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ABSTRACT

Finite conductivity of the vacuum chamber wall can cause unstable trans-
verse oscillations of the center of charge or oscillations of the transverse cross
section of a beam of charged particles. The former case, which can be charac-

1,2,8

terized by a dipole oscillation, has been studied extensively by others.
this work, a study has been conducted of the cross-sectional oscillations of a
nearly circular beam centered in a circular pipe, and a self-consistent solution
has been obtained for both monopole and multipole oscillations. Dispersion re-
Iations for the oscillation frequencies have been found, and conditions for stability
have been deduced. For multipole instabilities the growth rates and thresholds
are close to those obtained for the dipole im;tability,1’2 differing only by a ge-
ometrical factor; whereas, for the monopole inétability, the growth rates are

so small that the oscillations in present accelerators and storage rings will be
suppressed by the physical processes such as interaction with the residual gas,
radiation damping, etc. In all cases, the growth rate is proportional to the
number of particles in the beam and inversely proportional to the square root of

. the wall conductivity. It is shown that in the absence of Landau damping a longi-
tudinally continuous beam is always unstable against the development of transverse
waves having a phase velocity close to (n - mvo) (R, where % is the number of
betatron oscillations per revolution, € is the revolution frequency, R is the radius
of the machine, n is an integer greater than my, with 2m the multipole number

(m = 1 for dipole and m = 2 for quadrupole, etc.). A condition for stable multi-
pole oscillations for a single bunched bea};n is foundtobe n < B < (n +-§§-h-) It

is k:nown1 »2

that unstable oscillations can be Landau damped by having a suffi-
ciently large spread in the betatron oscillation frequency Y Q. A criterion for the

spread required to damp unstable quadrupole oscillations of a bunched beam is
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shown to be, in the limit of low energy, dependent upon the particle density,
energy and the betatron oscillation frequency, but not upon the conductivity.

For the case of equal horizontal and vertical betatron frequencies monopole and
multipole oscillations can exist independently., However, for the case of a large
difference between the two frequencies, it is found that coupling exists between
monopole and quadrupole oscillations, and the motion of the beam is character-
ized by two normal modes such that the monopole and quadrupole oscillations

are in phase in one mode and 180° out of phase in the other,
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I. INTRODUCTION

In this work the transverse coherent resiétive instabilities in circular ac-
celerators and storage rings are investigated for a nearly circular beam cen-
tered in a vacuum tank of circular cross section. The tank walls are taken to
be non-perfectly conducting. The transverse motion of a beam in an accelerator
can be described by oscillations of the center of charge and transverse size of
the beam. These oscillations can be characterized by a combination of mono-
pole, dipole, quadrupole, sextupole, etc., oscillations.

In the past few years, a number of particle accelerators have exhibited
dipole-type transverse coherent instabilities.4_6 In 1965 Laslett, Neil and
Sesslr-)r1 showed theoretically the possibility for a longitudinal continuous beam
of charged particles to have unstable dipole oscillations. This theory was later
extended to bunched beams by Courant and Sessler, 2 and Dikanskii Skrinskii. 3
More recently, instabilities that may be coherent oscillations of the size of the
beam have been observed. 7-9 The purpose of this work is to develop a theory
for the transverse instabilities of the beam cross section called the throbbing
beam instability. "

The idea of resistive wall instabilities comes conceptually from the theory
of the resistive wall amplifier. 1 In 1953 Birdsall, Brewer and Haeill2 pre-
dicted theoretically and demonstrated experimentally the possibility of amplifi-
cation of longitudinal density fluctuations in an electron beam by the resistance
in the surrounding walls, The occurrence of this phenomenon in particle accel~
erators was studied by Neil and Sessler13 in 1965,

In order to understand physically the wake fields, which are responsible
for the resistive instabilities, consider the following argument due to Robinson. 14
As the beam passes through a given point along the machine, a surface current

is induced on the wall. Subsequently, if the conductivity of the wall is finite,
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this current diffuses into the metal which gives rise to the wake fields., This
process can best be illustrated with a simple situation. We will examine the
currents in the wall for the case of perfect and non-perfect wall conductivity.
Take the case of a pulse of charged particles traveling paraliel to an infinite
metallic plane as shown in Fig. 1.1lc. Imagine that the pulse of particles is
made up of two semi-infinite beams, one positive and one negative, as shown
in Figs. 1.1a and 1.1b. The image charges and currents are shown in the same
figures for the case of a perfectly conducting wall. Because the wall conduc-
tivity is infinite no current can exist inside the metal, and the induced currents
stay on the surface of the wall. The wall currents and charges due to the (+)
and {-) beams have the same magnitudes but opposite signs; by superposifion,
they cancel each other in the region behind the pulse as shown in Fig. 1. 1lc.
Hence, no current is left in the wall for the case of a perfectly conducting wall.
However, if the wall conductivity is finite, the surface currents can diffuse
toward the inside of the metal. The diffusion of the image currents of the (+)
and (~) beams is shown in Figs, 1.2a and 1.2b. Because these image currents
are turned on at different times, the wall current corresponding to the (+) beam
has diffused farther into the metal than that of the (-) beam at the same point
along the wall., This gives rise to currents in the wall in the region behind the
pulse as shown in Fig. 1.2c. Near the wall surface the currents are positive
and inside the metal the currents are négative., Hence, in the presence of wall
resistance, there are wall currents left behind a pulse of charged particles.
These currents provide the sources for the wake fields. 15 _

Now let us consider the situation of a pulse of particles circulating in a cir-
cular accelerator or storage ring. The particles in the pulse execute betatron
oscillation16 about some closed orbit as shown in Fig. 1.3. Consider the case

where the bunch moves as a whole, then each particle in the bunch experiences
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Fig. 1.1. An illustration of resistive wall effects for a per-
fectly conducting wall: (a) A semi-infinite (+) beam,
(b) 2 semi-infinite (~) beam, and (c) a bunched (+)
beam.
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Fig. 1.2. An illustration of resistive wall effects for a lossy
wall: (a) A semi-infinite (+) beam, (b) a semi-
infinite (-) beam, and (c) a bunched (+) beam.
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Fig. 1.3.

PARTICLE MOTION
BETATRON OSCILLATION

Betatron oscillation about a closed orbit
of a particle in a circulating beam.




the wake fields produced by the motion of the bunch in its previous revolutions.
The nature of the wake fields depends on the type of oscillation of the pulse,
e.g., monopole, dipole, quadrupole, ete., and the frequency of oscillation w.
The relative phase of the field to that of the particle motion depends on the num-~
ber of betatron oscillations, v, per revolution, Hence, it is natural to expect
that for a given type of oscillation some relationship exists between the quanti-
ties w andv . The objective of this study is to find this relationship and to de-
duce from it the conditions for stable oscillation and the values of the growth
rates for each fype of oscillation. From the knowledge of the stable conditions,
future machines can be designed with the proper value of v to overcome the re-
sitive instabilities.

There are other means for suppressing resistive instabilities. 17 A suc-
cessful method for suppressing transverse dipole instabilities has been the use

of feedhack, 15219

The growth rate of the instabilities is generally of the order
of milliseconds. 1 In this method the transverse motion of the beam is detected
electronically, the signal is amplified and then fed back to the beam in such a
phase as to damp the oscillation.

Another means for suppressing resistive instabilities is the mechanism of

Landau damping. 20,21

This mechanism always relies on a spread in some pa-
rameter of the beam. The spread in the parameter may be introduced artifi-
cially info the beam via some machine nonlinearities. Usually for a given
spread of the parameter, instabilities are suppressed up to some maximum
beam intensity. 22 When this level of intensity is exceeded, the beam becomes
unstable and a loss of current results. This mechanism of damping is investi-
gated in detail for the quadrupole oscillation.

Our detailed investigation for monopole and multipole transverse oscilla-

tions was suggested by the work on the transverse dipole instabilities of Laslett,



Neil, and Sessler. 1 The solutions obtained are se]f—consistent23 based on a
small signal model. In particular, for the dipole oscillation ocur result gives
the same expression of growth rate and the same condition of stability as those
given by others. 1,2 The method used in the analysis is outlined in the next

section.

II. METHOD OF ANALYSIS

The charge and current densities are taken to be

p = PO + Pl (2.1a)
and
J =JO+J1 (2.1b)

with the perturbations Py and 31 assumed to be small compared with the un-
perturbed densities Py and —30. Then Maxwell's equations are solved for the
fields due to o and T. The transverse position of each particle in the beam
can be determined by the equations of motion containing the forces due to these
fields and the known initial conditions. From the knowledge of the position of
every particle in the beam, in principle, the charge and current densities of the
beam can be constructed. A self-consistent solution is obtained when the charge
and current densities so constructed are the same as those assumed in Eq. (2.1).
A more convenient method to obtain this self -consistent solution is to find the
particle distribution function in phase space that gives the assumed charge and
current densities, The latter method is used in this paper, and an outline of
the method is given in Fig. 2.1,

Following the outline given in Fig. 2.1, we first characterize the mox}opoie
and multipole oscillations of a beam, uniform or bunched, by some assumed
charge and current densities, and present the equations of motionfor the particles

in Section IIT.
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Fig. 2.1. Flow chart of the method used for finding a self-consistent solution.




The body of the analysis is contained in Section IV, where the Vlasov equa-
tion combined with the equations of motion is solved for a self-consistent par-
ticle distribution and the dispersion relation for the oscillation frequencies is
obtained. This dispersion relation is analyzed in Section V, culminating in the
determination of the growth times and the stability criteria for the oscillations.

The effects of Landau damping on quadrupole oscillations resulting from a
spread in the amplitude of oscillations are considered in Section VI, and the ef-
fect of unequal horizontal and vertical betatron frequencies for the particles is

investigated in Section VII,

III. MONOPOLE AND MULTIPOLE CHARGE OSCILLATIONS

In this section the monopole and multipole oscillations of a uniform or
bunched beam inside a metallic vacuum chamber are characterized by some
simple models. As the major curvature of the vacuum chamber has little in-
fluence on the calculation of the fields, 1 the chamber is taken to be a straight
pipe of radius b. The particles in the beam are taken to be moving longitudi-
nally in the z~direction, along the axis of the pipe, with a constant velocity v.

The unperturbed heam is taken as uniform in the transverse cross section
over a circle of radius a, with the center of the beam fixed along the pipe axis

as shown in Fig. 3.1. Thus, the charge and current densities of the unperturbed

beam are:
e
.00 = H(a -r) (3.1)
Ta
and
= A
J0 = V€, (3.2)

where H(x) is the Heaviside unit step function. For the uniform beam el is the

charge per unit length, while for the bunched beam the charge per unit length is



N

Fig. 3.1. The geometry of an unperturbed beam
and vacuum tank.

\\VE

\\§ £e cos 2 8
Oscillation Amplitude §
\ Oscillation Frequency w

wt =0

S
S|

718A3

Fig. 3.2. The geometry of a perturbed beam having quadrupole
oscillation.
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el = eNf(z - vt) with the function f(x) normalized such that e N is the total

charge in the bunch, i.e.,

jof(x)dx =1,

In the perturbed beam the radius varies as (a + ¢ ) for monopole oscillations
and (a + £ cos mg) for multipole oscillations, with the perturbation amplitude §

given by

¢ ot K2 - 0t) (continuous beam) (3.3a)
0

gt (bunched beam) (3.3b)

The multipole number is 2m, e.g., m = 1 for dipole oscillations and m = 2
for quadrupole oscillations. The change in the beam cross section in time is
illustrated in Fig. 3.2 for the quadrupole case. As a consequence of the per-

turbation, to first order in § the charge density can be written as

p= b+ &P (3.4)
where
A 9 ¥
9_.2. [5 (a-r)- a H(a —-r):l (monopole) (3. 5a)
Ta
Pl =
*9% d(a-r)ycos mf | (multipole) (3.5h)
Ta

*This is a common and convenient mathematical approximation for a uniform
dilation of the beam cross section in which the physical perturbation is charac-
terized by an equivalent surface charge distribution on a boundary of constant
radius. A similar approximation is used for the multipole cases.

-11 -



Similarly, the current density can be written as
T =7,+¢3 (3.6)
with
—-— {1(1{v w) = H(a r) e +v[6(a r)-=— H(a r):| } (monopole) (3.72)
7ra
3 =

-1
er ). r m A . A .
-——ﬂaz {1(kv - w) (a) H(a -r) [cos mo €. -sinm@ eg] (multipole) (3.7b)

+vd{a-r)cosm@ ‘éz} . (k=0 for bunched beam)

It is easily verified that —31 satisfies the continuity equation. *

For a particle in the beam, the equations of motion are

F
. 2 x1 _
px—_wOX-'-émO'y ’ - pX ’

Fl
- - + s 7 = 3.8
by woy ¢ mgy * ¥ TPy (3.8)
i)z=0, and z =v ,

where Pys py and p, are the conjugate momenta, m, is the particle rest mass,
and v is equal to 1 - Bz with 8 = v/c., The contribution of both the external
fields and the electromagnetic fields due to PO and 30 is included in the quan-

¥k
tity wg , . while the contribution of the electromagnetic fields produced by

*The continuity equation does not determine J 1 uniquely; however, this is the
form of J- 1 that will yield a self-consistent solution. Itis a pleasure to thank
Dr. E. L. Chu for valuable discussions on this point.

**Since the particles are assumed to have an angular revolution frequency Q,
wo = vo 2 where p ( is the number of betatron oscillations per revolution, For
the case of a single particle beam, the value of v is determined by the perio-
dicity of the focusing elements in the machine. The effect of space charge is
to shift this value of v by an amount which is proportional to the charge density
of the beam. Hence, ghe value of w; in general depends on both the design of
the machine and the value of the beam current.

-12 -



Py and -31 is contained in the perturbing terms, Fxl(x, y) and Fyl(x, ¥)o
To find the perturbing forces, Maxwell’s equations are solved for the fields
due to Pl and -31 with appropriate boundary conditions at the vacuum chamber

wall. The forces are calculated from the fields El and_ﬁl , using the formula

F .8 +F

S
18 4 —e(El+ LB _ (3,9)

yl'y transverse

The calculation of Fxl and Fyl is presented in the Appendix.

The set of equations of motion can be written in an alternate form by elim-

inating the variables P, » py and p,:

F_.(x,¥)
¥+ wix = é’—-}-{-l—“ﬂ (3.10a)
0 m,y
F_,x,¥)
e 2 _ p lyl¥e
¥+wyy =4§ moy (3. 10b)
and
=0, (3.10¢)

As seen from these equations the particle betatron oscillation frequencies of

x and y motions, w,_ and Woy s ATE taken to be w In a later section, however,

0x y 0°

this restriction is removed and the effect of Wog # wa is considered for mono-
pole and quadrupole oscillations.

The transverse position of each particle in the beam can be found by solving
the equations of motion with some known initial conditions. If the position of
every particle in the beam is known, the charge and current densities of the
beam can, in principle, be constructed. A self-consistent solution is obtained
when the charge and current densities constructed are the same as those origi-
nally assumed (i.e., pand 3). A more convenient method to obtain this self-

consistent solution is tofind the particle distributionfunction in phase space, as

outlined in Section II.
-13 -



IV. SELF-CONSISTENT DISTRIBUTION FUNCTIONS IN PHASE SPACE

In this section we proceed to find the self—consistent particle distribution
functions in phase space Y (x,y, z, P, py, P, t), which give rise to the charge
and current densities assumed in Section III.
4.1, Solving the Linearized Vlasov Equation

In general, the particle distributionfunction satisfies the Viasov equation24 »25

QY LY LY LY . Y L. dY L. Y
5t TR x Y Sy tr ez TR apx””’y pr+pz apZ"O" #.1)
In analogy to Eq. (3.4) ¥ is written as:
Y= [wo(x,y,px,py) + éwl(x,y,px,pyﬂhd(pz-pzo) ; (4-2)

where 1,00 is the self -consistent particle distribution function corresponding to

an unperturbed beam, i.e.,

e fdfoa(pz -pzo)d3p =R (#:3)
and
ehf‘? l/}oa(pz - P,) d3p = f‘fo . (4.4)

When Eq. (3.8) is substituted for the time derivatives of the coordinates and
momenta and Eq. (4.2) is substituted for i into the Vlasov equation, for the

bunched beam, we obtain to first order in ¢

3 ) 2 d 293 -
[Px 3x TPy 3y T @oX 3P, ""OY"BTY} Vo=0  (4.5)

and

- S YT S SR S
[—1w+px 5% +py Sy Wy X apx wy ¥ pr } l,l)l

F F
x1I 3 yl 3
myy 3P, ¥ m,y apy} Yo - (%-6)

The quantity (-w) is replaced by (kv - w) for a continuous beam.
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A self-consistent solution for |p026 that satisfies Eqs. (4.3), (4.4}, and

(4.5) is
wz az
A 0
b =—2— S\ (%, y.p0p) - (4.7)
0" 52,2 0 (% Y2 Pygs Py} =3
where %} is the Hamiltonian of the unperturbed beam:
wZ
172, 2 0,2 2
0750_ E(pz+py)+ -§~(x +y ). (4.8)

Substituting (,bO from Eq. (4.7) into Eq. (4.6), we obtain the linearized Vlasov

equation for l,bl

r (Fxa Fa [gg “gazJ
W(rn—m Py o 0 T 9

where

T 3 3 2 23 2 3
[CE —[-1w+px 3% +py ay—wox—é—b—}:—woy-gﬁ;—].

In the Appendix, it is shown that F_1&¥) and Fyl(x,y) can be derived from

a potential function UO

F

Ty = K@) S5 Uy ) 6657 (4. 102)
and

y >

myy " GK(w)—gy— Uy [r63)s 6(x,¥)] (4. 10Db)

where K(w) is a complex constant which is determined by the parameters of the

beam and the machine and

2
% (monopole) 4.11a)
UO(r,9)= m
X_ cosmg . (multipole) (4. 11b)
m

-15 -



For convenience, the dependence of the force on the transverse position of
the particle is given by the function Ugs whereas the dependence on the size of
the beam, the velocity, energy and density of the particles, the radius of the
chamber, the wall conductivity, and the frequency of oscillation w is included
in K. (See Appendix Eqs. 48-50.)

The expressions for Fxl and Fyl are substituted into the Vlasov equation,

yielding
K@) (A0 [ 3 _g_,]
[ﬁ]l,bl szaz N 2 Py T3% +Py 3y U, 4.12)

which can be written more compactly in terms of the operators £+ and <£:, as

2 2
[—iw -wg£_+cﬁ+]_¢1:_ AK (w) y[&? - 29;—]064_ U, (4.13)

211_2 a2 0
with
L :[X 90_ 4y 9 } (4. 14)
[ -] oPy apy
and

) )

g = —_— +p_ <] - .

[ +] [px 3 HPy ay} (4. 15)
Since UO has a simple form when expressed in polar coordinates, it is conven-

ient to rewrite the linearized Vlasov equation above in terms of the coordinates:

r= x2 + y2

. -1y

6 = tan (x)

and

[ 2 2

p= PX + Py

-1/P

¢ =tan 1(_1)

Py

-16 -



Then the operators in the Vlasov equation become

[£J=r[cos (9-¢)§p— +sin(9-¢)i)1—al¢] (4.16)
and
[£4]=p[cos(6—¢)—a%—— —sin(e—q&)%——aaT] : .17)

In order to solve the linearized Vlasov equation (Eq. 4.13), it is useful to

define the function Uk(r, g ) for positive integer k

cﬁ+ k-1~ Yk (4.18)
with U0 given by Eq. (4.11).
It follows from the above definition that for monopole oscillations,
1 .
pﬂrz -t @D cos[2(2-D(p-6)), 2 s2
U)2 = (4.19a)
0, 2 >2
and for multipole oscillations,
p! m_'ﬁﬁ cos [(m-0) §+2¢], £ sm
U =
. (4. 19h)
0 . ' £ >m
Operating on Uﬂ with CE_, we obtain useful relationships for £ = 1
£(2-0+1) sz -1 (monopole)
L u =
-2 (4.20)
L(m-L+1) UJ‘Z -1 (multipole)

It can be seen from Egs. (4.18) and (4.20) that the set of functions Up_ forg 20,

form a closed set with respect to the operators cﬁ_, £ . and iw.
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Because of this property,
2.2
a
w=2:bU6'a’€-‘”o @, 21)
1 L1 0 5
L

where bﬂ is the unknown constant coefficient to be determined. To find bg' this

series for t,bl is substituted into Eq. (4.13), and the fact that

Yy

is used to obtain

m

. 2 ' AK(w) _
E bﬂ[—lw-wo Lo+ £+]U£+ 39 L, 1,=0 . 4.23)
1=0 27" a

The relationship between £ 4, and U!l as given by Egs. (4.18) and (4. 20) is used

in the above equation to obtain

m

. 2 AK (w) _
. E I:bﬂ—l -—1wbﬂ-w0 (m—!l)(£+1)] Uﬂ+ zﬁzaz Ul—O (4.24)
2=0 '

with bh_1 taken to be zero. To satisfy this equation, the values for the b's are

chosen such that the coefficients of all of the Uﬁ's are zero, and the following

(m+1) linear equations relating the b's are obtained

—iw —mwg 0 0 0o . o 0 T _b B 0 T
0
1 -iw -2(m—l)wg 0 0 . . . |ln 2K
r
0 1 -iw —3(m-2)w§ 0 . . . . 2
° - ° ° o 1 "iw -m2W§ o °
0 0 0 0 0 90 -i
L 1 iw | _bm_ i 0 |

- 18 -

(. 25)



Thus, it is possible to solve for

L

b, in terms of w and the other parameters of

the beam and the machines. In particular, solving for bD we find

0 -md O 0 0 o ° 0
1 -iw —Z(m-—l)o% 0 0 . .
O 1 "'"iw ‘-3 (m-Z)wg 0 o L) .
a ° ° [ . 1 -1w —mzwg
0 0 0 0 0 0 1 =iw
A
= 1502 o
217a
=iw -mw 0 0 0 . . 0
1w 2l 0 0. .
0 1 -iw —3(m—2)a% 0. o
° o . ° o 1 —iw -mzwg
0 0 0 0 00 1 -iw

The solution of the Vlasov Eq. (4.13) can be found by substituting the values b

into Eq. (4.21).

4.2, Making the Solution Self-Consistent

2

Thus far, no attempt has been made to insure that wl is a self-consistent

solution. In this section, the self-consistent requirement is imposed on wl'

We proceed first to calculate the charge and current densities p'land _5'1 corre-

sponding to ¥, ; then we require that they be the same as P, and _5 , as given
1 1 1
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by Egs. (3.5) and (3.7). We have

m 2T o 2 2 wgaz
p| = e z bﬂfoﬂo' Pz_ e pdpdo . 4.27)
00

£=0

The integrals in Eq. (4.27) can be evaluated quite simply by noting that the inte-
gral of Uﬂ over ¢ is zero whenever U!2 is a function of ¢. It can be seen from
Eq. (4.19) that the only terms independent of ¢ are Uy for multipole oscillations,
and U0 and U2 for monopole oscillations.

The above integrations are performed, yielding

/ Tea _ _ _
-—~—w2 6 r)bo 47H (a r)b2 (4.28a)
) 0

pi: < m-~1
| 27ea
-——% — 6@ -r) cosmab0 (4.28h)
S

where use has heen made of the integral

fg(u)é' (w-f)du = -g0)é() - grHE .
0]

From Eq. (4.25) we find that for monopole oscillations b0 and b2 are re-

lated by

b, = - . 4.29)
2 2w

[«=28 \N]

By inserting this expression into Eq. (4.28a), p‘1 can be expressed in terms of

only bo. Thus

(- —“—ﬁeza [6 (@ -r)- % H(a - I‘)] bO (monopole) (4.30a)
(3
=
’ 2rea™ 1 _
-— 75 —— d(@-r)cosmph, . (multipole) (4.30b)
\ W m
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For the solution !,[»1 to be self-consistent, it is necessary that

7\; [d(a—r) - -;12— b | (a—r)-_\ (monopole)

wa

Ae

5~ 6(@-r)cosm b , (multipole)
wa
which implies
Awg
23 (monopole) (4.312)
ma
by =
mA wg
TR Il (multipole) (4.31b)
27 a

Similarly, we can calculate the current if‘l from 1,[/1., We find that
Eq. (4.31) is the only condition required for both p, = p1 and -3:-1 = TI"I o
The frequency of the oscillation, w, has not yet been specified. To find w,

the two expressions for bO given by Egs. (4.26) and (4.31) are equated to obtain
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the following dispersion relation, which relates w with the other parameters of

the beam and the machine:

0 —mw(z) 0 0 0 0
1 -iw -2(m—1)w0 0 0
0 1 ~iw —3(m—2)w§ 0 .
. _mz 2
0 0 0 0 0 1 -iw
a™ Y (w)
n 2
“0
. 2
-iw —mwo 0 0 0 0
1 -iw ~2(m—1.)u,ﬁ 0 0
¢ 1 -iw —3(m—2)wg 0 . .
» _mz 2
. iw o
0 0 0 0 0 1 -iw

1

Dispersion relationships for various values of m are given in Table 4.1.
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TABLE 4.1

Some Dispersion Relationships for the Oscillation Frequency w

Type of Value of Dispersion Relation for w (- w is replaced
Oscillation m by (k - w) for continuous bea.m)
2 2
monopole 2 4 Wy =W = aK (w)
dipole 1 wg - wz = K(w)
2 2
quadrupole 2 4 wy ~w = aK(w)
(Qwo—wz)(wg~w2 2
sextupole 3 5 5 = a" K(w)
3w0 - w
! (16w§ —wz)(llwg —wz) 3
octupole 4 5 5 =a K(w)
(10 wo - w )

The value of w can be obtained from the dispersion relation if the machine
and beam parameters are known. With w known and its value substituted into

the b's in Eq. (4.21), a self-consistent solution (,Dl is explicitly determined.

V. CONSEQUENCES OF THE DISPERSION RE LATIONSHIPS

In this section the dispersion relationships given in Table 4.1 of the preced-
ing section are analyzed. The frequencies of oscillation w are determined in
terms of the parameters of the beam and the machine. Conditions for stable os-
cillations are deduced and values of the growth rates for unstable oscillations
are found.

As an illustration of the procedure used, a detailed analysis of the dis‘persion

relationship for quadrupole beams is given. Since the method of analysis is the
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same for all cases of oscillations, only the final results are presented for mono-
pole beams and other multipole beams.
For a small perturbation, the frequency of oscillation for quadrupole case

will be close to the natural oscillation frequency 2 w,. The dispersion relation-

OB
ship

4 wg - (kv - o.J)2 = aK(w) (5.1)

can be solved for values of w near 2 Wy For a storage ring or circular accel-
erator the values of k are restricted to k = n Q/v with Q the revolution frequency,
n a positive integer for the uniform beam and equal to zero for the bunched heam.

It is convenient to write Wy = Vg & with v 0 the unperturbed number of betatron

oscillations per revolution, so that we obtain for the dispersion relationship:

4V2

” 9% - m -w)?l= a[Kr(w)HKi(w)] , (5. 2)

where Kr and Ki denote the real and imaginary parts of K. In practice
2 2
a (Kr + Ki <« vOQ
so that two of the roots of Eq. (5.2) for w are:
- _a .
w = (nd:z:JO)sz o [Kr (9% 20,9) +iK; (00 £ 20 sz)] _

For the case of the uniform beam the sign of the imaginary part of K(w) is

determined by the sign of w, so that

aK (‘nQiZVOQD _ i, (|Jne2y, @
w:(n:’:ZvO)Q:F r4VOQ :F].S1gn(n=l=2v052) 1( 47"09 ‘) »  (5.3)

with the upper sign representing a fast wave, the lower sign representing a slow
1

wave,  and Ki(’ns’z = 2 0 Q ‘) > 0. Since the motion is damped when the imag-

inary part of w is negative, the fast wave is always damped, while the slow wave

is damped only forn < 2y o+ However, forn > 2 Yo the slow wave grows
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exponentially with an e-folding time 7 given by

41}09

aKi(inQ - 21}05”) :

T = (5.4)

For the bunched beam Kr(w) = Kr(—w) and Ki(w) = —Ki(- w) so that the dis-

persion relation is given by

2y Q .| 2v &
sl e

w==|2p,0 -
0 0 0

Hence, oscillation is damped if K, (21;0 Q) > 0 and grows exponentially for

Ki (ZVO Q) < 0 with an e-folding time 7 given by

4vO§2
T=- ak, (2v, Q) °

(5.6)

The frequencies of oscillations w and e—-folding times 7 have been calculated
for the other cases following the procedure given above. We find that unstable _
monopole oscillations have very long growth times (many years) and thus impose
no practical limitations on the design of accelerators and storage rings, 21 How-
ever, for unstable multipole oscillations the growth times are short enough to be
of practical importance. Henceforth, we restrict our attention to only multipéle
oscillations.

To find the condition for stable multipole oscillations, we note that the per-
iwt

turbation has been assumed to vary as el , so that for stability Tmw < 0 or Ki> 0.

In particular, for stable quadrupole osciliations Ki(2y0 Q) > 0. For a suffi-
v.L
ciently narrow bunch (Trgf{" <« 1) the effect of local fields can be neglected so that

Ki (2v0 Q) is directly proportional to ImG (2u0) with the sum G given by2

o)

= 2 i2 .
Gl = ) J; ol 207X (5.7)

n=1
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A plot of the sum G(x) is given in Fig. 5.1. The n-th term in G gives the con-
tribution of the wake fields to K produced by the beam in its n-th previous turn
in the machine, The amplifude of the wake fields decreases as 1//n and the
relative phase between the wake fields and the particle oscillation varies as
2p,(2nm). It can be shown? that the sign of ImG is determined by the first
term in the sum over n of G. Hence, the condition for stable quadrupole oscil-
lation of a single bunched beam is given by:
sin (47p,) >0
or
n <2V0<(11+ -2]-'—) (5. 8)
with n an integer.
Since the contribution to Ki from the local fields is positive as seen from
Eq. (51b) of the Appendix, the effect of the local fields is to widen the region of
stable oscillation given above.
A similar analysis has been made for the other multipole cases. The re-

sults are summarized in Table 5. 1.

TABLE 5.1

Conditions for Stable Multipole Oscillations for a Single Bunched Beam

Types of Approximate Frequency of Stable Conditions for a
Oscillations Oscillations (wo =¥ Q) Bunched Beam
dipole W n <y <ot 1/2
quadrupole 2w0 n < 2v0 < n+1/2

wg n <y <n+t 1/2
sextupole

1 L

3w0 n' < 3v0< n'+1/2

2w, n <2y < n+ 1/2
octupole

4w, n' < 4y, < n' + 1/2
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10 ] T T i
i2nnx
G (x) = Z ~Ze
J/n
5 n=|
< mG
O ~—— m——
eG
_5 —
—10 I | | 1
O 0.2 0.4 0.6 0.8 1.0
X ——
20 I I ] T
10 —
eG
0]
£ mG
-0 |
—-20 ] i 1 {
090 0.92 .24 0.96 0.98 I.O
X — 826AT
Fig. 5.1. Values of the sum Gx) for 0 < x < 1.
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For unstable quadrupole oscillations the maximum growth rate 1/"r2 is re~
lated to the maximum growth rate of the unstable dipole oscillations of Laslett,
Neil, and Sessler’ 1/-r1 by:

2
1 a 1
— ==} -~ (5.9)
Ty (b ) gl
In general, the actual growth rate is less than (1/7) calculated from Eq. (5.6)
because in the analysis thus far all of the particles have been assumed to have

the same unperturbed frequency wd s I.e., Landau damping has not been con-

sidered. The effects of Landau damping will be discussed in Section VI.

VI. LANDAU DAMPING OF QUADRUPOLE BUNCHED BEAM

It is known that unstable beam oscillations can be suppressed by Landau
damping due to a spread in the betatron oscillation frequency wof’zIn this sec~
tion, we examine the effect of this stabilizing mechanism on unstable quadrupole
oscillations of a bunch beam. A criterion for the spread in the frequency @,
required for stabilization is obtained.

In the following analysis the charge density of the unperturbed beam is as-
sumed to vary with radius. The unperturbed beam can be thought of as being

made up of a sum of many beams each with a constant radial density inside of

radius a. Then the charge density can be written as
po(r, z) =g0(r)f (z - vt) (6.1a)

with the transverse dependence of the charge density given by

‘@o(r) _ fen(a)Héa-r)da (6. 1b)
0 mTa

where n(a)da is the number of particles inside a beam with uniform transverse
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cross section density of radius a and
(==
fn(a.)da = N . (6.2)
0

In particular, for a beam of uniform transverse cross section density
n(@) = Né@ -r) .
In the perturbed beam, we assume the beam radius of each of the uniform
cross section beams varies as (a + £(a) cos 2 8) with

wt

£@@) = Ey@pe” (6.3)

for quadrupole oscillation of a bunched beam. Then the transverse charge den-

sity of the beam is given by

@‘(r) = @0(r) + @;(1«) (6.4)

where

-]

gq(r) :f eéja)n(a)g(a—r)cosze da

ma

0

=f'-ﬂ£)2—n—(£l cos20. (6.5)

Tr

The expressions for the charge densities can be derived directly from those pre-
viously obtained for a uniform cross section beam (Egs. 3.1and 3. 5b) by replac-
ing N with n(a)da and integrating over a. By the same superposition principle,

the perturbing force fields can be found from Egq. (4.10) yielding

£(a)K (a)da—éa? U, (r,0) (6.62)

x1
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and

F o 5
—n—lo% =f¢(a)1<(a)da—§%— U, (s 0) (6. 6b)
: _

where —K(a) is the value of K given by Eq. (51b) of the Appendix, with N replaced
by n{a}. *

We find that a self-consistent solution of the Vlasov equation is
W (X:¥ %P PP ) = [sbo(x,y,px,py) + wl(x,y,px,py)]f(z = vt)§(p, ~P,q) (6:7)

where gbo and ;[/1 are given by Egs. (4.7) and (4.21) with N replaced by n(a)da
and integrating over a. The dispersion relationship for the oscillation frequen-

—

cies is

5(a)(4wg - w2 ): a j.of @K @)du . (6.8)

0

Dividing Eq. (6.8) by the quantity (4w§ - wz) , multiplying the result by

K(a)da and integrating over a, we obtain a more useful form of the dispersion

*The term K is defined for an observation point inside a uniform cross section
beam. For an observation point outside of the beam, K must be modified to in~
clude an additional term which is independent of the wall conductivity. Thus,
for a nonuniform beam Eq. (6.6) gives only a portion of the total force fields.
The inclusion of this additional term, however, will not significantly affect the
result of this section. Furthermore, since wy = 1y Q and both v and Q are
functions of the betatron oscillation amplitude a and the particle energy v, a
spread in both a and v can contribute to a spread in wg. The exact value of the
lower limit on a spread in w, necessary for Landau damping depends onthe distri-
bution of particles ina and y. In Ref. 1 a spread in either a or v has been
treated. The result of this section is in agreement with the result of Ref. 1,
namely, if the spread in w( is large compared to the shift in the coherent oscil-
lation frequency [Ka/4 @, | s the unstable coherent oscillations are Landau
damped.
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relationship

ax (a)
4 wg (a) - wz

da=1 (6.9)

0
which is independent of the perturbation amplitudes. It will be assumed that
the frequency w, depends on a.

For a small perturbation, w = 2w o 8° that we may write

4w(2) -t 4w0(2 wy(@) - w) . (6.10)
Let
wo(a) RV, Q-+ wb a (6.11)
then Eq. (6.10) becomes
=N s 9
4wy - w z4v09(2v09—w+2w6a) (6.12)
where
ot = 20
0 da

From Eq. (6.11) the spread in the particle oscillation frequencies in the
beam is given by
A (2w0)=(2w0 - 2y, .Q)

1
2wha (6.13)

maximum
where a, is the maximum value of a. Hence, for a given value of wb the fre-
quency spread in the beam is proportional to a .

Since .@ O(r) and n(a) are related by Eq. (6.1b), differentiation of @0 (r)

with respect to r gives

n{a) = - wazgz) (a) . (6.14)
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Inserting Eqs. (6.12) and (6. 14) into Eq. (6.9), we find for the dispersion

integral
; 4
1 4 4
@O(a) [Clb + (—Cl+02+03)a +(D2+D3)a] e 2o 6.15)
a-a, (w) 0 ’
0
where
w - ZVOQ
al(w) = —T&?— (6916)
. - ﬁroc
1 ZVOQL')/3b4
~ \ l
Cy 1(4)
L
Cq > r062C3 - ReG (2v)
- T 5
o 2V09Yb TBCoL WL (_?1)
2 R 4
L
D3) /—ﬁImG(ZVO)
and

Re 2 i2nmx .
G(X)_Z \/—;e

n=1

We will be interested only in the case where the oscillations are unstable
in the absence of Landau damping. It may be recalled that for the case of uni-

form beam the stability condition depends on the sign of Imw or ImK. In
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particular, unstable quadrupole oscillations occur when ImK (2 % Q) <0, i.e.,

(Dz + D3) > 0, Moreover, the shift in the oscillation frequency w is propor-

tional to ReK (2 % Q)which can either be positive or negative depending on the

relative magnitudes of the constants C 1? 02, and 03. For a proton accelerator

with a low v, C1 is dominant. Hence Aw > 0, where

AwERew—2VOQ . (6.17)

However, for an electron storage ring having a high v, C g 18 dominant and

therefore Aw < 0. The cases of high and low y will be studied separately.

The mechanism effective in stabilizing the beam has been characterized by

0
defined by Eq. (6.16) the shift of the oscillation frequency due to the perturbation

the parameter w) whose value depends on the nonlinearity in the machine. 1 As

is given by

Aw = Zwba

where Aw is the frequency shift. Note that a, is the amplitude at which the
change in twice the betatron frequency, A (Zwo), equals the frequency shift Aw. We
are interested in finding the values of a, which satisfy the above dispersion rela-

tionships for a given value of wba In particular, we wish to find the value of ay

at the stability limit. Since a. is real at the stability limit, the integrand in

1
Eq. (6.15) is singular so that care must be taken in evaluating the integral.

To define the integral for real a1, first we note that for oscillation varying

R

w=2v0£2+2w(')a, (6. 18)
unstable oscillations occur when Zw(')Im a; > 0. In the limit Ima.1 ~— 0 the

pole a, in the complex a-plane approaches the real axis from above for wb >0

and from below for c.o(') < 0. Thus for the case of wb > 0 we consider ay to

have an infinitesimal positive imaginary part, so that it lies just above the path
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of integration as shown in Fig. 6.1a with an equivalent path of infegration shown
in Fig, 6.1b, The opposite is true of wb < 0, For Landau damping it is im-
portant that 2y be less than 2

With this in mind the dispersion integral can be evaluated for real a, which

results in
’m
5 @O(a)[c b4;- (_:11+CZ+C 3)% ]da;w@ ol21)(Dy+Dy) 2 ‘:Ll 2w} (6. 19a)
0
and
m
4
P gﬂ(a;(]_)azn) a =12 of® )LC b+ (-1 +C, +Cg)a ‘ﬂ:o - (619
0

where P indicates the principal value. The upper and lower signs correspond

to the case of wb

As a reasonable a.pproxima.tionl of the unperturbed transverse charge den-

> 0 and wb < 0, respectively,

sity we take
2
@0(9.) = ::ei (am—a) H(am —a) ) (6.20)
%m
Differentiating@ 0 gives

@) 12N
(a)=- a_-ajH{a_ -a) . (6.21
0 7Ta4 ( m ) ( m ) )

m
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jim a a-PLANE

POLE AT a=a,
" FOR w. >0

X

’rf > —

OT m Re a

Fig. 6.1a. Actual path of integration for the dispersion

integral., The integral is given by Eq. (6.19).

yim o a-PLANE
a, REAL AT
/ STABLE LIMIT
X > -
OLV’ a Re a
759A2

Fig. 6.1b. Equivalent path of integration for the evaluation
of the dispersion integral.
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Substituting Eq. (6.21) into Eqs. (6.19) and evaluating the integrals, we

obtain for wb > 0:

(am—al) [Clb4+(—Cl+Cz+C3)aﬂ En( H;;al) + (—Cl+(32+C3) g(al,am)-w(D2+D3) a‘i

4 5
Twha a
= - __G%g + 01'“4 B * (<O + Gy Cg) 5 (6. 22a)
and
4 4
4 (2m™H B ”[Clb + (-G +C+Cy) 31]
alﬂn( a ) Te(Apay) =- D, + Dy (6.22b)
where
4 3
Bm~®) @) Y 2 2 3 254
@)= —1— t—3 3 @y ) & MR,y )2~ 75 (6.29)

In general, solving for the unknown parameters a, and a from Eq. (6.22) may

1
be difficult. But, for the special cases of high or low v, the solutions can be

readily found,
When v is low (31 is large compared to the other constants and since

(Dz + D3) > 0, the right-hand side of Eq. (4.22b) is a large negative number

and thus a; = a. Hence, the spread in 2w, required for Landau damping is

0
equal to the value of the frequency shift, i.e., A (Zwo) =~ Aw. Setting ay equal

to 2. in Eq. (6.22a) yields

a4 T w! a3
m 0'm 4
g + 6NCl = b . (6. 24)

For the case of high vy, C2 is the dominant term and the right-hand side of
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Eq. (6.22b) is a large positive number. Therefore,
1

fm _ (_ _____“CZ ) (6.25)
a D2 +D3

so that a, > a. The spread in 2w 0 required for Landau damping in this case

is much larger than the frequency shift

1

4

4#02
A(Zwo) = - WS Aw . (6. 26)

In both cases the required frequency spread for Landau damping is directly
proportional to the frequency shift due to the perturbation. In the limit of low v,
the criterion for the spread required is independent of the wall conductivity.
Th\is result agrees with the results of Laslett, Neil and Sesslerl who have
treated the problem in much more detzil for the case of dipole oscillations.

When the expression for C, is substituted into Eq. (6.24) and the result is

1

simplified, we find for the case of low y the number of particles in one bunch at

the stable limit is given by

5 i (6.27)

m
b -5

with the betatron frequency spread in the beam given by Avo. Thus the criterion

for damping unstable quadrupole oscillation for a machine having low v is

3Nr0 02 b4 - __1511_
Ayy 2 51 . (6. 28)
'\/;L'YSVO 92 L amb
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Similarly, for a case of high vy the stability criterion is

3Nr0<3362a]2n I (1/4)
AUO 2 E 5 (6.29)
20Tyh vosz TBCoL

or the maximum number of particles in a stable bunch is

5 2
N _ 20myh yOQ ,fwBCaL A
- 1% .
Tnax 3r, c?’ﬁzafn ras

(6.30)

ViI. THE EFFECT OF BETATRON FREQUENCY SPLITS
In the analysis of the preceding sections, the betatron frequencies of the
and w

particles w have been assumed to be equal. As a consequence of

0x Oy
this assumption, oscillations of the different ordered poles do not affect one
another. However, if w 0x and wa are not equal, coupling may occur between
different types of oscillations so that an oscillation of one type may excite an
oscillation of a different type. As an example of this occurrence, the effect of
@0 # wa on monopole and quadrupole oscillations is considered in this section.
It is found that coupling exists between monopole and quadrupole oscillations

and the motion of the beam is characterized by two normal modes such that the
monopole and quadrupole oscillations are in phase in one mode and 180° out of
phase in the other.

In a perturbed beam, we take for the charge and current densities for a

bunched beam

P=.00+5mpm+5qpq (7.1)
and
T=J0% éndm * éq9qg (7.2)
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where
_ ~iwt .3
erél g (7.3)
Py is the charge density for an unperturbed beam as given in Eq. (3.1), Py
and pq are the perturbing charge densities as given by Eq. (3.5) with m for
monopole and g for quadrupole, _30, Em and jq are the corresponding current
densities as given by Egs. (3.2) and (3.7).

For a particle in the beam, the equations of motion are written as

P, > (7.4)

bx=-x+ + 5=+ XTw

. “ym "yq o= o2

py=—-y+ + , y=w0ypy , (7.5)
movwoy moywoy

f)z=0 . and Z=v, (7.6)

where Py py and p, are the conjugate momenta. *

In analogy to Eq. (4.2), we take ¥ as

Y= [wo(x,y,px,py) T Em Y (XY 9Py Py ) + g wq(x,y,px,py)]hé(pz-p()z) (7.7
where lﬁo is the self-consistent particle distribution function corresponding to

an unperturbed beam which satisfies the conditions given in Eqs. (4.3) and (4.4).

Substituting y/ into the Vlasov equation, Eq. (4.1), we obtain

Loy, =0, (7.8)

*It may be noted that the conjugate momenta as defined here differ from those
given on p. 12 by some normalization constants.
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and

F _+F F +F

. __ 1 1"xm "xq 0 ym " yq 81

[.m+£1](gmwm+eq¢q)— oo R S S S Uy »  (19)
Ox

where

(2 3,2 3 .3 .,
[cﬁl]m[%xpx 5% T YoyPy By TF o yapy]' (7.10)

A self-consistent solution 1{/0 is

Aw, w 2
- x Oy 2{‘/9 - & 7.11
11/0 211'23_2 6 0 (XsYst’py) 2 ( . )
with
2 2 2 2
w. p_ + w P 2 2
Jé}: OXXZ L . (7.12)

Substituting t/l() into £q. (7.9) gives the linearized Vlasov equation for dll:

[ 1] o™ S0 V) ~

A—w w 2
. 0x 70y . ) 'éjg_g_ )
072 52 [(Eme"" £ K ¥ (6 Ky quq)ypy]a v~ 5 ) (7-13)
where
Fxm F m
my §mEm*® —y—moy = (K Y, (1.14)
Pxq_ Foq
= ¢ K - - ]
m,y R myy PR (7.15)

with the values of the constants Km and Kq given in the Appendix.
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A self-consistent solution wm which satisfies the above linearized Vlasov

q
equations is found to be

m 2 3 2 2 2
T a

2 2, 2 2 .
£ +
P i A I S ”’y’]o'W az) (7.16)
0
q

with the oscillation frequency and amplitudes obeying the relationships:

(w®-40? +ak_)e_+ (o® -20? + aK ) £,=0 (7.17a)
and
(o —4w(2)y+aKm) ¢ - (w2—4wgy+aKq) £, =0 - (7. 17h)

In order to have nontrivial solutions for the oscillation amplitudes sm and

¢q the oscillation frequency must satisfy the dispersion relationship below:

{2 2 I 2 2
\w —4w0x+aKm\ \w —4w0x+a.Kq\
=0. (7.19)
2 2 2 2
(w -4w0y+aKm) —(w —4w0y+a.Kq)

In solving for w, we will assume that the frequency shift due to the perturbation

is small compared to the split in the frequencies, i.e.,

>> a.\Kt ‘ o
where

K,=K_+K .
t m q

Since, in the absence of perturbations, the natural frequencies are 2 W
and 2 wa the values of the frequencies of oscillation for small perturbations are

close to 2 @ox and szy" Hence, we solve for the frequency (wl) near 2 Wi and

obtain

aK (2 W )
_ L 0x/ |
wl =2 wa - wox (7.20a)
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Similarly, for the frequency (“’2) near 2 W

y’

aK, (2w
o e - K Pogy) (7. 200y
2 Oy 8w0y

When the values of Wy and W,y are substituted into Eq. (7.17) and the per-
turbation amplitudes are solved, we find that for the normal mode amplitudes
corresponding to Wy .r;‘m = 5q, and for the normal mode corresponding to Wos
En =" 5q . Thus, we find that as a consequence of large frequency splits,
monopole oscillations are excited by quadrupole oscillations and vice versa.
The motion of the beam can be decomposed into two normal modes which are
made up by monopole and quadrupole oscillations. The monopole and quadrupole
oscillations are in phase in one mode and 180° out of phase in the other. The
energy of each mode is split equally between the monopole and quadrupole oscil-
lations.

A similar analysis can be carried out for the case with small frequency

splits (w()x = w(}y) , le€.,

| (-2

Under this condition, we obtain the normal mode frequencies

<« athl o

a'Km (ZwO)
O)m = Zwo - *—4—6-0'-0—_ (7.213.)
and
aK (Zwo)
wq = 20.;0 - -_51————4wo (7.21b)

(With Wy & Yoy W wa) » which agree with the dispersion relations given in
Section V. The corresponding normal mode amplitudes are given by Em arbi-

trary and Eq =0 for w= @ and Eq arbitrary and Em =0 for w= % This
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result shows that for this case the normal mode oscillations are either pure
monopole or pure quadrupole oscillations.

Since the perturbations due to monopole oscillations are much weaker than
those due to quadrupole oscillations, we have Kt =] Kq so that for the case of

large frequency splits

akK (szX)
R N T (7. 22a)

8w0x
and
aK (2w
- ——%—5)—0&) : (7. 22b)
Oy

The conditions of stability for the normal modes are similar to those for pure

Wy ~ Zwoy

quadrupole oscillations

1
n < ZVOX <n+3 (7.232)
and
1
1 1 el
n' < 2y cn'+ g (7.23b)
where n and n' are integers, VOXQ = Wiy and yOy Q= Woy *

By comparing Eqs. (7.21) and (7.22), we find that for the large frequency
splits the maximum growth rate is one-half the growth rate for a pure quadrupole
oscillation, This is because for large frequency splits the energy is shared
equally between the monopole and quadrupole components of each mode. How-
ever, the amount of energy feedback to the oscillations by the monopole compo-
nent is negligible compared to the amount of feedback by the quadrupole compo-
nent, Thus, the energy contained in the monopole component does not contribute
to the unstable growth. Furthermore, the frequency shift is one-half the fre-
quency shift for a pure quadrupole oscillation so that the frequency spread re-
quired for Landau damping is one-half of that required for damping a pure

quadrupole oscillation.
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VII. SUMMARY

The possibility for both longitudinally continuous and longitudinally bunched
beams in circular accelerators to have unstable transverse beam oscillations
has been demonstrated theoretically. The oscillations of a nearly circular beam
centered in a vacuum tank of circular cross section can be characterized by
monopole, dipole, quadrupole, etc., oscillations. For the case of equal hori-
gontal and vertical betatron frequencies these oscillations can exist independ-
ently, with no coupling between the various poles,

Dispersion relationships which relate the oscillation frequency w to the
number of betatron oscillations per revolution &) have been found for monopole
and multipole oscillations. It follows from these dispersion relationships that
inthe absence of Landaudamping a longitudinally continuous beam is always unstable

0

where R is the revolution frequency, R is the radius of the machine and n is an

against the development of waves having a phase velocity close to (n— my )QR,
integer greater than my, with 2m the multipole number (m = 1 for dipole, m=2
for quadrupole, etc.). A longitudinal single bunched beam is always stable
against multipole oscillations of order m provided n < Yy < (n + ﬁ ) . It follows
from this condition that for Y just above an integer all multipole oscillations are
stable for a single bunched beam,

For multipole instabilities the growth rates and thresholds are close to
those obtained for the dipoie instability, differing only by a geometrical factor

which depends on the radius of the tank b and the radius of the beam a. For ex-

ample, the maximum growth rate ;1— for the unstable quadrupole oscillations is

2
related to the maximum growth rate ;l for the unstable dipole oscillations by
1
2
1 a 1
1. (E) = (8. 1)

T2
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The growth rate for the dipole instability is generally of the order of millisec-
onds. For monopole oscillations, however, the growth rates are typically
years.

The maximum growth rate for unstable quadrupole oscillations is given by:

O L)
i ak, ([ - 270 (continuous beam) (8.2a)
To = <
’ -4VOQ
T K, (2—“‘”,,0 a) (bunched beam) (8. 2b)
WMH%=ImK
and
1
( 2r A 02(b4_a4) 4p }\132 03 2
) 03 43 + (L) — 5 [21r0n1-2 9] (8.3a)
v'ba b (2-2%)
n>2%
K=< (continuous beam)
2r N(b4“3,4) 02 2NT Bz c3a 20 L
-7 § r(d) 1222 p(3)
K 1r21_‘1,31943‘3 vyrb” \JTBcoL
erNBZCSa
(bunched beam) (8.3b)

+ G(2v
Mbs r_'n'ﬁ_—caR ( 0)

where

G (x) =O.Z Jgeizn”‘ (8.4)
n=1

ry = classical radius of the particles
I, = length of the bunch
R = radius of the machine
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¥ = number of betatron oscillations per revolution
¢ = conductivity of the pipe

Q@ = revolution frequency of the particles

N = total number of particles per bunch

A = number of particles per unit length

c = velocity of light

n = positive integer greater than 2110
I’ = complete gamma function

The value of the sum G can be obtained from Fig, 5.1.

In general, a spread in both the betairon oscillation amplitude a and the
particle energy v can contribute to a spread in the betatron oscillation fre-
quency w. The exact value of the lower limit on a spread in w, necessary for
Landau damping depends on the distribution of particles in a and v.

For a bunched beam with no energy spread, the criterion for stabitity by
Landau damping due to a spread in the betatron oscillation frequency against
unstable quadrupole oscillations is given by:*

( [ L4
2 b4— m

3Nr,. ¢

‘\/_;_,.__.__L 73 :,)0 92 | /I_——_—a Ii bi (low ) (8. 5a)
Ayy 2
3Nr0 0362 aif(%) . .
\ or ‘yb5 " ) m (high v) (8.5b)

*This result applies only to the case treated in Section VI. For other variations
of wq with amplitude or other particle distribution functions, some modifications
of these equations are required. However, these equations are in agreement
with the general result that if the betatron oscillation frequency spread A (2 wg)
is large compared to the coherent tune shift \Ka/4 wo( , then the unstable oscil-
lations are Landau damped. See Ref. 1 for a more complete discussion of this
peint for the case of dipole oscillation.
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or the maximum number of particles per bunch is given by:

,\/FL73VOS22 a.ib4
5 ) AVO (low ) (8, 6a)
3r, ¢ 4 2m
0 b -
5
Nmax = $
207wb5u092 /TBcoL
T3 3 T Avo - (high v) (8. 6b)
3r, ¢ B am.’"(z)

\ 0

where a is the maximum value of a.
For the case of a large difference between the horizontal and vertical beta-

tron oscillation frequencies, it is found that coupling exists between monopole

and quadrupole oscillations. The motion of the beam can be characterized by

two normal modes such that the monopole and quadrupole oscillations are in

phase in one mode and 180° out of phase in the other,

8.1. Numerical Example

In most accelerators and storage rings, the cross sections of the beam and
vacuum chamber are not circular. Therefore, the theory must be extended be-
fore it can be rigorously applied. However, for the purpose of illustration, we
calculate the conditions for unstable quadrupole oscillations, the maximum growth
rate and the spread in Y, hecessary to Landau damp these unstable oscillations in

the proposed SLAC Storage Ring. We take

R = 3X 103 cm N =14 ><1012 per bunch
L = 3x10cm o= 0.4><1018 s‘.ec"1
B = 5.25 a = lcm

vy =6 x 10° b = 5cm
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We find that because of the local damping fields the condition Ki (2 Yy Q) <0

< B.borb5.91 <y

o < 6.0,

restricts the range of unstable osciliations to 5,41 < Y

and the maximum growth rate is given by

= —-(0..6+0.46 ImG(ZVO)) sect .

To stabilize the unstable quadrupole oscillations with Landau damping, we would

need a spread in the tune within the beam of AVO = 0.5%X% 10—6.,
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APPENDIX: Solving for the Perturbing Fields

In this section, we solve Maxwell's equations for the fields due to the per-

turbing sources £, and ?1 given in Section III:

el 2
E [5 (@-r)- 2 i (a - r)] (monopole) (1a)
Pl =
i—%— d(a ~rjcosm?a , (multipole) (1b)
Ta
el |, T ~ 2 A~
N—az—- ikv - w)(-aj)H(a —r)er+v [5(a—r) - EH(a—r)] ez} (22)
5 - (monopole)
. eA . r m-1 A ~
1ra2 i1(kv - w)(a) H(a-r) fcos m 6 e.~sinm o 391
+v§a-rjcosm ’e‘z } , (multipole) (2b)

where H(x) is the Heaviside step function. For the uniform beam eA is the
charge per unit length, while for the bunched beam e = e Nf (z ~vt) with the

function £(x) normalized such that eN is the total charge in the bunch, i.e.,

fixydx = 1 3)

and k = 0 for bunched beams.

In order to illustrate the method of solution, a detailed derivation of the
fields for multipole bunched beams is given. Since the method of solution is the
same for continuous beams and for monopole bunched beams, only the final ex-
pressions for the forces are given for these cases.

In solving for the fields, it is useful to employ the following transforms, 15
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For the longitudinal particle distribution f, the transform ?(k) is defined by
w0
f(z - vt) = f%’(k) k(- gy )
-0
and the transform field component Ez is defined by

o0
ot [ w ik (z - vt
E_ (t,z-vt)=cosge ¥ szl(k,w)el (Z-VE gy (5)

Similar definitions are used for the transform of the other field components,
where the theta dependent and the frequency dependent terms are explicitly in-
troduced in the definitions to simplify the subsequent expressions for the trans~

formed field components., The components Erl’ EZ , and B9 1+ are proportional

1

to cosm 0, while E o1° Brl’ and BZ are proportional fo sinm 9.,

1

By using Maxwell's equations and Ohm's law the field components can be

expressed in terms of Ezl and ﬁzl“ Inside the vacuum chamber (r < b) we

have
"2Er1 =ik ai?l +ikm(f+BW)§z1 'w) T (6a)
Vzﬁgl ik (ﬁ”’ﬁw) aiailz‘l + 11;m ~zl _ 14c7rk 31-1 , (6b)
"zﬁel . _ikm Y Bizl 14 ﬂk£ﬁ+3w) T, . (60
vzﬁﬂ:%) Ezlﬁk affl + i"‘cﬁk 391 , (6d)
where BW = % and vz = —k2 [1 -([3+Bwﬂ .
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The components Ezl and ﬁzl satisfy the differential equations:

o~ ideNkF

2

B S (1-%-p8_ ) dta-1)
1.9 (r_al.) N (Vz_ﬂ) N - (T)
roor \or 2 I\ i4em&'ﬁw

le '—""';2—“— 6(3.-'1')

YE L TT 3 YT B oo (82)
2By, = [11‘(‘8*3 ) -4maf } aizcl RSB, (8b)
"By, = - 1l;m E,q - ik(B+B) 5§§1 ’ (8c)
A2 B 1= le(ﬁ+ﬁw) ~47ro/c] mﬁ%l + ik 8351 , (8d)

with A2 = vz + @4 riko/c) (,8 +BW) , and the differential equations for Ezl and
le given by:
Ezl
193 d 2 m _
[r S5 (ESy) + (;\ -?)] 3 =0 . 9)
B
zl

In addition, to satisfy Egs. (6) through (9) the transformed fields must also

satisfy the proper boundary conditions at r=a, and r=b. At r=a the components

le, Ezl’ Eg1 and Brl are continuous while
ot
~ + ~ - ~ ~
Bel(r=a. ) - By (r=2a ) =47/c f 1Zldr=47rBN0&f s (10)

a
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and
a
B (r=a’)-% (r=a‘)=41rf’ﬁdr=4m £ (11)
rl rl /71 0 °

These jump conditions at the surface of the beam are the consequence of
characterization of the charge oscillation by an equivalent surface charge dis-

E

tribution on a boundary of constant radius, At r =b the components ﬁzl’ fle, o1’

61 and Br1 are confinuous,

It can be seen from Eqgs. (7) and (9) that the solutions for Ezl and ﬁzl are

B

Bessels functions of order m. However, it has been shown in Ref. 15 that for
oscillation frequencies considerably below cutoff and wall conductivity sufficiently
high, the fields in the regions of interest can be obtained by using the approxi-
mation that |Vb{ <« 1 and l?tbl > 1, Under these assumptions, the equations

for B ., and B . become
zl zl

N (1 62 g5 Vs(a-n)

2 21 a
[%‘ gr (r aar) _TZ] B ~ (r<b) (12)
B,1 -—~——146N1:ﬁw 6 (a-r)
a
and Ezl
[_15% (rg?) + 7\2] e (r > b) \ (13)
Ba1

+
The general solutions for the above equations are r Mtorr < b, and

LiAr
e forr > h.
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Since E . and B _ are finiteat r =0, forr < a
zl zl
~ m
E1=Cyr (14a)
and
~ m
21 =D . (14b)
Combining Egs. (2b), (14), and (6), we obtainfor r < a
&~ m. m-1 m, m-1 134eNszw(B.{-Bw)"*m—l
Eg; =- —5ikC;r - ~§1k(,6’ +BW)D11' + fr (15a)
v voa
o~ m m-1, m m-1 €4eNkZBW ~m-1
By = —5 ik(B +8,)Cy +-5 kD r ST ir (15b)
v v v a
Er1=Eoy
r1 = Bo1
For the region a < r < b the solutions can be written as
~ m m azm
= 1 -_
EZ1 Clr + C1 r m (16a)
and
~ m m azm
= 1 - )
le Dlr + D1 r m (16b)

These equations satisfy the continuity requirement for Ezl and Ezl atr =a.

In order to satisfy Eq. (7) and the boundary condition at r = a, thederivatives
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of Ez and §z1 must be discontinuous at r =a, i.e.,

i
+
a
dE ~
zl _ . 4eNkf
s | 13 [1 -5(8+8,) (17a)
-
and
+
a
3B 4eNkEp
zl . W
St =i —-———*a2 (17h)
-

It can be seen that these jump conditions and the boundary conditions are satis-

fied if we choose

Cik(1-p%-pp )

C'l | Gl (18a)
2ma
and
ikBW
t-___ W
Dl 5 ] Gr1 (18b)
ma
with
4eN?
G =—5— . (19)

a

Thus for a < r < b, the solutions are

- 2 . 2
"E" 1k (1 “B —BBW) m ]-k (1 —B »BBW)am-!- 1 -m
=1C, + Gir - G,r (20a)
zl 1 2 ma™ -1 1 2m 1
and
Kk . m+1
B .=ID +_IBL_G rm_.l_kﬁLGr'm (20b)
zl 1 m-1 1 2m 1 :
2ma



The other field components can be found by substituting the above expressions

for Ezl and ﬁzl into Eq. (15). The result g'ivés fora <r <b

X . 2
. lkmcl+1km(B+BW)Dl mo1 Gy, pm-1{1-87-88
o1~ | 2 2 r "2"’(’5) 2
v v 1-(B+8)
m+1
L 3(2)
2 \r (21a)

Gy pm-1{B+28 -8(B+B f

B + PRl L(r
91 2 2 Z(a) 1—(B+B“f
G m+1
1
E.p= Epp
and
ﬁrl =By
EiAr

The general solutions for r > baree , so that for a wall with infinite

thickness we take

. 2 . + .
N ik(1-8%-88_) 11{(1-[32—,8{3 Ja” Lol o
E _ =<lc, + w ™ - w G, S (22a)
zl 1 m ~1 Gl m 1{ iAb
Zma 2mb e
and
5 ik Bw o ikﬁwam"'l eihr
B ,={D, +———=G.|b -G - (22b)
z1‘ 1 Zma.m 1+1 Zmbm 1 iAb

with ImA > 0. By this construction the continuity requirement for Ezl and ﬁzl

at r = b is satisfied, and Ezl and gzl go to zero at r = oo.
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As before, the other field components can be obtained by substituting the

above expressions for Ezl and ﬁzl into Eq. (8). In particular, the result gives

forr > b
. . 2 . +1
o~ ikemel™ lk(l—ﬁ _BBW) m 1k(1-‘Bzmlaﬁw)a‘m
Er =~ 3 o)™ m-o1 G|f - ™ G
bA e Z2ma 2mb
iAr . . m+1
k(B+BW)e 1ka m 1kﬁwa
+ __.“_-_ilb D]. + ———--—-—-—m ] b - m (233.)
Ae Z2ma 2mb
and
. . . m+1
N [C +1k(1-52—63w) ]bm_ﬂ;(l—ﬁz—ﬁﬁw)a .
01 Acemb 1 9 am—l Zmbm 1
ol M [ kg, } " ik,BWam+1
qEme iy p— ¥ g |t —F—— G, (23h)
bhzeﬂ\b 1 Zmam-l 1 2mbm 1

The constants C 1 and D1 are determined by the other boundary conditions
at r = b, Imposing the conditions that ﬁel and ﬁel be continuous at r = b gives
the following two equations relating C1 and D, which are valid to first order in

0—1/2:

213C; + 23950 = o

8510 * 899D = 0y
where
. m
__[1amop™ | TP *Ey)mb
11 AC )
v b
a _ ikmbm
12 2
v b
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ikmbm

v b

»
It

Jlimp™ ™
22 k(ﬁ+ﬁw[ * ]

J[ uzb A

_ 4woka .2 b g™ ap ™ a™
2 = Txem C1 (1-5 "Bﬁw)[;ﬁ —b_m}_"%Gl B m

(2 P
(a) Gr1 1-(B+BW)2

_ 1 pt o aGl p g
9 T 2Am Bw(‘8+ﬁw)[am "bm] 2b m .m

1

P [P J |

G 2
- (‘8+Bw)
Solving for C1 and Dl’ we obtain

ik(1-67- 88, )0, (p"°-2™)  kB(p+B)ay 2™
C. =-

— - (24a)
1 Zmam 1b2m M)2m+1
and
. 2m 2m m+1
ikB Gy (b“"+2a™™)  kfG,a
Py =- m-1.2m St 1 (24b)
oma b Ap~H
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which may be inserted into Egs. (22) and (23) to yield

2m 2m 1 2 m+1
. lGl(b l-a; )(_k_z__ *E’E)rm-(lq&gnx)\fciz i az ™ (25a)
z 2ma™ "t p™ © N 286"
. inl(bzm*“azm) g [(1 Signe)| %i“(l iSign k| (_%(z b
== - r o+ g |l -iSignk)| K| +z—(1+iSign k)| 5b)
zl 9moal™ 1b2m J‘z' ?b2m+l Be
G (me_ 2m)
By = - ~1.2 S (262)
2a™ 7t peP
and
2m 2m m+1 )
§91 G’l(b 1"5; ) rm_l _ mGlﬁaz — (1+iSig11K) Iff-l-?rm_l (26b)
2a™ " p“™ J2Rp2m
where
k(B+8,)
- W
K = 3 (27)
J? _4TBa
e

Knowing the fields, the transforms of the force components can be calcu-
lated from the following expressions:
PF;“k) = —e(§01+6§91)e_iwtcosm€ (28a)
and

iwt

Fel(k): e (B +8B,)e " sinmé (28b)

since Erl = bﬁel and ﬁrl = ﬁﬂl‘ Thus, the force components can be found by

taking the transforms of Eq. (28).
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Before we embark on finding the fields, we note the total force fields come
from two sources, local fields and wake fields. The effect of the motion of the
front of the bunch on the rear of the bunch is given by the local fields, which are
dependent on the form of the lengitudinal particle distributions f (z — vi) or E(k),
The wake fields, on the other hand, are fields at distances lz - vtl| large com-
pared to the length of the bunch and hence not dependent on the form of f. Be-
cause of this property, we will calculate the forces due to these fields separately.
Wake Fields (multipole bunched beam)

Since the wake fields are not dependent on the form of f, we take for f a

delta function in (z - vt) which corresponds to ¥ =—21— Subst1tut1ng —1—— for f

i
into Eq. (5) and using the table of integrals given in Ref. 15 to perform the inte-
grations in the inversion of the transformed gquantities, we obtfain the following

expressions for the wake fields of a multipole bunched beam:

- S (z,t) -iwz/Be m
E = e cosmér (29a)
z1 7 pEm+1 z-vt|372 :
Epy =Eg =0
-1
£2eNa™ S(z,t) iw S(z,t -—1wz/Bc
B, =- 2 ~ 2[5 -——J—’—}— sinm 6 '™ (29b)
zl Zﬁﬁb2m+l ’Z-Vt|3/2 _B Il 2
1
_ &4eNmpa " S(z,t) -iwz/Be _, m-1
B ., = : e sinm € r (30)
ri fr B p2m+1 Iz—-vt]l/z
B _ cosm 6 (31
61 = “rl sinm 6 )

where S(z,t) is defined as unity for z < vt and zero for z > vt. We note that

Erl and Eel are zero because higher order terms in ]yb] have been neglected

and their transforms are analytic. The dominant contributions to the transverse
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force fields come from B _ and B ..
rl 61

Thus, the force components along the x and y directions are given by

Fxl = Frlcos g - Foq sin 8 (32a)

and
Fyl = Frlsmﬁ + FBl cos 6 (32b)

with
Frl = eBBt91 (33a)

and

_ sinm §

Fo1="FriGosmo (33b)

Local Force-Fields (multipole bunched beam)

It has been pointed out that the local force fields are dependent on the type
of particle distributions in the z direction. In the calculation which follows,
two types of longitudinal distributions will be assumed, a Gaussian distribution
and a uniform distribution. Since the bunch is assumed to move as a whole, the
force on a particle within the bunch is given by the total force acting on the
bunch averaged over the number of particles in the bunch.

To calculate the total force on a bunch, first we note from Eqs. (26) and

(28) that the transforms of the transverse forces are given by

ﬁrl(k) = 'g”m(k)?(k) lgdot sme (34a)
and
B, 0 = & 0T " e sinmo (34b)
where
2 (2m 2 1+iSign(k+-> 740 2 2 m-1
¥ ()= - f2eN (F™ 2™ 1Slgn( +B—c.) c )2 £2¢” Nmpg“a™ ~ (35
gm y2b2mam+l Ik"'l 172 (2711%0 b2m+1 )
Be
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The average local perturbed force on a particle of the bunch is given by
o)
J. = fFrl (z)f(z)dz
-00
where F_, is the inverse transform of ﬁrl(k) given by
o0
R - ikz - wt)
F,q(2) = fFrl(k)e dk
-0
and the function f is related to the transform 'f(k) by
o]
£ (z) =ff‘(k)e’kZ dk .
-0

Therefore, Eq. (36) becomes

e Amr cosm ¢
where
® o
b= [ [ [Ea0T0TE e 0%y g0
—00 —00 —00
Note that
o
fei(k'[-kl)zdz = 27d(k+k"),
e
so that

A =f21r‘g'(k)'f(k)'f(—k)dk .

(36)

(37)

(38)

(39)

(40)

(41)



Since radiation damping produces a Gaussian density distribution in the

longitudinal direction, we assume

-2z" /L
f(z) = J%- Te _ (42)

For this distribution function, the standard deviation equals L/2. The Fourier
transform of f is

5 2.2
fig = o=e F L /8 43)

Thus, by combining Eqs. (41) and (43) we obtain

o

_ 'fezN(bzm - %) e—k2L2/4 dk
m 2. 2m m+1
Ty b7 a

2

L
LSe 2N mpPa™ 1 (1+i8ignk) (K E)T a4
rpEm L 21rBa ] 1/2 + (4%)

The second integral in Eg. (44) may be evaluated for the case where (wL/Bc) « 1,

With this assumption we obtain to lowest order in (wL/Bc)

L eaculhm g

m FLVZmeam+l

2 m-1
ée Nmg“a c 1 wL ,./3
\/7 p2m+1 TB O [F(Z)HW (4_)_] (45)
where I (x) is the complete gamma function.
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Thus for a bunch of length L with a Gaussian density distribution in the
longitudinal direction, the average local pertufbed forces acting on a particle

of the bunch are

& = A P le it e me (46a)
r m

3‘; =-A P2l inmoe (46b)
with Am given by Eq. (45). The force components along the x and y directions
are given by Eq. (32).

In order to see the effect of the form of longitudinal distribution f on the
local force-fields, we also calculated the average force for a uniform distribu-

tion. For this distribution

A =
m J—L22mm+l

2 m-1
je—fggfrwl N, wﬁo [ “/_+1wL _“[7?]’ (47)

which is only slightly different from Am given by Eq. (45) for a Gaussian dis-

tribution.
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A Summary of Results

The perturbing force fields for monopole and other multipole cases have
been calculated using the method just given for the quadrupole case. The re-
sults are summarized in this section.

We find that, in general, FXl(x,y) and Fyl(x,y) are derivable from a poten-

tial function UO

Fxl 9

Y §K(w) 55 Up [r&y), 0x,y)] (482)
and

Fo1 d

oy = §K(w) 55 Up [rx:¥), 0(x,7)] (48b)

where K(w) is a constant which is determined by the parameters of the beam

and the machine, and

2
—%_ (monopole) (49a)
UO (r,9)
.
cosm¥b . (multipole) (49b)
For the uniform beam we obtain for the monopoie and multipole oscillationszs’ 29:
1
4r07xcz , roha ® 2 w,62
K= —-:/3?3— + (1+iSign w) W‘W 1wl (k - "6'—) (monopole) (50a)
2 m- 1
2r07t(:2 (bzm— aZm) Zmro?\Bzcaam ! 1 12
K= 5 mo1 *(1+iSignw) Zmr 1 |21r0w| (50b)
Y Y (multipole)



and for the bunched beam we obtain:

4r0ch rONa,Bzc3 1"(2) szZF(g) .

K=- - (monopole) (51a)
J_y a L 7Tb')/r\fﬂ'l300'L9 ')/4 Rz'y2

7 22,71
2L F VL F F(Z) v LA ()
+ 3 iy * 3
4R 4R
2 3 o0
L, STohep e 35 P R ]eiZﬂ'nv
327by ./ BcoRd e 4'y4(27rn)9/2 y2(27rn)7/2 (2m)5/2
2r0N02(b2m~a2m) mr ONam lﬁzc?’ (1) L (3)

K= - + [F Ly YL —] (multipole) (51b)
\/?73 meam-l-lL 7r|_me-!-l,y \/?BEZT—I: 4 R 4
ZerNam -1 2 3 Z 127mU

+
2m+1 \/m 271'11)172
where

ry = classical radius of the particles
I. = length of the bunch
R = radius of the machine
] = w/Q
¢ = conductivity of the pipe

and [ (x) is the complete gamma function.
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