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ABSTRACT 

In this paper we compare the Plasma Beat Wave Accelerator and the Plasma 
Wake Field Accelerator. We show that the electric fields in the plasma for both 
schemes are very similar, and thus the dynamics of the driven beams are very 
similar. The differences appear in the parameters associated with the driving 
beams. In particular to obtain a given accelerating gradient, the Plasma Wake 
Field Accelerator has a higher efficiency and a lower total energy for the driving 
beam. 

INTRODUCTION 

Recently there have been two similar types of plasma acclerator schemes 
proposed. The Plasma Beat Wave Accelerator (PBWA)lj2 employs two laser 
beams beating at the plasma frequency to drive the plasma while the Plasma 
Wake Field Accelerator (P WFA) 3’4 replaces the laser beams by a bunched rel- 
ativistic electron beam. Since the two schemes make use of different sources, 
the corresponding mechanisms that drive the plasma waves are different. In the 
PBWA, it is the ponderomotive force which comes from the beating lasers that 
drives the plasma, whereas in the PWFA the driving bunch is decelerated by the 
plasma and thus transfers energy to the plasma wave. Other than this differ- 
ence, however, the two schemes are very similar. In both cases large longitudinal 
electric fields are generated in the plasma which oscillates at the fundamental 
plasma frequency wp. These fields are then used to accelerate an electron beam. 
It is interesting to ask how these two schemes compare to each other in detail. 
To make a fair comparison, in this paper we emphasize self consistency among 
the various accelerator parameters common to the schemes. We will follow Refs. 
2 and 4 in most of the calculations; however, we will include transverse effects 
in the PBWA to calculate and compare focusing effects. 
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FIELDS IN A PLASMA WAVE OF FINITE EXTENT 

To find the electric fields in the plasma waves for both schemes, we start 
with the linearized, nonrelativistic fluid equations, 

an1 ~+no(wl)=O _ _ 

and solve for the perturbed plasma density nr. & is the electric field due to 121 
and 2eZt is the external force due to either a driving beam or a beating laser. 
In the case of the PBWA the force is most easily calculated from a Hamiltonian 
which has been averaged over the fast oscillation of the laser frequency. This 
leaves only the beating effect at a frequency wp. The averaged Hamiltonian is 
given by 

H = 2 + e& + 
e2 

~J%(‘) cos(le,z - wpt) (2) 
where w and wp are the laser and the plasma frequency respectively and kp is 
the plasma wave number. The last term is simply the ponderomotive potential 
due to a beating laser with a finite cross section. For the sake of a comparison 
with the PWFA later in this paper, we will assume a radial dependence of the 
ponderomotive potential given by 

&&a) I&g-) + ’ l-2 
Ig(r) = 2J?3; q&72 . 

r<a 
(3) 

I&a) K&r) r>a 

where K, and In are modified Bessel functions. This radial profile is parabolic 
near the origin but falls off exponentially for r > a. It was chosen to yield a 
simple parabolic dependence in Eq. (4) below. 

To use the above results we need the divergence of the force due to the 
Hamiltonian in Eq. (2). This is given by 

V - @  = 47re2nl + e~~w~ (1 - r2/a2) cos(rC,z - wpt) r < a, (4 

tiere Poisson’s equation has been used to substitute for V2cjr. Substituting 
into Eq. (1) yields 

a2721 
~+wfj nl= - (2)’ $$(l - r2/a2) cos(kpz - wpt) r < a , (5) 

0 r>a 
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which has a solution of the form 

nl (r, 2, t) = f( r, z, t) sin(k+ - wpt), 

where 

(6) 

f(wt) = -zz(l .- r2/a2)(kpz - Wpt) - rA, a . (7) 
0 r>a 

With nl(r, z, t) in hand, we now must find the electric field tr due to the 
plasma oscillation. Since the magnetic field due to a linear plasma wave vanishes, 
we can simply use Poisson’s equation, 

1 a 
; z (r $41) + $$ = -47renl . (8) 

If we have a laser pulse of length 7, at the end of the pulse the amplitude of the 
plasma density wave will reach its peak value. From Eq. (7) this is given by 

fmazCr) = 3.~~~~2 
WPTEo21cpa (1 _ r2/a2) r < a, (9) 

and the potential can be shown to be 

41 = R(r) sin(kpz - wpt) (10) 

with 

R(r) = Tz?J 
-fwP4 MCe,r) +; (I- $) - g&z ’ r < a ( 

11 
) 

12 (kpa> KO (kpr) , r)a 

The longitudinal and transverse electric fields for r < a for the PBWA are thus 
given by 

wprkpeEg 
R=- 4w2m K2(kpa) Io(kpr) + 5 1 ’ ( -$) -&}c+p-+f), 

wprkpeE$ 
Gr=- 4w2m K2(kpa) Il(kpr) - & sin(kpz - wpt) . 

P 
(12) 

For the case of the PWFA the situation is very similar. We only need to 
change the laser source term in Eq. (5). For the case of a driving beam of 
density r&b, the divergence of the force is given by 

v - F’ = he2 (nl + nb) . (13) 

Following Ref. 4, consider a driving beam with density profile 
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nb = o(r)b(z - vbt) . 

Then the solution for the perturbed density is given by 

m(r) = 
So(r) sin(k+ - wpt) kpz-- wit < 0 

0 kpz - wpt > 0 . 

To compare with the PBWA we use a parabolic distribution given by 

a(r) = 1 SC1 - r2/a2) r<a , 
0 r>a 

(16) 

where N is the total number of particles in the driving bunch. Once again it 
is possible to calculate the longitudinal and transverse electric fields due to the 
plasma wave. 4 These are given by 

-16eN 
R = a2 &(kpa) Io(le,r) + f - 

> 
cos(rC,z - wpt) , r < a 

-16eN 
R = a2 G(kpa) Il(kpr) - & sin(kpz - wpt) , r < a. 

P 

(17) 
Thus the electric fields for the two schemes turn out to be remarkably similar. 

For reasons which we will discuss later the transverse size of the driven beam 
must be somewhat smaller than the transverse size of the laser beams or the 
driving electron beam. In addition if kpa >> 1, then the electric fields for both 
schemes are of the following form: 

r2 
&, N - A(1 - --& cos(kpz - wpt) 

(18) 
& rz 2A r - sin(kpz - wpt) 

kpa2 

where 

Other than different coefficients, the forces that the driven electrons experience 
share the same physical characteristics in both schemes. To be specific there is 
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Fig. 1. 

a longitudinal force e&z that either accelerates or decelerates the driven bunch 
of electrons, and there is a transverse force e&r shifted in phase which either will 
focus or defocus the driven bunch (see Fig. 1). From Fig. 1 it is clear that we 
have both acceleration and focusing over l/4 of the plasma wavelength. 

ACCELERATOR PHYSICS ISSUES 

In this section we discuss some accelerator physics issues which are relevant 
to both schemes of plasma accelerators. To begin we concentrate on the qual- 
ity and intensity of a driven electron bunch with finite transverse extent. In 
particular we treat the transverse oscillations and the energy spread due to the 
transverse variation of the accelerating field. We then discuss other’issues such 
as phase slippage, spot size and driving beam energy for the PBWA and PWFA. 
The details in the discussion of these issues are different for the two schemes 
since we choose to fix different parameters in the two cases. Finally, in order to 
address the question of intensity, we discuss the efficiencies of both schemes. 

The Beta Function 

In this paper the beta function is defined to be the wavelength/2r of the 
transverse oscillation at some instantaneous phase C$ along the plasma wave. In 
the last section we saw that, except for a difference in coefficients, the PBWA 
a?id PWFA have the same electric fields. We also pointed out that there is a 
useful phase between 7r/2 and K along the plasma wave. In general there will 
be some phase slippage between the plasma wave and the driven beam. If this 
phase slippage is slow, then we can calculate the transverse focusing effects as if 
the beam were at a fixed phase on the wave. The differential equation governing 
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the transverse oscillations of a highly relativistic particle is 

d2x Ez 
J$=e ymc2 ’ (20) 

where ymc 2 is the particle% instantaneous relativistic mass.- Thus, for small 
radius from Eq. (18) we have 

Identifying the coefficient of x above with pm2 yields the beta function: 

(22) 

Energy Spread 

From Eq. (18) ‘t 1 is evident that for a driving beam with finite transverse 
size, the longitudinal field varies transversely. Consider a driven bunch with 
transverse radius b which moves along the axis of the plasma wave. Since the 
field varies parabolically in the transverse direction, the average energy gain is 
reduced slightly and an energy spread is induced. If we assume that the beam 
is already very relativistic, then the average change in energy for one stage is 

(23) 

where AE is the energy gain for a particle on the axis of the plasma wave. The 
corresponding energy spread induced in one stage for the model we have chosen 
is 

(24) 

The Trapping Parameter 

- The trapping parameter is defined to be the ratio of the plasma density 
perturbation nr and the unperturbed density no. Physically, this parameter 
indicates the linearity of the plasma oscillation. Since we work in the linear 
approximation for the plasma wave in both schemes, Q should be kept reason- 
ably small. For the case of the PBWA, we assume that the plasma oscillation 
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saturates at the end of the laser, which corresponds to5 

m 1 (Y.---- PBWA. 
no 4 (25) 

For the case of the PWFA we take L and EZ as chosen parameters. In ad- 
dition, to scale the transverse effects we fix the ratio between the transverse 
size of the driving bunch and the plasma wavelength: a/X,. This in turn deter- 
mines the plasma wavelength and the plasma density. In order to check that the 
plasma wave so generated is indeed a linear wave, we must calculate Q, which 
in this case is given by 

eR a=- PWFA. (26) mcwp 

Phase Slippage 

For both accelerator schemes the phase velocity of the plasma wave is not 
equal to the velocity of the driven bunch. This means that the driven bunch 
will slip in phase along the plasma wave as it is accelerated. For the PBWA we 
maximize &* for a given L by optimizing the phase shift 6. If we choose a laser 
frequency w, an acceleration length L, and a phase slippage 6 for speed of light 
particles; then the plasma frequency is given by2 

wp = 2y2 

( > 

l/3 .  (27) 

On the other hand, the acceleration gradient that the driven bunch sees varies 
along L due to the phase slippage. If the total phase slippage over the entire 
acceleration length is 6, then the average acceleration gradient is related to the 
ideal gradient by a phase slip form factor sin6/6, that is 

e&..Jve = amcw 
sin 6 
- . 

* 6 (28) 

Here the phase has been allowed to slip from the top of the cosine down one 
side so that the bunch is always in a focusing region. The average acceleration 
gradient can be maximized for a given L if 

sin 6 
and - 

6 
N 0.85 PBWA. 

For the PWFA we consider only relativistic driving and driven bunches. In 
addition we require that the final energy of the driving bunch after the distance 
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L is still relativistic. In this case we can calculate the phase slippage along the 
plasma wave since the plasma wave phase velocity is equal to the velocity of 
the driving bunch. Following Ref. 4 we integrate the relative velocity along the 
length L to obtain 

’ = F [(71i7dT1- (7zi7#] PWFA. _ 
P - 

Since in an actual high energy accelerator the second term would be quite small, 
we will neglect it when using Eq. (30). 

The Transverse Size 

We need the transverse size to calculate the transverse dynamics of the 
driven bunch. For the PBWA to make the optimum use of the laser beam it 
is necessary to match the Rayleigh length R to the acceleration section. We 
choose the section to be twice the Rayleigh length. This in turn determines the 
diffraction limited spot size, 

RX LX 26c2w a2=--r-D---. 
T 27r Wp” 

PBWA, (31) 

where Eq. (27) has b een used to eliminate L. For the PWFA since we would 
like to fix the number of particles in the driving bunch, the transverse size is 
determined by the desired accelerating field, 

where r, is the classical 

a = [ 8rer;;c2] 1’2 PWFA, 

electron radius. 

(32) 

The Energy Requirement 

- In the PBWA the laser beam power for the beam profile given in Eq. (3) is 

w= ra2 Eic --. 
2 8~ (33) 

If we assume that we have a laser pulse length r, the energy necessary to drive 
the plasma wave density to crnc is2 

wr= dim22 w 3 
( ) 

- 
e2wp wp 

PBWA. (34 

where Eq. (31) has been used to eliminate a2. On the other hand, the energy 
in the driving bunch for the PWFA is simply given by 

Wr = NIEl PWFA . (35) 
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The Efficiencv - 
The overall efficiency of the accelerators here can be divided into three parts. 

The first part is the efficiency of conversion of ‘wall plug’ energy to either laser 
energy or electron beam energy. These two efficiencies may be quite different, 
however, we will not discuss them here. The second efficiency is the conversion of 
either laser or electron beam energy to. plasma energy. Thethird<fficiency is that 
for conversion of the plasma energy to the driven electron beam. The efficiency 
of the transfer of energy from the laser to the plasma has been calculated for 
the PBWA model we have chosen.2 For a general phase shift 6 the ratio of the 
plasma energy to the laser energy is given by 

P.E. cd 
r11=w7=4. 

If laser depletion is included in the analysis, this number will be reduced slightly. 

The efficiency of the transfer of energy from an electron beam to the plasma 
is quite different. In this case one must consider the beam loading effects. If 
we could treat the bunch as a macro-particle, then for a very relativistic driving 
bunch we could extract nearly all of its energy before it’s velocity changed enough 
to yield a phase slip. However, due to beam loading this is not possible since 
the leading edge of the driving bunch looses essentially no energy to the plasma 
while the trailing edge looses twice as much as that calculated for a point like 
particle. Thus, for very short bunches, we can only extract about l/2 of the 
energy 

rjl=; PWFA. (37) 

For longer bunches of electrons, one can improve this factor and also improve 
the ‘transformer ratio” at the expense of the peak field. Since this technique 
might be quite difficult to realize in the PWFA, we will not consider it here. 

The final efficiency to calculate is that from the plasma to the driving bunch. 
This efficiency is the same for both cases provided that the characteristics of the 
plasma wave are the same. The total acceleration gradient experienced by a 
bunch with N2 particles in a plasma wave is 

G&s 
dz 

= e&=f - 4e2% 
b2 * 

The second ‘beam loading’ term is due to the plasma wake induced by the 
trailing bunch. e&Z is the peak longitudinal electric field, and f is a factor less 
than unity which takes into account phase slippage or shifts in phase from the 
peak accelerating field. The efficiency is given by the total energy gained by the 
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bunch divided by the plasma energy, 

-1 
q2= N2GL -+L . 

(22 ) 

This efficiency has a maximum when Y - 
_ 

N2 - fRb2 
8e ’ 

and the value is given by 

r12maz =f$. 

(39) 

(40) 

(41) 
For the PWFA f can be taken to be essentially unity while for the PBWA f is 
given by Eq. (29). This yields 

b2 
qFaz N .72a2 PBWA 

b2 
. 

rga= c -$ PWFA 
(42) 

COMPARISONS AND DISCUSSION 

Now we come to a detailed comparison between the PBWA and the PWFA. 
As mentioned earlier, our guide will be the self consistency among all relevant 
accelerator parameters within each scheme. Our approach is to choose a set 
of parameters in each scheme that we fix from the beginning. The remaining 
parameters in each scheme can then be calculated in terms of those chosen 
parameters. The scaling to different sets of chosen parameters is straight forward 
using the results of the previous section. To make a fair comparison we will 
study two sets of sample accelerators with the same acceleration gradient and 
the same length L. In addition to make the comparison meaningful to real 
experiments, we employ only those laser and electron beams that are presently 
available. Under these considerations, the parameters that should be fixed in 
the two schemes are quite different. In particular for the PBWA we need to fix 
the laser frequency w by choosing a particular laser source. If we then fix the 
1e’;;gth L of the acceleration section, the phase slippage determines the plasma 
frequency wp. This means that the longitudinal electric field &, is a derivable 
quantity. On the other hand, the energy gradient in the PWFA is chosen so that 
the intensity and dimensions are not far from realizable values. As we shall see, 
in spite of this difference it is possible to match the acceleration gradients. 
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Numerical comparisons 

To keep the dimensions to a laboratory scale, we select the acceleration 
lengths to be 10 cm and 100 cm. These two lengths are then combined with 
two different laser frequencies, the Nd: Glass laser and the CO2 laser, to form 
four sets of sample calculations. For the PBWA the parameter ar is chosen to 
be 0.25, which is approximately the saturation value5 andthe p’h8se slippage is 
taken to be the optimum value given in the previous section. Finally, we assume 
that the laser pulse length and the growth time for the plasma wave r is about 
159 cycles (wpr = 1000). 

Since the PWFA is not so restrictive in its design, we can now set the 
parameters to match some of those for the PBWA. In particular we use the 
same acceleration gradient and the same a/X*. The number of particles in the 
driving bunch is taken from the present number in the SLC and the bunch length 
is assumed to be somewhat less than the plasma wavelength. The initial and 
final energies of the driving bunch are selected so that the final energy of the 
bunch tail is 90% of its initial energy. As we can see from Tables 1 and 2, the 
phase slippage for the PWFA is much smaller than that for the PBWA. All 
parameters except the efficiency and the energy in the driving beam turn out to 
be quite comparable. In particular note that the focusing for both schemes is 
quite strong. The energy required for the driving bunch is consistently higher 
for the PBWA; however, because it is less efficient in these examples, the number 
of particles which can be driven is comparable to the PWFA. 

Discussion 

The examples above seem to favor the Plasma Wake Field Accelerator es- 
pecially for the longer accelerator sections. This is due to the divergence of the 
laser. For longer Rayleigh lengths it is necessary to have a larger spot and thus 
more peak power to obtain the same intensity at the spot. On the other hand 
the particle beam is assumed not to diverge. This is true because the emittance 
of the beam is typically much smaller than the corresponding wavelength/r for 
the laser. In addition it is possible to use magnetic focusing elements to de- 
fine the size of a charged particle beam. The problem of the divergence of the 
laser beam might be solved by using lasers sufficiently intense to self focus in 
the plasma; however, this possibility was not considered since it lies outside the 
scope of the simple models given here. In addition, for the PBWA parameters 
chosen here, the laser power is somewhat below the critical value for relativistic 
self focusing. 7 
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Table 1. Plasma Beat Wave Accelerator 

Chosen Parameters 

w [set-‘1 

L km] 
- -- o! 

6 [rad] 

sin 6/6 

WPT 

Derived Parameters 

wp [1013 set-l] 

no [1016 cmw3] 

e&= [ GeV/m] 

a b4 
GP 

P rdq=J -1 
N [lO’“] 

wr [Jl 

f I 

Values 

Yd: Glass 1.78 x 101’ co2 1.78 x 1014 

10 
0.25 

5r/16 

0.85 

1000 

100 1,o - 
0.25 0.25 

5~116 5+6 

0.85 0.85 

1000 1000 

_ ,100 
0.25 

5~116 

0.85 

1000 
I 

2.65 1.23 .571 .265 

21.7 4.67 1.00 0.22 

9.38 4.36 2.00 0.94 

0.13 0.41 0.41 1.30 

1.82 2.70 1.25 1.82 

0.18 0.57 0.57 1.80 

1.95Yj2 9.04Q2 4.19rj2 1.95Q2 

23.9 515.4 11.1 239.2 

Unfortunately, for both schemes the efficiency ~2 and the energy spread 
induced are directly related. Thus, if a small energy spread is necessary, then 
~2 will necessarily be small for both schemes. The efficiency ~1 of the PWFA 
was better in all cases because the energy transfer from the laser to the plasma 
is limited by Eq. (36) to quite a small value. There is a possible solution to 
this problem. Since the laser is not depleted very much, it might be possible 
to reuse the beam after a suitable amplification. This would yield a very high 
repetition rate and looks quite attractive; however, this possibility needs much 
more study. 

There is one final problem for the PBWA. We have assumed that the plasma 
wave would grow over 1000/27r cycles. If there are density fluctuations greater 
than about .2%, then the wave would saturate much sooner. This case would 
require a much larger laser energy in order to drive the plasma to the desired 
field in a shorter time. 



Table 2. Plasma Wake Field Accelerator 

Chosen Parameters 

L km1 
e&= [GeV/m] 

NI 

El [GeV] 

alAP 
Derived Parameters 

ab4 
6[10m3rad] 

wp [1013 set-l] 

no [1016 cme3] 
Q 

P [d7W mm] 
N2 [101’] 

Wr = NIEl [J] 

Values 

10 100 10 100 
9.38 4.36 2.00 0.94 

5 x 10’0 5 x 1010 5 x 10’0 5 x 1010 
1.04 4.84 0.22 1.04 
1.82 2.70 1.25 1.82 

0.25 0.36 0.54 0.78 

5.5 2.5 42 18 

1.37 1.41 .439 .438 

5.90 6.18 .606 .604 

0.38 0.17 0.25 0.11 

0.28 0.59 0.73 1.52 

2.25q2 2.25q2 2.25q2 2.%q2 

8.33 38.8 1.76 8.33 
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