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ABSTRACT 

We present a dual model for virtual Compton amplitudes which 

satisfies the current algebra constraints and exhibits Mandelstam 

analyticity. Mandelstam analyticity is crucial for making any contact 

to the deep inelastic annihilation region, i.e. , s, cf2, qT2- + 03, and is 

accomplished by introducing nonlinear trajectories. The scaling prop- 

erties of this model are mainly shaped by the current algebra con- 

straints. In terms of dual variables, the scaling limit occurs from 

the same configuration as the current algebra fixed pole. We deal 

with two different choices of the trajectory. One gives back all the 

nice properties of the original Veneziano model. The other is inspired 

by the experimental finding of power behavior in large angle scattering 

and its theoretical elucidation, the interchange model which requires 

asymptotically constant trajectories. The first choice leads to a 

light-cone representation and exhibits a new relation between-the large- 

x behavior of the deep inelastic annihilation structure function and the 

asymptotic behavior of the electromagnetic (2+) - (l-) transition form 

factor. 
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I. Introduction 

Since Bloom and GilmanI observed that the structure function v W2( v , q2) 

for inelastic electron-proton scattering is dual in the sense that the scaling i 

limit mediates the’resonance region it has been a constant task to construct 

dual current amplitudes in respect to the deep inelastic phenomena. 2-6 

The most direct approach to include currents in dual hadronic amplitudes 

is to employ the minimal electromagnetic coupling principle in the dual operator 

formalism7’ 8 as in ordinary field theory which, however, leads to certain non- 

dual features. ’ Another approach in the dual operator formalism stresses the 

factorization aspect in the construction of off-shell photon amplitudes. lo In all 

these models the spectrum is not realistic and up to now current algebra and 

low-energy theorems are not fulfilled. 

A second and more phenomenological approach is based on suitable modifi- 

cations of the (known) hadronic n-point functions of the generalized Veneziano 

model. 2 In the most veritable of these models (in our opinion) the (off-mass 

shell) currents are constructed from pairs of fictitious particles (“spurions”) 

corresponding, e.g., to a six-point function for Compton scattering. The tra- 

jectories in mixed (“spurion’‘-hadron) channels are set constant in order that 

the amplitude does not depend on the corresponding channel energy. 11,12 These 

constant trajectories give, of course, rise to fixed poles in addition to Regge 

behavior in all channels, But we shall see that fixed poles are indeed required 

by current algebra and power behavior of the electromagnetic elastic and transi- 

form fat tors D 

This second approach is, however, not without its difficulties, Current 

algebra is generally not satisfied in these models and any attempts so far made 

to fulfill the current algebra constraints seem to have no general validity. 13 
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Furthermore, these models are far from being convincing for the discussion of 

deep ipelastic electron scattering and annihilation as they lack Mandelstam 

analyticity. This is common to all Veneziano type models with linearly rising 
I i 

trajectories14 and. means that the structure functions can only be explored in a 

limited kinematical region. There is, e.g. , little hope to get sense out of these 

models in the domain of deep inelastic electron-positron annihilation which will 

become accessible experimentally with the advent of the new generation of 

electron-positron storage rings, SPEAR and DORIS. But even in the deep in- 

elastic scattering region some of these models have very peculiar effects, The 

deep inelastic scattering structure function derived by Landshoff and Polkinghorne, 3 

who managed to fulfill all the current-algebra constraints, does not, e.g., have 

the proper Regge limit and violates the Drell-Yan relation. 15 

In this paper we shall present a dual model of the second category but with 

Mandelstam analyticity built in right from the beginning. This is accomplished 

by introducing nonlinear trajectories 14 which is necessary in order to make con- 

tact with the deep inelastic annihilation region, i.e., s, q2, qf2d +m . The cur- 

rent algebra constraints will play an important role in this discussion. As we 

shall see, current algebra shapes the scaling properties of this model to a large 

extent. 16 

In order to avoid spin complications we shall restrict our discussion to a 

pion target. We believe that our conclusions can be carried over to the spin 

l/2 case without serious difficulties. 

The paper is organized as follows. In Section II and the Appendix we dis- 

cuss the basic properties of pion Compton amplitudes. In particular, we give 

an explicit construction of the invariant amplitudes fulfilling the current algebra 

constraints. One of our results is that the divergence condition can be satisfied 
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by any model amplitude in a very simple (and generalizable) way. In Section III 

.we give a brief review of dual amplitudes satisfying Mandelstam analyticity and 

consider two extreme ansatze for the trajectory and the residue function which i 
will lead us to two models for the Compton scattering amplitude in Section IV. 

Both models have nice analytic properties and there is good reason to believe 

(at least for the first model) that we have obtained a full solution to the problem 

of constructing dual Compton amplitudes. After having discussed the scaling 

properties of these models, we give a brief discussion of our results and some 

concluding remarks in Section V. 

II. Compton Amplitudes 

We consider Compton scattering of neutral or charged isovector photons 

off pions: 

Y;(q) + no(P) - Y! (9’) + 7&P’) (Do 1) 

Isoscalar photons are not taken into account for the moment but will be discussed 

later. The scattering amplitude is given by 

TaPtP = i 
I.lv I- d4x eiqfx e(x) < nP(p’)l [j{(x), j”,(O) J17rp(p)> (II- 2) 

It may be expanded in terms of t-channel isospin amplitudesI I8 (the upper 

index labelling the isospin) 

T;; = 2(CcIJs, t) + C&u,t)) - Np,, 

Tf; = - (C&s,t) + C,Ju,t)) + 2I$, (II* 3) 

where (A = P + P’) 
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-h 
CPV(s,t) = T-+‘+ 

PV = ApA,, A(s, t) + q,&, Ws, t) + 0.0.) (II. 4) 

i.e., the amplitude corresponding to charged Compton scattering off r’, and i 

N = Too,' 
PV PV 

= A&A(s,t) + C$C&st) + l 004 (II. 5) 

representing neutral Compton scattering off X0. 

The hypothesis of conserved vector currents and of current algebra requires 

T(i) 
PV 

to have the following properties: 

qi$(o,2) = T(“,2) qfv = 0 

PV PV 

qp T(l) = T(l) q’ p = 2 A F(t) 
PV VP v 

or equivalently 

qpCpV(S,t) = Cv,W) q” = A,, F(t) 

qpNplJ = Npv q” = 0 

where F(t) is the electromagnetic form factor of the pion. 

variant amplitudes the current algebra requirement (II. 7a) 

following constraint lg (th e so-called divergence condition) 

A(s,t) = + for 
‘ t=q2, I 

(a. 6) 

(II. 7a) 

a w 

In terms of the in- 

gives rise to the 

2 q’ =o 

2 
(II. 8) 

lt=,J q-=0 , . 

In the appendix we shall give a construction of the tensor amplitudes C and 
PV 

N 
PV 

assuming the divergence condition (II. 8). 
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The constraint (II. 8) can be accomplished for any model amplitude by 

setting 

i 

A(s, t; q2, qf2) - .F ’ 
( 2, F( r2) 

2’+ t A(s, ti q2, qr2) 
s-m 7r 

- A(s,q’; q2, 0) F(qV2) - A(s, qf2; 0, q12) F(q2) + A(s, 0; 090) F(q2) F(qf2)] 

which clearly exposes the exceptional role of the Born term. 20 This is not the 

only possible representation satisfying the divergence relations but (in the frame- 

work of our construction scheme) it is the only one which is consistent with the 

current algebra fixed pole that we shall discuss now. 

On the further assumption that the invariant amplitudes A, B, . D 0 satisfy 

unsubtracted’dispersion relations in s it has been shown 19,21 - that A(s, t) must 

have a fixed pole 

A(s,t) 7 y (II. 10) 

whose residue is independent of q2 and q12. While the divergence relations can 

be fulfilled explicitly (see the appendix), the current algebra fixed pole (II. 10) 

imposes decisive restrictions on the dynamics of Compton amplitudes. 18 
Any 

model amplitude A has to definitely include the fixed pole (II. 9) irrespective of 

the divergence conditions. It is evident that the fixed pole contribution will not 

be altered by passing to expression (II. 9) 0 

After having discussed the current algebra implications, we shall proceed 

in our task to construct a dual amplitude for pion Compton scattering. To be 

more specific, by this we understand to construct invariant amplitudes A, B, . . . , 

A, B, . . 0 ) having the following properties: 
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(i) Divergence condition (II. 8) 0 This can, however, be explicitly fulfilled. 

(17) Current algebra fixed pole (II. 10). 
2 (iii) Vector meson dominance., At the vector meson pole, i.e., q2 = q’ = 

2 mv, the amplitudes are reduced to ordinary dual hadronic amplitudes. 

(iv) Regge behavior and particle spectrum. The amplitudes contain reso- 

nances on Regge trajectories and duality between s and t channel. 

(v) Factorization. We here require factorization only at the pion pole in 

order to consistently restore the right current algebra fixed pole residue. 

(vi) Mandelstam analyticity. With the advent of dual models with Mandelstam 

analyticity, 14 we feel that this requirement is not too ambitious. 

In the following we shall mainly be concerned with the invariant amplitudes 

A(s, t) and x(s, t)n 

amplitude T2( s, q2) 

They are related 

by ((r2 = qf2) 

to the familiar forward Compton scattering 

T;*(s, q2) = 
- 

(A(s, t) + A(u, t)) - A 

T;‘(s,q2) = 7i; (II. 11) 

As we shall see, T2(s,q2) is to a great extent shaped by the current algebra 

constraints on A(s, t) whereas Tl(s,q2) involves all the other invariant ampli- 

tudes which lack in similar restrictions. However, without going into detailed 

calculations, we still have arguments leading to the experimental result 

2 
Tl = - 3 T2, 

s, -qL co q 
(II. 12) 

i.e., U L - 0 (note that Eq. (II. 12) is identically fulfilled at q2 = 0). In order 

that Eq. (IL 12) holds, A,(s, t = 0) + q2A5(s, t = 0) (and similarly the combination 
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of invariant amplitudes belonging to NP y) must vanish in the scaling limit. 22 

This c”ombination corresponds to the helicity amplitude Coo (for longitudinal 

polarized photons), i. e. i 

coo i- = s2t$ + q As) t=o (II. 13) 

If we now assume that Coo has no Kronecker deltas the highest fixed pole that 

may occur in X 1 + q2x5 has J = -1 corresponding to the largest nonsense point. 

In the context of our model this means (as will become clear in Section IV) 

which proves Eq. (II. 12) (under similar considerations for Noo) 0 Actually this 

is a result of the fact that the mixed channel “trajectory” c2 (to be introduced 

later), which governs the fixed pole and scaling limit, is restricted to ~~5 0 

by the requirement of no Kronecker deltas. 

From Eq. (11.3) and the corresponding s-channel isospin amplitudes 

$0) = PV - 2 %vtu t, + 3 N PV 
?$ = 2 C&s,t) + CPv(u,t) - 2 N 

PV 

y(2) = 
PV Cpv@~t) (II. 15) 

it is apparent, within the context of the dual resonance model, that once we have 

constructed A(s, t) thenA(s, t) is determined apart from possible su terms. As- 

suming that there are no exotic resonances, we obtain that A(s, t) is a pure st 
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term and 

qs, t) = $(s, t) + A@, t) + A’(Sd-9) (II. 16) 

i 
where the su term A’ must cancel the pion pole term in A(s, t) and A(u, t) (i.e., 

must have equal strength but opposite sign). In the following we shall not dis- 

cuss su terms any further since they do not contribute to the fixed poles5 and, 

because of the intimate relation between fixed pole and scaling limit in our 

model, not to the scaling functions. 

So far we only have taken isovector currents into account. By use of cross- 

ing, SU(3), nonexotism and the (experimentally well justified) hypothesis of u- 

spin conservation in electromagnetic interactions (i.e. , the photon is a u-spin 

scalar) we now can calculate the contribution of isoscalar currents. 23 We find 

a contribution T - tl) isoscalar = 1 N 
PV 18 /LV 

which finally gives 

T;*(s,q2) = (A(s,t) + A(u,t)) - $$ 

So we are left with the construction of only the amplitude A. In Section IV we 

shall associate the scaling functions with this amplitude. The physical scaling 

functions are then given by Eqs. (II. 16) and (II. 17). 

We shall base our construction of the invariant amplitudes on the dual model 

proposed by Ademollo’and Del Giudice 11 and Ohba12 except for the fact that 

Mandelstam analyticity will be built in from the beginning. Before we go into 

details we like to discuss certain aspects of dual amplitudes with Mandelstam 

analyticity. 
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III. Dual Amplitudes with Mandelstam Analyticity 

h is well known, the Regge trajectories in the Veneziano type amplitudes 

must be linear in the Mandelstam variables in order not to introduce ancestors. 

This results in an infinite set of zero width resonances which destroy Regge 

behavior on the positive real axis. The question then is how to shift the reso- 

nance poles to the second sheet keeping ‘as much of the good properties of the 

Veneziano type amplitudes as possible,’ 

Several authors proposed the following generalization of the Veneziano 

amplitude” (the extension to n-point functions is straightforward) 

M(s, t) = /’ dx x-U(t’X)-l (I-x)-o(” l-X)-lf(t,x) f(s, lex) (III, I) 
0 

where 

‘Nt, 0) = a(t) , f(t, 0) = f(t) 

0th 1) = a(O), f(t, 1) = f(0) (III. 2) 

This ansatz allows nonlinear trajectories without having ancestors so that a(t), 

a(s) and f(t), f(s) can now be considered as general real analytic functions with 

a cut on the positive real axis starting at t = to, s = so. For CX(U, x) 5 C 6 

it has been shown 24 that Eq. (III. 1) has Mandelstam analyticity and Regge be- 

havior as 1s 1 - 00 (i. e. , in all directions of the s-plane). The price one has 

to pay for this, however, is to definitely go off from an infinite number of ob- 

servable resonances Iying on the same Regge trajectory. Here resonances are 

characterized as complex poles on the second sheet near the real axis. 

Mandelstam analyticity becomes particularly important in dealing with the 

deep inelastic structure functions as we shall see. Before we now adopt these 

methods to construct dual two-current amplitudes we shall consider two 
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different parameterizations of the Regge trajectories a! and the residue function f: 

ModeLA 

- 

o!(t,x) = o!(O) + tcLJ(t(l-x)2), f(t,x) = 1 , ; 

a!‘(t) = O((tJ -1’2) (III. 3) 

Model B 

a(t,x) = a(t(l-x)), 

f(t, x) = f(t(l-x)), 

a(t) - -n for It I- ~0 

f(t) = otltl-n) for ItI -03 W.4) 

Model A is a choice close to the original Veneziano model. 25 The form (III.3) 

of the trajectory restores factorization and gives back the Veneziano formula 

in the limit (Y’ - 1. Model B (i.e,, the original CTHKZ-mode126) with asymp- 

totically constant trajectories and residue function f # 1 is inspired by the fact 

that the high energy large angle scattering amplitude is power behaved (note that 

the original Veneziano model gives an exponential behavior). One of the authors 27 

has demonstrated a resemblence between this model (Model B) and the inter- 

change model of Gunion, Brodsky and Blankenbecler. 28 The most unorthodox 

feature of Model B is that it includes some notion of “short range” forces, 

taken care of by the residue function f, in contrast to usual dual models basically 

describing “long range” effects. When extended to n-point functions Model B 

does, however, not factorize anymore beyond the lowest order pole. 

Due to the asymptotically constant trajectories Model B gives rise to fixed 

poles. The same holds true in Model A if a’(t) - (-n - ol(O))/t for t - ~0~ This 

can, however, be cured by introducing secondary nonleading trajectories as 

found in the interchange model. 29 
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IV. The Model 

We now shall extend these ideas to two-current amplitudes. We imagine 

that the currents are coupled to pairs of outer leptons as shown in Fig. 1, and, i 
corresponding to this picture, we write a dual six-point function ansatz for the 

invariant amplitudes, In order that this ansatz be consistent with a two-current 

amplitude we choose constant trajectories in the mixed lepton-hadron channels 

as to eliminate the dependence on the corresponding channel energies. 11,12 

The technique of how to construct dual six-point functions is standard, In the 

following we shall present two models acdording to our different choices of the 

Regge trajectory and residue function as discussed in the previous section. 

Model A 

According to our first choice we are concerned with the ansatz 

A(s, t; q2, qf2) = N ,: dx /; dy 1; dz (1-xy)-1 (I-zy)-I 

x (1 -xyz) 52 (LIZ&) c1 (-Lk) 5 (k& @$gc; 

x x-w12A 
,2 

,-w4 *z) Y -NS,Y)-1 

X 
i 

(l-y)(l-xyz) 
(l-xy)U-ZY) 

-a! t, l ( { 1 -y) ( 1 -xyz) 
(l-xy)(l-ZY) 

.I 

I) +1 

(IV, 1) 

where c 1’ C; and c2’ correspond to constant mixed channel trajectories and 

(still requiring o’(s)= 0( !s\-~‘~) 

a(s,y) = o!(O) + s ck!!’ (s(l-y)2) (IV. 2) 
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, 
The dual variables x, y and z are as described in Fig. 2 and N is a normalization 

~consBnt to be fixed later. As can easily be verified, our amplitude (IV., 1) 

(corresponding to a t-channel double helicity flip amplitude) has the correct 

spin structure in the q2, q’ 2 , sandtchannel. 

At the pion pole (i.e., y ~0) Eq. (IV. 1) is reduced to (this is consistent with 

Eqs. (II. 11) and (II. 17)) 

F(q2) F(q12) 
2 s -rnn 

which gives us the pion electromagnetic form factor 

F(q2) = ( a,(I>)1’2 /,’ dx x-or(q2’x) (l-x) Cl 

For large q2 it behaves like 

(IV. 3) 

(IV. 4) 

Ws2) = (q2;cl+l (a,(~q’2 i, d/J e-por’to) PC1 (IV. 5) 
c 

relating cl to the asymptotic behavior of the form factor. The widely excepted 

monopole behavior of the pion form factor would correspond to c 1 = 0. 

We now discuss the large s behavior of Eq. (IV. 1) o Current algebra re- 

quires that this is given by the J = 1 current algebra fixed pole (II. 10) D lg’ 21 

Changing the dual variables x, y, z to x* = x, y’ = (I-xy)(l-zy) 
(I-x)(1-xyz) s- z’ = ;;I$;;:;;;, 

and performing a Mellin transform we can easily separate a fixed pole at J = l- c2 

(corresponding to x, y, z = 1). In order that this be consistent with the current 

algebra requirement we must set c2 = 0. (The same choice of c2 will also lead 

to scaling as we shall see.) The fixed pole residue turns out to be 
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N 
/ 

1 
dzl z1 -rrtt, “) c1 j-r dy’ y’ 

c i-1 -c’ 
- 

a’(O) 0 
(1-z’) (1-z’y’) 1 

IZ & B4(.Ci, “i) / 
1 

dzl z1 -“tt,z’) (l-x’) c1 
0 

2Fl(c;, Ci, 2 Ci, Z’) 

(IV. 6) 

which, as a further current algebra constraint (postulate (ii)), should coincide 

with the form factor F(t). A priori this is not the case although Eq. (IV. 6) is 

very similar to the expression (IV. 4)) i.e., has the same large t behavior as 

the form factor (the necessity for 

apparent) 0 The discrepancy, due 

in Eq. (IV. 6), can be removed by 

Eq. (IV. 1): 

having the same trajectory in all channels is 

to the extra z’ dependence of the second integral 

adding an infinite number of satellite terms to 

Z1-Ol(t,Z’)+l -) L cm Z’-a(t3Z’) + 1 + m 
1n=o 

such that 

z’ = 4 1 -y) ( 1 -xyz) 
(I--XY)(l-ZY) 

c c m Zfrn = (y’(0) 
m=O 

X 1 B4( Ci, Ci) 2FI(ci, ci, 2 c’ 1’ z’) 1 
J 

-1 

(IV. 7) 

(IV. 8) 

where N is now determined through the normalization of the residue. The satellite 

terms affect the normalization of the form factor (IV. 4) as well but leave the 

general structure unchanged. As can be deduced from Eqs. (IV. 1) and (IV, 6) the 

normalization of the form factor and the fixed pole residue is generally not 
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consistent. This need not also be the case due to the exceptional role of the 

Born %rm in Eq. (II. 9) 0 In the following discussion we shall ignore the satellite 

terms for simplicity but only comment how they affect our, final results. 

After subtracting the leading fixed pole contribution, we obtain the Regge 

behavior (t = 0; q2, qr2 fixed) 

A(s, 0; q2, qr2) = C s~(‘)-~ (IV. 9) 

This corresponds to y = 1 but (generally) x, z # 1 so that we have to expect a 

q2 and qf2 dependent residue (the same holds for the nonleading fixed pole, e.g., 

the J = 0 fixed pole, which will be discussed elsewhere). The satellite terms 

(m > 0) as introduced through Eq. (IV, 7) are suppressed by at least one power 

of s. They have the asymptotic behavior (again subtracting the leading fixed pole 

contribution) C’ s a(O)-2-m . 

Now we will discuss the scaling limit of the amplitude (IV. 1). We first 

concentrate on deep inelastic scattering, i.e., s, -q2, -q’ 2 -+m, For further 

convenience we keep q2 # q’ 20 The constant c2, which was required to be c2 = 0 

by current algebra, will for the moment be left open. Substituting 

h = 3-x-y-z, (IV. 10) 

we obtain for large positive s, -q2 and -q’ 2 and -q2 , -cT2, s 
\ 

Ats, 0; q2, sr2) 6 N /l dA I1 da /l-%peAa’O 
0 0 -(l-o!) 

x $ c2 (,,+,) ‘1 (;;;) ‘1 (i+;+p) ‘i-l (I+;+) 5-l 1-o!+p 

x (1+a+/&+o! --@)I ( 1 -a( 0)+-l 
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The integration over h can be done explicitly which finally gives 

A(s,O; q2, sr2) = ; r(c,+l)(-a’(~))-~$f do! /‘-@ d/3 o?(o)+1 
0 -(l&) 

5 - - 2- 

x ( l 1-o1)2 pz 1 ( cl+cr jp 
2 

1 

“i- ci+a(0)-2 
I 

hGl3!2 

c2-1 
4 4 

L 
2 

(I+!) 
+ 

$2 p+sa! 1 
(IV. 12) 

This form can be continued analytically to the physical region -q2, -qr2~ s. 

We now expect that vA(s, 0, q2, qr2) scales nontrivially(i. e., does not vanish 

in the scaling limit) D A necessary and sufficient condition for this to happen is 

c2 =0, i.e., the current algebra result, as can’be verified from Eq, (IV. 12). 

This means there is a strong connection between current algebra and scaling. 

In other words, once we have built in the current algebra fixed pole, we auto- 

matically get scaling. Formally this is established by the fact-that both the 

fixed pole and the scaling limit correspond to the behavior near x, y, z z 1. 

We remark that the same strong connection between the current algebra fixed 

pole and scaling is true in parton models3 and in the bootstrap model proposed 

by one of the authors. 13 

Equation (IV. 12) has exactly the form (c2 = 0 now) as derived by Gatto and 

Preparata” from a light-cone dominated current commutator, i. e., 

A(s,O; q2,qr2) = {‘da! /l-o d@ 
( 0 -(l-o!) 

F(o!, p, 0) 

(l-a)+ +&+.a 
I 

(IV. 13) 

which essentially is a DGS-Nakanishi representation 31 with all mass terms 

neglected. This leads to the following ansatz for the light-cone spectral 
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function 32 (the generalization to t # 0 is straightforward) 

h 

-a! t, ( 
4a +1 

F(a> P, S=& a 
( l+o!)2-p2 

(IV. 14) 

If we take the satellite terms (IV. 7) into account, this becomes 

03 m w 
Fta, P, t) - Flu, P, t) L c (IV. 15) 

m=O 

From Eq. (IV. 14) we explicitly see how the light-cone expansion incorporates 

some notion of compositness which will become even clearer when we discuss 

the physical meaning of the constant c!lQ 

The deep inelastic (scattering) structure function F2= vW2= -;T 2v knA(s, 0 

is now given by 

;c12,q2) 

-1-x 
F2W = 1 @ F(x, P, 0) 

-(l-x) 

N 
= 20!‘(O) 

-,-w9+1 (lpx) 
2c1+1 +1 

/ 
-1 dp’ 

(IV. 16) 

where x = i = - 2 At threshold, Le., 
2c1+l 

x - 1, F2(x) behaves like 

(1-x) which restores the Drell-Yan relation 15 (see Eq. (IV. 5)) between 

the threshold behavior of F2(x) and the large momentum transfer behavior of 

the electromagnetic form factor. For x - 0 (w - w) F2(x) is Regge behaved, 

. i.e., F2W - x -@(O)+’ (satellite terms: x-o! (0) +1+ 
l-7 as one expects. 
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The residue of the current algebra fixed pole at t = 0 is in terms of the 

structure function (IV. 16) given by 

/ 
’ dx 

0 
-y F2W 

, i 

(IV. 17) 

as can be verified from Eqs. (IV. 13) and (IV. 16). This also holds in the presence 

of satellite terms. Equation (IV. 17) gives essentially the Adler sum rule 33 

since the fixed pole residue is normalized to one at t = 0. 

We now discuss our model in the deep inelastic annihilation region, i.e., 
2 

SY q Y q 12 -+m. The amplitude (IV. 1) is well defined in this region in contrast 

to the usual Veneziano type amplitudes. The derivation of the light-cone repre- 
2 sentation (IV. 12), however, is strictly restricted to negative q2, q’ a In order 

to obtain an appropriate representation for the annihilation structure function 

well adapted for the discussion of the relation between the scattering and annihi- 

lation region, we shall continue Eq. (III. 12) analytically to positive q2, qf2. 

One can show from our assumptions that this gives the correct structure function. 

That means, that is is well justified to continue the asymptotic form (IV. 12) 

instead of continuing Eq. (IV. 1) first and then going to the scaling limit. 

The continuation of Eq. (IV. 12) to the deep inelastic annihilation region 

will cross the line q$$- (1-a) + w @ + sc1! = 0 in the integration region so 

that we must distort the integration path. We end up with the representation 

Ats,O; q2d2) = 1; da /-- d/3 2 2 Ftay BY ‘) ,2 

p fq- (1-a)+ +p+sa 
3 

(IV. 18) 

where C 
P 

is shown in Fig. 3. Because the integration path C goes to infinity Eq. 
P 

(IV. 18) does generally not scale as in the scattering case but the high s, q2 and 

q12 behavior may depend on Ci. However, the imaginary part always scales and 
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leads to the annihilation structure function F2 = LJ%~ = $ ImA(s,0;q2+ie, q2-ie): 

-h 

F2(x) = - / 
l-x 

d@ Ftx, P, 0) i 

-(l-x> 

(x-1) N s-w9+l 
2c1+l 

= 2o!‘(O) 

J;; dp, y/J j’ (‘“‘z q(l-x)2@12 )+l+ci+a(o)-2 

(IV. 19) 

We now ask how F2(x) is related to the analytic continuation of F2(x) to x > 1. 

Generally, we can write 

F2(x) = - Re F2(x) + G(x) (IV. 20) 

where 

1 

G(x) = &j sin2xc1(x-1) 
2c1+l /r; dp’ r;r”;’ tl+x)2-i (1-x)2p12 jcl+cl+a(o)-2 

(IV. 21) 

which can easily be deduced from Eqs. (IV. 16) and (IV. 19). We see that F2(x) 

has for noninteger cl (cl not half integer either) a branch cut starting at x = 1 

which has been taken care of by G(x). For integer c 1 G(x) vanishes giving 

F2(x) = - F2(x) (IV. 22) 

where F2(x) is the analytic continuation of F2(x). For half-integer cl we obtain 

from Eqs. (IV. 16) and (IV. 19) (or (IV. 20) and (IV. 21)) 

F2 W = F2W (IV. 23) 

This corresponds to the case where F2(x) has no branch cut but F2(x) is not given 

by the analytic continuation of F2(x), i.e., G(x) # 0. The generalization of the 

continuation procedure to include satellite terms is straightforward. 
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From Eqs. (IV. 16) and (IV. 19) we see that F2(x) and F2(x) fulfill the re- 

.mar&ble reciprocity relation (x > 1) 

i 
F2(x) = - x (IV. 24) 

which relates F2 and F2 in their physical regions. For c; = 2 this is the well- 

known Gribov-Lipatov relation. 34 Once the constant c; is known, Eq. (IV.24) now 

allows us to predict the large x behavior of F2(x) if F2(x) is supposed to be known. 

Then there remains the question about the physical meaning of Cio 

If we go back to Eq. (IV. 1) we find that Ci governs the large momentum 

transfer behavior of the (2”) - (l-) electromagnetic transition form factor (e.g., 

A2 - PY), 

F trans(q2) - Is2 1 
-c;-1 

0 (IV. 25) 

Equation (IV. 25) results from going to the vector-meson pole in the qf2 channel 

tz z 0) and to the tensor meson pole in the t-channel (z’ z 0) and then take the 

limit q2 -00(x z 1). Equation (IV, 25) gives rise to a Drell-Yan type of relation 

between the large x behavior of F2(x) (suppose F2(x) is known) and the decrease 

of the transition form factor. The Gribov-Lipatov case, i. e, , Ci = 2, corres- 

ponds in our model to Ftrans(q2) - lq21-30 It is obvious that Eqs. (IV. 24) and 

(IV. 25) also hold if we include satellite terms. 

Equation (IV. 25) provides another example of how the light-cone carries 

some information of compositeness which deserves further investigation. 
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MODEL B 

N7Sw we shall discuss our second model. In this case we write 

A(s,t; q2, q’2) = ” dz (l-xy)-’ (l-zy)-’ (1-xyz) c2 

x z-cr(s’2(l-z)) y-~tw-Yw 
1 

-yy- :1-xy)(l-zy) / + l (/ i l-y)(l-xyz) \ 
11 

(’ 1-y)( 1-xyz) 
tl-xy)tl-zY) 

(IV. 26) 

with real analytic functions Q!, fi of the type (III. 4). The dual structure of this 

. amplitude is very much the same as that of Model A except that it does not 

factorize except for the pion pole and has no Veneziano limit. However, it pro- 

vides a more realistic description of high energy large angle scattering. 

Our following discussion will be much like in the case of Model A. Through 

factorization at the pion pole we obtain the pion electromagnetic form factor 

Ftq2) = f2zro’)l’2 1: dx x-a(s2(1-x)) (1-x)c1 f,(q’(l-x)) 

(IV. 27) 

which for large q2 behaves like 

F(q2) = ’ 
f2(m~ f3W ‘\ l/2 co 

c1 
(q2)Cl+I a’(m2,, / dcc icd flW (IV. 28) 

0 

if the integral exists, i.e., fl < O(p 
-Cl-l 

) q 
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As in Model A the amplitude (IV. 26) is forced to have the current algebra 

_ fixekpole (II. 10) D This again requires c2 = 0. Employing the same technique 

as before we obtain the residue 

(f;(o) lrn dp f2(-&) B4(c;, c;) /I dz’ z+(~(‘-~‘)) (l-z’) c1 
0 0 

X fg(t(l-Z’)) 2Fl(Ci, Ci, 2Ci, Z’) 

In order to bring Eq. (IV. 29) into accordance 

f3 = f 1 and remove the remaining discrepancy 

of satellite terms such that 

c c z m = 
m (f;(O) lrn dl.L f,t-/d 

m=O 0 

X 
C 
B4(Ci, C i) zFl(Ci> Ci, 2Ci, Z’) 

1 
-IL 

. 

(IV. 29) 

with the pion form factor, we take 

as before by adding an infinite set 

(IV. 30) 

Now we shall investigate the scaling properties of the model amplitude (IV. 26). 

Substituting 

u = q2(l-x), V = qf2(1-z), w = s(l-y) (IV. 31) 

we obtain the deep inelastic (scattering) structure function (again leaving c2 open 

for the moment) 

F2(x) = 5 1 (q2;-c2 $ (e)2c1+1 / ;? [:a dv 1; dw (-$I (-VT1 

x w-w)+l 
tw - 5 (u+v)) 

-O!(O)+C2-2Ci+l 

x (w - y U)(w - 5 v) 
[ 1 

I-ClfCi-2 

fp fp) h f2tW) f3m (IV. 32) 
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First of all we notice that Eq. (IV,32) scales non-trivially if and only if c2 = 0 

as bgfore. Moreover (c2 = 0 now), F2(x) is Regge behaved and obeys the Drell- 

Yan relation15 (see Eq. (IV. 28)) as the integral in’ Eq. (IV. 32) stays finite in i 
the limit x - 1 provided that so >, 0. 

The structure function for deep inelastic annihilation is similarly given by 

d” J (” dv /m dw ucl vcl 
0 sO 

x ,-wa+1 tw _ 5 
-a(O) - 2c;+1 

tu + v)) (IV. 33) 

X pw - 5 u)(W - e v), a(0)-c1+ci-2 fl(u+ie) fl(v-ie) Im f2(w) f3(0) 

The main difference between the structure functions (IV. 32) and (IV. 33) is that 

the u- and v- integration in Eq.)(IV.33) is along the cut of the functions f10 

The generalization of Eqs. (IV.32) and (IV.33) to satellite terms is straight- 

forward 0 We simply have to replace CY (0) by o!(O) - m, multiply by cm and sum 

over m. 

Now we ask how F2(x) is related to the analytically continued (in x) structure 

function F2(~)0 The answer is 

F2(x) = - Re F2(x) + G(x) 

like Eq. (IV. 20) where 

(IV. 34) 

G(x) = 5 ; ’ ’ (er’+’ /;du/-;dv lrn dw$;l 

sO 

x w+(O)+l (w - J$ (u+v)) 
-o!(O) -2c;+l 

(IV. 35) 

r l-x 
x 1L(w-y u)tw - 

l-x 
-y-- v) 1 

I-Cl+Ci-2 

h-~ f&u) Im flW Im f2(W) f3V9 
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This result is similar to that of Dahmen and Steiner. 35 Here the extra term 

G(x)sorresponds to the triple discontinuity of the amplitude (IV. 26). If the 

function fl has zero discontinuity, we have I 

F2(x) =. - F2(x) (IV. 36) 

In order to prove Eq. (IV. 34) we rotate the u- and v-integration in Eq. (IV. 32) 

to an integral along the positive real axis and then continue in x. To avoid 

branch cut contributions from the exponential factors the rotation has to be over 

the upper (lower) u- and v-plane if one intends to approach the real x axis 

(1 5 x < w) from above (below). If the function fl is analytic except for the cut 

(see Section III) this rotation is always possible. This way we obtain for the 

analytic continuation of F2(x) as (say) x - Re x + ie the same expression as 

Eq. (IV. 33) but fl(v - ie) replaced by fl(v + ie) which proves Eq. (IV. 34) 0 

We notice that s(x) also fulfills the Drell-Yan relation. 15 A Gribov- 

Lipatov relation 33 can however not be derived even if Im fl = 0. 

V. Discussion 

Both of our models discussed in the previous section fulfill the requirements 

(i)-(vi) listed in Section II. Model A which stands in close analogy to the general- 

ized Veneziano model appears to be very appealing since it factorizes and has 

some very attractive consequences in the scaling region: It is reduced to a 

light-cone representation and gives rise to a new relation between the large x 

behavior of F2(x) and; the asymptotic behavior of the electromagnetic (2”) - (17 

transition form factor together with a Gribov-Lipatov type of reciprocity relation. 

Model B does not factorize and corresponds to the original CTHKZ model 26 

which was invented to cure the bad analytic properties of the Veneziano model. 

This model probably would have been abandoned by the purists among the dualists 
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but (in the four-point function version) it is a first attempt to incorporate the - 
powez laws for the energy dependence of hadronic processes at fixed angle 28,36 

in a dual model. This is an interesting subject to be investigated in more detail. 

We have (again) the appealing relationship between the current algebra fixed 

pole and scaling in deep inelastic electron scattering and annihilation. In both 

models the fixed pole and scaling arise from the same limit (i. e., x, y, z = 1) 0 

In this limit the amplitude does not depend on the details of the trajectory, i,e, , 

on the resonance spectrum, anymore as long as the trajectory guarantees 

Mandelstam analyticity. Hence, scaling is not a matter of the particular form 

of the spectrum of the vector mesons as proposed by the generalized vector 

me son dominance model 0 37 The divergence condition can be fulfilled in our 

model without imposing restrictions on the scaling functions. One can easily 

check from Eq. (II. 9) that in the scaling region only A(s, t; q2, qT2) contributes. 

In our model we have taken only one (exchange degenerate) trajectory into 

account and the pomeron has been left out so far. Various possibilities of how 

to include in the pomeron by hand have been reported. 38 In these models scaling 

of the pomeron contribution requires ~~(0) = 1 similar to scaling in strong inter- 

actions and bears no resemblence to the current algebra construction. Alter- 

natively, one could think of a pomeron being dual to some background trajectory 

according to the Harari-Freund hypothesis 39 since, in our approach, we are not 

restricted to linear trajectories. This again would not fit into the current algebra 

construction scheme and hence the pomeron would couple with arbitrary strength. 

However, in this case one is not forced to set aI,(O) = 1 such that the pomeron 

contribution scales. In order to consistently include the pomeron in our scheme 

the pomeron has to be accompanied by an exchange degenerate C = -1 “photon” 
40 trajectory meaning that the pomeron and its exchange degenerate partner are 
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_ 
dual to themselves. So, if the reader is willing to accept a “photon” trajectory 

I being exchange degenerate to the pomeron we have a perfect model (the extension 

of our formalism to two trajectories is straightforward). We feel, however, that i 

this concept is far from being settled but deserves further investigations. 

Concluding we remark that we have worked out a restrictive model for 

virtual Compton scattering with a large number of good properties especially 

current algebra, analyticity and Bjorken scaling. It remains the problem to 

construct general current amplitudes with factorization even on the daughter 

level. Despite this we feel that our model provides a useful means for under- 

standing deep inelastic electron scattering. The model can be extended straight- 

forward to various other processes as yy - xx and ~~-any resonance. 
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Appendix 

The tensor CPV (s, t) can be rewritten in the form 

$,(S,t) = Ep,(s,t) + ‘q,‘/j, + Apq,, - qAgJ $j (A. 1) 

where 

cpE&s, t) = ~pv(s, t) qfV = 0 (A. 2) 

so that the divergence relation (II. 7a) is explicitly fulfilled. By construction, 

CPV(s, t) may be expanded in terms of a gauge invariant tensor basis employing 

the projection formalism of Bardeen and Tung, 41 i.e., 
5 

~pv(s,t) = 
? 

ev ;i,cs.a (A. 3) 
n= 

where18 

I1 
PV = m’ gpv - q;q, 

I2 
PV = qq’ ApA,, - qA’l;l Av - q’Af+ 4, + CyA q’A gpv 

I3 
PV = m’ qpAv - q2 qp AV + q’Aqp qy + q2q’A& 

In order to show that Eq. (A., 1)has asimilar representation we have to make 

sure that the second term on the right hand side of Eq. (A. 1) does not give rise 

to a kinematical singularity at qq’ = 0, 
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We notice that the tensors 1” a * ’ ’ 5 and I6 
PV /JV 

= qhAV + APqV - qAgPV become 

linemly dependent at qq’ = 0 (qq’ = 1/2(t - q2 - qr2)) : 

- 

q2qf2 ItV - qAq1218 -qAq21;V+(qA)215 = 0 ” 
PV J-lV (A. 5) 

I2 
PV 

+qA16 = 0 
PV (A. f-3) 

On the other hand, the divergence condition (II. 8) tells us that x,(s, t) must be 

of the form 

+ qzq’2 R(s, t) 
w ’ 

71 

f terms nonsingular at qq’ = 0 (A. 7) 

This means that the kinematical singularity of the second term of Eq. (A. 1) is 

cancelled by the counterpart in i,(s, t) because of the linear dependence (A. 6). 

There is still a further possible singularity in A( s, t) (Eq. (A. 7)). But this is 

to be cancelled by similar terms in x3, x4 and x5 employing relation (A. 5). 

The tensor N 
PV 

may be expanded in terms of the tensor basis (A. 4) so that 

the divergence relation (II. 7b) is explicitly fulfilled. 
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Figure Captions 

Typical 6-point function ansatz. 

Choice of the dual variables x, y and z. 

The integration path C @. The wavy lines indicate branch cuts of the spectral 

function. 
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