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ABSTRACT

We present numerical results obtained from a minimal relativistic model
for three distinguishable particles of equal mass driven by a single bound or
virtual state for each pair, which is a relativistic generalization of the zero
range non-relativistic two particle scattering length model. In contrast to the
non-relativistic case, the relativistic kinematics makes the three body equations
converge to unique, unitary results. When the binding energy or virtual energy of
the two body driving term approaches zero (infinite scattering length) the infinite
three particle bound state spectrum (Efimov effect) is rigorously derived with
numerical results in quantitative agreement with appropriate non-relativistic
calculations.
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1. INTRODUCTION

In the first paper in this series! we showed that a consistent 3-particle non-
relativistic theory could be constructed using only physical two-particle observ-
ables if the observables can be represented by an analytic function of the two
particle relative energy whose only singularities are the elastic unitarily cut
Im t(g?) = Im e%asiné,;/q = sin?6/q = \/¢?|t(¢?)|* and bound state poles. Un-
fortunately for simplicity both relativistic S-matrix theory and non-relativistic
“potential” scattering theory agree that there is an additional “left hand cut”
due to “meson exchange” or the “potential”; we demonstrated in ZRST I that
the presence of this cut requires a non-vanishing “off shell” extension, and hence
prevents a consistent unitarity zero range limit from being taken. Fortunately

our relativistic models need only elastic scattering cuts and poles in the input.

Most approaches to “zero range” models for three particle scattering start
from Thomas’ observation? that this limit gives infinite binding to non-relativist-
ic models of three particle systems with short range interactions; most subsequent
work (ZRST I, Ref. 10) has concentrated on removing this singularity by ad hoc
modifications. This “divergence” occurs due to “ultraviolet” behavior where the
non-relativistic model is undefined. Consequently, the on shell behavior can be
factored out by using any reasonable cutoff in this region, and the remaining
equations are well defined® provided that the on-shell amplitude is bounded by
const./q? for large ¢2. However, the scattering length model ¢(¢?) = [(—1/a) +
\/j;ﬁ —1 still does not converge.

The work reported here started from the observation that relativistic kine-
matics does make even this model convergent, providing a one-parameter, and in
that sense minimal, relativistic model for three distinguishable particles of mass
m. This model can be thought of as driven by an “s-channel” pole in the two
particle subsystems at a mass p in the subsystem energy. If 4 < 2m, this pole
corresponds to a bound state, while for u > 2m it is an s-channel resonance or

virtual state. The limit 4 — 2m corresponds to a “bound state at zero energy”



or infinite scattering length. Note that our model is defined kinematically; there

is no “interaction energy” associated with this “bound state”.

This kinematic statement in itself does not completely define the model,
primarily because various “off shell extensions” can be proposed. One minimal
model, which allows breakup and is manifestly covariant, has been proposed by
Lindesay and Markevich;* another approach is discussed by Noyes and Lindesay.?
Yet another way to achieve manifest covariance in a flexible relativistic three body
theory is to use 4-velocity conservation rather than 3-momentum conservation;
the formalism has been worked out®? If the two particle input contains only the
pole and no scattering cut, there can be only elastic and rearrangement (inelastic)
scattering and no breakup, providing a “confined quantum” model® For a single
confined quantum and N particles, this provides a minimal model for the three
nucleon system®° and a relativistic definition of the “potential” in N-particle
systems!! It turns out that this last approach is the most promising starting
point for the inclusion of anti-particles and the investigation of “crossing” in the
finite p.articlé number approach most closely related to quantum field theories
with Yukawa coupling!2. The results presented here are merely a starting point

for a much richer development.

2. BASIC EQUATIONS

Since the general treatment used in this paper has been fully presented
elsewhere!® we discus here only the results obtained for the specific model in
which the momentum of each particle of the interacting pair a4+,a— (a,a4,a—

cyclic on 1,2,3) has 3-momentum +g¢, related to the invariant energy s, by

|ga(sa)|2 —_ [sﬂ — (ma+ + ma—)z]s[:a — (ma+ — ma_)Z] (2.1)

and a bound or virtual state at mass ;. Then the quantity which we call aq(us),

and which corresponds to —1/a, where a, is the non-relativistic scattering length,



is given by

aa(na) = sign(ma, + ma_ — pa)

Wt = o VPl = (o, = ma )?), 5
4p?
(2.2)
For the minimal model with all particle masses equal to m and all driving pole
term masses equal to pu, ](ia(sa)l2 = % —m? and a,(p) = sign(2m —p)|4 — m2|%.

The two body on shell amplitude is then taken to be tZ(s;) = g2/DE(s,;) where

1 _ \/50(3,,)
D7 (sa)  aa(n) — v/—|ga(sa £ 10F)[2

(2.3)

Clearly this model has a pole at s, = u? and a scattering cut starting at ¢% = 0.
Here the signs and the branch in the square root have been chosen so that for
g? small the scattering amplitude is the usual scattering length model with the
convention that positive (negative) scattering lengths correspond to a bound
(virtual) state pole. The square root in the numerator is introduced because the
density of states factor in the two-particle phase space is pa(sa) = 47(¢5(54)|/1/5a-
The restriction to positive s, came from Brayshaw’s approach to relativistic

three-particle kinematics, which we abandon in later papers in this series.

We use as our basis states the on mass shell relativistic free particle
3-momentum states |k; >,7 € 1,2,3 with ¢ = \/mf + k? which satisfy the nor-

malization and completeness relations

d3k;

€

< Bl >= s - k) [ b >< k=1 2:40)
We restrict ourselves to the three particle zero momentum frame (c¢f., Ref. 13 for

a covariant treatment of this restriction) leaving two vector degrees of freedom

thanks to the restriction kg + k4, +ks_ = 0. The propagator Ro(z) ! =€ +e+

€ac — 2 where €5 = \/(Qa + k)2 + m2, and m3 = m3, etc. The on shell value for

z is the invariant magnitude of the total 4-momentum, M = (Z¢)? — (Zk)2.



The dynamics for our model are supplied by the Faddeev channel decompo-

sition of the transition operator T = ¥, T, and the Faddeev equations
Tab - ta6ab = _thagacROch = _EcTacROgcbtb (2-5)

where 8;; = 1 — 6,c. That the two orders of the equation define the same function
uniquely is hecessary and sufficient for time reversal invariance; their existence
simplifies the proof of flux conservation (unitarity), which Freedman , Lovelace
and Namyslowski and independently Kowalski, have shown to be an algebraic
consequence for solutions of these equations. As in the non-relativistic case, we
define the input by expressing the two particle amplitude in the three particle
space, assuming three-momentum conservation for the spectator. Allowing only
the total energy of the system to be “off-shell”, this reduces the degrees of freedom
of the component equations to one vector variable, and allows us to decompose
the channel amplitudes:

Tap — tabap = _gaTWab(&ay kb; z) (2-6)
a

b
Daq(sa) Dy(ss)
If the “bound” or “virtual” state in the two particle input is to describe pre-

cisely two of the three particles and nothing else in this three particle space, the

unitarity condition then requires that g2 = (%)2

Once we have specified the model to this extent, the two-cluster amplitudes
W [which when clothed with the two-particle factors describe breakup, coales-
cence and 3-3 scattering as well as elastic and rearrangement (anelastic) scatter-

ing| satisfy equations in one vector variable:

W(’,ga’ kb; z) - Vab(&a, Eb; z)

- EC/ A3k Vac(ka,&z;z)ch(Ei, ks; 2) (2.7)

- € D (sec(k»2))
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5 / 43k Wae (k' kp; 2) Ven (KL, kp; 2)
¢ 62 D, (sc (k::’ z))

where

- 5ab

Var(ka, kp; 2) =
ab (k03 2) eab(€a + € + €ap — 2)

= Via(kp, ka; 2) (2.8)

That a cluster decomposition of an n-particle problem provides, formally, a
“Lippmann-Schwinger” equation with the n-particle propagator becoming the
n-1 particle potential and the input scattering amplitude becoming the propaga-
tor is a general feature of the AGS approach to n-particle dynamics, as Sandhas
has pointed out.}4 In our case, all that is required for this to happen is that the
two particle input ¢,63(k, — k.,) depend, outside of the delta function, only on k2
and z, as it does in the non-relativistic situation we are generalizing. Since, in the
frame we are using, the spectator momentum k is balanced by the total momen-
tum of the invariant energy s carried by the scattering pair M = Vs + k2+¢p, (k2)
and s = M? + m? —2Me. Consequently, if we take Brayshaw’s point of view that
the twé—particle s should be pésiti;re, the three particle spectator momenta are
bounded by 0 and (M? — m?2)/2M; this is assumed in this paper. Alternatives

are cited in the Introduction. We have now completely defined the model.

3. BOUND STATES AND THE
RELATIVISTIC EFIMOV EFFECT

Taking m, = m and pg = u for all a, the dynamical regions are schematically
represented in Fig. 1. In the region bounded by the vertical line 4 = 2m and
the horizontal line M = 3m only three free to three free particle scattering can
occur. Above M = 2u + m, we could have an additional bound state, and above
M = 5m we could have pair creation; since this would take us outside the three
particle sector, we do not consider these regions here. Between M = u + m and
m = 2u + m but below M = 3m we can have only elastic and rearrangement

scattering, while above that line we can have breakup as well. Below M = u+m



and M = 3m we can only have 3 particle bound states. This region will be

investigated for states with total angular momentum J = 0.

3.1 FORM OF THE BOUND STATE EQUATIONS

The discrete spectrum of the fully interacting system will correspond to eigen-
states which satisfy the homogeneous scattering equations. The bound state
equations for the amplitude W‘;’b'_‘o for three equal masses will reduce to three
identical equations. The kernel R;Ib=o can be calculated from Eq. (2.7), and after

a simple integration becomes

RJ)7O(ka, ky; M) = R(ka,ky; M) = R(ky, ka; M)

_ ol (Vi et k) et - M (3.1)
kaky Vm? + (ko —kp)? + €a + 6 — M

Thus, the relation for the reduced amplitude (2.7) can be expressed as a single

variable homogeneous integral equation

W&Ibzo(ka|kbo; M) = Wpg(ks; M,pu)

M2—m32
2M
k'35 R(k, k's M
Wg(k; M,p) = —4x / dk’ Vs'R( ) Wa(k's M, u)
0 e’[:l:\/|m2—’;—2|—\/m2—"—4'-]
e =Vk'2+m?2 | s' = M?* + m? —2M¢’
(3.2)

where the * represents the sign of 2m — . The analytic form of this equation will
be examined in the next subsection, and numerical solutions will be presented in

the subsection following.



3.2 MATHEMATICAL CONSTRAINTS AND PREDICTIONS

The solutions of Eq. (3.2) will consist of a discrete set of nondegenerate values
(M;) for a given two-body bound state mass u. Alternatively, one may obtain
a discrete set of two-body bound state masses (u,) which produce a three-body
bound state of mass M. There will be a maximum value for the two-body bound
state mass ptmgz above which there will be no three-body bound state solutions
(this value will be shown to be finite). As has been mentioned, the minimum
value for the mass p,,;, is determined by the threshold for elastic scattering

i+ m — u+ m, which occurs at M = upip + m.

o(imin(M)) = a(M — m) = & +/Fm — M)(m + M)
_ \/m2 N s(k4= 0)

The form of the Egs. (3.2) allow all parameters to be scaled relative to the finite

(3.3)

mass m. In studying the analytic form of the equations, it is convenient to
use this scale freedom, along with the symmetry of the equation, to define the

following:

z —_—
m

kowa=M wen=2_
m 2M

~ _ _o(ur(M) — opmin(M))
AT(M) - a.(lllmaz(M) - a(/‘min(M)) » 0 < ’\T =1

) - i/"_‘:@ Wa(k; M,ur) =V (2 M)

(3.4)

a(“r
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>0

e M’)E_[VmL 2 V(Em =~ M)(m + M)

(Nmaz (M) - (Nmin (M))

47|g|®m

U(z,2'; M) =U(z', M) =  a(maz(M)) — e(pmin(M))

(3.5)

Vss! \/1 (z+202+vV1+22+v1+22 — 1\7

ee! \/1—|— (z—2")2+V1+22+V1+22-~

finite for M <3

With these definitions, Eq. (3.2) can be expressed

AV (2 JT{f,z\,) = / dz' U(z,2'; ﬂ)V(z'; ]Cf,k,)—h(z; ﬂ)V(z; M, ;) (3.6)

o

The form (3.6) is particularly useful, since the following relation is seen to be
valid » .
k(M)
(Ar — As) / dz V(z; M,\)V (2, M, %) =0 (3.7)
0
This condition amounts (for non-degenerate eigenvalues) to an orthogonality con-
dition for the functions V' (z; M ,Ar). These functions can be normalized to satisfy

the condition

k()
dz V(z; M, AV (2; M,)) =65 r1,8= 1,...,N(M) (3.8)

0

where N (M) is the number of three-body bound states of energy M.

Since the system generates a denumerable set of orthogonal functions, the

parameters of the equations can be explored more readily than might otherwise



have been the case. To obtain relationships between the parameters, it is advan-

tageous to define functions which sum over the dynamical parameter A,

N(3)
Azz, ZVz,M)\ (z';ﬂ,/\,)

N(M)
Az,2"; M) = ) M(M)V(z; M,A)V (25 M, \)

(3.9)

k(M) k(M)
Tr U*(M) = / dz / dz' U%(2,2'; M)

o
o

These functions are easily related-through the integral equation (3.6). Using
Eq. (3.8) and simple algebra, the following conditionals are obtained.

~. 1 9 N(31) 1
N(M) < 5[:rr U(M) + ; 0T
N(M)
Z A(M) < = [Tr U*(M) + 1] (3.10)
N(M)

> XN(M)<TrU? (M)

Since Tr U? (M ) is always finite within the kinematic region being studied,
these equations set finite bounds on the parameters, except for N (M ). In addi-

tion, for the specific problem at hand, the following is true.

10



), (M)
dM

>0 (3.11)

~

This implies that the bound state trajectories A,(M) are monotonically increas-
ing, and have one end point along the line A = 0, and the other along the three-
body continuum threshold M= 3, which are the boundaries of the kinematic
region. To obtain an estimate for the number of bound states, the equation for
N (ﬁ ) will be examined. Since A(z, z; M ) is a positive semi-definite quantity,

the following inequality holds:

k(M)

£
N(ﬁ) = / dz A(z, z; M) Z/dz A(z, z; M) (5.12)

o

~

for any ¢ < k(M)

One of the forms for the expression A(z, 2; M ) can be obtained directly from
Eq. (3.6)

k(M)
Az, 2'; M) = —lz,—[ / d2"U(z,2"; M)A(2',2"; M) — A(z,2"; M)
h(z M)LJ
I(z; M)

A(z, z; J;f) = » 0

h(z; H) z—0
(3.13)
The behavior of this expression is particularly interesting near the rest energy of

the three particles. A binding parameter € will be defined to examine this case:

e=3m—-M, E=3-M (3.14)

11



The behavior of A(z,2; M) for small z and € relative to unity (but otherwise

~

arbitrary) is dominated by the factor h(z; M)

~

h(z; M)

m l [ %zz P \/g] (3.15)

small z a(pmaz(3m)

small e

For small 'é',v the factor k(M) — 4/3. If one sets the parameter ¢ to be small
compared to unity, but arbitrary compared to €, the expressions (3.12) and (3.13)

indicate a scaling behavior of the number of bound states with the parameter €:

8
If

Sl
(3 11

s I(\/= ﬁ) 4 ( ) ¢
e €T L2 |\ HEmaz Y- £
V= 0/ Véds h(VE z; M) -0 \/; m I(¢; M)log vz (3.16)

~

If bound state solutions exist, then the function I(&; M) does not identically
vanish as a function of £ or M. Therefore, these equations have at least a loga-
rithmic growth in the number of solutions as the three-body continuum threshold

is approached

N (e) > ((slowly varying non — zero function) x log (%)

(3.17)

€

as — — 0

m
This result is determined by the non-relativistic kinematics, and is consistent
with the results obtained by Efimov,15:1617 if one relates the scattering length to
the two-body binding and associates e as the three-particle binding energy. The
actual numerical solutions exhibit the behavior discussed, and will be displayed

in the next section.

12



3.3 NUMERICAL BOUND STATE SOLUTIONS

The bound state trajectories have been calculated, and are consistent with the
conditions (3.10), (3.11) and (3.12). The integral equation (3.3) was reduced to a
discrete matrix equation using Gaussian quadratures,!® with Jacobi polynomials
as weight functions. Stable solutions for the lowest lying states were obtained
using relatively low matrix order (about 8 x 8). The lowest lying states are
exhibited in Figs. 2 and 3. Figure 3 is an enlargement of the nonrelativistic

region of Fig. 2.

The binding energy of all trajectories remains finite in this model, due to the
finite kinematics. The kinematics of all states is nonrelativistic, except for the
lowest lying state. Most of the lowest lying trajectory A; is within the relativistic
domain of the region, although it lies very close to the threshold for pair-particle
scattering (u + m — p + m). Thus, in terms of the pair-particle scattering

kinematics the three-particle bound state trajectory remains nonrelativistic.

The finite binding of all tr%.jecfories at all energies differs from various non-
relativistic models (¢f., Dodd?®), for which the lowest lying states may become
bound indefinitely. This behavior is exhibited in Fig. 3 by the trajectory A; before
the relativistic kinematics become manifest. However, all trajectories have one
endpoint on the pair-particle scattering threshold (M = p+m) and the other end-
point on the three-to-three scattering threshold (M = 3m). There is an accumu-
lation of essentially nonrelativistic states in the region 3m—M — 0,|2m—u| — 0,

consistent with the condition (3.17) and with nonrelativistic models.

13



4. ELASTIC SCATTERING,
REARRANGEMENT AND BREAKUP

The region of Fig. 1 below the three-body breakup threshold (M < 3m) for
which bound pairs scatter with the third particle, will next be examined. With
a given initial condition, there are three possible outcomes for the final state,
as indicated in Fig. 4. The first situation represents elastic scattering, and the

others represent rearrangement.

The case of particles with identical kinematic and dynamical parameters will

be examined in detail.

4.1 FORM OF EQUATIONS

Below three-body breakup threshold, the kernels Ra',{=0) can be expressed in
the form given in Eq. (3.1). The scattering equations for the amplitude I/)V\({fo

from Eq. (2.7) can be expressed

W\‘;Ibzo(kalkbo; M) = —27r3abR(ka, kbo;M)

;S
k!2\/5T R(ka, k!; M _
—ZWZac / dk, 2 /5¢ Rlkos ke; M) Wi =0 (kelkpo; M)
c 0 ec’[\/mz—%z—\/mz—%—m]

(4.1)

Since the masses m and u are the same for all channels, there will only be

two amplitudes; a direct (or elastic) amplitude, and a rearrangement amplitude:
Wii® (kalkao; M) = Wp(kalkao; M)

(4.2)
ngg(kao; M) = W\&I—zao(ﬂkao; M) = Wg(k|kao; M)

14



Using these amplitudes, the integral equation (3.18) can be discretized into a

matrix relation and inverted using elementary linear algebraic techniques
Was = 6WS) + 3 GucKacWoy
c
Wp = 2K(1 — K — 2K2)~1w(®) (4.3)
Wr=(1-K—-2K*)"w(

After inversion, the amplitudes Wp and Wg can be related to physical observables
(c. Sec. II-B in Ref.13). The following relations pertain to the specific problem
being developed:

(g : koeq; q’a(_kafua)lAg}:—)(Ebo + €uyos Q)‘Qb : Kpo€os ‘I’b(_kboeubo)>

2 112 __ 5 11/2
= [4p\/m2 - % ] Was(kalky; M) [4u \/m? — —lf—i— ] (4.4)

= Agz-) (&dkbo; €po + €upo, Ilf)

In addition, the on-shell unitarity of the operator S allows the amplitudes
to be directly related to cross sections. Written in terms of A,g, the unitarity

condition can be expressed

ot
4D (By) - [AS;) (P(o))] _
(4.5)

1.
= Z[ASZ)(P(o))] 2mi6(Py — P(o))Ag}L;) (Poy) -
a9

By examining the “forward” amplitudes and the expression for the total cross

section the “optical theorem” follows immediately:

15



(2m)32Im (@ : initial | ASH)(Bg)) | @5 ¢ initial)

(k)0 * k(2)0)? — (kqyo - *()0) (kzyo - K(2)0)
In 3-CMS, this can explicitly be expressed:
' 2
O total = (27")3 kyoM
X Im<¢b : ’,f,boebo; \I’b(_lf,bofmo) (4'7)

|A;(,2')(€bo + €440,0)| P : kbo€bo; Yo (—Kbo€puso))
Consider the angular momentum decomposition of the amplitudes. The “par-

tial wave amplitudes” can be related to the calculated quantities using

2J+1
47

A((l_l:-) (]ﬁalkbo; Gbo + e“bo’“) = Z

Py (,}a : l}bo)A:b (kalkbo; €upo + €bos ll')

/ 2
Agb(kalkb; €bo 1 €uzos #) = —4py/m? — vy

W\,{b(ka"cbo; €po + 5#1,0)

(4.8)

The condition (4.5) can be expressed in terms of these angular momentum

components

ok
Im A}, (kslks; M) = — |43 (k5|ke; M)[? (4.9)
it

where

M? — (py + m'r)z} [M2 — (y — mq)?
kIZ —
e AM?

16



This allows the definition of the standard phase shift and absorption parameter
in the elastic channel by
M

.o g M
Ai;fb(kblkb? M= 2miky ﬂEI(M,I‘b)em" (M) 1| = Tk, fé’(M,“b) (4.10)

To calculate these parameters, the singularity structure of the two-body input

D;1(s;) must be properly understood. By taking advantage of the relation

1
L L iré(a) (4.11)
r—inn-o0 T

where the symbol P represents the principal value, the function can be written

as follows

1 P _iw[ apy/m? — B (M2 + m? — pu?)

Do(sa) ~ Da(sa) M\/(M? + m? — u2)? — 4m2M?

§(ks — K,)  (4.12)

where

K - (M2 + m? — u2)? — 4m2M?
¢ 4M?

The numerical solutions for some of the observables will be examined for various

values of 4 and M.

4.2 NUMERICAL RESULTS

The phase shifts and inelasticity parameters consistent with Eq. (4.10) have
been calculated. The integral equations were discretized using Gaussian quadra-
tures, with Legendre polynomials as weight functions. The functions fl;f =0(M, up)
are plotted (as Argand diagrams) in Fig. 5. The rest energy of the system corre-

sponds to M = +m, so that the relative kinetic energy is given by

ex =M — (u+m) (4.13)

17



Figure 6 illustrates the total cross section for J = 0 in units of m2, such that
Ototal = Zo’i{)t (4'14)
J

It can be noted that the lowest resonance is more sharply peaked as the peak
energy approaches the rest energy of the system (ex = 0). In addition, in the
regions where the resonance is well defined, it follows a path which is a reflection
of the lowest energy three-body bound state about the line ex = 0. From the
diagrams, it is apparent that the resonance structure for scattering from the

ultra-relativistic bound paris is influenced considerably by the inelastic (i.e.,

rearrangement) processes. This structure will be extended into the breakup

region (M > 3m) in Section III-C.

4.3 BREAK-UP SCATTERING

The process of breakup can occur if the available center-of-momentum energy
is greater than the sum of the rest masses of the constituent particle (M > 3m).
The initial system will be described by a particle b scattering from a bound pair.

Figure 7 depicts the possible asymptotic states.

As viewed from the elastic scattering “channel,” the possibility of breakup

will open an additional inelastic “channel.”

4.4 FORM OF EQUATIONS

The particular equations for this process can be obtained in a straightforward
way as described in Section III-B of Ref. 13. The amplitudes for breakup from
an initial channel b, as well as for three particle-to-three-particle scattering, are

summarized below.

18



(@0 = (krer; kzea; kses), (M, 0 [AS) (My, 0)|@5 : kbocso; Us(—Ksotpso))

2

ga(ka+ka—) o7 p Y
=Y eierten) @ (kalknos My) |apy/m2 — &
- Da(sa) ab(NGINboa b) ll’ 4

where Mp = € + €40

(®0 : (kaen; kaea; kaes), (M, o |[AS) (M, €)|®0 : (kioero; (kzo€205 kso€zo), (M, 0))

ga(ka+ka—) gb(kb+okb—o)
= ab(kallpo; M) TnbtoSizo)
z a(sa b( a| bo ) Db(sb)

(4.15)

where the function D, is described by Eq. (2.3) and ¢2 = (51;)2

Above breakup threshold, the singularity structure of the noninteracting re-
solvent must be properly handled. The singularity occurs only for M > 3, and
within a limited range of the parameters k, and k;. This range is given by
Eq. (3.34).

. S b S\/(]\\‘,‘12 ;gmz)(Mz —m?)

=k
M2 amaz (4.16)
kbmiu < kb < kbmaz
where
1 M2 —3m?2 — 2¢, M
pd% = — kg (M — 4.17
bmin 2 |'@ ( 60) M2 +m? — 2,M ( )

The singularity takes the form of Eq. (4.11). Thus the kernel R/ can be

expressed

Jb[ .

(4.18)
\/mzb—l— (ka + kp)2 + € +€b— M

+ Plog
y/m+ (ks — ko) +ca+ & — M

The solutions of (2.7) using the kernel (4.18) will be examined for J = 0.
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4.5 NUMERICAL SOLUTIONS

The numerical treatment of the equations was similar to that developed in
Chapter 3. The solutions smoothly matched those below breakup, and required

increasing numerical work as the energy increased.

The behavior of the cross sections beyond the resonance regions is demon-
strated in Fig. 8. The Argand diagrams exhibited minor variance beyond the

regions covered in Fig. 5.

For completeness, the solution for the moderately relativistically bound state
¢ = 1.9m is demonstrated in Fig. 9. In this figure the region above and below

breakup threshold is demonstrated on the single graphs.

5. CONCLUSIONS

The equations explored define a self-consistent, unitary set of scattering equa-
tions which give stable solutions in this model. It should be noted that the equa-
tions in the form given are most suited numerically to the relativistic regime,

although the non-relativistic models if the parameters involved are related.

The formalism explored in Ref. 13 generates eigenstates of a fully interacting
three-body system in terms of boundary states in a covariant way. These states
satisfy a type of cluster form invariance if one of the particles does not interact.
Integral angular momentum can be included in the formalism in a straightforward

way.

Since in the model examined the equations reduce to a single parameter inte-
gral equation, the numerical methods involved in this exploration were straight-
forward. Advanced numerical techniques exist in the literature which allow ex-
ploration of the amplitudes involved in a more complex model. However, in order
to more reasonably reproduce the high energy phenomenology, the inclusion of
particle-antiparticle symmetries and multiparticle processes must be examined

in the formalism.
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FIGURE CAPTIONS

Fig. 1. Kinematic regions for three-particle dynamics. Particles are kinematically

and dynamically identical, but distinguishable.
Fig. 2. Lowest Lying three-particle bound state trajectories.
Fig. 3. Nonrelativistic region of bound states.
Fig. 4. Elastié and rearrangement scattering.
Fig. 5. Calculated Argand plots.
Fig. 6. Total cross sections (J = 0).
Fig. 7. Elastic, rearrangement and breakup scattering.
Fig. 8. Behavior of cross sections at breakup threshold.

Fig. 9. Dynamical behavior of three-particle scattering for moderately relativistic

system.
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