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ABSTRACT 

Asymptotic high energy Koba-Nielsen-Olesen scaling of multiplicity dis- 

tributions is shown to hold in a class of models. The shape of the scaling function 

is simply related to the shape of the topological cross sections. A statistical 

study of the models is made and the thermodynamic limit is investigated. An 

attempt to relate the impact parameter picture of high energy elastic hadron scat- 

tering and the scaling phenomenon is presented. Special realistic cases are 

explored in detail. 
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INTRODUCTION 

Recent bubble chamber experiments at Serpukhov’ and NAL2 measuring 

topological cross sections for charged particle production in pp collisions have 

yielded surprising agreement with the scaling law of Koba, Nielsen and Olesen3 

(KNO) . 

KNO scaling states that 

where oN is the topological cross section for the production of Nparticles, < N> 

the average multiplicity, and tin the total inelastic cross section. Z/ is a uni- 

versal function whose shape may depend on the projectile and target particles, 

and the only s dependence on the right hand side of the equation is the implicit 

onein< N>. 

An alternative statement of KNO scaling can be given if one considers the 

multiplicity moments < Nq >, q = positive integer. 

<Nq> = c * I&J, - 
N=l uin 

= <N>’ N$l (+>)’ q &,) * 

(1) 

(2) 

If < N > is large one can replace the discrete sum in Eq. (2) by an integral over 

the variable z = N/c N > : 

co al 
4 = <N ’ -= 

” - <N>’ s 
dzz’$(z) 2 

/ 
dzz’$(z) . 

l/c N> 0 
(3) 
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If one considers charged particle production the sum in Eq. (2) runs only through 

even values of N, therefore Eq. (3) is changed lo 

oc, 

cq=8 0 s dz zq $(z) . (34 

The experimental situation for the cq has been reported by Slattery4 who finds 

that they indeed seem to be remarkably energy independent, as asserted by the 

right hand side of Eqs. (3) and (3a). 

In this paper we consider a fairly general class of models which have the 

property of KNO scaling in the high energy limit. The presentation of the 

material is as follows: first we introduce the models and explicitly find the Z/(Z) 

scaling function. In the first section a statistical approach to multiparticle pro- 

duction in the context of the models is taken and a realistic case is considered 

in detail. The second section deals with a possible relationship between geometric 

models of elastic scattering and those considered here. A discussion of the 

results is made in the final paragraphs. 

A model of multiparticle production belongs to the class we will be dis- 

cussing if the N-particle cross section is of the form 

ON = a(s) @ (b(s) N) (4) 

where b(s) is small for large s, and provided that $ and K defined below exist. 

We prove first that these models scale in the KNO sense. The proof is 

straightforward: the inelastic cross section is given by 
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ln = 5 a(s) *(b(s) N) b%. 8 @ u. 
N=l 

with 

f#l = /mdx4qx). 
0 

The average number of particles is 

with 

We can define 

and write 

fi NuN 
<N> = N=l -- 

u. in b:O ; b;) 

K = dx x@(x) . 

r=X 
@ 

aN <N>-= 
CJ. = qt---- N) <N> in 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

which proves our statement. An interesting fact is that the KNO scaling function 

turns out to be independent of both a(s) and b(s). 

We will now consider a particular case of Eq. (4); namely, 

2 
*(x) = xewX . 

We can easily find that C$ = $ , r = &r/2 so that 

7r 2 --z 
$(z)=ye 4 . 

(11) 

(12) 
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For charged particle production, and according to Eq. (3a) we must multiply 

this result times 2: 
n2 --2 

z),,(z) =7rze 4 . (13) 

This is the form conjectured by Buras and Koba5 who show that it fits the experi- 

mental data for charged particle production in pp and np scattering very well. 

One could now add some extra input to the problem. For example, if one 

knows the s dependence of < N >, one has determined b(s). If the tin is also 

known as a function of s, one also determines a(s). 

Hence, if < N > = AQn s/so and oin = K = constant, then for ~5 

given by Eq. (11) one has 

h 
b(s) = 5niq- ’ 

K&r 
a(s) = *sJsO 

and the scaling model corresponds to 

Kn 
uN = 2A2Qn2 s/so N* exp (- 4A<n?2s/sJ 

(14) 
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1. STATISTICAL STUDY 

Multiparticle production in hadron-hadron scattering can be also approached 

from a statistical viewpoint. Feynman and Wilson’ have introduced the notion 

of the Feynman fluid in the rapidity space which is a 3 -dimensional space with 

a rectangular coordinate system. Two of these coordinates are transverse 

momentum and the third one is the rapidity of the produced particles, each of 

which corresponds therefore to a point in the space. As it is an empirical fact 

that the transverse momentum is cutoff at about 500 MeV/c, the points can be 

thought of as molecules of a fluid contained in a cylinder of height Y N Ins. This 

cylinder has the advantage that it only gets displaced under Lorentz boosts in the 

longitudinal direction. 

The question arises if in the limit of high energy one can speak about a 

thermodynamic limit for the Feynman fluid. Bjorken’ has studied the grand- 

canonical partition function 

Q(z,Y) = c zNotN> Y) 
N 

(15) 

where a(N, Y) is the cross section for N-particle production at rapidity Y, which, 

of course, plays the role of the volume. 

We turn now to study the scaling models of Eq. (4). The grand-canonical 

partition function is 

Q(zJ) = &VzN 
N 

@(bfl)N) = p Idx e~‘x@(x) = aCY) R 
b-0 (‘) 0 b(Y) P6) 

Qnz where we have assumed that the integral exists for arbitrary values of - . 
be> 

We observe that R is an ordinary Laplace transform of @ for 0 < z < 1. 



-7- 

We can write now an equation of state for the Feynman fluid: 

O-in(Y) 
PY = aQnQ(z, Y) = crQn- 

G 

with (I! a constant, and z given through the average number of particles in the 

fluid by 

<N> = +I In&P, Y) = 

We notice that for z = 1, Eq. (18) coincides with Eq. (‘7) as it should be. 

The question is now if the thermodynamic limit exists, i. e. 

P(z) =? lim $ QnQ(z,Y) 
Y--* 

with z given by the Y - ~0 limit of Eq. (18). Barring any bizarre behavior of 

ain (say, like e -EY ) we can surely write 

P(z) = lim 
Y-a, 

(17) 

(18) 

(19) 

(20) 

To be specific, we can try the previously considered (Eq. (11)) absorbed gaussian 

form for @ (x), and find: 

R(w) = 8 w2/4 1 + T(F) i il 
where 

V 

e-‘dt . 

(21) 

(22) - 
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It follows that 

R’(w) = $-[ew2”(l+$) \l+T(z)i +%I. (23) 

There are three separate cases to consider: 

i) 0 < z < 1, therefore w < 0. As Y - 00, b - 0, we can use the asymptotic 

expansion8 for T(w/2) and write 

1 R(w) - - 
W-h-00 I WI2 

R’ w 2 --. 
w--r -03 I WI3 

so that 

P(z) = 2a! lim 
Y-* 

+ Qnb(y) = independent of z , 

Thus any behavior of b(Y) of the type 

1nmY 
b(Y) - lim r 

Y*- Y 

with m and r consistent with b(Y) - 0 as Y - 00 results in the existence of the 

thermodynamic limit in 0 < z < 1 with P(z) = 0. On the other hand, if 

b(Y) N Yqe-eY 
Y-00 

with e > 0 results in P(z) = -2 a~. 

We can also calculate < N > in this region: 

(24) 

(25) 

(26) 

(27) 

(28) 
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<N> = 2 1 2bO’) = 
;Fm b(y) IQnz I IQnz i 

ii) z = 1. At this point 

P(1) = lim 
Ye* 

+j R(0) = 0 

and 

< N > = ylym 2b(~) . 

iii) z > 1. For this region we find 

p(z) = lim f 
Qn2z 

-Qnb(Y) + 2 
Y-+‘o 4b w) 

(29) 

(30) 

(31) 

(32) 

so that, if Eq. (27) is valid 

P(z) = $ Qn2z 
i 

lim 1 

Y--m Yb2(Y) 
(33) 

and the thermodynamic limit will exist only if 0 < r 2 4 , or r = 0, m < 0. 

One sees that in all these cases P(z) = 0, except if b(Y) - 1/Y’ for which 
Y+-- 

P(z) = P Qn2z (34) 

with P a constant. 

In the same fashion, we find 

<N> = lim Qnz 
Y-W 2b2(Y) . 

(35) 
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Assuming that one does have the thermodynamic limit for all z > 0 

and the interesting case where P(z) f 0, i. e. b(Y) YzW Y-’ , we can write 

P(z) = P In’z 0(z-1) 

p (z) = p Jnz 6 (z-l) 

(36) 

(37) 

where p(z) = < N >/Y, P and p constants. 

These equations show that for this very particular case z = 1 is a phase 

transition point of the Feynman fluid.’ More generally we see that for 

be> - l/YP, p > + , the point z = 1 is a critical point, but as there is no thermo- 

dynamic limit for z > 1 its nature is different from the limiting case p = + . 
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II. POSSIBLE GEOMETRIC EXPLANATION 

In this section we would like to motivate the shape of the KNO scaling 

function using some heuristic arguments. 

The success of Eq. (13) as a description of the experimental data makes 

one conjecture a possible link between the absorption models of elastic hadron 

scattering and the scaling phenomenon in multiparticle production. Indeed, the 

shape xe -2 is a widely used profile when describing two-body reactions in the 

framework of optical models 10 where x and the impact parameter are directly 

proportional. 

Recently, Barshay l1 has pointed out that a simple geometrical model of the 

hadrons can account for the quantitative values and approximate constancy of the 

cq coefficients of Eqs. (3), (3a). 

The geometrical model is the following: both target and projectile hadrons 

are extended objects with some matter density distribution. At high energy one 

can write the total inelastic cross section as an integral over the impact para- 

meter b: 

(T. = 2¶ m 
-2& Gub) 1 

0 
(33) 

A is the absorption parameter, which is in principle energy dependent, and is 

fixed by either the total 12 or the inelastic cross section, and p @b) is the hadronic 

matter density overlap, given by 

1 
P&b) = z 

d2k .3x 
Gpe2) GtOr2) (3% 
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where G 
P’ 

Gt are the projectile and target form factors. p is a constant of 

dimensions of inverse length. The elastic scattering amplitude in this model 

can be written as12’ l3 

f(t) = & 
/ 

d2be 
-iz.-i-; 

( 
1 _ .-AP Gub) 

1 

where -t = q2, and 

dael 
dt = 7r I f(t) I2 

%a1 = 4nImf(O). 

The model has been quantitatively successful 13 in describing the small angle 

elastic pp scattering data at ISR energies Ii4 if 

electromagnetically measured form factors. 

To construct the cq coefficients of Eqs. 

oN(b, s) is the impact parameter representation of c N. With the definition 

w 
c NuN@>s) 

n(b,s) = N=l 
aincb3 ‘1 (44) 

ain@I ‘) = ~ aN@, ‘) (45) 
N=l 

where 

one uses as input in Eq. (39) the 

(3) and (3a) one writes 

00 
< Nq> = $-/d2bN~INqoN(b,s) . 

(40) 

(41) 

(42) 

(43) 

is the impact parameter representation of (T in; and accepting the Barshay 11 

assumption 
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03 
c Nqu,@, s) 

nq(b,s) = N=l 
ain@’ ‘) 

we are enabled to write 

cq = y+-J d2b(,$$+yuin(b,s). 

The change of variable 

defines b(z, s) if n@, s) is monotonic in 0 < b < 03. Assuming that, Eq. (47) 

takes the form 

2n<N> 
cq = Uin 

with 

0 (zoo- z) B (z- zo) 

f(z,s) = 
i 

Qo -z)Qz-Zoo) 

where z = nP s) 
0 00 =A* 

<N> 

Comparison of Eq. (49) with Eq. (3a) suggests: 

$ (z, s) = 
~?T<N> b Q@, s) 

ch 0. f(z, s) - 
m I ‘ali dn I i b(z, s) 

zoo > z 0 

z() ' zca 

the Mellin transform technique pro- This equation can be derived rigorously by 

vided one accepts Eq. (47) as valid for arb 

further that 

itrary complex values of q and provided 

(46) 

(47) 

(43) 

(4% 

(50) 

(51) 
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co 

J 
1 $ 2 (z, s) I zdz 

0 ch 

exists 15 , with $ ch given by Eq. (51). Eq. (38) shows that 

(52) 

uin(b, s) = (1 - e-2AP Olb)) 

for the geometrical model we are considering. The only possible dependence 

on s is in the absorption coefficient A. 

If we insist on direct proportionality between the argument of the scaling 

function $(z) and the impact parameter b, as suggested in the beginning of this 

section, we are led to try the simplest linear relationship 16 

(53) 

n(b, S) = v (s) Mb) = < N > z . 

Substitution in Eqs. (51) and (53) yields 

iclchtz) = T ’ trz) 
with 

a(x) = x(1 - e-2AP lx)) 

(54) 

(56) 

which will be independent of s if A is a constant. The extra factor of 2 in Eq. (55) 

reflects the fact that we are talking about charged particle production. We can 

now study various different possibilities for p (x); for example, those considered 

in reference 13. 

The results for pp scattering are shown in Figure 1. Similar computations 

can be carried out for 7r -p scattering with the result that the KNO scaling functions 

practically lie on top of each other, except for values of z > 2 where they are 

somewhat above the pp case. For this region there tends to be a larger difference 
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if the pion radius is large, close to 1 fermi and better agreement as it is 

diminished to 0.5 fermi. The curves are practically insensitive to the choice 

of simple pole or dipole form factors for the pion, the dipole yielding a slightly 

more similar curve to the pp case, as is to be expected. 

It should be emphasized that the values of A used in the computation were 

exactly those determined in reference 13, and as remarked before, they depend 

only on the total cross sections. 



- 16 - 

CONCLUSIONS AND DISCUSSION 

We have studied the properties of the scaling models of Eq. (4) in the 

context of the statistical approach to multiparticle production and tried to moti- 

vate the shape of the scaling function using geometric arguments. We have seen 

that some of the models considered here can explain the experimental data 

fairly well, and that their statistical properties can be straightforwardly investi- 

gated. The value of such an investigation is that, granting the physical relevance 

of these models, it gives us an insight into the properties of the hadronic matter 

in the high energy limit. Thermodynamic properties are of such a general 

nature that we may reasonably expect that a model which correctly incorporates 

the physical ingredients that go into multiparticle production processes should at 

least describe them. Of course, the question is whether or not the presently 

available energies are already high enough as to tell us something about statis- 

tical properties of hadronic matter. Presumably properties such as phase 

transitions and critical phenomena should be among the most prominent, and 

looking for experimental evidence of them can indicate the onset of truly high 

energy physics. 

The shape of the KNO scaling function led us to the consideration of the 

geometric-optical picture of hadron-hadron scattering, and of Barshay’s assump- 

tion, Eq. (46). The obvious way to satisfy that equation is 

uN@, s) = 6 (n@, s) - N) gin@, s) l (57) 

When this is combined with the linear form for n@, s) = v (s)&b), Eq. (54), we - 

see that it states that to produce more particles at a given energy the colliding ’ 

hadrons should have a larger impact parameter, the production mechanism being 
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dynamically cutoff by ain(b, s) which will fall off with b since for large b there 

is no matter overlap. This behavior is to be contrasted with the intuitive idea 

that head-on collisions should result in more particles. 

Finally, the problem arises to find basic dynamical schemes which will 

produce topological cross sections of the class considered here. It is hoped that 

this question will be answered in the near future. 17 
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FIGURE CAPTION 

Figure 1 Koba-Nielsen-Olesen scaling function for charged particle production 

in pp high energy collisions corresponding to 9 (x) = x (1 - exp(-2Ap(x) )) . 

p (x) and A have been taken directly from reference 13: 

p(x) = b2/48)x3K3(x), p2 = 0.71 GeV2, A = 9.9 GeVw2. The experi- 

mental data are the points reported in reference 4. 
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