vi+1−Vi = 0,

we have

∫
d4θK(Qi, Q

†
i ) =

∫
d4θ (v†v)

N∑

i

{
1 +

ǫ2

2

[
δVi −

R√
2
(χ†

i + χi)

]2
+
ǫR√
2
(χ†

i + χi)

−ǫ
2R2

4
(χ†2

i + χ2
i ) +O(ǫ3)

}
(3.6)

Since v†v is a scalar, terms of the form
∫
d4θχ and

∫
d4θχ2 vanish. Rewriting all parameters

ǫ→ 2π

N
=
a

R

1

g2
→ 1

g24N
v†v → 2

g24R
2ǫ2
· 1
N

(3.7)

the Lagrangian takes the form

L =
1

4g24

∫
d2θ

1

N

N∑

i

WαiWαi + h.c. +

+
1

g24R
2

∫
d4θ

1

N

N∑

i

[
δVi −

R√
2
(χ†

i + χi)

]2
+O(ǫ) (3.8)

We are now in a position to take the large-N continuum limit, holding R and g4 fixed

and taking the lattice spacing to zero, i.e. ǫ = a/R → 0. In this limit, 1
N

∑
i →

∫
dφ
2π and

δVi = (Vi+1−Vi)/ǫ→ ∂φV . Since the action takes an analogous form to the full 5D action,

we see that modes with high δVi have high masses, justifying the assumption that δVi is

O(1). Then all the higher-order terms containing extra factors of ǫ can be ignored, and

the action of a supersymmetric extra dimension is fully recovered.

For non-abelian SU(k) groups, the derivation becomes somewhat more complicated;

we reserve the details for appendix A. The ǫ expansion in this case yields

∫
d4θK(Qi, Q

†
i ) =

2

g24R
2

∫
d4θ

1

ǫ2N

N∑

i

tr

{
ǫ2

2

[
f(LVi

)(δVi) +
R√
2

(
χ†
i + eViχ†

ie
−Vi

)]2

+
ǫR√
2

(
χ†
i + χi

)
− ǫ2R2

4

(
χ†2
i + χ2

i

)}
+O(ǫ3) (3.9)
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5D continuum R g4 0 ∂φΦ
∫

dφ
2π

Deconstruction N√
2πgv

g√
N

ǫ = a
R
= 2π

N
1
ǫ
(Φi+1 − Φi)

1
N

∑
i

Table 2. Dictionary of deconstructed variables and their continuum counterparts.

where LVi
denotes the Lie derivative, i.e. LVi

A = [Vi, A], and f(x) = (1− ex)/x. Note
the well-known formula eA∂e−A = f(LA)∂A. The large-N limit of eq. (3.9) reproduces

eq. (2.5) as expected. The correspondence between 5D continuum and deconstruction for

various parameters are shown in table 2.

3.2 Adding matter

To deconstruct additional matter, we add chiral superfields (ϕi, ϕ
c
i ) to each site transform-

ing as (�,�) of SU(k)i. The Lagrangian for these fields is

L ∋
∫
d4θ

∑

i

tr(ϕ†
ie

Viϕi + ϕc
ie

−Viϕc†
i ) +

∫
d2θ

∑

i

tr(λiϕ
c
iQiϕi+1 +miϕ

c
iϕi) (3.10)

To take the continuum limit, we can substitute

ϕi = Φi/
√
N ϕi+1 = (Φi + ǫ δΦi)/

√
N Mi = λiv +mi ci =

√
2λi
g

(3.11)

The Kähler potential has no O(ǫ) term and the continuum limit can be taken directly. As

for the superpotential, we can expand the superpotential in ǫ as before to obtain

W =
1

N

∑

i

tr

[
(λiv +mi)Φ

c
iΦi + λiv ǫ

(
Φc
i δΦi +

R√
2
Φc
iχiΦi

)]
+ higher order terms

(3.12)

Defining Mi ≡ λiv +mi and ci =
√
2λi/g, we arrive at

W =
1

N

∑

i

tr

[
MiΦ

c
iΦi +

ci
R
Φc
i

(
δΦi +

R√
2
χiΦi

)]
+O(ǫ) (3.13)

We see that in order to recover a proper extra dimension, the Mi, ci must be tuned to their

5D counterpart, with Mi = M the 5D mass, and ci = 1 in the large N limit. For our

discussion, we will fix λi =
√
2g and mi =

√
2gv, which will lead to exact formulae for the

masses. The superfields (Φi,Φ
c
i ) then form a tower of N = 2 hypermultiplets, and their

masses are given by

m2
n =

(
2

a

)2

sin2
( an
2R

)
n ∈ (0, 1, . . . , N − 1) (3.14)

Again, for a circular quiver, there is a degeneracy n ↔ N − n, corresponding to positive

and negative momenta modes. As the lattice spacing is taken to zero, the 5D action and

the bulk matter spectrum is recovered.
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gfed`abcSU(k)0
Q0

// gfed`abcSU(k)1
Q1

// gfed`abcSU(k)2
Q2

// · · · QN−2
//onmlhijkSU(k)N−1

Figure 2. A quiver with N nodes deconstructing an SU(k) gauge theory on an S1/Z2 orbifold.

There is one more gauge node than link field, resulting in N = 1 supersymmetry for the massless

vector mode.

3.3 Orbifold (gauge)

So far we have only considered deconstruction of a circular quiver; in order to produce

phenomenologically viable theories, it is important to remove part of the N = 2 supersym-

metry in the low energy 4D theory. For the vector multiplet, the zero mode for the adjoint

scalars needs to be removed. This can be accomplished by putting the extra dimension on a

S1/Z2 orbifold. By imposing different parity on different components of the same multiplet

at the orbifold fixed point, N = 2 supersymmetry can be broken. Equivalently, one can

view the orbifold as an interval (0, πR); assigning orbifold parity is equivalent to assigning

Dirichlet/Neumann boundary conditions at 0 or πR. In terms of quivers, Dirichlet bound-

aries for the Qi can be achieved by removing QN−1, effectively forcing it to vanish. The

quiver diagram is shown in figure 2. The link fields produce gauge boson masses of the form

m2
A ∼

∑
i(Ai+1−Ai)

2, force the massless vector to satisfy A
(0)
i+1 = A

(0)
i , effectively resulting

in a Neumann boundary condition. The deconstruction of Dirichlet/Neumann boundary

conditions can be generalized to the entire tower (see appendix B for a full derivation).

The existence of a chiral massless mode is robust against variations of the gauge cou-

plings and link-field vevs. With one less Qi, the massless vector multiplet no longer has a

partner chiral field, and the N = 2 supersymmetry of the zero mode is reduced to N = 1.

One might worry that the gauge groups at the end-point are anomalous; additional specta-

tor matter fields can be added to remove the anomaly, which will be discussed in section 3.5.

To compute masses for the Qi fields in the linear quiver, one considers all the D terms

L ∋ g
2

2

[
N−2∑

i=1

tr
(
Q†

iT
aQi −Qi−1T

aQ†
i−1

)2
+ tr

(
QN−2T

aQ†
N−2

)2
+ tr

(
Q†

0T
aQ0

)2
]

(3.15)

Expanding the Qi around their vacuum expectation values, the masses for the hermitian

traceless parts of the Qi are

m2
n = 2g2v2 sin2

( πn
2N

)
=

(
2

a

)2

sin2
( an
2R

)
n ∈ {1, · · · , N − 1} (3.16)

There is an extra factor of two when comparing eq. (3.16) to eq. (3.2), and R is a factor

of two larger compared to before. This is expected since the quiver now corresponds to

the segment (0, πR) instead of (0, 2πR). The extra factor also breaks the degeneracy

n→ N − n, as expected with an orbifold. The continuum limit then only contains half of

the full KK tower. The new dictionary for the parameters is then

R =

√
2N

πgv
a =

√
2

gv
ǫ =

a

R
=

π

N
m2

n =

(
2

a

)2

sin2
( an
2R

)
(3.17)
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ϕ0, ϕ
c
0 ϕ1, ϕ

c
1 ϕN−2, ϕ

c
N−2 ϕN−1

gfed`abcSU(k)0
Q0

// gfed`abcSU(k)1
Q1

// · · · QN−3
// gfed`abcSU(k)N−2

QN−2
// gfed`abcSU(k)N−1

Figure 3. A quiver with N nodes deconstructing an SU(k) gauge theory on an S1/Z2 orbifold,

including chiral matter. There is one more ϕi than ϕ
c

i
, resulting in an extra chiral ϕi with N = 1

supersymmetry.

For the gauge fields, the mass terms are

L ∋ 1

2

N−2∑

i=0

g2v2
(
Aaµ

i+1 −A
aµ
i

)2
(3.18)

Where the term (Aµ
N−1 −A

µ
0 )

2 is now absent, this leads to a tower of masses

m2
n = 2g2v2 sin2

( πn
2N

)
=

(
2

a

)2

sin2
( an
2R

)
n ∈ {0, 1, · · · , N − 1} (3.19)

The massless mode for the gauge bosons is retained. All massive gauge bosons pair up with

the massive tower of Qi to form N = 2 multiplets, and the desired physics of the orbifold

is recovered.

Note that we have so far discussed the case of SU(k) nodes, for which the individual

link field vevs are D-flat and there is no complication in taking a linear quiver. This is no

longer the case for abelian U(1) nodes, where the link field vevs cease to be D-flat at the

endpoints of the linear quiver. However, this can be dealt with by adding Fayet-Iliopoulos

terms at the endpoints as discussed in [43].

3.4 Orbifold (matter)

Besides gauge bosons, a phenomenologically viable model also requires chiral matter. Anal-

ogous to the vector multiplet case in section 3.3, chiral matter can be obtained by removing

an appropriate matter field at one of the end-points, corresponding to forcing a Dirichlet

boundary condition and Neumann boundary condition for the conjugate field. We leave

the detailed mass matrix calculation in appendix B. For example, to get a chiral field in

the fundamental representation, one can remove ϕc
N−1, so that an extra ϕ field will remain

unpaired in the low energy theory, leaving N = 1 supersymmetry at the level of the zero

modes. The corresponding quiver diagram is shown in figure 3.

As before, the superpotential remains the same except all couplings with ϕc
N−1 are

removed. The masses for the matter fields are

m2
ϕ,n =

(
2

a

)2

sin2
( an
2R

)
n ∈ (0, 1, · · · , N − 1)
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m2
ϕc,n =

(
2

a

)2

sin2
( an
2R

)
n ∈ (1, · · · , N − 1) (3.20)

As in the case of the circular quiver, in order to produce a matter spectrum with an

appropriate 5D limit, the couplings between the ϕi must be tuned. However, the existence

of a massless chiral field is guaranteed even without tuning the parameters, as the extra

ϕi has no partner to pair up in order to become massive.

3.5 Anomalies

In general the end-point gauge groups of the deconstruction are anomalous, whereas the

“bulk” gauge groups are anomaly-free since all link and matter fields are vector-like on

these sites. The gauge orbifold leaves the SU(k)0 and SU(k)N−1 gauge groups with k

surplus fundamentals and anti-fundamentals, respectively. For the matter, a fundamental

chiral zero mode leaves the SU(k)N−1 gauge group with an extra fundamental, while an

anti-fundamental zero mode leaves the SU(k)0 group with an extra anti-fundamental.

The gauge orbifold anomaly may be addressed by adding k anti-fundamental spectator

fields Sc,a
0 (a = 1, . . . k) to the SU(k)0 group and k fundamental spectator fields Sa

N−1 to

the SU(k)N−1 group. These spectator fields do not acquire a vev, but may be rendered

massive by irrelevant superpotential terms of the form
∑k

a S
c,a
0 Q1 · · ·QN−1S

a
N−1. Strictly

speaking, these spectators are massless in the N → ∞ limit, but are massive in a finite

quiver. Taken on their own, the anomalies from matter orbifolds are somewhat thornier;

while we could add suitable spectator fields in analogy with the gauge orbifold case, these

spectators cannot be rendered massive by an analogous irrelevant superpotential due to

their gauge representations. It may be the case that the anomaly is cancelled by the full

set of matter representations in a complete quiver, but if not, it is typically still the case

that the matter orbifold anomaly only partially cancels the gauge orbifold anomaly, and

the remaining gauge orbifold anomaly may be cancelled as above with a reduced number

of spectator fields Sa
N−1 and Sc,a

0 .

4 Radion mediation

All the quivers considered above have unbroken N = 1 supersymmetry in the zero mode

spectrum. In this section, we proceed to deconstruct Scherk-Schwarz supersymmetry break-

ing by exploiting its relationship to radion mediation. To deconstruct radion mediation, we

introduce a 4D analogue of the radion and radion-matter couplings. The natural proposal

is to introduce a chiral superfield normalized analogously to the radion,

T =
1

R

(
R+ iB5 + θΨ5 + θ2FT

)
(4.1)

To reproduce the physics of an extra dimension, we take a universal T without any site

dependence; for more general cases, a Ti for each site can be introduced.

Since deconstruction reproduces 5D physics at the level of the action, it is tempting to

directly introduce analogous radion-matter couplings to the deconstructed action according

to eq. (2.8). However, introducing radion-like couplings to the linear realization of the
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supersymmetric deconstruction does not reproduce all the physics of radion mediation,

as terms of the form
∫
d4θT †χiχi required for the majorana gaugino mass spectrum are

absent. One potential remedy is to add higher-dimensional operators proportional to

Q†
iQ

†
i , but additional matter needs to be introduced to render such a term gauge invariant.

More problematically, naively coupling T universally to matter terms in the action can

potentially give rise to spurious terms such as 1
ǫ

∫
d4θT †χi, leading to divergent behavior

in the large-N limit.

The remedy is to promote the link field variables Qi into SL(k,C)-valued non-linear

sigma fields, and expand around the vacuum expectation value5

Qi = v exp

(
χi

gv

)
= v exp

(
ǫRχi√

2

)
(4.2)

This is not surprising; while it was perfectly adequate to take the Qi as linear fields in the

supersymmetric limit, the exact reproduction of the full 5D physics on a lattice requires

Wilson loop variables, which are essentially non-linear sigma fields. As such, it implies

that the theory is not UV complete in itself; the deconstruction grows strongly coupled

around 4πv and requires a further UV completion, albeit one that can be readily achieved

in four dimensions.

In terms of these χi fields, the Kähler potential takes the form

∫
d4θ

N∑

i

tr v†v e
ǫRχ

†
i√

2 eVie
ǫRχi√

2 e−Vi+1 (4.3)

Expanding the exponential and taking the large N limit, we find that working in terms

of non-linear sigma variables introduces one additional quadratic term relative to eq. (3.6):

L ⊃ 1

g24R
2ǫ2

∫
d4θ

1

N

N∑

i

ǫ2R2

4
(χ†2 + χ2)

This new term comes from the second order term in the exponential, and it exactly

cancels the spurious χ†2 + χ2 term already appearing in eq. (3.6). In addition, by

demanding the Qi to be SL(k,C) valued, terms proportional to tr(χ + χ†) vanish. Now

that all the spurious terms are canceled, the radion coupling can be added as prescribed

in eq. (2.8), more explicitly,

∫
d4θ

∑

i

Q†
ie

ViQie
−Vi+1 −→

∫
d4θ

2

T + T †

N∑

i

Q†
ie

ViQie
−Vi+1

∫
d4θ

∑

i

ϕ†
ie

V ϕi −→
∫
d4θ

T + T †

2

∑

i

ϕ†
ie

V ϕi

∫
d4θ

∑

i

ϕc
ie

−V ϕc†
i −→

∫
d4θ

T + T †

2

∑

i

ϕc
ie

−V ϕc†
i

1

2g2

∫
d2θ

∑

i

trWα
i Wiα −→

1

2g2

∫
d2θ T

∑

i

trWα
i Wiα (4.4)

5For a U(1) theory, writing Qi = v exp(χi/gv) suffices as the spurious terms
∫
d2θ

∑
i
(χ†

i + χi) become

gauge invariant and can be removed by hand directly.
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and the 5D action with radion coupling is fully reproduced. Thus we have encountered

an interesting lesson: although the physics of a supersymmetric extra dimension can be

reproduced equally well using linear fields or non-linear sigma fields for the link variables,

once supersymmetry is broken we require the full non-linear sigma model.

4.1 The mass spectrum

By incorporating a universal “radion” in our quiver, we can obtain a full deconstruction of

the supersymmetry breaking Scherk-Schwarz mechanism. Here we summarize the findings

and discuss the relevant physics; the detailed computations of the spectrum are left to

appendix B.

The radion couplings only affect the masses for gauginos and matter-field scalars. With

the identification FT = 2α for a circular quiver, the gaugino masses and eigenstates are

λ±
nj =

eipnaj√
2

(
e−

ipna

2

±i

)
pna =

2πn

N
=
an

R
n ∈ (0, 1, . . . , N − 1) (4.5)

m±
n =

(
2

a

) ∣∣∣∣sin
(pna

2

)
± aFT

4R

∣∣∣∣ =
(
2

a

) ∣∣∣sin
(na
2R

)
± aα

2R

∣∣∣ (4.6)

We see that there are two towers of majorana fermions, with a uniform mass splitting of

±α/R. The n→ N−n degeneracy remains, and in the large N limit, one obtains the mass

spectrum |n ± α|/R. For the matter fields, the tree level mass spectrum and eigenstates

are exactly identical.

Less trivially, we can also combine radion mediation with the deconstruction of a

S1/Z2 orbifold. The quiver diagram is again the one shown in figure 3, now with the

addition of radion couplings. The identification between the radion expectation value and

Scherk-Schwarz twist is FT = α for the orbifold. The gaugino masses and eigenstates in

this case are

λ±
nj =

1√
N

(
cos [pna(j + 1/2)]

± sin[pna(j + 1)]

)
pna =

πn

N
=
an

R
n ∈ (0, 1, . . . , N − 1) (4.7)

m±
n =

(
2

a

) ∣∣∣∣sin
(pna

2

)
± aFT

2R

∣∣∣∣ =
(
2

a

) ∣∣∣sin
(na
2R

)
± aα

2R

∣∣∣ (4.8)

We see that in the continuum limit the aj factor becomes x5, and the λn spinor goes

like ∼ cos(pnx5) which has Neumann boundary conditions at both of the orbifold fixed

points 0 and πR, whereas the (−iψχ)n component goes like ∼ sin(pnx5) and has Dirichlet

boundary conditions. The n = 0 mode is unique, since ψχj
= 0 in this case. This is

unsurprising since we expect the quiver to produce an N = 1 vector multiplet with a

supersymmetry breaking gaugino mass term in the low energy theory. As for the scalars of

the hypermultiplet, the masses are the same as the gauginos but the eigenstates depend on

which chiral superfield is removed. Writing the hypermultiplet as ϕj = (ϕj , ϕ
c†
j ), if ϕc

N−1

is removed, the eigenstates and masses will be

ϕ±
nj =

1√
N

(
cos [pna(j + 1/2)]

± sin [pna(j + 1)]

)
pna =

πn

N
=
an

R
n ∈ (0, 1, . . . , N − 1) (4.9)
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1 , H
2
1 H1
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N−1

gfed`abcSU(2)0
Q0

// gfed`abcSU(2)1
Q1

// · · · QN−2
// gfed`abcSU(2)N−1

H1c
0 , H

2c
0 H1c

1 , H
2c
1 H2c

N−1

Figure 4. Deconstruction of two Higgs fields living in a 5D bulk. The low energy theory contains

two chiral Higgs fields Hu, Hd, with small SUSY breaking radion couplings added (α≪ 1).

m±
n =

(
2

a

) ∣∣∣∣sin
(pna

2

)
± aFT

2R

∣∣∣∣ =
(
2

a

) ∣∣∣sin
(na
2R

)
± aα

2R

∣∣∣ (4.10)

Again, the mass spectrum reproduces the boundary conditions in the continuum limit with

ϕc and ϕ having Dirichlet and Neumann boundary conditions, respectively.

5 Examples

Having accomplished our objective of reproducing the spectrum of Scherk-Schwarz

supersymmetry breaking in four dimensions, we can now collect the tools developed

in previous sections and apply them to a few illustrative examples. In section 5.1, we

present a toy model with a deconstructed bulk SU(2) gauge group and bulk Higgs fields.

In section 5.2, we present possible ways to deconstruct an inverted spectrum where

supersymmetry breaking leads to heavy fermions and light bosons. In section 5.3, we

deconstruct a simplified model of folded supersymmetry and comment on potential natural

models relevant to phenomenology.

5.1 Bulk Higgs

In this section we present a toy model with an SU(2) bulk gauge group and bulk Higgs

fields analogous to the model presented in [47]. We would like to reproduce the physics of

an extra dimension with zero modes for both up-type and down-type Higgs doublets. The

quiver is as follows:

Note that the conventions of our deconstruction require us to remove an H1c chiral

superfield at one end-point of the quiver and an H2 chiral superfield at the other end-point

in order to obtain chiral zero modes, due to the choice of representations for the link fields

Qi. Consequently, the fields H1c
N−1 and H2

0 are absent in the quiver. The removal of chiral

fields will generally make the gauge nodes at the end-points anomalous. We can cancel the

anomalies by adding spectators chiral fields as discussed in section 3.5. Alternately, we can

assume the anomalies are accounted for by additional physics at the cutoff of the link field

non-linear sigma model.
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Before turning on couplings to the radion superfield, the Kähler potential is given by

K =
N−1∑

i=0

[
H1†

i e
ViH1

i +H2c
i e

−ViH2c†
i

]
+

N−1∑

i=1

H2†
i e

ViH2
i +

N−2∑

i=0

H1c
i e

−ViH1c†
i +K(Qi) (5.1)

The corresponding superpotential is

W =
g√
2

[
N−2∑

i=0

tr(H1c
i QiH

1
i+1+H

2c
i QiH

2
i+1)−

N−2∑

i=0

tr(vH1c
i H

1
i )−

N−1∑

i=0

tr(vH2c
i H

2
i )

]
+Wgauge

(5.2)

Given the chiral endpoints of the quiver, the massless chiral modes can be identified with

Hu, Hd:

Hu =
1√
N

N−1∑

i=0

H1
i Hd =

1√
N

N−1∑

i=0

H2c
i (5.3)

In order to induce couplings of the form HuHd, we can add terms to the superpotential

W ∋ γ

R

N

N − 2

N−2∑

i=1

H1
i H

2c
i (5.4)

We assume these terms are identical at each site to reproduce the 5D spectrum, but in

general these couplings may vary from site to site.

We now break supersymmetry by adding the usual radion mediation terms in accor-

dance with eq. (4.4) with the identification FT = α for an orbifold. In general, the mass

eigenstates of the Higgs fields are complicated functions of γ and α. However, if we assume

that γ, α≪ 1, the eigenstates in eq. (5.3) are good approximations at leading order. In this

limit, the relevant interactions for the zero mode degrees of freedom in the Higgs sectors are

L ∋
∫
d4θ

(
1 +

α

R
θ2 +

α

R
θ†2
)
tr
(
H†

ue
VHu +Hd e

−VH†
d

)
+

∫
d2θ

γ

R
HuHd (5.5)

accompanied by the expected towers of massive states. The resulting mass terms for the

zero mode scalar Higgs doublets are

α2 + γ2

R2

(
|Hu|2 − |Hd|2

)
+

2αγ

R2
HuHd + h.c. (5.6)

There are also parametrically light higgsino modes with masses γ/R. Thus we reproduce

the results of [47].

5.2 Orbifold with light scalars

In the previous subsection, we considered an example where both scalar and fermion zero

modes are parametrically light due to the smallness of SUSY-breaking terms relative to the

separation of higher modes. As a second example, we consider possible ways to produce

light scalars and heavy fermions in a deconstructed orbifold. A spectrum of light scalars

and heavy fermions is crucial for folded supersymmetry and other phenomenological appli-

cations of 5D orbifolds. To proceed, we start with the orbifold quiver in figure 5.
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ϕ0, ϕ
c
0 ϕ1, ϕ

c
1 ϕN−1, ϕ

c
N−1

gfed`abcSU(k)0
Q0

// gfed`abcSU(k)1
Q1

// · · · QN−2
// gfed`abcSU(k)N−1

Figure 5. An orbifold quiver with massless vector and massive matter content. Light scalars are

obtained by tuning the supersymmetry breaking radion coupling.

With the standard action, there will be a massless vector multiplet, but all the matter

will be massive as they pair up to acquire Dirac masses. One option for generating light

matter scalars, in the spirit of radion mediation, is to introduce a universal radion coupling

in accordance with eq. (4.4). The computation of the masses is described in appendix B;

the resulting masses and eigenstates are

ϕ±
nj =

1√
N

(
cos [pna(j + 1/2)]

∓ sin [pna(j + 1)]

)
pna =

π(2n+ 1)

2N + 1
=

a (n+ 1/2)

R (1 + 1/N)
n ∈ (0, 1, . . . , N − 1)

m±
n =

(
2

a

) ∣∣∣∣sin
(pna

2

)
± aFT

2R

∣∣∣∣ (5.7)

To make the lightest scalar massless at tree level, we must fix

FT =

(
2R

a

)
sin

[
a

4R (1 + 1/N)

]
=

(
2N

π

)
sin

[
π

4 (N + 1)

]
(5.8)

which unsurprisingly corresponds to FT = α = 1/2 in the large N limit. In general, there

are radiative corrections to the masses, and the scalars that are massless at tree level

acquire mass at one loop.

5.3 Folded supersymmetry

As a final example, we consider a potential 4D toy realization of a 5D model with folded su-

persymmetry [23]. In particular, we are interested in theories with a spontaneously broken

Z2 bifold symmetry, such that the “super-partners” of the low energy theory have different

gauge charges. For simplicity, we will just focus on a toy model that generates towers of

top-like chiral multiplets, which should be dressed with electroweak gauge interactions and

couplings to the Higgs to create a complete theory. Although the complete construction

is detailed in [23], to guide the deconstruction we sketch the specific boundary conditions

required for folded supersymmetry in appendix C. In terms of quiver theories, the Z2 bifold

symmetry is realized as a transformation relating two quivers, as shown in figure 6.

The bifold symmetry exchanges the primed gauged fields and matter content with the

unprimed ones, except for the nodes SU(k)0 and SU(k)N which do not transform under

the Z2. In order to have two separate gauge groups SU(k) and SU(k)′ in the low energy
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ϕ1, ϕ
c
1 ϕN−1, ϕ

c
N−1

ϕ0
gfed`abcSU(k)1

Q1
// · · · QN−2

// gfed`abcSU(k)N−1 ϕc
N

gfed`abcSU(k)0

Q0
99ssssssss

Q′
0

%%❑
❑❑

❑❑
❑❑

❑

ϕ′
1, ϕ

′c
1 ϕ′

N−1, ϕ
′c
N−1

onmlhijkSU(k)N

&&

QN−1
▼▼▼▼▼▼▼▼

88

Q′
N−1qq

qq
qq
qq

gfed`abcSU(k)′1
Q′

1
// · · ·

Q′
N−2

// gfed`abcSU(k)′N−1

Figure 6. A “folded” quiver with a Z2 bifold symmetry. The bifold symmetry exchanges the

primed gauge groups and matter with the unprimed fields. In order to decouple the two quivers,

the Z2 symmetry is spontaneously broken by 〈Q′

0
〉 = 〈Q′

N−1
〉 = 0.

theory, we need to break the quiver. In particular, the choice 〈Q′
0〉 = 〈Q′

N−1〉 = 0 provides

the right boundary conditions to yield two towers of vector modes.6

To produce the spectrum of folded supersymmetry with light chiral fermions charged

under the un-primed SU(k) group, we attach an extra fundamental (anti-fundamental) at

site SU(k)0 (SU(k)N ).

Without supersymmetry breaking terms, the primed matter fields are all massive.

To obtain a light scalar for the SU(k)′ gauge group, we can add a universal “radion”

F -term as described in section 5.2. Such an F -term will split the spectrum of massive

scalars to induce a light scalar mode. As detailed in the previous subsection, the choice

FT = 2N sin [π/ (4N + 4)] /π results in a massless complex scalar at tree level. We have var-

ious options for inducing a top-Higgs yukawa coupling. In the 5D realization of folded super-

symmetry the Higgs is a brane-localized field; in this case that would correspond to coupling

Higgs multiplets in a Z2-symmetric fashion to two nodes, e.g., SU(k)1 and SU(k)′1. The

yukawa coupling inherited by the zero modes in this case would be volume-suppressed, as in

the 5D case, and the zero-mode scalar in the primed sector would serve as the lightest top

partner. Alternately, one could imagine coupling Higgs multiplets to multiple sites, exploit-

ing the parametric freedom of the deconstruction; we leave a detailed study to future work.

Due to the tuning of the radion term, one might worry that this deconstruction does

not evidently improve upon the 5D picture, since in 5D the folded spectrum of zero modes

is nominally dictated by symmetries and boundary conditions, while in the deconstruction

it is dictated by the adjustment of F -terms. However, even in 5D the choice of α required

for the folded spectrum amounts to the tuning of a continuous parameter to obtain a

massless scalar zero mode, entirely analogous to the tuning of F-terms in 4D. Thus the

6This asymmetry of vevs amounts to a spontaneous breaking of the Z2 symmetry and could be dynam-

ically engineered by Z2-breaking soft terms for the link fields, ensuring that the Z2 is only softly broken.
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quiver presented in figure 6 leads to a deconstruction of folded supersymmetry as expected,

subject to the usual tuning of couplings required by a deconstruction. Moreover, it allows

improvement over the 5D realization of folded supersymmetry, since we can realize towers of

QCD and folded QCD states without demanding that all fields transform as 5D multiplets.

6 Conclusions

As the LHC continues to challenge conventional supersymmetric extensions of the Stan-

dard Model, more exotic scenarios — such as supersymmetry breaking by boundary con-

ditions on an extra dimension — become increasingly compelling. Such exotic scenarios

are particularly attractive when realized in a four-dimensional framework, where the key

features of extra-dimensional physics can be reproduced in a minimal setting. In this

work we have developed a successful prescription for reproducing the physics of Scherk-

Schwarz supersymmetry breaking in a purely four-dimensional framework. In contrast to

previous attempts, our deconstruction accommodates arbitrary Scherk-Schwarz twists and

relies only on soft supersymmetry breaking, manifestly preserving supersymmetry in the

ultraviolet. This completes the program of deconstructing the physics of five-dimensional

supersymmetric theories compactified on an S1/Z2 orbifold.

While the precise deconstruction required for a literal reproduction of the Scherk-

Schwarz spectrum is somewhat baroque (a property common to all deconstructions), it illus-

trates the salient details and enables the development of a wide range of simpler models with

similar features. To this end, we have successfully reproduced the spectra of several specific

5D models, including the bulk Higgs construction of [47] and folded supersymmetry [23].

The case of folded supersymmetry is particularly interesting, as it opens the door to simpler

four-dimensional constructions in which the lightest top partners are neutral under QCD.

Our results suggest a number of interesting future directions. Clearly, there are a

variety of 5D models using SSSB that can now be fully reproduced in four dimensions.

While we have focused on the precise quivers and couplings required to reproduce the

exact Scherk-Schwarz tree-level spectrum, simpler quivers with more generic couplings

retain many of the same qualitative features, and it would be useful to explore the simplest

such models in four dimensions. Although we have focused on reproducing the physics

of a flat fifth dimension, it is also possible to deconstruct a warped extra dimension [48].

Given that complete breaking of supersymmetry by Scherk-Schwarz boundary conditions

is not possible in a warped extra dimension, it would be quite compelling to construct four-

dimensional models exhibiting both the qualitative effects of warping and complete Scherk-

Schwarz supersymmetry breaking. Finally, we have restricted our attention to reproducing

the tree-level spectrum of Scherk-Schwarz supersymmetry breaking and leave a detailed

study of radiative corrections to future work. Radiative corrections in the deconstruction

will not induce quadratic sensitivity to the cutoff since 4D supersymmetry is softly broken,

but in general the radiative corrections to a finite quiver differ from the 5D case due to the

truncation of the KK tower and different spectrum of heavy modes.
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A Non-abelian deconstruction

In this appendix we present the details of the matching between the 5D action and the 4D

deconstructed action in the large N limit for a non-abelian gauge theory. The action for

the circular quiver with non-abelian nodes is

S =

∫
d4x

(∫
d2θ

N∑

i

1

g2
trWαiWαi + h.c. +

∫
d4θ

N∑

i

trQ†
ie

ViQie
−Vi+1

)
(A.1)

The additional complication relative to the abelian case is that all fields are matrices

and they do not simply commute with each other. The definitions for the variables we

use are listed in table 2. To proceed further, we expand Qi = v
(
1 + ǫRχi/

√
2
)
and

Vi+1 = Vi + ǫδVi. For non-linear link-fields, additional O(ǫ2) terms will be present but

they can be ignored when supersymmetry is unbroken. The superpotential can be directly

translated to a 5D continuum limit. For the Kähler potential, we expand up to second

order in ǫ. The e−Vi+1 is a little more complicated, and we will for now assume that

e−Vi+1 = e−Vi + ǫV
(1)
i + ǫ2V

(2)
i + O(ǫ3), where we have denoted V

(n)
i as the nth order

expansion of e−Vi−ǫδVi . The Kähler potential becomes

∫
d4θ (v†v)

N∑

i

tr

[(
1 +

ǫR√
2
χ†
i

)
eVi

(
1 +

ǫR√
2
χi

)(
e−Vi + ǫV

(1)
i + ǫ2V

(2)
i

)]
+O(ǫ3)

=

∫
d4θ (v†v)

N∑

i

tr

[
1 +

ǫR√
2

(
χ†
i + χi

)
+ ǫ eViV

(1)
i +

ǫ2R√
2

(
χ†
ie

ViV
(1)
i + eViχiV

(1)
i

)

+
ǫ2R2

2
χ†
ie

Viχie
−Vi + eViV

(2)
i

]
+O(ǫ3) (A.2)

A few simplifications are possible. First let us compute the terms V
(1)
i and V

(2)
i . To do so,

it is useful to employ the systematic expansion

e−Vi−ǫδVi = −ǫ
∫ 1

0
dt e−(1−t)Vi δVi e

−tVi

+
ǫ2

2
T
∫ 1

0

∫ 1

0
dtdt′ e−(1−t)Vi δVi e

−(t−t′)Vi δVi e
−t′Vi +O(ǫ3) (A.3)

which is familiar as the standard expansion for the evolution operator in quantum me-

chanics, where the hamiltonian Vi is perturbed by ǫδVi. Here T denotes (descending)

– 23 –



J
H
E
P
1
2
(
2
0
1
4
)
1
8
4

time-ordering of the integrand. The first term can be evaluated in closed form as

eViV
(1)
i = f(LVi

)(δVi) with f(x) =
1− ex
x

(A.4)

where LVi
denotes the Lie derivative, i.e. LVi

A = [Vi, A]. Note the well known formula

eA∂e−A = f(LA)∂A. In the continuum limit, we have V
(1)
i → eVi∂φ5

e−Vi . Also note that

written in terms of Lie derivatives, eViV
(1)
i is in the lie algebra of the gauge group and has

vanishing trace.

Let us turn to V
(2)
i , which appears in the form

tr eViV
(2)
i =

1

2
trT
∫ 1

0

∫ 1

0
dtdt′ etVi δVi e

−(t−t′)Vi δVi e
−t′Vi

= tr

∫ 1

0
dt etVi δVi e

−tVi

(∫ t

0
dt′et

′Vi δVi e
−t′Vi

)
(A.5)

Denoting g(t) = −
∫ t

0dt
′et

′Vi δVi e
−t′Vi , such that g(1) = f(LVi

)δVi, he integral becomes

tr eViV
(2)
i = tr

∫ 1

0
dt g′(t)g(t) =

1

2
tr g2(1) =

1

2
tr [f(LVi

)δVi]
2 (A.6)

Altogether, the Kähler potential becomes

∫
d4θ (v†v)

N∑

i

tr

{
ǫ2

2

[
f(LVi

)(δVi) +
R√
2

(
χ†
i + eViχ†

ie
−Vi

)]2

+
ǫR√
2

(
χ†
i + χi

)
− ǫ2R2

4

(
χ†2
i + χ2

i

)}
+O(ǫ3) (A.7)

Similar to the U(1) story, for a constant v, the d4θ integration of pure chiral fields vanishes

and the precise 5D action is reproduced in the continuum limit.

B Mass spectra

In this appendix we derive the tree level mass spectrum for quiver theories with radion

mediation added. As we have seen in section 3, deconstructed theories reproduce the action

of an extra dimension on a lattice. We then expect the equation of motion and the mass

spectrum to be a latticized version of the continuum limit. In this section, we will diagonal-

ize the mass matrix and see how various boundary conditions and Scherk-Schwarz twists

are reproduced in this limit. Since the radion expectation value only alters the spectrum of

gauge fermions and matter scalars, we will focus on these towers of states; the mass spectra

of gauge bosons and matter fermions can be extracted from the supersymmetric limit.

Before going through the derivation, let us define some notation to make the continuum

analogue transparent. First let (Ψ)i = (Ψ1,Ψ2)i be a vector in an infinite dimensional

space, with i ranging from −∞ to ∞. For a vector to represent a mass eigenstates for a

quiver, i.e. λi = Ψi, we only demand Ψi to be a mass eigenstate for the index i such that

the corresponding field is present. Obviously there are many redundancies for choosing a
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Ψi to represent a physical state. We will fix this choice later in a way that will make the

boundary conditions transparent. We define the operators ∆ and f on these vectors in the

following way

(∆Ψ)i =
R

a

(
Ψ1,i+1 −Ψ1,i

Ψ2,i −Ψ2,i−1

)
(fΨ)i =

1

2

(
−iFTΨ2,i

iFTΨ1,i

)
(B.1)

Considering ∆ and f as infinite dimensional matrices, their conjugates can be computed

(∆†Ψ)i = −
R

a

(
Ψ1,i −Ψ1,i−1

Ψ2,i+1 −Ψ2,i

)
(f †Ψ)i =

1

2

(
−iFTΨ2,i

iFTΨ1,i

)
(B.2)

To see why these operators are useful, consider for a moment an infinite linear quiver.

The masses come from Yukawa couplings of the χi after expanding around 〈Qi〉 = v,

Lmgaugino
∼
∑

i

λai

[
ψa
χi
− ψa

χi−1

]
+ c.c. , (B.3)

where we have decomposed ψχi
= T aψa

χi
and ignored the U(1) components. In the

continuum limit, terms of the form
∑

i λi(ψ
a
χi+1
− ψa

χi
) become λ∂φψχ. However, the

discrete derivatives for λi and ψa
χi

differ, as is made apparent by rewriting the gaugino

mass terms in the form

∑

i

λai

(
ψa
χi
− ψa

χi−1

)
= −

∑

i

(
λai+1 − λai

)
ψa
χi

(B.4)

In order to produce the correct mass terms, the corresponding discrete derivatives for ψχi

and λi have to be ∆ψχi
∼ ψχi

− ψχi−1
and ∆λi ∼ λi+1 − λi respectively. We can then

define the discrete derivative for λj = (λ,−iψχ)j by

(∆λ)j =
R

a

(
λj+1 − λj

−i(ψχj
− ψχj−1

)

)
(B.5)

The mass term can then be written in terms of the discrete derivative as

L ∋ iλa†
i σ̄

µ∂µλ
a
i −

1

2
λa
iMijλ

a
j = iλa†

i σ̄
µ∂µλ

a
i +

1

2R
λa
i ǫik (δkj∆+ ifkj)λ

a
j

fij =
1

2

(
0 −iFT

iFT 0

)
(B.6)

To obtain the physical masses, we diagonalize via Takagi factorization and rewrite

M = UTDU where D is diagonal and U is unitary. The eigenstates and eigenvalues

can be obtained by finding the eigenstates and the square root of the eigenvalues of

M †M = (∆ + if)†(∆ + if). Since the quiver is translationally invariant, we can solve for

the eigenstates ηp by

(ηp)j = eipajηp0

∣∣∣∣∣

(
eipa − 1 aFT

2R

−aFT

2R 1− e−ipa

)∣∣∣∣∣

2

ηp0 = m2
p ηp0 (B.7)
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There are two sets of solutions for η0 andm, corresponding to left- and right- moving modes:

η±
0 =

(
e−

ipa

2

±i

)
m±

p =

(
2

a

) ∣∣∣∣sin
(pa
2

)
± aFT

4R

∣∣∣∣ (B.8)

For the infinite quiver, the mass eigenstates are then labeled by the momentum p and

helicity ±, with no restrictions on the momentum p. An infinite quiver corresponds to the

limit a → 0 and a continuum tower is recovered. Matter can be added to the quiver, and

the mass terms are exactly analogous:

L ∋ 1

R2
|(∆ + if)ϕ|2 (B.9)

where (ϕ)j = (ϕi, ϕ
c†
i ). The mass eigenstates can be computed by directly diagonalizing

M †M , and the solution is the same as the gauginos.

B.1 Circular quiver

Using the solution in eq. (B.7), the eigenstates and mass spectrum for finite quivers can be

derived. For the case of a circular quiver, the mass terms in eq. (B.6) for the bulk of the

quiver are still the same. However, since λi are not physical for i /∈ (0, . . . , N − 1), the ∆

operator needs to be modified. The same modification also applies for additional matter as

well. We denote ∆̃, f̃ and M̃ = ∆̃ + if̃ as the modified operators. For the circular quiver,

f̃ = f , but ∆̃ is modified at the boundary

(∆̃Ψ)0 =
R

a

(
Ψ1,1 −Ψ1,0

Ψ2,0 −Ψ2,N−1

)
(∆̃Ψ)N−1 =

R

a

(
Ψ1,0 −Ψ1,N−1

Ψ2,N−1 −Ψ2,N−2

)
(B.10)

We can fix an ansatz for the eigenstates Ψj = (ηp)j from eq. (B.7), such that the mass

eigenstate requirement becomes

(M̃ †M̃Ψ)j =
[
(∆̃ + if̃)†(∆̃ + if̃)Ψ

]
j
= m2

pΨj =
[
(∆ + if)†(∆ + if)Ψ

]
j
= (M †MΨ)j

(B.11)

By using the momentum and helicity eigenstates as ansätze, finding the mass eigenstates

is reduced to matching the operators M̃ †M̃ and M †M at the boundary. For the circular

quiver, the matching can be easily done by demanding a periodic boundary condition

(ηp)j+N = (ηp)j , and we arrive at the spectrum,

λ±
nj = η±

pn(j) pna =
2πn

N
=
an

R
m±

n =

(
2

a

) ∣∣∣∣sin
(na
2R

)
± aFT

4R

∣∣∣∣ n ∈ (0, 1, . . . , N − 1)

(B.12)

B.2 Orbifold quiver

The same procedure can be applied to the orbifold case. Let us first consider a semi-infinite

quiver where all fields with indices i < 0 are unphysical. Unlike the circular quiver, the

translational symmetry i→ i+ 1 is broken, and we have to assume a more general ansatz

Ψj =
(
c+η+

p + c−η−
−p

)
j

(B.13)
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where the c± are some fixed constants to be determined later when fixing the boundary con-

ditions. The ansatz satisfiesM †MΨj = m2
pΨj since the states η

+
p and η−

−p are degenerate.

The discrete derivative for this quiver, ∆̃, has to be modified at the boundary,

(∆̃Ψ)1,j =
R

a

{
Ψ1,j+1 −Ψ1,j j ≥ 0

0 else
(∆̃Ψ)2,j =

R

a





Ψ2,j −Ψ2,j−1 j ≥ 1

Ψ2,0 j = 0

0 else

(B.14)

The modification for ∆̃† is entirely analogous,

(∆̃†Ψ)1,j = −
R

a





Ψ1,j −Ψ1,j−1 j ≥ 1

Ψ1,0 j = 0

0 else

(∆̃†Ψ)2,j = −
R

a

{
Ψ2,j+1 −Ψ2,j j ≥ 0

0 else

(B.15)

Finally, similar modifications must be made for the operator f̃ = f̃ † as well,

(f̃Ψ)j =

{
(fΨ)j j ≥ 0

0 else
fΨj =

iFT

2

(
−Ψ2,j

Ψ1,j

)
(B.16)

To calculate the spectrum, we have to match the operators M̃ †M̃ and M †M at the

boundary, [
(∆̃ + if̃)†(∆̃ + if̃)Ψ

]
0
=
[
(∆̃†∆̃ + i∆̃†f̃ − if̃ †∆̃ + f̃ †f̃)Ψ

]
0

(B.17)

Let us compute the above quantity term by term, first for the upper component, only

∆̃†∆̃ and ∆̃†f̃ are modified

(∆̃†∆̃Ψ)1,0 = −
R

a
(∆̃Ψ)1,0 = −

R2

a2
(Ψ1,1 −Ψ1,0) (B.18)

(∆̃†f̃Ψ)1,0 = −
R

a
(f̃Ψ)1,0 =

iFTR

2a
Ψ2,0 (B.19)

For the lower component, only ∆̃†∆̃ is modified

(∆̃†∆̃Ψ)2,0 = −
R

a

[
(∆̃Ψ)2,1 − (∆̃Ψ)2,0

]
= −R

2

a2
(Ψ2,1 − 2Ψ2,0) (B.20)

Matching the boundary conditions (M̃ †M̃Ψ)0 = (M †MΨ)0, we arrive at

−R
2

a2
(Ψ1,1−Ψ1,0)−

FTR

2a
Ψ2,0=−

R2

a2
(Ψ1,1−2Ψ1,0+Ψ1,−1)−

FTR

2a
(Ψ2,0−Ψ2,−1) (B.21)

−R
2

a2
(Ψ2,1 − 2Ψ2,0) = −

R2

a2
(Ψ2,1 − 2Ψ2,0 +Ψ2,−1) (B.22)

The set of linear equations can be solved,

Ψ1,−1 −Ψ1,0 = 0 and Ψ2,−1 = 0 (B.23)

We see that for the semi-infinite quiver, the mass eigenstates have Neumann boundary

condition for the field Ψ1,j and Dirichlet boundary condition for the field Ψ2,j at j = 0.

Since the labeling j is arbitrary, the conclusion is valid for any boundary in the quiver.

The following general statement is then true:
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Align the indices such that + indicates the direction toward the bulk of the

quiver. Let b be a boundary point such that fieldsΨb are physical but fields with

indices less than b are unphysical. IfΨ = (Ψ+,Ψ−) such that ∆Ψ+b ∼ Ψb+1−Ψb

and ∆Ψ−b ∼ Ψb−Ψb−1, then Ψ+ and Ψ− have Neumann and Dirichlet bound-

ary conditions at the boundary respectively, or explicitly ∆Ψ+,b−1 = 0 = Ψ−,b−1

Let us apply our derivations to various orbifold quivers. Consider a finite linear

quiver with gauge nodes with indices i ∈ (0, 1, . . . , N − 1) and link fields with indices

i ∈ (0, 1, . . . , N − 2). The boundary conditions at N − 1 can be computed by re-indexing

the quiver from the other end. The mass terms are symmetric under reflection, and thus

we have

Ψ1,0 −Ψ1,−1 = ΨN −ΨN−1 = 0 Ψ2,−1 = Ψ2,N−1 = 0 (B.24)

The mass eigenstates that satisfy the above boundary conditions are

Ψ±
nj =

1√
N

(
cos [pna(j + 1/2)]

∓ sin[pna(j + 1)]

)
pna =

πn

N
=
an

R
n ∈ (0, 1, . . . , N − 1)

m±
n =

(
2

a

) ∣∣∣∣sin
(pna

2

)
± aFT

2R

∣∣∣∣ =
(
2

a

) ∣∣∣∣sin
(na
2R

)
± aFT

2R

∣∣∣∣ (B.25)

Note that pn now only needs to be an integer multiple of π/N instead of 2π/N since

the periodic boundary condition is replaced by Neumann/Dirichlet boundary conditions.

Eq. (B.25) works for the gauginos and the orbifold matter with ϕc
N−1 removed.

Consider another quiver configuration, where the gauge and link fields are as before,

but no matter fields are removed so that the matter spectrum is vector-like. Such a quiver

is relevant to the deconstruction of folded supersymmetry. All the chiral fields will then

pair up and become massive. We can apply the same logic as above and obtain boundary

conditions:

Ψ1,0 −Ψ1,−1 = ΨN = 0 Ψ2,−1 = Ψ2,N −Ψ2,N−1 = 0 (B.26)

The boundary conditions at i = 0 remain the same but are reversed at i = N − 1. The

eigenstates and masses are

Ψ±
nj =

1√
N

(
cos [pna(j + 1/2)]

∓ sin [pna(j + 1)]

)
pna =

π(2n+ 1)

2N + 1
=

a (n+ 1/2)

R (1 + 1/N)
n ∈ (0, 1, . . . , N − 1)

m±
n =

(
2

a

) ∣∣∣∣sin
(pna

2

)
± aFT

2R

∣∣∣∣ =
(
2

a

) ∣∣∣∣sin
[
a (n+ 1/2)

2R (1 + 1/N)

]
± aFT

2R

∣∣∣∣ (B.27)

The continuum limit in this case corresponds to mixed Dirichlet-Neumann and Neumann-

Dirichlet boundary conditions.

C 5D orbifold and Scherk-Schwarz twist

In this appendix we review the parity assignments of an orbifold extra dimension with SSSB

with an eye towards understanding the boundary conditions required by folded supersym-

metry. To begin, one typically starts with the covering space of the extra dimension, taken
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φ φc† ψ ψc† φ′ φc†′ ψ′ ψc†′

Z 1 −1 1 −1 1 −1 1 −1
Z ′ −1 1 1 −1 1 −1 −1 1

Table 3. Parity assignment for folded supersymmetry.

to be R. Orbifolding corresponds to identifying x5 ←→ −x5. Under such an identification,

different fields may be assigned different transformation properties, with

Φ(x5) = ZΦ(−x5) (C.1)

where Z is a symmetry in the un-orbifolded theory. Consistency requires that Z2 is the

identity. The real line can be further compactified by another set of identifications, x5 ←→
x5 + 2πR. Again, fields can transform non-trivially under such an identification, with

Φ(x5) = T Φ(x5 + 2πR) (C.2)

Again, T must be a symmetry of the original theory. If T is the identity, then we simply

have a theory on an orbifold S1/Z2. But in general, T can be a non-trivial twist, as it only

needs to satisfy the self-consistency equation obtained by combining identifications in the

following way:

Φ(x5) = ZΦ(−x5) = ZT Φ(−x5 + 2πR) = ZT ZΦ(x5 − 2πR) = ZT ZT Φ(x5) (C.3)

In order for the orbifolding and Scherk-Schwarz twist to be compatible, we require

ZT ZT = 1. Alternately, we can define Z ′ ≡ ZT , such that Z ′2 = 1. Then Z and

Z ′ are mirror flips with respect to the points x5 = 0 and x5 = πR, respectively. For the

purpose of deconstruction, it is useful to instead consider the restricted domain x5 ∈ [0, πR],

for which imposing an even or odd parity under Z,Z ′ is equivalent to imposing Neumann

or Dirichlet boundary conditions. This is particularly helpful to understand the boundary

condition assignments in folded supersymmetry.

To understand the case of folded supersymmetry, let us focus on the bulk matter

content Φ = (φ, φc†, ψ, ψc†) and Φ′ = (φ′, φc†′, ψ′, ψc†′). Φ is a visible sector field and Φ′

is a folded sector field, and the fields in parentheses denote the corresponding scalar and

fermionic components. The appropriate set of charge assignments for a folded spectrum is

We see that each Z and Z ′ preserve a separate four-dimensionalN = 1 supersymmetry,

but taken together, no supersymmetry remains. In general, however, there is no reason

why the eigenstates of Z and Z ′ have to be identical. There is a continuous choice of α that

dictates which linear combination of Φ,Φc† are eigenstates of Z ′. The parity assignments

in table 3 correspond to the special choice of α = π. One may wonder what happens if

supersymmetry breaking effects are removed. Table 4 shows the same orbifold and Scherk-

Schwarz parity assignments with α = 0. While supersymmetry is not broken, the bifold

symmetry Ψ′ ←→ Ψ is still broken by the Scherk-Schwarz Mechanism.

In table 4, the un-primed matter fields have either Neumann-Neumann or Dirichlet-

Dirichlet boundary conditions at x5 = 0, πR, whereas the primed matter fields have

Neumann-Dirichlet or Dirichlet-Neumann boundary conditions. These boundary condi-

tions are the starting point for deconstructing folded supersymmetry.
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φ φc† ψ ψc† φ′ φc†′ ψ′ ψc†′

Z 1 −1 1 −1 1 −1 1 −1
Z ′ 1 −1 1 −1 −1 1 −1 1

Table 4. Parity assignment for folded-supersymmetry with supersymmetry breaking terms re-

moved.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] ATLAS collaboration, Updated coupling measurements of the Higgs boson with the ATLAS

detector using up to 25 fb−1 of proton-proton collision data, ATLAS-CONF-2014-009, CERN,

Geneva Switzerland (2014).

[2] CMS collaboration, Combination of standard model Higgs boson searches and measurements

of the properties of the new boson with a mass near 125GeV, CMS-PAS-HIG-13-005, CERN,

Geneva Switzerland (2013).

[3] ATLAS collaboration, Searches for direct scalar top pair production in final states with two

leptons using the stransverse mass variable and a multivariate analysis technique in√
s = 8TeV pp collisions using 20.3 fb−1 of ATLAS data, ATLAS-CONF-2013-065, CERN,

Geneva Switzerland (2013).

[4] ATLAS collaboration, Search for direct top squark pair production in final states with one

isolated lepton, jets and missing transverse momentum in
√
s = 8TeV pp collisions using

21 fb−1 of ATLAS data, ATLAS-CONF-2013-037, CERN, Geneva Switzerland (2013).

[5] ATLAS collaboration, Search for direct production of the top squark in the all-hadronic tt̄ +

etmiss final state in 21 fb−1 of pp collisions at
√
s = 8TeV with the ATLAS detector,

ATLAS-CONF-2013-024, CERN, Geneva Switzerland (2013).

[6] CMS collaboration, Search for supersymmetry in pp collisions at
√
s = 8TeV in events with

a single lepton, large jet multiplicity and multiple b jets, Phys. Lett. B 733 (2014) 328

[arXiv:1311.4937] [INSPIRE].

[7] CMS collaboration, Search for top-squark pair production in the single-lepton final state in

pp collisions at
√
s = 8TeV, Eur. Phys. J. C 73 (2013) 2677 [arXiv:1308.1586] [INSPIRE].

[8] CMS collaboration, Inclusive search for a vector-like T quark with charge 2/3 in pp

collisions at
√
s = 8TeV, Phys. Lett. B 729 (2014) 149 [arXiv:1311.7667] [INSPIRE].

[9] ATLAS collaboration, Search for supersymmetry at
√
s = 8TeV in final states with jets and

two same-sign leptons or three leptons with the ATLAS detector, JHEP 06 (2014) 035

[arXiv:1404.2500] [INSPIRE].

[10] ATLAS collaboration, Search for new phenomena in final states with large jet multiplicities

and missing transverse momentum at
√
s = 8TeV proton-proton collisions using the ATLAS

experiment, JHEP 10 (2013) 130 [Erratum ibid. 01 (2014) 109] [arXiv:1308.1841]

[INSPIRE].

– 30 –

http://creativecommons.org/licenses/by/4.0/
http://cds.cern.ch/record/1670012
http://cds.cern.ch/record/1542387
http://cds.cern.ch/record/1562840
http://cds.cern.ch/record/1532431
http://cds.cern.ch/record/1525880
http://dx.doi.org/10.1016/j.physletb.2014.04.023
http://arxiv.org/abs/1311.4937
http://inspirehep.net/search?p=find+EPRINT+arXiv:1311.4937
http://dx.doi.org/10.1140/epjc/s10052-013-2677-2
http://arxiv.org/abs/1308.1586
http://inspirehep.net/search?p=find+EPRINT+arXiv:1308.1586
http://dx.doi.org/10.1016/j.physletb.2014.01.006
http://arxiv.org/abs/1311.7667
http://inspirehep.net/search?p=find+EPRINT+arXiv:1311.7667
http://dx.doi.org/10.1007/JHEP06(2014)035
http://arxiv.org/abs/1404.2500
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.2500
http://dx.doi.org/10.1007/JHEP10(2013)130
http://arxiv.org/abs/1308.1841
http://inspirehep.net/search?p=find+EPRINT+arXiv:1308.1841


J
H
E
P
1
2
(
2
0
1
4
)
1
8
4

[11] CMS collaboration, Search for gluino mediated bottom- and top-squark production in multijet

final states in pp collisions at 8TeV, Phys. Lett. B 725 (2013) 243 [arXiv:1305.2390]

[INSPIRE].

[12] CMS collaboration, Search for new physics in the multijet and missing transverse

momentum final state in proton-proton collisions at
√
s = 8TeV, JHEP 06 (2014) 055

[arXiv:1402.4770] [INSPIRE].

[13] N. Craig, The state of supersymmetry after run I of the LHC, arXiv:1309.0528 [INSPIRE].

[14] T.J. LeCompte and S.P. Martin, Large Hadron Collider reach for supersymmetric models

with compressed mass spectra, Phys. Rev. D 84 (2011) 015004 [arXiv:1105.4304] [INSPIRE].

[15] G.D. Kribs and A. Martin, Supersoft supersymmetry is super-safe,

Phys. Rev. D 85 (2012) 115014 [arXiv:1203.4821] [INSPIRE].

[16] S. Kachru and E. Silverstein, 4D conformal theories and strings on orbifolds,

Phys. Rev. Lett. 80 (1998) 4855 [hep-th/9802183] [INSPIRE].

[17] A.E. Lawrence, N. Nekrasov and C. Vafa, On conformal field theories in four-dimensions,

Nucl. Phys. B 533 (1998) 199 [hep-th/9803015] [INSPIRE].

[18] M. Bershadsky, Z. Kakushadze and C. Vafa, String expansion as large-N expansion of gauge

theories, Nucl. Phys. B 523 (1998) 59 [hep-th/9803076] [INSPIRE].

[19] Z. Kakushadze, Gauge theories from orientifolds and large-N limit,

Nucl. Phys. B 529 (1998) 157 [hep-th/9803214] [INSPIRE].

[20] M. Bershadsky and A. Johansen, Large-N limit of orbifold field theories,

Nucl. Phys. B 536 (1998) 141 [hep-th/9803249] [INSPIRE].

[21] M. Schmaltz, Duality of nonsupersymmetric large-N gauge theories,

Phys. Rev. D 59 (1999) 105018 [hep-th/9805218] [INSPIRE].

[22] Z. Chacko, H.-S. Goh and R. Harnik, The twin Higgs: natural electroweak breaking from

mirror symmetry, Phys. Rev. Lett. 96 (2006) 231802 [hep-ph/0506256] [INSPIRE].

[23] G. Burdman, Z. Chacko, H.-S. Goh and R. Harnik, Folded supersymmetry and the LEP

paradox, JHEP 02 (2007) 009 [hep-ph/0609152] [INSPIRE].

[24] J. Scherk and J.H. Schwarz, Spontaneous breaking of supersymmetry through dimensional

reduction, Phys. Lett. B 82 (1979) 60 [INSPIRE].

[25] A. Pomarol and M. Quirós, The standard model from extra dimensions,

Phys. Lett. B 438 (1998) 255 [hep-ph/9806263] [INSPIRE].

[26] I. Antoniadis, S. Dimopoulos, A. Pomarol and M. Quirós, Soft masses in theories with

supersymmetry breaking by TeV compactification, Nucl. Phys. B 544 (1999) 503

[hep-ph/9810410] [INSPIRE].

[27] A. Delgado, A. Pomarol and M. Quirós, Supersymmetry and electroweak breaking from extra

dimensions at the TeV scale, Phys. Rev. D 60 (1999) 095008 [hep-ph/9812489] [INSPIRE].

[28] R. Barbieri, L.J. Hall and Y. Nomura, A constrained standard model from a compact extra

dimension, Phys. Rev. D 63 (2001) 105007 [hep-ph/0011311] [INSPIRE].

[29] R. Barbieri, L.J. Hall and Y. Nomura, Models of Scherk-Schwarz symmetry breaking in 5D:

classification and calculability, Nucl. Phys. B 624 (2002) 63 [hep-th/0107004] [INSPIRE].

– 31 –

http://dx.doi.org/10.1016/j.physletb.2013.06.058
http://arxiv.org/abs/1305.2390
http://inspirehep.net/search?p=find+EPRINT+arXiv:1305.2390
http://dx.doi.org/10.1007/JHEP06(2014)055
http://arxiv.org/abs/1402.4770
http://inspirehep.net/search?p=find+EPRINT+arXiv:1402.4770
http://arxiv.org/abs/1309.0528
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.0528
http://dx.doi.org/10.1103/PhysRevD.84.015004
http://arxiv.org/abs/1105.4304
http://inspirehep.net/search?p=find+EPRINT+arXiv:1105.4304
http://dx.doi.org/10.1103/PhysRevD.85.115014
http://arxiv.org/abs/1203.4821
http://inspirehep.net/search?p=find+EPRINT+arXiv:1203.4821
http://dx.doi.org/10.1103/PhysRevLett.80.4855
http://arxiv.org/abs/hep-th/9802183
http://inspirehep.net/search?p=find+EPRINT+hep-th/9802183
http://dx.doi.org/10.1016/S0550-3213(98)00495-7
http://arxiv.org/abs/hep-th/9803015
http://inspirehep.net/search?p=find+EPRINT+hep-th/9803015
http://dx.doi.org/10.1016/S0550-3213(98)00272-7
http://arxiv.org/abs/hep-th/9803076
http://inspirehep.net/search?p=find+EPRINT+hep-th/9803076
http://dx.doi.org/10.1016/S0550-3213(98)00366-6
http://arxiv.org/abs/hep-th/9803214
http://inspirehep.net/search?p=find+EPRINT+hep-th/9803214
http://dx.doi.org/10.1016/S0550-3213(98)00526-4
http://arxiv.org/abs/hep-th/9803249
http://inspirehep.net/search?p=find+EPRINT+hep-th/9803249
http://dx.doi.org/10.1103/PhysRevD.59.105018
http://arxiv.org/abs/hep-th/9805218
http://inspirehep.net/search?p=find+EPRINT+hep-th/9805218
http://dx.doi.org/10.1103/PhysRevLett.96.231802
http://arxiv.org/abs/hep-ph/0506256
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0506256
http://dx.doi.org/10.1088/1126-6708/2007/02/009
http://arxiv.org/abs/hep-ph/0609152
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0609152
http://dx.doi.org/10.1016/0370-2693(79)90425-8
http://inspirehep.net/search?p=find+J+Phys.Lett.,B82,60
http://dx.doi.org/10.1016/S0370-2693(98)00979-4
http://arxiv.org/abs/hep-ph/9806263
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9806263
http://dx.doi.org/10.1016/S0550-3213(99)00037-1
http://arxiv.org/abs/hep-ph/9810410
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9810410
http://dx.doi.org/10.1103/PhysRevD.60.095008
http://arxiv.org/abs/hep-ph/9812489
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9812489
http://dx.doi.org/10.1103/PhysRevD.63.105007
http://arxiv.org/abs/hep-ph/0011311
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0011311
http://dx.doi.org/10.1016/S0550-3213(01)00649-6
http://arxiv.org/abs/hep-th/0107004
http://inspirehep.net/search?p=find+EPRINT+hep-th/0107004


J
H
E
P
1
2
(
2
0
1
4
)
1
8
4

[30] H. Murayama, Y. Nomura, S. Shirai and K. Tobioka, Compact supersymmetry,

Phys. Rev. D 86 (2012) 115014 [arXiv:1206.4993] [INSPIRE].

[31] S. Dimopoulos, K. Howe and J. March-Russell, Maximally natural supersymmetry,

Phys. Rev. Lett. 113 (2014) 111802 [arXiv:1404.7554] [INSPIRE].

[32] E. Ponton and E. Poppitz, Casimir energy and radius stabilization in five-dimensional

orbifolds and six-dimensional orbifolds, JHEP 06 (2001) 019 [hep-ph/0105021] [INSPIRE].

[33] BICEP2 collaboration, P.A.R. Ade et al., Detection of B-mode polarization at degree angular

scales by BICEP2, Phys. Rev. Lett. 112 (2014) 241101 [arXiv:1403.3985] [INSPIRE].

[34] N. Arkani-Hamed, A.G. Cohen and H. Georgi, (De)constructing dimensions,

Phys. Rev. Lett. 86 (2001) 4757 [hep-th/0104005] [INSPIRE].

[35] N. Arkani-Hamed, A.G. Cohen and H. Georgi, Twisted supersymmetry and the topology of

theory space, JHEP 07 (2002) 020 [hep-th/0109082] [INSPIRE].
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