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Abstract 

 

Rayleigh-Taylor (RT) and Richtmyer-Meshkov (RM) instabilities play an important role 

in a wide range of engineering, geophysical and astrophysical flows.  They represent a 

triggering event that, in many cases, leads to large-scale turbulent mixing.  Much effort 

has been expended over the past 140 years, beginning with the seminal work of Lord 

Rayleigh, to predict the evolution of the instabilities and of the instability-induced mixing 

layers. Historical efforts to study these instabilities are briefly reviewed, and the 

significance of these instabilities is discussed for a variety of flows, particularly for 

astrophysical flows and for the case of inertial confinement fusion. Early experimental 

efforts are described, and analytical attempts to model the linear, and nonlinear regimes 

of these mixing layers are examined.  These analytical efforts include models for both 

single-mode and multi-mode initial conditions, as well as multi-scale models to describe 

the evolution.  Comparisons of these models and theories to experimental and simulation 

studies are then presented.  Next, attention is paid to the issue of the influence of 

stabilizing mechanisms (e.g., viscosity, surface tension, and diffuse interface) on the 

evolution of these instabilities, as well as the limitations and successes of numerical 

methods. Efforts to study these instabilities and mixing layers using group-theoretic 

ideas, as well as more formal notions of turbulence cascade processes during the later 

stages of the induced mixing layers are inspected. A key element of the review is the 

discussion of the late-time self-similar scaling for the RT and RM growth factors, a and 

q. These parameters are influenced by the initial conditions. In some cases, these 

instabilities induced flows can transition to turbulence. Both the spatial and temporal 

criteria to achieve the transition to turbulence have been examined. Finally, a description 

of the energy-containing scales in the mixing layers, including energy “injection” and 

cascade processes are presented in greater detail.  
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1. Introduction 

 

1.1 Motivation and objectives 

The current perspective of Rayleigh-Taylor (RT) and Richtmyer-Meshkov (RM) instabilities 

induced flows is reviewed. Understanding the physics of flows due to hydrodynamic 

instabilities is of importance to astrophysical fluid dynamics as well to the inertial 

confinement fusion (ICF) effort, which has a goal of making fusion energy a viable 

alternative energy source. Characterizing the structure and the evolution of the flows induced 

by hydrodynamic instabilities is also important to other aspects, ranging from Crab Nebula as 

the remnant of the historical supernova of 1054 AD, “accidental painting” technique 

developed by well-known Mexican muralist David Alfaro Siqueiros in the 1930s, to the 

induced mixing enhancement in the scramjet combustor. While the initial perturbations, such 

as the surface roughness of the ICF target capsule, might be small, the understanding and 

modeling of the flows generated by RT and RM instabilities is a formidable challenge. The 

flows induced by these instabilities experience linear and nonlinear development, followed 

by a time-dependent transition to turbulence. The greatest impact of the turbulent mixing 

occurs at later time. Yet, these significant issues have not adequately covered in the existing 

reviews, and far more significantly, some major	developments were simply impossible until 

recently, with the rapid advancement of the supercomputing power and the diagnostics tools 

developed for the experiments. The high-energy-density-physics (HEDP) platforms, with 

their ability to fabricate precision initial conditions, have offered unparalleled opportunities 

for dedicated experiments at high temperature and pressure regimes. Therefore, after several 

decades	of	effort, theory, computation, and experiment have reached a certain level of 

maturity. This review brings these together, showing how the analytical treatments, 

observations from both the experimental measurements and simulations of data, as well as 

the phenomenological and engineering models, have been synthesized for describing the 

physics of the flows and mixing process. The purpose of this review is to provide a self-

contained, comprehensive as well as up-to-date survey of relevant work and reference tool to 

this subject with a balanced discussion of the various facets of this highly multidisciplinary 

field. The readers with a variety of background could get either the basics or a more in-depth 

picture of the field.  
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1.2 Overview 

Lord Rayleigh, his interest spurred by observations on cirrus cloud formation (Jevons, 

1857), derived the properties of an interface instability that occurs when a dense fluid is 

supported by a lighter one (Rayleigh, 1883)1. Rayleigh's challenge has endured (Petrasso, 

1994) and found wide range of scientific and engineering applications and in natural 

environments throughout the universe.  

The classical work of Lord Rayleigh on hydrodynamic instability, along with its modern 

development by Sir G.I. Taylor (1950), is known as the Rayleigh-Taylor instability 

(RTI)2. At first glance, the RTI is deceptively simple:  invert a glass of water and this 

instability occurs (Petrasso, 1994) - when dense water falls out even though the air 

pressure is more than sufficient to support the water in a carefully prepared experiment 

(Lewis, 1950). No matter how carefully the water layer was prepared to begin with, it 

will deviate from planarity by some small amount (Sharp, 1984).   

Taylor looked at accelerated interfaces rather than unstable stratification in a gravitational 

field as in Rayleigh’s paper.  There is of course equivalence between gravity and 

acceleration which Taylor recognized. The combination of a perturbed interface between 

the heavy and light fluid and the acceleration pointing from light to heavy initiates the 

growth of the RT instability3. Just such a mechanism has occurred to the cirrus clouds  

 

                                                
1 Lord Rayleigh’s ideas on the development of hydrodynamic similarity theory and applications had great 
impact to the fluid mechanics community during his lifetime and beyond (see Rott, 1992). 
 
2 Professor Sir G.I. Taylor (1974) commented the kind of inter play which he had used between 
mathematics and experiment. It should not	be	surprising that his landmark paper (Taylor 1950) was 
accompanied by the experimental work of Lewis (1950). 
 
3 It is really the pressure gradient that drives the instability. In both cases, the flow is unstable if the 
pressure gradient points from heavy to light (as detailed in 2.1.1).  



 3 

 

Fig. 1.1 Rayleigh-Taylor cirrus clouds. (Photograph courtesy of Prof. David Jewitt, University of 

California at Los Angeles.) 

 

(Fig.1.1), where the characteristic mushroom shapes of RT instabilities form a beautiful 

structure along the lower edge of the cloud. 

RTI plays important roles in many areas of scientific research such as the following: 

interstellar medium and galaxy clusters (Nittmann et al., 1982, Zweibel, 1991, Robinson 

et al., 2004, Jones and De Young, 2005, Ruszkowski et al., 2007, Scannapieco and 

Brüggen, 2008, Novak et al., 2011, Caproni et al. 2015), inner edge of an astrophysical 

disc around a central back hole (Contopoulo et al., 2016), accretion onto the 

magnetospheres of neutron stars (Wang and Nepveu, 1983, Wang, Nepveu, and 

Robertson, 1984), Jupiter’s and Saturn’s magnetospheres (Ma et al., 2016), filamentary 

structure on the Sun (Isobe et al., 2005, 2006, Berger, et al., 2010), interaction between 

the shocked solar wind plasma and the tenuous magnetospheric plasma at the Earth 

(Matsumoto and Hoshino, 2004), solar atmosphere (Ruderman, 2017), Earth's ionosphere 

(Keskinen  et al., 1981, Sazonov, 1991, Sultan, 1996,  
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Fig. 1.2a. Pattern created using then “accidental painting” technique developed by Siqueiros in 

the 1930s. It is the result of a RTI of a viscous layer (from Fig. 1 of de la Calleja et al., Phys. 

Fluids, with the permission of AIP Publishing)  

 

Tang and Mahalov, 2013, Mahalov and Moustaoui, 2014, Mahalov, 2014), lightning 

return stroke, a violent natural discharge in the lower atmosphere (Hill et al 1980, Hill, 

1991, Picone et al 1981, Chen et al. 2015), mixing, volatile loss and compositional 

change during impact-driven accretion of the Earth (Halliday, 2004), geophysical 

formations of volcanic islands/salt domes (Selig and Wermund, 1966, Marsh, 1979, 

DiPrima and Swinney, 1981, Wilcock and Whitehead, 1991,  Mazariegos et al., 1996), 

convective thinning of the lithosphere (Houseman and Molnar, 1997), non-linear 

interaction between surface loads and internal planetary dynamics (Plag and Jüttner 

1995), batholiths (Pons et al., 1992), salt tectonics (Podladchikov et al., 1993), weather 

inversions (Schultz et al., 2006), coastal upwelling which occurs near the eastern 

boundary of oceans (Cui and Street, 2004), oceanography (Debnath, 1994), climate  
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Fig. 1.2b.  Image sequence, white over black paint (from Fig. 5, Zetina et al., 2015, PLOS ONE 
with permission). 

 

dynamics (Adkins et al., 2002, Wunsch and Ferrari, 2004),  magnetically confined 

plasma (Curzon et al., 1960, Finn, 1993), dusty plasma (d'Angelo, 1993, Birk, 2002, 

Veeresha et al., 2005, Sen et al. 2010), quantum plasma (Bychkov et al., 2008, Modestov 

et al., 2009, Momeni, 2013), heavy-nuclei collision (Moretto et al., 1992), 

sonoluminescence (Brenner et al., 1995, Hao and Prosperetti, 1999, Lin et al., 2002)4, and 

even the sound generated by the snapping shrimp when the cavitating bubble is destroyed 

through a RTI (Versluis et al. 2000). 

RTI has found industrial applications such as premixed combustion (Veynante et al., 

1997, Veynante and Vervisch, 2002, Petchenko et al., 2006, Chertkov et al., 2009), non-

premix, reactive systems (Almarcha et al., 2010, Bratsun and De Wit, 2011, Lemaigre et 

                                                
4 See a related treatment on the buoyancy instability of imploding ideal gases (Johnson, 2015) 
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al., 2013), heat exchangers and sprays in internal combustors (Beale and Reitz, 1999, 

Thomas, 2003, Marmottant and Villermaux, 2004), industrial  

 
 
Fig 1.2c. An example of the experimental painting technique of Siqueiros. (Adopted from Fig. 1, 

Zetina et al., 2015, PLOS ONE with permission).  

 

 

coating with thin liquid films (Livescu et al., 2011), radiation pressure acceleration of 

heavy ions from laser-irradiated ultrathin foils (Shen et al., 2017), buoyancy-driven 

mixing (Turner, 1973) such as occurs in the discharge from stacks and pollutant 

dispersion (Whitehead and Luther, 1975, Lawrence et al., 1991, Britter et al., 2003), 

aerosol (Hinds et al., 2002) and sediment (Chou and Shao, 2016) transport, mixing 

enhancement by expanding waves in supersonic flows (Li et al., 1991), underwater 

explosions (Penney and Price, 1942, Cole, 1948, Menon and Lal, 1998, Geers and 

Hunter, 2002), the detonation of a chemical explosive into dilute aluminum particle 
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clouds (Balakrishnan and Menon, 2010); of aluminum plates driven by detonation (He et 

al., 2010); and by a sudden release of a compressed gas encased in a finite-sided 

cylindrical container (Annamalai et al., 2014). RT flow in the elastic-plastic media and 

solids (Barnes et al., 1974, 1980, López Cela et al., 2005, 2006, Piriz et al., 2005, 2007, 

Terrones, 2005, Maimouni et al., 2016, Riccobelli and Ciarletta, 2017) has been an active 

research area. Recently, a set of high explosive driven RT strength experiments for 

beryllium has produced data to distinguish predictions by various strength models (Henry 

de Frahan et al., 2015).  

 

Very little	scientific	research could be related to the creative world of art so we should 

not miss this opportunity to discuss some of these topics. In two very interesting papers, 

de la Calleja et al. (2014) and Zetina et al. (2015) studied in detail the paintings by David  

Alfaro Siqueiros, a well-known Mexican muralist (White, 2009). The authors found that 

the pattern created using the so-called “accidental painting” technique (Fig. 1.2a) 

developed by Siqueiros in the 1930s can be viewed as the result of RTI of a viscous layer 

(Fermigier et al., 1992, Elgowainy and Ashgriz, 1997). As an illustration, they poured 

two layers of paints on top of each other onto a horizontal surface; white on top of black 

paints (Fig. 1.2b). Since the white paint is denser than the black one, the layer becomes 

unstable. After the instability appears, in a matter of minutes the paint begins to dry, 

“freezing” the "provocative" pattern as shown in Fig. 1.2c. Siqueiros' exquisite work, 

Collective Suicide, depicts the vast army of invading seventeenth-century Spanish 

conquistadors on horseback (lower right) and Chichimec Indians leaping to their deaths 

to avoid subjugation (left) (Fig. 1.3). 

 

While not generated by famous artists, the images observed in nature due to RTI could be 

equally, if not more, provocative.  Fig. 1.4 shows a composite Hubble Space Telescope 

image of the Crab Nebula, the remnant of the historical supernova of 1054 AD. As 

pointed out by Hester (2008), the filament structure is shaped by RTI. 

Richtmyer–Meshkov (RM) instability (RMI) (Richtmyer, 1960, Meshkov, 1969) is 

viewed as the impulsive counterpart of Rayleigh–Taylor instability. RMI arises when a 
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shock passes through an interface between two fluids, but with two important distinctions 

with RTI. First, the RMI can occur when the acceleration is toward either side of the 

interface, whereas for the Rayleigh–Taylor case one has instability only for acceleration 

in the direction of the lighter fluid. Second, the RMI evolution occurs largely during a 

time where the external forcing is zero since the	driving is impulsive. 

RMI occurs in nature in the situation of shock- magnetosphere interactions (Wu and 

Roberts, 1999; Wu, 2000). It has also found practical applications in enhancing the 

mixing in supersonic flows (Marble et al 1987, Yang et al, 1993, Waitz et al., 1993, Yang 

et al. 2014), the interaction of a shock wave and a premixed flame  (Khokhlov et al., 

1999a,b, Massa and Jha, 2012, Jiang et al., 2016, Chen et al., 2017), non-premixed 

reactive flows (Billet and Abgrall, 2003, Billet, 2005, Billet et al., 2008, Attal et al., 

2015), laser–material interactions with microfluid dynamics (Fukumoto and Lugomer, 

2003, Zabusky et al ., 2005, Lugomer, 2007), micron-scale fragment ejection (Asay et al., 

1976, Zellner and Buttler, 2008, Zellner et al, 2008, Dimonte et al., 2013, Buttler et al., 

2014). Recently, RMI in solid/liquid and solid/solid media (Samulyak and Prykarpatskyy, 

2004, Mikaelian, 2005, 2013, Plohr and Plohr, 2005, Piriz et al., 2006, 2008, Buttler et 

al., 2012, Ortega et al., 2014, Cherne et al., 2015, Williams, 2016) has attracted 

significant attention. Based on the solid yield strength inferred from induced RM 

instabilities by a single steady shock wave, a new technique was proposed as a tool for 

experimentally evaluating the material strength of solids under high pressures (Mikaelian, 

2005, Piriz et al., 2009, Dimonte et al., 2011, Buttler et al, 2012, Prime et al, 2014, 2017, 

Jensen et al., 2015). 

 

The shock–bubble interaction (SBI) has been considered as a finite-mass, high-interface-

curvature analog to the classical RMI (Markstein, 1957a,b, Rudinger, 1958, Rudinger and 

Somers, 1960, Sturtevant and Kulkarny, 1976, Abd-El-Fattah et al., 1976, Abd-El-Fattah 

and Henderson, 1978a,b, Bryson and Gross, 1961, Catherasoo and Sturtevant, 1983, 

Picone and Boris, 1986, Picone et al., 1986, Haas and Sturtevant, 1987, Layes et al., 

2003, 2005, 2009, Layes and Le Métayer, 2007, Ranjan, 
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Fig 1.3. Collective Suicide, David Alfaro Siquieros, 1936. Museum of Modern Art, New York.  © 2016 Artists Rights Society (ARS), New 
York/SOMAAP, Mexico City 
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Fig. 1.4 A composite Hubble Space Telescope image of the Crab Nebula (From 

http://www.nasa.gov/sites/default/files/images/430453main_crabmosaic_hst_big_full.jpg, with 

permission from Space Telescope Science Institute, Baltimore, Maryland, USA) 

Oakley, and Bonazza, 2011). A single-shocked (see for example, Ranjan et al., 2005, 

2007, 2008a,b) or a twice- shocked (Haehn et al., 2010, 2011) spherical gas 

inhomogeneity has been studied extensively with both the shock tube experiments and 

numerical simulations.
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Of particular interest, depending on the shock strength, the SBI may lead to ignition of 

the chemically reactive gases inside the bubble (Haehn et al., 2012, Haehn, 2012). The 

reacting shock-bubble interaction (RSBI) allows one to study the interaction between the 

RMI and the reaction waves inside the bubble that are initiated by the shock (Diegelmann 

et al., 2016a). Haehn et al. (2012) and Haehn (2012) performed first-of-its-kind RSBI 

experiments for a range of Mach numbers. Shock focusing leads to an ignition of the 

bubble gas. The numerical work of Diegelmann et al. (2016a,b, 2017) nicely 

complements those of Haehn et al. These investigations, quite innovative in that they	

include chemical reactions, have established an experimental database and a numerical 

framework for further studies.  

Non-premixed combustion is an application where both the chemically reacting RT and 

RM instabilities occur. As noted recent in Attal and Ramaprabhu (2015), in the absence 

of an incident shock, burning results in the formation of so-called combustion waves, 

which spontaneously trigger RM-	and	RT-like instability growth of the interface.  When 

additionally an incident shock is present, the aforementioned combustion waves and 

shock wave interact, resulting in significant non-planar distortions of each from a 

combined RTI and RMI actions. When the unstable interface is reshocked, the mixing, 

combustion efficiency, and combustion product formation are all significantly enhanced.  

The blast wave created by the detonation of a spherical TNT charge was first calculated 

by Brode (1957); in his case he computed the one dimensional laminar solution. 

However, in three dimensions it becomes turbulent, a flow that is rich in RTI and RMI 

mechanisms (e.g. Balakrishnan et al., 2010, Saurel et al., 2012). Fig. 1.5a showed the 

cross-sectional views of the evolution of the temperature field created by the detonation 

of a 1-g spherical TNT charge or Aluminum-powder in air in an unconfined space (Kuhl 

et al., 2013). The computations were performed with a three-dimensional (3D), high-

order Godunov Adaptive Mesh Refinement code (Bell et al., 1989,1994). A spherical 

TNT charge was ignited at the charge center, producing a constant-velocity detonation  



 11 

  

Fig. 1.5a (Fig. 2 of Kuhl et al. 2013, with permission from Shock Waves) Cross-sectional view of 

the temperature field of spherical combustion clouds: frames a–c illustrate TNT–air combustion, 

while frames d–f depict Al–air combustion (colors denote temperature —red 3,000 <T<4,000 K; 

yellow: T = 2,000 K; turquoise: T = 1,000 K). 
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Fig. 1.5b (Fig. 3 of Kuhl et al., 2013, with permission from Shock Waves) Exothermic flame sheet 

in the TNT-air fireball (t=100µs) 

 

 

wave that consumed the charge. The structure of the detonation wave was modeled by a 

similarity solution, using thermodynamic properties of TNT as specified by the Cheetah 

code (Kuhl et al., 2011, Kuhl, 2015). The fireball interface is impulsively accelerated 

when the detonation wave reaches the edge of the charge. In the physical experiment, 

perturbations arise either from granular irregularities on the charge surface or from 

molecular fluctuations, but originate in the computation from discretization errors 

(Boris, 1989). As detailed in Kuhl et al. (1996), the interface is first subjected to 

impulsive accelerations that can lead to RMI. As the fireball expands, the shock-

compressed air decelerates it, and it is thus subject to RTI. These structures are drawn 

inward by a backward facing shock (first predicted by Brode) that implodes at the center 

and rebounds as a spherical blast wave. This deposits more vorticity, which intensifies 

the mixing. By 100 µs, the perturbations have evolved into mushroom-shaped structures 

characteristic of RM- and RT- driven mixing layers. These structures rapidly evolve into 

the nonlinear regime. By 410 µs, they have generated new fine structures through a 

nonlinear cascade process and Kelvin-Helmholtz (KH) instability (Lord Kelvin, 1871, 
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Helmholtz, 1868) has developed due to shear flow along the walls of the bubbles (also 

called a Taylor cavity). Perturbations on the fireball interface cause a misalignment of 

pressure and density gradient that creates vorticity by the inviscid baroclinic mechanism. 

This leads to a self-induced production of the vorticity in the mixing region. The TNT 

detonation products are very fuel rich; when they come into contact with air, they form 

combustion products. Since this is a non-premixed system, combustion occurs in thin 

flame sheets (as illustrated in Fig. 1.5b, left panel). A blowup cross-section shows a 

mushroom-shaped structure wrapped in a thin flame sheet (Fig. 1.5b, right panel). 

 

Balick and Frank (2002) discuss the kinematics of ejecta in astrophysical planetary 

nebulae.  These ejecta result from stellar wind interactions late in the life of intermediate 

mass stars, when the stars are subject to substantial mass loss rates, and evolve rapidly 

through alternate phases where the stellar winds are slow, cool and dense, or fast, hot and 

diffuse.  The internal collisions between these successive outflows give rise to shocks, 

and RT and RM instability within the ejecta. Spectroscopic observations and proper 

motion studies show that the stellar ejecta often have a linear relation between position 

and velocity, which is strongly suggestive of kinematical expansion from specific source 

events. Other dynamical instabilities are also often considered in astrophysics, beyond the 

usual cases of RT, RM and KH instability.  For example, the nonlinear thin shell 

instability (Vishniac 1983) occurs when a thin shell of matter is swept up around a hot 

bubble of material.  If the shell advances in a particular region more than in its 

surroundings, then material will be diverted away from this region, reducing the column 

density of the shell and allowing it to accelerate yet further. 

 

Other examples that both RTI and RMI instabilities must be considered together are at 

the interface between the relativistic jets and the surrounding medium (Matsumoto and 

Masada, 2013), the early stage of acceleration of an elastic-plastic solid (Piriz et al., 

2015a) and for the energy loss due to drag (so called head loss) of straight pipeline 

system (Xia et al., 2015).  

 

Up	to	this	point, we have not mentioned two prominent RTI and RMI applications: 
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inertial confinement fusion (ICF) and Supernovae. In these cases, one frequently studies 

the subject with either RTI or RMI individually in order for the problem to be 

analytically, computationally, or experimentally tractable. Yet, both instabilities often 

have to be taken into account together in order to mimic the practical applications (Lindl, 

1995, 1998, Remington et al, 2000, 2006, Atzeni and Meyer-ter-Vehn 2004, Drake, 2006, 

2009). The ICF and Supernovae applications are obviously extremely important and 

demand more detailed discussion. As a result, they will be the subjects of next two 

subsections. 

 

1.3 Supernovae 

 

Supernovae (SNe) were recorded as “guest stars” that suddenly appeared in the sky as 

early as the second century A.D. by Chinese astronomers and were visible for a year or 

longer (Clark and Stephenson, 1977, Murdin and Murdin, 1985, Bethe, 1990). The Crab 

Nebula is the remnant of a supernova explosion (Woltjer, 1972) witnessed on July 4, 

1054 A.D. Even at a distance of ∼2 kpc (Trimble 1968), the Chinese astronomer Yei-Te 

Wang reported that the “guest star” was visible during the daytime for three weeks and 

was visible at night for 22 months (Clark & Stephenson 1977, Hester, 2008). 

Supernova 1987A was discovered in Chile, February 23.316UTC, 1987 (Arnett et al., 

1989, Hillebrandt and Höflich, 1989), when light and neutrinos from the brightest 

supernova arrived at Earth. The circumstances of SN 1987A are nearly ideal for studying 

supernovae (Arnett et al., 1989). As a result, SN 1987A has become one of the most 

thoroughly studied objects outside the solar system and triggered a burst of publications 

in the scientific literature and popular press (McCray, 1998). 

Supernovae are believed to explode by two distinct mechanisms: thermonuclear 

explosion in small stars below eight solar masses at birth and collapse of the core in more 

massive starts. On the one hand, Woosley and Weaver (1986) stated that Type I SNe are 

a likely outcome of an accreting white dwarf (carbon-oxygen) that is provoked into 

thermonuclear instability by the accumulation of a critical mass. Type I SNe are further 
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divided into three subsets: Ia, Ib, and Ic (Fig. 1.6, reproduced from Fig. 1.1 of Harkness 

and Wheeler, 1990. See also, Wheeler and Harkness, 1990 for more detail). The basic 

supernova classification scheme is based on early- and late-time spectra and other 

features. The Type II SNe, on the other hand, are believed to be the consequence of 

gravitational collapse in massive stars. 

 

Fig. 1.6 Supernova classification based on the early- and late-time spectra and other features 

(from Fig. 1.1 of Harkness and Wheeler, 1990 with permission from Springer)  
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In addition to producing many intermediate-mass elements, Type Ia SNe serve as 

standard candles for measuring the rate of expansion of the universe (see, for example, 

Branch and Tammann, 1992). Awarded the 2011 Nobel Prize in Physics, Perlmutter et al.  

(1997, 1999) and Riess et al. (1998) simultaneously discovered that not only was the 

Universe’s expansion not slowing down, it was speeding up, contrary to previous 

cosmological theories.  

In any case, Type Ia SNe begin as carbon–oxygen white dwarfs, which accrete mass from 

a companion star. When the mass of the white dwarf reaches the Chandrasekhar limit 

(Chandrasekhar, 1931) of 1.4 solar masses, ignition occurs near the center, thus 

generating a thermonuclear flame front (Woosley and Weaver, 1986, Hillebrandt and 

Niemeyer, 2000). The expansion of ash behind the front causes the flame to become 

Rayleigh–Taylor unstable as it propagates outwards (Khokhlov 1995, Reinecke et al. 

2002, Gamezo et al. 2003, Zingale et al., 2005a, b, Plewa, 2007). 

One of the key pieces of physics of Type Ia SNe is the propagation of the nuclear “flame” 

from the ignition point, specifically, the stability of the flame (Hicks, 2015) and the 

transition from a subsonic burn (deflagration) to a supersonic detonation (Drake 1999). 

For instance, in the RT instability, growth on scales smaller than the flame thickness 

itself is responsible for this transition (Aspden et al., 2008a).  Bell et al. (2004) concluded 

that a deflagration-to-detonation transition was unlikely based on their two-dimensional 

(2D) simulation results.  Indeed, one of the interesting issue arising from these studies is 

whether the hydrodynamic instabilities induced in two- and three-dimensions are the 

same or not. Dolence et al. (2013) showed that the morphology of 2D and 3D simulations 

can differ dramatically owing to the direction of the turbulent energy cascade5: from 

small scales to large in 2D and the opposite in 3D. They showed that this can lead to 

enhanced axial sloshing - what others may have mis-attributed to the standing accretion 

shock instability (SASI) – which is typically missing or understated in 3D simulations. 

Furthermore, Skinner et al. (2016) showed that the traditional algorithmic simplification 

of solving the neutrino transport along individual radial rays in 1D – the so-called ray-by-

                                                
5 See, for example, Kolmogorov, 1941, Kraichnan, 1967, 1971, Batchelor, 1969, Leith, 1971, Kraichnan and 
Montgomery, 1980. 
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ray approximation – can artificially enhance this sloshing motion, leading to qualitatively 

different outcomes compared to full, multi-dimensional transport.  

Type 1b/1c SNe have been suggested to be the explosion of Wolf-Rayet stars6 (Wheeler 

and Harkness, 1990). Hachisu et al. (1991) found a mass dependence of the RTI. The 

result from 2D simulations suggests that the RTI induces more extensive mixing for 

smaller-mass helium stars. For those smaller than ~5 solar masses, mixing between the 

core and the envelope and the formation of clumps takes place. In contrast, almost no 

mixing or clump formation takes place in more massive stars. For smaller-mass stars, the 

mass ratio between the helium envelope and the heavy element mantle is larger, which 

leads to larger deceleration of the core7. �� 

It is believed that the progenitor star, just before the SN explosion, had a layered “onion-

skin” structure, with the dense core (iron, silicon, carbon and oxygen, helium, hydrogen) 

surrounded by layers of helium and hydrogen (Shigeyama and Nomoto, 1990, Arnett, 

1996). Type II SNe are thought to occur as the result of a gravitational collapse and 

neutronization of the iron core of the star (Bethe, 1990). Their formation is accompanied 

by the generation of a short but very intense burst of neutrinos (carrying away some 99% 

of the released energy). Neutrinos form a blast wave near the center of the progenitor 

star, which ultimately, and by a mechanism still not fully understood, blows it apart and 

gives rise to a tremendous increase in luminosity (Remington et al., 2006).  

Within approximately one second, the core of a star that may have lived for ten million 

years, cooking its hydrogen into progressively heavier elements, implodes from 

something the size of our planet to something the size of a city (Burrows, 2000), 

achieving densities in excess of that of the atomic nucleus and velocities one-fourth the 

speed of light. At nuclear densities ~1013 times that of tungsten, matter is barely 

                                                
6  Wolf–Rayet (WR) stars represent the ultimate, short-lived (< 1Myr) evolutionary phase of only the most 
massive (Mi  >  25 M�) O stars (Crowther, 2007). As summarized by Rosslowe and Crowther (2015), 
through their powerful winds and likely fate as Type Ib/c SNe, WR stars are important sources of nuclear 
processed material to the interstellar medium (Esteban and Peimbert, 1995; Dray et al., 2003), and are 
capable of influencing further episodes of star formation on galactic (Hopkins et al., 2011) and local 
(Shetty and Ostriker 2008; Kendrew et al. 2012) scales.  
 
7 As will be made clear later, the enhanced RT instability will result because of larger core deceleration.  
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compressible. As described vividly by Burrows (2000), the core bounces, rebounding into 

the infalling inner mantle and, like a piston, generates a strong shock front that 

overcomes the confining tamp of imploding mantle mass in order to launch a supernova 

explosion (Fig. 1.7, from Fig. 1 of Burrows).  Fig. 1.8 shows the entropy slices in the z-y-

plane at 80 ms, 200 ms, 300 ms, and 400 ms after bounce for the perturbed 3D progenitor 

model s18-3D using the CoCoNuT-GMT code (Müller & Janka 2015). The evolution 

through several hundred ms after core bounce demonstrate one possible mechanism for 

shock revival, namely, vigorous non-spherical motions that push the shock out to larger 

radii, thereby enhancing the efficiency of neutrino heating of the post-shock material, 

leading eventually to explosion (Müller et al. 2017). A core-collapse SN is driven by an 

extremely powerful shock, and strong shocks are the breeding ground of the RT and RM 

instabilities (Remington et al., 2000).      

The observational data obtained since then from SN 1987A has unambiguously 

demonstrated that the envelope of the progenitor star had substantially fragmented during 

the explosion (Shigeyama et al., 1988, Fryxell et al., 1991, Kifonidis et al., 2003). The 

main process leading to mixing of different elements in supernovae is the RTI (Smarr et 

al., 1981, Arnett, 2000, Fryxell et al., 1991, Kifonidis et al., 2000). More specifically, in 

core-collapse supernovae, the acceleration at the material interfaces is due to a positive 

pressure gradient that results from the acceleration and deceleration phases of the 

supernova shock’s motion. As discussed in Gawryszczak et al. (2010), the supernova 

shock experiences two major deceleration episodes during its propagation inside the 

envelope (and one more deceleration phase after it leaves the star and sweeps through the 

wind). Each deceleration phase creates a positive pressure gradient in layers with a 

negative density gradient (i.e., conditions suitable for RTI).  Kifonidis et al. (2006) 

showed the growth and outward propagation of the RT mushrooms from the former Si/O 

and O/He interfaces of the star (Fig. 1.9). Here a few of the RT clumps have actually 

reached the He/H interface before this reverse shock has managed to form. 
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Fig. 1.7 The sequence of events in the collapse of a stellar core to a nascent neutron star (This 

figure is not to scale). It begins with a massive star with an ‘onion-skin’ structure, goes through 

white-dwarf core implosion, to core bounce and shock-wave formation, to the protoneutron-star 

stage before explosion, and finally to the cooling and isolated-neutron-star stage after explosion 

(From Burrows, 2001 with permission from Nature).  
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(a)      (b) 

 

(c)      (d) 

Fig. 1.8 (Fig. 5 of Müller et al. 2017, with permission) Entropy slices in the z-y-plane at (a) 80 
ms, (b) 200 ms, (c) 300 ms, and (d) 400 ms for the perturbed 3D progenitor model s18-3D using 
the CoCoNuT-GMT code (Muller & Janka 2015).  At 80 ms, the model begins to exhibit signs of 
neutrino-driven convection.  At 200 ms, infalling perturbations begin to interact with large-scale 
oscillations, and at 300 ms, the shock front begins to deform due to increasingly strong 
oscillations, pushing the shock out in radius and enhancing the neutrino heating of the post-shock 
material.  At 400 ms, the shock is deformed even more strongly and is likely on its way to shock 
revival and eventual explosion.  Note the changing scale of the figures. (copyright: B. Müller et al. 
2017, arXiv:1705.00620 (submitted to MNRAS)) 
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Fig. 1.9a Snapshots of the density distribution of model b23a for several times (from Fig. 2 of 

Kifonidis et al., 2006 from Astron. Astrophys. with permission). From top left to bottom right a) t 

= 4 s, b) t = 10 s, c) t = 20 s, d) t = 50 s, e) t = 99 s, and f) t = 299 s. Note the change of the radial 

scale. Note also the growth and outward propagation of the RT mushrooms from the former Si/O 

and O/He interfaces of the star, and the onset of the RMI at the He/H interface (the deformed 

discontinuity just behind the supernova shock in the plots for t = 99 s and t = 299 s). 
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Fig. 1.9b. Snapshots of the density distribution for selected late instants in time. From left to right 

a) t ≈ 1500s, b) t ≈ 10000s, and c) t ≈ 20000s (from Fig. 3 of Kifonidis et al., 2006, Astron. 

Astrophys. with permission). 

 

Following the core collapse (Bethe, 1990, Janka et al., 2007, Smarr, 2009, Burrows, 

2013), there is also significant RM mixing between stratified outer gas layers (Burrows et 

al., 1995, Guzman and Plewa, 2009).  Kifonidis et al. (2006) remarked, however, that the 

importance of the RMI for the observational appearance of core-collapse supernova 

explosions has not been widely recognized in previous modeling (see however, Kane et 

al., 1997, 2000). The RMI is provided by the supernova shock (and also a series of 

reverse shocks sweeping through the ejecta). Fig. 1.9 illustrates the onset of the RMI at 

the He/H interface (the deformed discontinuity just behind the supernova shock in the 

plots for t = 99 s and t = 299 s). Note also the huge hydrogen pockets that are created by 

the RMI.  
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Hammer et al. (2010) made a careful comparison of the growth of mixing instabilities at 

the composition interfaces of the exploding star in 3D and 2D calculations. According to 

the authors, in 3D RMI distortions can be seen at the (C+O)/ He interface and are likely 

to contribute to the turbulent mixing of the metal core with the helium shell of the 

exploding star. At the He/H interface, however, where the shock is very close to being 

spherical, no clear RMI activity becomes visible before it is penetrated by fast, metal- 

carrying clumps that have been able to pass through the helium layer with still high  

velocities. 

 

Acting on perturbations within the star before the supernova, the uneven shape of the 

supernova remnant (SNR) can be shown to result from the combined influence of RM 

and RT instabilities (Aschenbach et al., 1995, Almgren et al., 2006).  Also, the extremely 

fast acceleration of cosmic rays in a SNR observed in Chandra X-ray images (Uchiyama 

et al., 2007, Uchiyama and Aharonian, 2008) may be accounted for with a magnetic field 

amplification mechanism, which is thought to be caused by turbulent mixing of plasmas 

via the RMI (Inoue et al., 2009, Sano et al., 2012, Kuramitsu et al., 2016). 

The rapidly expanding ejecta from the supernova drives a shock forward into the 

surrounding medium, and a reverse shock forms where the ejecta are decelerated by the 

accumulating, shocked matter (Reynolds, 2008). The place where the ejecta and ambient 

medium meet, called the contact discontinuity, becomes hydrodynamically unstable 

(Remington et al., 2000).  Indeed, RT instabilities are expected (e.g., Gull 1973, Shirkey 

1978, Dickel et al. 1989, Chevalier, Blondin, & Emmering 1992, Jun & Norman 

1996a,b,c, Wang & Chevalier 2001, Wongwathanarat et al. 2015), which results in 

fingers of dense gas ejecta protruding into, and mixing with, the shocked circumstellar 

material. These instabilities are relevant to remnants from both Type Ia and Type II 

explosions (Blondin and Ellison, 2001) 

Hubble Space Telescope observations of the Crab Nebula (Fig. 1.4) show filamentary 

structures that appear to originate from the RTI operating on the supernova ejecta 

accelerated by the pulsar-driven wind (Hester et al., 1996). Pulsars are rapidly rotating 

magnetized neutron stars that usually form as the result of a supernova explosion. The 
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interface between the synchrotron nebula and the swept-up shell of ejecta has been 

thought to be RT unstable (Davidson and Fesen, 1985). In order to understand the origin 

and formation of the filaments in the Crab Nebula, Jun (1998) studied the interaction of a 

pulsar wind with the uniformly expanding supernova remnant by means of numerical 

simulation. Bucciantini et al. (2004) extended this line of research by incorporating the 

nebular magnetic field. These simulations produce structures that bear a strong 

resemblance to observations of the filaments in the Crab Nebula (Hester, 2008).  

 

1.4. Inertial confinement fusion 

 

Inertial confinement fusion (ICF) is an approach to fusion that relies on the inertia of the 

fuel mass to provide confinement (Nuckolls et al., 1972, Brueckner and Jorna, 1974, 

Nakai and Takabe, 1996, Lindl, 1998, Atzeni and Meyer-ter-Vehn, 2004). The route 

towards inertial fusion has been investigated either through the indirect or direct drive 

scheme (Lindl, 1995, Craxton et al., 2015, Betti and Hurricane, 2016). Mima (2004), 

Tassart (2004), and Garanin (2011) offered their perspectives on the ICF development in 

Asia, Europe, and Russia, respectively. In the United States, a number of intense laser 

based platforms with increased capabilities have been built over the years, including most 

recently Nova (Hunt and Speck, 1989), Nike (Obenschain, 1996), Omega (Boehly et al, 

1997, McCrory, 2004), and the National Ignition Facility (NIF) (Hogan et al., 2001, 

Miller et al., 2004a,b, Moses and Wuest, 2003). The French Laser Mégajoule (LMJ), 

under construction near Bordeaux, France (Andre, 1999, Tassart, 2004, Fleurot et al. 

2005, Bourgade et al., 2008, Casner et al., 2015a), is very similar to NIF8.  Very large 

facilities such as NIF and LMJ provide better opportunities in the effort to achieve 

ignition, a necessary step to make fusion energy a feasible alternative energy source  

(Edwards et al., 2013).   

                                                
8 The coffee at LMJ is richer than NIF's, however, as science reporter Daniel Clery (2015) quipped. 
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Fig. 1.10 (Fig. 1 of Betti and Hurricane, Nature Physics, 2016, with permission) Schematics of 

indirect- and direct-drive ICF. Typical targets used in laser-driven ICF are indirectly driven 

(upper left) or directly driven (upper right). In either case, a spherical capsule is prepared at t = 0 

with a layer of DT fuel on its inside surface. As the capsule surface absorbs energy and ablates, 

pressure accelerates the shell of remaining ablator and DT fuel inwards—an implosion. By the 

time the shell is at approximately one-fifth of its initial radius it is travelling at a speed of many 

hundreds of kilometers per second. By the time the implosion reaches minimum radius, a hotspot 

of DT has formed, surrounded by colder and denser DT fuel. 

 

In the United Kingdom, the Vulcan Petawatt laser at the Rutherford-Appleton Laboratory 

have been used to carry out interesting experimental work on RTI (Palmer et al. 2012) 

and on developed turbulence and nonlinear amplification of magnetic fields (Meinecke et 

al. 2015, Gregori et al. 2015). Hopps et al (2013, 2015) described in detail the Orion laser 

facility at the Atomic Weapons Establishment (AWE), which has been operational since 
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April 2013, fielding experiments that require both its long and short pulse capability. For 

the ICF research in Russia, the main facility is ISKRA-5 at the Russian Federal Nuclear 

Center `All-Russian Scientific Research Institute of Experimental Physics' in Sarov 

(Bel'Kov et al., 1999, Abzaev et al., 1998, Annenkov et al., 1991, 2006, Bondarenko et 

al., 2007). More recently, He and Zhang (2007), Wu et al. (2014), He et al. (2016), Xie et 

al. (2016) and Yuan et al. (2016) reported on the development and experiments carried 

out at the ShengGuang-II and III laser facility in China. 

Separately, the Z-pinches, with the most powerful one built in Sandia National 

Laboratory (Spielman et al., 1998), is designed based on converting the stored electrical 

energy in a pulsed-power accelerator into X-rays (Matzen, 1997, Ryutov, Derzon, and  

Matzen, 2000)9. Traditional Z-pinch implosions are known to be susceptible to the RTI 

(Curzon et al 1960, Harris, 1962, Douglas et al. 1997). Some related RTI and RMI 

studies can be found, such as Peterson et al., (1996), De Groot et al (1997), Velikovich et 

al (1996, 2000), Zhigalin et al (2015), and Piriz et al (2015b). Outside United States, Z-

pinch experiments have been performed on the mega-ampere generator for plasma 

implosion experiments (MAGPIE) pulsed power facility at Imperial College, London 

(Lebedev et al., 2001, 2005, Mitchell et al., 1996) and in the Angara-5 facility in Russia 

(Grabovskii et al., 2004, Al'bikov et al., 1990, Aleksandrov et al, 2012, 2016).  

At Los Alamos National Laboratory (LANL), the Plasma Liner Experiment (PLX) is a 

facility for studying spherically imploding plasma liners via multiple merging plasma jets 

(Hsu et al 2012). For fundamental High-Energy-Density-physics (HEDP) studies (Drake 

2006), PLX is envisioned to provide an economic means for forming inertially confined 

cm-, µs-, and Mbar-scale plasmas (Hsu et al 2015). It has been used to observe the 

Rayleigh-Taylor-instability evolution in a plasma with magnetic and viscous effects 

(Adam et al. 2015). 

In a pioneer paper, Nuckolls et al. (1972) first noted the extreme density and pressure at 

                                                
9 While much attention	is focused on Z pinches with an implosion time in the range of tens of nanoseconds 
(Ryutov et al., 2000), there exist devices in which the implosion time is as long as hundreds of nanoseconds 
to microseconds as the imploding objects are relatively heavy metal shells (Baker et al., 1978, Degnan et 
al., 1995).  
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astrophysical settings. Indeed, the matter in the cores of white dwarf is believed exist at 

more than 105 g/cm3 and at pressures greater than 1015 atmospheres (Chandrasekhar, 

1938). Hydrogen is believed to exist at more than one thousand times liquid density and 

at pressure greater than 1011 atmospheres (temperature ~ 1-2 KeV) in the center of the 

Sun (Schwartzschild, 1965). Nuckolls et al. pointed out that hydrogen may be 

compressed to more than 10,000 times liquid density by an implosion system energized 

by a high energy density laser.   

The books by Lindl (1998) and Atzeni and Meyer-Ter-Vehn (2004) provide a 

comprehensive treatment of the ICF. Here, a basic description of the ICF concept is given 

for completeness, adopted from that provided in Lindl (1995). To achieve conditions 

under which inertial confinement is sufficient for efficient thermonuclear burn, high-gain 

ICF targets have features similar to those shown in Fig. 1.10 (Betti and Hurricane, 2016). 

A capsule generally is a spherical shell filled with low-density gas. The shell is composed 

of an outer region, which forms the ablator, and an inner region of frozen or liquid 

deuterium-tritium (DT), which forms the main fuel. Energy from a driver is delivered 

rapidly to the ablator, which heats up and expands. As the ablator expands outward, the 

rest of the shell is forced inward to conserve momentum. The capsule behaves as a 

spherical, ablation-driven rocket. The work that can be done on the imploding fuel is the 

product of the pressure generated by the ablation process times the volume enclosed by 

the shell. The peak achievable implosion velocity determines the minimum energy (and 

mass) required for ignition of the fusion fuel in the shell. 

The RTI is an important issue in the design of targets for laser fusion (ICF). The 

mechanism by which RT growth degrades capsule performance has been documented in 

many publications, and it can be concisely summarized as follows (Dittrich et al, 1994). 

As the ablation phase of the implosion proceeds, surface imperfections grow via the RT 

instability as low density ablated material pushes on the high-density shell. This growth 

causes the imploding shock to deviate from spherical, carrying the perturbation 

information through the shell and rippling the interface between pusher and fuel. Later in 

time when the fuel is compressed, the pusher/fuel interface becomes RT unstable, which 

causes this rippling to grow and produce a region of mixed pusher and fuel material. 
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Increasing the initial outer surface perturbation increases the degree of pusher-fuel 

mixing.  

 

ICF implosions are subject to RT and RM instabilities during several phases of the 

implosion:  During the initial shock and acceleration phase as the shell is brought up to its 

peak implosion velocity, RM instabilities at the various interfaces is followed by ablation 

front RT growth as the low-density blowoff plasma accelerates the dense shell of solid 

ablator and fuel.  During the later acceleration phase, RT instability is also possible 

between the ablation shell and DT fuel if the Atwood number at that interface increases 

to put that interface in an unstable configuration (Hammel et al., 2010, Clark et al., 

2011).  Finally, during deceleration, multiple shock reflections occur between the 

implosion center and the in-flying dense shell as the implosion stagnates causing further 

RM instability around the forming hot spot and finally deceleration RT as well (Haan et 

al., 1995, Herrmann et al., 2001, Lobatchev and Betti, 2000). 

 

More specifically, ICF depends on the formation of a central hot spot with sufficient 

temperature and areal density for ignition (Lindl et al, 2004, Glenzer et al., 2010).  

Radiative and conductive losses from the hot spot will be increased by hydrodynamic 

instabilities (Haan et al, 2011). For example, for the Rev. 5 ignition design, the 

Richtmyer–Meshkov and Rayleigh–Taylor hydrodynamic instabilities seeded by high-

mode (50 < l < 200) ablator- surface mass perturbations from intrinsic surface roughness, 

the fill tube, or microscopic dust particles are predicted to mix ablator material into the 

interior of the shell at the end of the acceleration phase and into the hot spot as it forms 

(i.e., hot-spot mix). This produces enhanced hot spot X-ray emission (Hammel et al., 

2010, 2011). Ablator mass mixed deep into the hot spot at ignition time greatly enhances 

the radiative and conductive losses of the hot spot (Regan et al., 2012).  
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Fig. 1.11 Shown is an example of the effect of polishing on the outer surface power spectra (from, 

Fig. 2, Cook et al., 2008, Laser and Particle Beams, with permission). 

 

RT and RM instabilities can cause breakup of the capsule shell and prevent ignition in 

ICF implosions (Haan et al., 2011, Thomas and Kares, 2012, Smalyuk et al., 2014a, 

Raman et al., 2014, Casey et al. 2015a). Ignition can be quenched either by aneurisms in 

the density imploded shell leading to a loss of confinement or due to entrainment and mix 

of ablator material deep into the hot spot duding the fusion fuel (Smalyuk et al., 2014b, 

Ma et al. 2013, 2017, Clark et al., 2016)10. 

The flows induced by RT and RM instabilities are time dependent and undergo both the 

linear and nonlinear phases of growth11. In some cases, this can result in a transition to 

turbulence, thought this is not believed to occur in current DT-layered ICF implosions 

(Weber et al., 2014a).  The Kelvin-Helmholtz instability (KHI) plays a critical role for 

the time-dependent transition process (Zhou et al., 2003a,b, Zhou 2007).  KHI is induced 

                                                
10 Nagel et al. (2015) used X-ray area-backlit imaging to assess in-flight low mode 2D asymmetries of the 
shell, with a focus on the effect of the shell mounting membrane on both the radiographs and hot spot self 
emission images. 
 
11 Goncharov (1999) differentiates the normal RM instability from the RMI which occurs at the ablation 
front during the shock transit (he calls it ablative RM instability). 



 30 

from an unstable perturbed interface between fluids subject to a parallel shear flow and is 

one of the classical problems in fluid dynamics (Chandrasekhar, 1961, Drazin and Reid, 

1981). The development of KHI often constitutes the critical step towards the onset of 

turbulent mixing observed both in the atmosphere and in oceans (Peltier and Caulfield, 

2003, Woods, 1968). Also, the KH instability is the reason for the evolution of the 

mushroom structures during the RT and RM nonlinear process (Yabe et al., 1991, 

Zabusky, 1999, Collins and Jacobs, 2002). Hereafter, RTI, RMI, and KHI will be 

collectively referred to as hydrodynamic instabilities. 

 

Three-dimensional numerical simulations and experimental data showed that the neutron 

yield of an ICF target capsule varies as the surface roughness of the inner shell of the 

capsule varies, because the level of mix that is induced during the implosion phase varies 

(Marinak et al., 1996). Clark et al (2013) included the surface roughness in their detailed 

implosion modeling of deuterium-tritium layer experiments on the NIF. Clearly, 

reduction of this seed or its subsequent growth is important to the ultimate success of ICF 

(Watt et al., 1998). Recent years have seen significant progress in NIF capsule 

fabrication, including large improvements in the capsule surface smoothness (Nobile et 

al., 2006, Cook et al. 2008, Simakov et al, 2014). This is illustrated by black and magenta 

lines in Fig. 1.11 (reproduced from Fig. 2 of Cook et al), which correspond to surface 

roughness measurements from fabricated NIF capsules.  

Double-shell targets have been suggested as an alternative design for demonstrating and 

exploring ignition on the NIF (Amendt et al., 2002, 2007, 2010, Canaud et al., 2011), as 

the volumetric (‘PdV’) ignition in double shells is fundamentally different from the 

conventional “hot spot” ignition approach. Double-shells consist of a low-Z ablator outer 

shell that impacts a high-Z inner shell filled with high-density DT gas at room 

temperature instead of cryogenic preparation below the triple point of DT (≈19 K) (see 

Fig. 1.12). The outer shell acts as an efficient absorber of hohlraum-generated X-rays; it 

magnifies and transfers the acquired energy density when it spherically converges and 

collides with the inner shell. The main function of the high-Z inner shell is to limit 

radiative losses from the igniting fuel and to provide added inertia for delaying fuel 

disassembly.  
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Fig. 1.12. (Figure 1 of Amendt et al., 2010, with permission from Nucl. Fusion, International 

Atomic Energy Agency) Schematic of DS target design in a hohlraum. The nominal DT fuel 

density is 0.1 g cm−3 and the intra-shell Cu foam density is 20 mg cm−3. 

 

Amendt et al. (2002) stressed that an important concern for double-shell stability is the 

feed-through of outer-surface perturbations on the inner shell to the inner surface. At the 

time of shell collision, an impulsive-like acceleration will be delivered to the outer 

surface of the inner shell, promoting the RMI. The subsequently	induced RT 

instabilities will also demand careful considerations in such design. Welser-Sherrill et al. 

(2008) applied the concepts of the fall-line (Amendt et al., 2002, 2005) to compute the 

mix-degraded yield. They have also evaluated an interface penetration fraction model 

developed by Amendt et al. (2002). Li et al. (2013) presented an analysis of the preheat 

by radiative shock in the double-shell target and illustrated the role of the preheat in 
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mitigating the hydrodynamic instabilities 12. 

It is clear from the intensive efforts devoted to the ICF research that hydrodynamic 

instabilities are a critical issue. The reader is referred to the following publications and 

references cited: Aglitskiy et al. (2001, 2002, 2010, 2012), Barnes et al. (2002), Betti et 

al. (1996, 1998, 2001, 2010, 2002), Bradley et al. (2014), Bychkov et al. (1994), Casey et 

al. (2015a,b), Chen et al. (1994), Dahlburg et al. (1993, 1995), Gardner et al. (1991), 

Hager et al. (2013), Hinkel et al. (2006), Hurricane et al. (2012), Lanier et al. (2003), Ma 

et al. (2013, 2017), Marocchino et al. (2010), Radha et al. (2002), Roberts et al. (1980), 

Smalyuk et al. (1999, 2002, 2014a,b), Takabe (2004), Takabe et al. (1983, 1985, 1988), 

Thomas and Kares (2012), Wilson et al. (2003, 2004). The technical issues are obviously 

very complicated and present different challenges for a given capsule design. It is beyond 

the scope of this review to provide a comprehensive survey of this subject and this list 

only represented an incomplete collection of publications on this important subject13. 

Finally, we will direct the reader's attention to some discussion in the Section 15 on the 

role of hydrodynamic instabilities relevant to some exciting experiments carried out at 

                                                
12 As summarized succinctly by Di Stefano et al. (2017), the phenomenon of preheating of components is 
primarily due to X rays or energetic particles produced by laser-material interactions in laser-driven HEDP 
systems (Yaakobi et al., 1976, Lindl, 1998, Shu et al. 2014). This preheat can cause instability-like growth 
of structure at interfaces present in the system, which in turn alters the initial conditions and therefore 
complicates the analysis of processes that depend on those initial conditions. The authors found that if the 
amount of preheat is low (or the amount of time the system has to preheat is short), the longer wavelengths 
in the system, at approximately their initial amplitudes, will dominate as the main seed for instability. On 
the other hand, if the system is allowed to preheat for a longer time, then the influence of the shorter 
wavelengths will become stronger due to their faster initial growth.  
 
 
13  Hydrodynamic instabilities in ICF is a major area of concern for alternative approaches to fusion as 
well. Slutz et al. (2010) noted that the magneto-Rayleigh-Taylor instability poses the greatest threat to 
so-called Magnetized Liner Inertial Fusion (MagLIF). Gomez et al. (2014) showed that magneto-RTI 
would not preclude successful integrated experiment in their testing of this concept on the Z facility. 
Attempting to sidestep these issues, Ren et al. (2017) proposed a new laser-driven spherically 
convergent plasma fusion (SCPF) scheme and demonstrated its principle experimentally at the 
ShengGuang III-prototype facility. 
 
 
,  
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NIF (Dittrich et al., 2014, Hurricane et al., 2014a,b, Park et al., 2014).  

 

1.5 Synopsis 

 

Every year, there are significant numbers of publications on the subject matters related to 

RT and RM instabilities and many graduate students enter this exciting field. 

Unfortunately, many years have been passed since the publication of the review articles:  

D.H. Sharp, “An overview of Rayleigh-Taylor instability,” Physica D, 12 (1984) p. 3,  

H.J. Kull, “Theory of the Rayleigh-Taylor instability,” Phys. Reports, 206, (1991), p. 

197, and M. Brouillette, “The Richtmyer-Meshkov Instability,” Annual Review of Fluid 

Mechanics, 34, (2002) p. 445.  The need for an updated, thorough review is especially 

acute because the topic presented is one of exceptional practical and fundamental 

importance. Not	only	were	the	significant	issues	not adequately covered in these 

existing reviews, but also that some	major	progress	was simply impossible until 

recently, with the advancement of the supercomputing power as well as sophisticated 

diagnostics tools for the laser and laboratory experiments.  The goal of this review article 

is to fill this gap by providing a much-needed comprehensive survey. All updated 

theoretical, computational, and experimental results will be incorporated.  

 

The challenge confronting researchers is significant in many ways. One can start by 

pointing that multiple instabilities might exist simultaneously and interact with each 

other. Oblique shocks generate all three instabilities: RT, RM, and KH (Mikaelian, 

1994b). Using the results of acetylene shock tube experiments, Meshkov and his 

colleagues (Meshkov, 1995, Vlasov et al., 1996, Dudin et al., 1997, Bazarov et al., 2007) 

studied the features of turbulent mixing zone development at an interface accelerated by a 

non-stationary shock wave (Fig. 1.13). In this case of coupled RT and RM instabilities, 

the authors found that these instabilities suppress each other in some situations 

(Meshkov, 2013). Furthermore, both RT and RM instabilities might be involved 

simultaneously in the deceleration phase of ICF implosions, which has been investigated, 

for example, by Bradley (2014) with a hydrodynamics code to examine the amount of 
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shock-induced RMI mixing versus RTI mixing. For linear and nonlinear phases, 

analytical models have been developed. An emphasis will be placed on these models that 

have been compared with laboratory experiments.   

 

 
 

 

Fig. 1.13. (Figure 11 of Meshkov, 2013, Philosophical Transactions of the Royal Society A, with 
permission). The flow pattern in the acetylene shock tube for various times: (a) 100μs; (b) 700μs. 
The time is counted from the time of initiation of the acetylene–oxygenmix layer; 
SW, shockwave; TSW, transverse shockwave system; kG, detonation products–air interface; TMZ, 
turbulent mixing zone; R, reference. Arrows show flow direction. Figure 1.13a illustrates a 
complicated and regular flow structure behind the shock wave front at the initial times in the 
shock tube. The observed pattern represents the flow behind the shock wave front with three-
dimensional periodic perturbation. Fig. 1.13b shows that the turbulent mixing zone develops 
quickly after the reflected wave. 
 

 

The mix induced by hydrodynamic instabilities is also a transitional problem. For high 

energy density physics applications, such as experiments on both lasers and Z pinch 



 35 

platforms, flows start from rest at t = 0, but most impact of the turbulent mixing occurs 

on at the later time.  It should be noted that transition is a major fluid dynamics field on 

its own right (see for instance, Saric et al., 2003, Mullin, 2011). Dimotakis (2000, 2005) 

suggested the basic requirement for mixing transition to occur. For astrophysical flows 

and ICF applications, however, the flows must meet both the spatial and temporal 

criterions in order to achieve the transition to turbulence (Zhou et al., 2003a,b, 2009, 

Robey, Zhou, Buckingham et al, 2003, Zhou, 2007). The so-called Zhou–Robey 

hypothesis is shown to explain the onset of turbulence in several specific cases (Drake et 

al. 2008).  

There is	significant	evidence that the flows due to hydrodynamic instabilities might be 

initial condition dependent, while a few contrary studies have	also	been	reported. The 

possible parameter space for the initial condition is extremely large. The first variable is 

the ratio between the initial amplitudes and wavelength. As one can appreciate, 

characterization of these values from the flow fields could be rather nontrivial in 

traditional fluid dynamics or shock tube experiments. Nevertheless, major progress has 

been made on	this	front. In this matter, there are two distinctive approaches that do start 

with well-defined initial perturbations. First, the unique properties of magnetic fluids 

offered a precise and arbitrary control of the initial interface shape, including but not 

limited to the ferrofluids (Pacitto et al., 2000), paramagnetic fluids (Carlès et al., 2006, 

Huang et al. 2007, Renoult et al., 2011, 2013, 2015, Tsiklashvili et al., 2012, Adkins et 

al., 2017), and magnetorheological fluids (White et al., 2010). Second, the experiments 

performed on a high-energy-density physics (HEDP) platform have a natural advantage 

as the perturbations can be machined precisely as the target is built from solid-state 

materials14.  

                                                
14 In a case study, Spindloe et al (2015) documented the fabrication of a suite of laser targets for the first 
academic-access experiment on the Orion laser facility at Atomic Weapons Establishment (AWE). This 
experiment, part of the POLAR project (Falize et al., 2011, Busschaert et al., 2013), studied conditions 
relevant to the radiation-hydrodynamic processes occurring in a class of astrophysical star systems known 
as magnetic cataclysmic variables. It is also interesting that 3D printing might be of benefit to the target 
fabrication community. Klein et al. (2016) found that 3D printing alone was not feasible for the scale of 
targets that are used in the experiments. However, combining 3D printing with traditional machining, the 
University of Michigan team was able to take advantage of the very best part of both aspects of 
manufacturing.  
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There is considerable	freedom in setting up a hydrodynamic instability induced flow. 

The mixing layer due to RMI, for instance, could be rather sensitive to the strength of the 

shock (denoted by the Mach number), if the direction of the shock is from heavy to light 

or light to heavy fluids, and whether it results from a single or multiple shocks. The 

Atwood, Mach, and Reynolds numbers may be used a priori to characterize RM 

experiments or simulations (Motl et al., 2009, Gallis et al., 2015). Furthermore, numerical 

results of Ward and Pullin (2010, 2011) for RMI in fluids with Mie-Grüneisen equations 

of state15 revealed several noteworthy differences from the results with perfect gas 

(Kennard, 1938) under nondimensionally matched initial conditions at room temperature 

and pressure16. For both RTI and RMI, one might be interested in the disparity between 

the densities of the interfacial materials (Atwood numbers), the values of the viscosity, 

surface tensions, and diffusion, as well as whether the geometry is planar, cylindrical, or 

spherical. 

The problem becomes even more difficult after the flow induced by instabilities pass the 

linear, nonlinear regimes and eventually transition to turbulence. According to Hunt and 

Kevlahan (1993), turbulence is rather like certain diseases, which are defined by a 

collection of symptoms called a syndrome. These ‘symptoms’ include "randomness with 

a finite probability density function, strong vorticity, a complex highly three-dimensional 

velocity field, motion over a large and continuous range of length scales."  Renowned 

                                                
 
15 Mie-Grüneisen equations of state were derived from a linear shock-particle speed Hugoniot relationship 
(Burshtein, 2008, Jeanloz, 1989, McQueen et al., 1970, Menikoff and Plohr, 1989, Roberts and Miller, 
1954, Zeldovich and Raizer 1966). 

 
16 The Equation of State (EOS) of matter is of great importance for accurate modeling of matter. As an 
example, a Mie-Grüneisen equation of state (Swegle and Robinson, 1989, Bakharakh et al., 1997) has been 
used in numerical simulations of RTI (López Cela et al. 2006) or in analytical modeling of RMI (Piriz et 
al., 2006) in elastic solids. It is interesting that HEDP platforms have been developed to measure the 
material properties, such as EOSs, at high pressures and high densities (Kritcher et al., 2014, Remington et 
al., 2015), driven partly by a desire to understand the properties and structures of core-collapse 
supernovae, compact stars, and compact star mergers (Oertel et al., 2017). highly evolved stars (Fortov, 
2011), gas-giant planets (Seager et al., 2007, Stixrude, 2012), or the Earth (Dziewonski and Anderson, 
1981, Buffett, 2000, Wang et al., 2013). 
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physicist Richard Feynman pointed out that the turbulence problem is still referred to as 

the last unresolved classical physics problem (Feynman, 1964).  The presence of strong 

nonlinear interactions makes turbulence a truly multiple scale problem. In many problems 

in fundamental physics, one must simultaneously deal with uncertainty in the underlying 

equations of motion and with uncertainty in our ability to solve them. In turbulence, we 

have only the latter (Nelkin, 1994).  

The scope of this review is to provide a comprehensive analysis of physics processes 

involved with RT and RM instability induced flow, turbulence, and mixing within a unified 

framework. Aimed to render the article accessible to a broad audience in the community, a 

significant effort is devoted to structure the review in a self-contained and pedagogical 

fashion.  

 

 

 

2 Linear arguments and single modes instabilities 

 
2.1 Basic linear stability arguments 
 
In this section, we consider the single-mode RT and RM induced flows. The initial 

interface perturbation can be described by a single sine function of known amplitude (a) 

and wavelength (λ). The following linear theory is fully general due to the principle of 

superposition. Here, any perturbation at a plane boundary can be represented as a sum of 

Fourier modes, !"(	%&'	(	%)*), and the theory applies to a mode of wavelength λ where the 

total wavenumber is , = .,'
/ + ,*

/ =21/3.  

Single-mode RT or RM instability is a rather special case. In the long term, small 

irregularities will inevitably grow and break the repetitive symmetry of the initial 

conditions.  Indeed, surfaces with regular grooves are a common result of machining 

processes.  The asymptotic behavior of instabilities growing from such regular surfaces 

may still be a useful guide to behaviors which may be found in experimental studies at 

intermediate times. 
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2.1.1 RT linear growth rate 

Fig. 2.1 is shown to provide the reader a visual aid for the onset of the RTI. Here g is 

gravity, p is the pressure, ρ is the density, and ω is the vorticity.17 The thick circular 

arrow represents the velocity field created by vortex. The interface becomes RT unstable 

if  ρ2 > ρ1 and an acceleration is applied in the direction toward the denser fluids. As 

simply put by Sharp (1984), if the heavy fluid pushes the light fluid, the interface is 

stable; if the light fluid pushes the heavy fluid, the interface is unstable. 

 

Fig. 2.1 (Fig.1 of Roberts and Jacobs, 2016, J. FLUID MECH. with permission) Visualization of 

an unstable RT configuration baroclinic torque at the interface creates vorticity and induced a 

velocity field that increases the baroclinic torque. 

 

RTI is induced when there is a mismatch between the density gradient and pressure 

(Taylor, 1950) 

∇5 ∙ ∇7 < 0.         (2.1) 

More specifically, the RTI can be viewed to be the result of baroclinic torque created by 

such misalignment, as given by the inviscid 2D vorticity equation (Cohen and Kundu, 

2004) 

                                                
17 The vorticity vector is given by the components of the curl of the velocity vector (see for example, 
Dryden et al., 1956).  
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?@ ∇ρ × ∇7,          (2.2) 

As described by Roberts and Jacobs (2016), the dominant pressure results from the 

acceleration. In the unstable configuration, the torque on the interface creates vorticity as 

a result of a particular harmonic component of the initial perturbation.  This will tend to 

generate additional misalignment of the gradient vectors, and in turn, creating additional  

vorticity and further misalignment (Fig. 2.1). The right hand side of Eq. (2.2), the 

baroclinic term, is the source by which vorticity is generated (Holton, 1992).  

 

Using a linear stability analysis (Rayleigh, 1883, Taylor, 1950, Drazin and Reid, 1981), 

the growth of the amplitude, a, of small single-mode perturbation on a discontinuous 

interface is given by  

D@E

D=@
= F,GH                                                                          (2.3) 

where k=2π/λ is the wavenumber, and A is the Atwood number18, 

G =
?@I?J

?@(?J
.                                                                             (2.4) 

The growth rate, γ, is given by 

 K = ±(F,G)>//.      (2.5) 

The formulae for linear growth rate were in both the Rayleigh (1883) and Taylor (1950) 

papers19.   

The linear phase of RTI will eventually transition to a nonlinear regime. To preserve 

continuity in amplitude and growth rate, the nonlinear transition may occur when the 

                                                
18 Mohseni et al (2014) have introduced the relativistic Atwood number, Ar, which is typically 
smaller than the nonrelativistic one, A, for the same value of the density ratio. They have also 
shown that relativistic effects weaken the RM instability.  
 
19 The RT linear theory (Eq. 2.5) is just the theory for waves at a stable interface with the sign of g reversed 
– if VW is the wave speed (with kVW = ± .F,G, see Lamb, 1932). 
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linear velocity equals the terminal velocity (attributed to Enrico Fermi, see Layzer, 1955) 

and this occurs near saturated modes of intrinsic scales when the growth rate is classical 

.F,G	(see also, Dimonte, 2004). The “terminal bubble velocity,” varies as .F3, was 

first measured in Lewis’ 1950 paper. In the early research it was assumed that bubbles 

reached a terminal velocity and spikes grew as >
/
FM/. This picture of single mode 

behavior at A=1 is origin of the use of the terms “bubble” and “spike” that we still use 

today. 

To clarify specific features of RTI in 2D and 3D geometries, Kuchugov et al. (2014) 

presented results from their theoretical analysis and numerical simulations. For single-

mode perturbations, the authors found that there are practically no differences in the 

development of 2D and 3D perturbations up to the end of the linear stage. Then, 3D 

perturbations start to grow faster than 2D ones, in agreement with the authors' previous 

arguments (Kuchugov et al., 2012) and early simulation of Tryggvason and Unverdi 

(1990). Anuchina et al. (2004) also studied the 2D and 3D evolution of single-mode 

interface RT perturbations both at the linear and nonlinear stages. Using their MAH-3 

code, the authors found their 2D bubble velocity is consistent with the classical result of 

Daly (1967) and slower than the corresponding 3D value (see also, Liang et al., 2016). 

Finally, Lee and Kim (2013) found that the three-dimensional Rayleigh–Taylor 

instability exhibits a stronger dependence on the density ratio than on the Reynolds 

number. They observed the two-layer roll-up phenomenon of the heavy fluid, which does 

not occur in the 2D case.  

 

Some explanation of what is meant by 2D and 3D is given here. In these references the 

perturbations used are cos(k2x) for 2D and cos(k3x)cos(k3y) for 3D. The 3D mode is the 

sum of two Fourier modes with total wavenumber √2k3 which is chosen equal to k2. This 

ensures the linear growth is identical. In the non-linear phase the bubbles develop into 

archways (2D), near-cylindrical bubbles (3D) and this is very similar to the 2D/3D 

behavior described in the Layzer equation (see subsection 3.1). Note also that other 

researchers have used a cos(kx) + cos(ky) perturbation for the 3D case. 
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Fig. 2.2 (Fig. 1 of Morgan et al. 2012, J. Fluid Mech. with permission) Explanation of the 

deposition of baroclinic vorticity on the interface. (a) The shock wave travels downward toward 

the interface and applies a pressure gradient across the density gradient which generates 

baroclinic vorticity on the interface. (b) This baroclinic vorticity rolls up into spikes of heavy 

fluid separating bubbles of light fluid as the interface travels down the shock tube with the mean 

post-shock flow. Note that the interface velocity jump, in Richtmyer's formalism, is denoted as 

ΔV here. 

 

2.1.2. RM linear growth rate 

RM instability also occurs when the density gradient and pressure gradient are 

mismatched  (∇5 ∙ ∇7 < 0).  Fig. 2.2, adopted from Morgan et al., (2012), helps to 

explain the deposition of baroclinic vorticity on the interface.  The shock wave travels 

downward in the interface and applies a pressure gradient across the density gradient  
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Fig. 2.3 (Fig. 1 of Jourdan and Houas, 2005, Physical Review Letters with permission). Scheme 

of the present initial perturbations showing the deposition of vorticity in light/heavy and 

heavy/light cases (labels of the curves: - - - effective, ….. imaginary). 

 

which generates baroclinic vorticity on the interface. Another perspective to interpret the 

occurrence and development of the RMI is the pressure disturbance mechanism, which is 

related to the formation, focus and interaction of shock waves (Haas and Sturtevant, 

1987).  

In the weak shock limit, the RM instability may be viewed as a version of Rayleigh–

Taylor instability in which the gravitational force is impulsive. Richtmyer (1960) 

recognized this connection with RTI very early. He applied the linear theory of Taylor 

(1950), but now modeled the shock interaction with an interface as the impulsive 

acceleration of two incompressible fluids. Using Dirac delta function, , the 

growth rate of the RM (modeled as the impulsively accelerated) instability takes the form 

D@E

D=@
= ,G∆QR(M)HS,        (2.6) 

g = ΔVδ(t)
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where δ(t) is the Dirac delta function, ΔV denotes the interface velocity jump, and a0 is the 

initial amplitude. To agree with his numerical solutions to the compressible, linearized 

Euler equations Richtmyer proposed using post-shock Atwood numbers and amplitudes, 

i.e. 

 TH TM⁄ = ,G(∆QHS
(.                                (2.7) 

In this review, the subscript - and + denote the pre- and post- shock quantities, 

respectively. Motl et al. (2009), among others, illustrated the growth of the impulsive 

model against several experimental data. It should be noted that linear theory is derived 

assuming |ka| ≪1. 

Unlike the RTI, RMI can be induced regardless of the direction of the fluid accelerations. 

The first configuration, of course, has the similar orientation as that producing RTI. Here, 

the shock traveling from the light to the heavy gas (see Fig. 2.3, left figure) would result 

in a direct amplification of the initial perturbations at the interface. Most of the studies 

undertaken in this field focus on the light/heavy case because it is directly concerned with 

the ICF (Jourdan and Houas, 2005). 

In the case of a shock traveling from the heavy to the light gas (see Fig. 2.3, right figure), 

a reversal phase of the initial perturbations is observed, and they continue growing in 

time thereafter, maintaining the changed phase (Jourdan and Houas, 2005). Figure 2.4, 

adopted from Fig. 10 of Puranik et al. (2004), showed how the RM shock causes a phase 

inversion for the heavy/light configuration. It also illustrated that the sense of vorticity 

(clockwise or counterclockwise) depends upon the direction of shock propagation.  

 



 44 

 

Figure 2.4 (from Fig. 10 of Puranik et al., 2004, with permission from Shock Waves) Schematic 

showing the shock-interface interaction for the case of a shock travelling from a light to a heavy 

gas and vice versa, illustrating whether or not the deposition of vorticity results in phase reversal. 

 

While Richtmyer only considered the light-to-heavy configuration, his derived equation 

applies equally to both. Meshkov (1969) pointed out the applicability of the impulsive 

model of Richtmyer to the both configurations and ran shock tube experiments with the 

acceleration direction from both sides (Collins and Jacobs, 2002). Meyer and Blewett 

(1972) carried out a 2D Lagrangian simulation of the single-mode RM flow to model 

Meshkov's experiments. These authors found that an improved agreement with simulated 

data can be achieved by letting 

DE

D=
= ,G(∆Q(HS

( + HS
I)/2.

   
(2.8) 

 

Heuristically, Vandenboomgaerde, Mügler, and Gauthier (1998) proposed another 
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modified Richtmyer model, 

DE

D=
= ,∆Q{[(G(HS

( + GIHS
I) 2⁄ ] − [(G( − GI)(HS

( − HS
I) 6⁄ ]}                       (2.9) 

The second part of the right-hand side is dropped, as it appears to be very small in most 

cases tested. Vandenboomgaerde, Mügler, and Gauthier (1998) validated the following 

formula 

DE

D=
= ,∆Q[(G(HS

( + GIHS
I) 2⁄ ].									                                                                 (2.10) 

This expression may be reduced to the Richtmyer or the Meyer-Blewett formulas in 

particular cases. 

Several additional works have discussed the linear phase of the RM instability (Fraley, 

1986, Mikaelian, 1994a, Yang, Zhang, and Sharp, 1994, Nishihara et al, 2010, Wouchuk, 

2001a,b, Wouchuk & Nishihara, 1996, 1997, Cobos-Campos and Wouchuk, 2014, 2016, 

2017, Wouchuk and Cobos-Campos, 2017).  Fraley’s analysis reveals the complexities of 

shock/ interface interactions even in the linear regime. Yang, Zhang, and Sharp (1994) 

formulated and numerically solved the equations of the linear theory and compared 

systematically with Richtmyer's formula. Li and Zhang (1997) proposed a similar model 

and performed a comparative numerical study in two and three dimensions20.  Fraley 

(1986) performed Laplace transforms and solved the linearized compressible perturbation 

equations, 

DE

D=
= ,ΔQHS

I ]GI +	^
_̀aI_̀b

_̀a c
de

f̀
g                                                                   (2.11) 

where  (7̀+-7̀-)/7̀+ is the shock strength.  The function he is obtained explicitly in the first 

order of the shock strength (a misprint in Fraley's equation was noted by Mikaelian, 

1994a).  Mikaelian (1994a) compared the Fraley model with that of Richtmyer and 

determined that they agree reasonably well in most cases.  

                                                
20 Note what is meant here by 2D and 3D simulations:  2D perturbation, cos(kx); 3D perturbation, 
cos(kx) + cos(ky). 
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Velikovich (1996) determines that the RMI is related to the growth of initial transverse 

velocity perturbations at the interface, which may be either present initially as in 

symmetrical Riemann problem, or be induced by a shock passing through a corrugated 

interface. Because it is not caused by the instant normal acceleration of the interface, he 

argued that RMI is not a type of Rayleigh–Taylor instability. More recently, 

Krechetnikov (2009) found some particulars missing in Richtmyer’s original treatment, 

including the effects of reference frames and initial velocity field perturbations. He 

clarified the interfacial curvature effects on the development of the RT and RM 

instabilities.  

Kramer et al. (2010) investigated the single-mode RMI using a first-order perturbation of 

the two-dimensional Navier–Stokes equations in a one-dimensional unsteady shock-

resolved base flow. Results from the simulations show that for weak and intermediate 

strength shocks, the impulsive model is adequate for prediction of the asymptotic growth 

rate of the perturbation. For strong shocks, the model from Wouchuk (2001a) accurately 

predicts the asymptotic growth rate. Lombardini and Pullin (2009) used a modified 

version of the impulsive theory to characterize the start-up process of the RM instability. 

Kramer et al. (2010) verified the characteristic start-up time proposed as a good estimate 

of the time for the instability to enter the linear growth regime. 

Using an initial setup comparable to that of existing experimental work, Probyn et al. 

(2014) investigated non-linear growth rate of 2D and 3D single-mode RMI. Subsequently 

the code is used to evaluate the growth rate for a range of different initial conditions. 

 

2.1.3 Kelvin-Helmholtz linear growth  

As pointed already, the RTI or RMI causes the interface to roll up into the well-known 

mushroom-shaped structures (Inogamov, 1999). The shear layer at the interface of the 

fluids becomes KH unstable if there is a jump in the tangential component of the velocity 

across the interface. The growth rate of KHI is provided by (Drazin and Reid, 1981) 
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Fig. 2.5 (Fig.2 of Kull, 1991, Phys. Reports) Instability of a plane contact discontinuity. Surface 

perturbation can also grow by the KH instability if V1 does not equal to V2. 

 

K = ±iF,G + 5>5/,/ ]jJIj@
?J(?

g
/
k
>//

− l, m?JjJ(?@j@
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n                  (2.12) 

Fig. 2.5 provides a simple illustration for the onset of the KHI. Pertaining to the KHI, the 

counter-propagating velocities are given by the notations, V1 and V2. Adopted from Kull 

(1991), it shows two infinitely extended fluids of different densities in a plane geometry. 

Surface perturbations can grow by the KHI if V1 V2. If the nonlinearity is strong 

enough, then the layer will rapidly become fully turbulent due to the actions of these 

instabilities. 

 

 

 

 

 

≠
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2.2 Early experiments 

 

Lewis (1950) reported his RTI experiment along with the publication of Taylor's 

landmark paper. An approximately sinusoidal initial perturbation to the interface was 

obtained by oscillating the blade of a small paddle positioned near the interface.  The 

instability was generated by accelerating liquids down a vertical tube using air pressure. 

The range of accelerations was 3–140 g (where g is the gravity). A number of 

combinations of fluids were employed, including the water/air, water/benzene, 

glycerin/air, and carbon tetrachloride/water. High-speed photography was used to view 

the growth of the instability. There were two important conclusions from Lewis’ paper: 

(1) the experimental data was found to agree with linear stability theory, until the 

interface amplitude reached ~ 0.4 of its initial wavelength, and (2) a constant late time 

bubble velocity ∝ .F  was attained. 

Emmons et al. (1960) improved the experiments of Lewis by using a thin tank that was 

constrained by guide rails and accelerated using stretched rubber tubing. Here, a liquid 

(carbon tetrachloride or methanol) and air interface was considered. Cole and Tankin 

(1973) used similar experimental setup as that of Emmons et al, but with a double-ended 

air cylinder driven by compressed air to propel a tank containing air and water. The 

authors found that the measurement of the initial disturbance is difficult because of its 

small amplitude. Yet, the growth rate was still measured without the necessity of 

measuring the amplitude of the initial disturbance. 

In the experimental measurements of Duff, Harlow and Hirt (1962), a 0.007-in steel 

diaphragm was used to divide the tank into two parts which the desired gases could be 

loaded. Instability was studied by observing the flow that developed when the slide was 

withdrawn by an oil-damped pneumatic piston. The process of withdrawing the 

diaphragm produced an initial perturbation of the interface, the cause for this being 

related to shear instability, mechanical vibration of the diaphragm, or a combination of 

these. In particular, the authors found that when the diaphragm was removed at 

excessively high speed, the perturbations from its motion grew much more rapidly, 

manifested by strong departure from sinusoidal shape, and were not negligible during the 
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time of interest. It is shown that approximate inclusion of diffusion effects allows 

calculation of all features of early perturbation growth accurately to within experimental 

error. The Duff, Harlow and Hirt paper was the only very early paper on experiments 

with miscible fluids21. 

For the RMI experiments, the interface could also be formed in the same fashion by 

withdrawing a thin plate that separates the fluids (Brouillette and Sturtevant 1994, 

Bonazza and Sturtevant 1996, Cavailler et al. 1990). During its withdrawal, the plate 

drags along a volume of fluid, due to the no-slip boundary condition on its surface. 

Bonazza and Sturtevant (1996) observed that once the plate completes its motion out of 

the test section, the dragged fluid flows back toward the opposite wall and forms surface 

gravity waves. The waves so generated are principally two-dimensional, but some three-

dimensional disturbances may be present. This technique generates relatively thick (>1 

cm) diffuse interfaces, which can significantly reduce the instability growth rate 

(Mikaelian, 1991, Jones and Jacobs, 1997, Morgan et al., 2016). 

Puranik et al. (2004) used a thin, sinusoidal plate that initially separates the driven gas 

(CO2) from the test gas (air). Figure 2.6 shows a picture of the sinusoidal plate and the 

frame in which it slides when in the interface section22. After the plate is withdrawn from 

the shock tube, a shock wave accelerates the interface into the test section where it is 

imaged. The same issue with the retraction of the plate, however, was identified because 

a wake was generated and a small amount of fluid was dragged with the plate. 

Furthermore, Puranik et al. found that as the plate begins to retract, the two gases come in 

contact in the region between the wall of the shock tube containing the test section 

window and the edge of the plate and the RT instability begins to develop immediately. 

Meshkov (1969, 1970) was the first use of thin nitrocellulose membranes. Specifically, 

                                                
21 Popil and Curzon (1980) highlighted one of the problems with experiments using immiscible 
fluids – the edge effects due to the meniscus. 

 
22 According to Puranik et al (2004), only the central 70% of the plate width could be shaped into a 
sinusoid due to manufacturing limitations. However, this has no adverse effect on the experiments since the 
behavior of the central (sinusoidal) portion of the interface is unaffected by the neighboring fluid. 
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Meshkov and his co-workers (Aleshin et al., 1988, Vassilenko et al., 1992, Meshkov, 

2003, Andronov et al., 1995) utilized a thin membrane that was pre-shaped into a sinusoid  

 

 

Fig. 2.6  Sinusoidally shaped copper plate and support frame (from Fig. 1 of Puranik et al., 2004, 

with permission from Shock Waves).  

 

to provide the initial perturbation. The membrane was shattered by the incident shock 

wave. However, the broken membrane fragments, which were not destroyed, must be 

carried with the flow (Jones and Jacobs, 1997). Prasad et al. (2000) discussed in detail the 

effect of using the membrane and wires to initially form the interface for studies of the 

RM instability.  The thin plastic membrane tends to suppress mixing by isolating the two 

test gases from each other and by retarding motions, owing to its inertia and the viscous 

no-slip condition. On the other hand, the mesh of parallel wires that initially supports the 

membrane enhances the mixing.  



 51 

Yosef-Hai et al. (2003) investigated the dimensionality dependence using two different 

types of membrane-carrying frames. The “3D frame” creates a pyramid-like perturbation 

and initial perturbation on the interface, while the “2D frame” creates a saw-tooth-shaped 

membrane. 

 

In their experiments, Houas and Chemouni (1996) and Jourdan et al. (1996) also 

separated the gases initially by a thin plastic or nitrocellulose membrane, which 

constituted the material interface. The evolution in time of the turbulent mixing zone 

thickness offered a tentative picture, when the measured results fall between the 

predictions of the linear and the t2/3   scalings, with a tendency toward the latter one. 

Following an assessment of the diagnostic techniques, Houas and Chemouni carefully 

discussed the main experimental difficulties as the presence of membrane fragments and 

the disturbances induced by the wall boundary layers. As a result, for the horizontal 

(membrane interface) or vertical (membraneless but diffusive interface) shock tube 

experiments, the initial interfacial conditions are rarely accurately measured (Meshkov, 

1992, Puranik et al., 2004, Sadot et al., 1998, Jourdan and Houas, 1996, Collins and 

Jacobs, 2002, Motl et al., Holder et al., 2003), but extrapolated backwards in time.  

Many workers have also discussed consequences of the generation of the fragments from 

the membrane after the passage of the incident shock wave (Meshkov, 1992, Brouillette 

and Sturtevant, 1993, Abakumov et al, 1996, Houas and Chemouni, 1996, Erez et al., 

2000). Bouzgarrou et al. (2014) attempted to clarify the influence of these fragments on 

the statistical determination of the velocity field and stressed that the fragments are likely 

to corrupt the optical measurements and to interact with the flow. Also, Collins and 

Jacobs (2002) pointed out that the presence of the membrane fragments in the flow also 

impedes the use of advanced visualization techniques such as particle image velocimetry 

(Prestridge et al., 2000a,b, Aure and Jacobs, 2008), planar laser Rayleigh scattering 

(Budzinski et al., 1994), and planar laser-induced fluorescence (PLIF) (Jacobs et al., 

1993, Rightley et al., 1999).  
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2.3 Single-mode RTI and RMI experiments/simulations with 2D initial 

perturbations 

 

The single-mode RTI and RMI induced flows are natural starting point as they are 

manageable in analytical modeling development. Daly (1967) carried out the first 2D RTI 

simulations and showed KH roll-up of the spike at 5/ 5>⁄ = 1.1, 2,	but not at 

5/ 5> = 10⁄ . With improved numerics, Youngs (1984) showed the roll-up of the spike at 

5/ 5> = 20⁄ . This was run to show that use of the “free-fall line” (Birkhoff, 1955, Fermi 

and von Neumann, 1955)23 was not valid, except for the Atwood number very close to 

unity24. The single-mode RT, for example, continues to be the focus of research both in 

the experimental (for example, Waddell et al., 2001, White et al., 2010, Wilkinson and 

Jacobs, 2007, Renoult et al., 2015) or numerical (Glimm et al., 2002, He et al., 1999a,b, 

Lee et al., 2011, Ramaprabhu et al., 2006, 2012, Wei and Livescu, 2012, Shadloo et al., 

2013) studies. 

Allred and Blount (1953) and Ratafia (1973) performed early experiments of the single-

mode RTI instability. Allred and Blount (1953) used an apparatus similar to that of Lewis 

(1950).  Ratafia (1973) studied fluids of similar densities octyl alcohol/water, using 

bungee cords to accelerate a thin tank containing the fluids down a rail system. The 

rolling up of the interface was observed for the first time in these experiments. 

Understandably, these studies suffered from shortcomings in both the flow visualization 

and initial perturbation generation.  

The experiments reviewed below improved these shortcomings significantly. Very 

symmetric, sinusoidal initial interface perturbations are obtained by gently oscillating the 

fluid filled container at the precise appropriate frequency. The development of the mixing 

                                                
23  The original documents collected in Fermi and von Neumann (1955) were written in 1951 and 
1953, respectively. 
 
24 Youngs (1984) showed that the spike penetration fell a long way short of the free-fall line hS = 
(1/2) gt2. In the A=1 RTI case, the single mode or multimode spike front in free-fall, hS = (1/2) 
gt2, exhibits the same late time behavior as the multimode bubble front, but with a different 
coefficient (see also, Sharp, 1984, Alon et al., 1995). 
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zones from the 2D initial perturbations will be the focus of this subsection and the fluids 

system subject to 3D initial perturbation will be deferred to the next subsection. Here, we 

will first study the RT and RM induced mixing layers with the same low Atwood number 

with a similar apparatus. We will then look at the high Atwood number RM flow 

generated from a different experimental setup.    

2.3.1. Rayleigh–Taylor flows with initial 2D perturbations 

 

Waddell et al. (2001) used the experimental apparatus consists of a test sled, 

a guide rail assembly, an accelerator assembly, and a hoisting system. The test sled 

carries a Plexiglas tank containing the fluids under investigation, as well as the diagnostic 

instruments. The accelerator assembly is used to pull the test sled downward at a  

 

 

Fig. 2.7 Drawing of the experimental apparatus (Fig. 1, Waddell et al., 2001,  Phys. Fluids, with 

the permission of AIP Publishing) 
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prescribed constant acceleration, thereby producing the body forces necessary to drive the 

RT instability (Fig. 2.7, reproduced from Waddell's Fig. 1). The RT induced mixing layer 

is observed using planer laser-induced fluorescence. 

 

Fig. 2.8 A sequence of PLIF images showing the development of a miscible system with A=0.155 
accelerated at 0.74 g with an initial perturbation wavelength of 54 mm. The first frame (a) was 
taken immediately after the test sled was released and there is a 0.033 s increment between each 
subsequent image (from Fig. 4, Waddell et al., 2001, Phys. Fluids, with the permission of AIP 
Publishing). 
 
 
 
Fig. 2.8, reproduced from Fig. 4 of Waddell et al. (2001), shows the development of a 

RTI induced mixing layer. The two miscible fluids system, a nearly saturated calcium 

nitrate/water solution and a 70% isopropyl alcohol/water solution, have an Atwood 

number of 0.15. A sinusoidal perturbation with 2.5 wavelengths within the container was 

developed quickly after the release of the test sled. The experiment is accelerated at 

0.74g.  In this relatively low Atwood number instability, the bubble profiles are mirror 
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images of the spike profiles. Measurements of the initial growth rate are found to agree 

well with linear stability theory (Fig. 2.9).  

As noted in subsection 1.4, it is important that the initial perturbation shape can be 

described accurately. In the traditional laboratory setting, the properties of magnetic 

liquids have also been studied. As an example, White et al. (2010) examined the 

nonlinear growth phase of the 2D single-mode RT instability using a magnetorheological 

fluid and obtained the terminal velocities of spikes and bubbles. They reported that the  

 
 
 

 

Fig. 2.9. Plot of measured amplitude versus time for a typical experiment. The solid line is the 

theoretical amplitude. (Waddell et al., 2001, Fig. 8, Phys. Fluids, with the permission of AIP 

Publishing). 
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Fig. 2.10.  FIG. 6 of White et al., 2010, with permission from Physical Review E. Experimentally 

measured bubble and spike amplitudes as a function of time. 

 

rate of change of the amplitude of the spikes in the A=1 system is not saturating at late 

times (Fig. 2.10), in agreement with the Layzer-type potential theory models (e.g., the 

model of Zhang, 1998, see next section). 

Using Direct Numerical Simulations (DNS), Wei and Livescu (2012) investigated at the 

growth of the two-dimensional single-mode RTI at low Atwood number (A = 0.04). The 

effect of the initial perturbation shape is demonstrated in Fig. 2.11. The perturbation 

amplitude is 1/5 for both cases IC-B and IC-C and 1/25 for case IC-A. While case IC-D has 

the same perturbation amplitude as that of IC-B, but the diffusion layer thickness is five 

times larger. (Note that a good approximation for the linear stage growth rate which 

accounts for diffusive effects is given by Duff et al., 1962 for RTI. See subsection 5.4 for 

details).  

Moreover, Wei and Livescu (2012) concluded that, at long times and sufficiently high 

Reynolds numbers (the growth stage termed chaotic development (CD) by the authors), 

the bubble acceleration becomes stationary, indicating a period of mean quadratic  
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Fig. 2.11. (Fig. 7 of Wei and Livescu, with permission from Physical Review E). The effects of 

initial conditions on the density contours in single-mode RTI at high Re (≈20 000). a–d: IC-A, 

IC-B. The grid size in all four simulations is 2048 ×12800. 
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Figure 2.12 A sequence of images from an experiment with 2 1/2 waves and ka =0.16 (from 

Niederhaus and Jacobs, 2003, J. Fluid Mech. with permission) 
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Fig. 2.13. A plot of early-time non-dimensional amplitude versus time along with a line 

corresponding to linear stability theory (Fig. 9, Niederhaus and Jacobs, J. Fluid Mech. with 

permission). 

 

growth. The authors also determined that the growth coefficient, ab, has the approximate 

value 0.035 for the bubble height computed based on 1% density level (see subsection 6.1 

for an extensive discussion on the late-time RTI similarity issues). Also, the results for 

late-time bubble velocity (Fig. 11 of Wei and Livescu, 2012) are similar to those obtained 

from three-dimensional singlemode numerical simulations (shown in subsection 4.3), 

which also show late-time bubble reacceleration. 

2.3.2. RMI: 2D initial conditions with drop tower  

 

The single-mode RM experiments with 2D initial conditions described here use the so-

called drop tower method developed by Jacobs & Sheeley (1996). Note that the apparatus 

used in this study was used in a modified form for RT experiments (Wadell et al., 2001). 

According to Niederhaus and Jacobs (2003), a Plexiglas tank containing two unequal 

density liquids is mounted to a linear rail system constraining its main motion to the  

vertical direction. The tank is gently oscillated horizontally to produce a controlled 2D 
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initial fluid interface shape. The sled is then released from an initial height and allowed to 

fall until it bounces off a fixed spring, which imparts an impulsive acceleration in the 

upward direction. After bouncing, the tank travels upward and then downward on the rail 

system while the instability develops (the spring is retracted so the sled is able to pass by 

it and travel down the trails until it impacts the shock absorber at the bottom of the rails). 

Fig. 2 of Niederhaus and Jacobs (2003) showed a sequence of imagines of the sled 

traveling on the rail system (not shown).  

Figure 2.12 is a sequence of PLIF images showing the evolution of a RM induced mixing 

layer with drop tower apparatus (from Fig. 6 of Niederhaus and Jacobs (2003)). This 

illustrative case is resulted from a small-amplitude single-mode sinusoidal initial 

perturbation on a sharp interface. The Atwood number of the fluid system, a 70% 

isopropyl alcohol/water solution, is again low at 0.155. The perturbation with 2.5 waves 

is the same as that of the RTI flows previously shown in Figure 2.8. 

Vorticity is deposited along the interface by the baroclinic production mechanism during 

the acceleration. The impulsive acceleration causes the initial perturbation to invert (i.e. 

decrease and pass through zero) before growing in amplitude. Immediately after 

inversion, the interface retains a sinusoidal shape, but the interface begins to become non-

sinusoidal. Niederhaus and Jacobs (2003) found that the linear stability theory gives 

excellent agreement with the measured initial growth rate for single-mode perturbations. 

Up to a non-dimensional time 0.7, the predicted amplitudes differing by less than 10% 

from experimental measurements (Figure 2.13)25.   

 

2.3.3. RMI: Shock Tube 2D membrane free initial conditions  

 

The RM instability is typically produced by the passage of a shock wave over the 

interface. The previous subsection (subsection 2.2) mentioned several methods for 

generating RM instability in the shock tubes by creating an initial boundary between two 

gases in a shock tube, but this subsubsection will focus on an innovative membrane free 

                                                
25 The non-dimensional time, t*, is defined as , where k is the wavenumber, a0 is the initial amplitude. k !a0t
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approach devised by Jones and Jacobs (1997). Here, a vertical shock tube was 

manufactured with small horizontal slots located on two opposite walls. The gases 

entered the shock tube from opposite ends of the driven section and exited through the 

slots, forming a stagnation point flow at the interface location (Collins and Jacobs, 2002). 

A reproducible perturbation was then given to the interface by gently oscillating the 

shock tube at the appropriate frequency, generating a standing wave. An interface is 

formed with the heavy gas, SF6, that flows upward in the shocktube and the light gas, air, 

flows downward (Fig. 2.14, reproduced from Collins and Jacobs, 2002, Fig. 1). 

Jacobs and Krivets (2005) utilized the experimental apparatus and visualization methods 

of the earlier study of Collins and Jacobs (2002), but employs stronger shocks and initial 

perturbations with shorter wavelengths to obtain much later-time images of the single-

mode instability. Figure 2.15, reproduced from Fig. 6 of Jacobs and Krivets (2005), 

shows a much more evolved flow at the later times. In particular, one can observe the 

complete disintegration of the vortex core structures into what appears to be a fully 

turbulent flow.  

Comparing the results between those from the drop tower and shock tube, the Atwood 

number effect for a single mode RM flow becomes apparent. The Atwood number of the 

SF6/air fluid system is 0.6, much higher than that in the drop tower experiments.  The 

asymmetry of the bubbles and spikes here is due to the relatively large Atwood number 

(Collins and Jacobs, 2002). In addition, the late time images illustrated the separation of the 

mushroom caps from the rest of the interface accompanied by the pronounced thinning of 

the mushroom stems. Jacobs and Krivets (2005) pointed out that the breaking away of the 

turbulent vortex row from the rest of the interface is a direct result of the large Atwood 

number of these experiments producing nonuniformity in the vortex spacing. 
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Fig. 2.14 (from Collins and Jacobs, 2002, J. Fluid Mech., Fig. 1, with permission) The shock tube 

and PLIF system. SF6 and an air–acetone mixture flow into the shock tube from plenums located 

below and above the test section. The stagnation point flow at the slot location creates the 

interface (b), which is given a sinusoidal perturbation by rocking the shock tube using a stepper 

motor and crank mechanism.  
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Fig. 2.15 (Fig. 6 of Jacobs and Krivets, Phys. Fluids, 2005, with the permission of AIP 

Publishing) PLIF images from 20 experiments with Ms=1.27 and λ=36 mm assembled to form a 

time sequence. Times relative to the shock wave arrival are (a) −0.03 ms, (b) 0.00 ms, (c) 0.01 

ms, (d) 0.23 ms, (e) 0.53 ms, (f) 0.83 ms, (g) 1.23 ms, (h) 1.63 ms, (i) 2.13 ms, (j) 2.53 ms, (k) 

2.93 ms, (l) 3.23 ms, (m) 3.63 ms, (n) 4.33 ms, (o) 4.63 ms, (p) 5.03 ms, (q) 5.33 ms, (r) 5.73 ms, 

(s) 5.93 ms, and (t) 6.13 ms. 
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Fig. 2.16 (FIG. 1. of Latini et al., Phys. Fluids, 2007a, with the permission of AIP Publishing) 

Comparison of corrected PLIF images from the Collins and Jacobs (2002) experiment middle row 

with the density from the ninth-order WENO simulation top row and from the fifth-order WENO 

simulation bottom row at selected times before reshock. The gases are air acetone (top) and SF6 

(bottom). The simulation times differ slightly from the experimental times by 0.005−0.015 ms. 

The experimental images are taken from Fig. 6 of Collins and Jacobs. 

 
 

The class of high-order finite difference weighted essentially nonoscillatory (WENO) 

Schemes, coupled with total variation diminishing TVD high-order Runge-Kutta time 

discretizations (Shu and Osher, 1988, Shu, 1999) was developed in Jiang and Shu (1996) 

for the fifth-order accurate version and in Balsara and Shu (2000) for the higher-order 

versions, including the ninth order version that was used in Zhang et al. (2003, 2006) for 
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the high Reynolds number Navier-Stokes calculations. Latini et al. (2007a,b) applied the 

fifth- and ninth-order WENO shock-capturing method to the 2D single-mode RMI. The 

initial conditions and computational domain approximated the Mach 1.21 air acetone/SF6 

shock tube experiment of Collins and Jacobs.  As shown in Fig. 2.16, the simulation 

density and the experimental PLIF images from the experiment were in good qualitative 

agreement (up to the time at which the driver-based expansion affects the experimental 

amplitude growth and before reshock)26. With decreased numerical dissipation and 

diffusion, the higher-order reconstruction also better captures the fine-scale structures of 

the secondary instabilities. Latini et al. (2007b) also computed mixing layer widths, 

circulations, molecular mixing parameters, statistics, probability density functions 

(PDFs), and spectra and showed that these quantities are highly sensitive to grid 

resolutions and orders. 

 

 
2.3.4. Shock tube experiments with stereolithographed interfaces 

The characterization of the initial interface can hardly be questioned for shock tube 

experiments with stereolithographed interfaces. In this approach, a thin nitrocellulosic 

membrane (0.5 µm thick) is deposited on a stereolithographed grid support, and 

constructed with chosen shape and dimensions using computer-aided design (Mariani et 

al., 2008). The RMI growth can be investigated to high accuracy since the 2D single 

mode sinusoidal perturbations at a gaseous interface is known (Incident shock Mach 

numbers are 1.15 and 1.4). The experiments were performed in a horizontal shock tube 

with a 20 cm squared cross-section (Houas et al., 2003, Jourdan and Houas, 2005).  

Fig. 2.17 shows the visualizations of both heavy-light and light-heavy sinusoidal 

interfaces obtained with laser sheet diagnostics (Mariani et al., 2008). The uncertainty is 

about ±5%. As described by the authors, Grid 1 perturbation represents a single-period 

(λ=12  cm) sinusoidal bump whereas Grid 2 perturbation has a two-period sinusoidal 

shape (λ=8  cm). These stereolithographed interfaces shapes are described by the 

                                                
26 For discussion on the later time of this experiment after the reshock, see Part II. 



 66 

following functions: a(y,0)=a0(1−cos ky) for y�[yM,200−yM] and a(y,0)=0 elsewhere. 

a(y,t) is the amplitude of the perturbation, y the transverse dimension (in mm) of the 

shock tube, k=2π/λ the wave number, and (a0, yM)(in mm) equal to (6.89, 40) and (3.06, 

20) for Grids 1 and 2, respectively.  It should be noted that the heavy-light interface 

reverses after the shock passage (illustrated in Figures 2.3 and 2.4). Experiments are in 

very good agreement with theory and simulations for the heavy-light case (subsection 

4.5), but probably due to the membrane effects, quickly deviate from them in the light-

heavy configuration. 

Vandenboomgaerde et al. (2014) apparently have overcome this difficulty and achieved 

good agreement among experimental, numerical, and theoretical results. Fig. 2.18 offered 

a view of their manufactured grids with their nitrocellulosic films. Now, with a Mach = 

1.45 shock wave, the membrane remnants have no deleterious effects on the macroscopic 

growth of a long wave perturbation, a result already noted by Erez et al. (2000), Fontaine 

et al. (2009), and Bai et al. (2010).  

To inspect the effect of the initial condition, Vandenboomgaerde et al. (2014) utilized a 

single-mode macroscopic perturbation with two distinct values of initial amplitudes, 

while kept other parameters the same (Mach = 1.45, pre-shock Atwood number A = 

0.679, initial wavelength = 8 cm). For the first case, the growth rate in the linear phase 

agrees with the theoretical value (starts with a small ka0 = 0.17, where k is the wave 

number of the perturbation). With a significantly increased initial value (ka0 = 0.52), 

however, the growth computed with the asymptotic value clearly over-estimates the 

experimental growth (Fig. 2.19). 

 

 



 67 

 
 

Fig. 2.17 (Fig. 1 of Mariani et al., 2008, Phys. Rev. Lett. with permission) Laser sheet pictures 

showing the interaction of a shock wave (moving from right to left) with a stereolithographed 

single mode interface for the light-heavy (air/SF6) case with Grid 1 (a) and 2 (b) perturbations, 

and the heavy-light (air/He) case with Grid 1 (c) and 2 (d) perturbations. (a), (b), (c), and (d) are 

from runs 126, 120, 125, and 123, respectively, with a shock wave Mach number of about 1.4. 

Time between frames is approximately 300 and 800  µs for the air/He and air/SF6 experiments, 

and the compression of the interface by the reflected shock wave happens 1100 and 3200  µs after 

the initial shock acceleration, respectively. 
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Fig. 2.18  (FIG. 2. of Vandenboomgaerde et al., 2014, Phys. Fluids, with the permission of AIP 

Publishing) Experimental temporal evolution of the half peak-to- Pictures of the grids (λ = 8 cm) 

with a nitrocellulose membrane. (a) Grid 1: a0 = 0.306 cm, (b) Grid 2: a0 = 0.918 cm. 

 

 

 

Fig. 2.19  (FIG. 5 of Vandenboomgaerde et al., 2014, Phys. Fluids, with the permission of AIP 

Publishing) Experimental temporal evolutions of the half peak-to-valley amplitude, a(t), and 

theoretical growth rates. The solid lines represent the classical linear growth. For the dashed line, 
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the growth takes into account the high initial amplitude effect and the transient phase. The dotted 

horizontal line represents ak = 1. (a) Case 1. (b) Case 2. 

 

 

2.3.5. Shock	proximity	effects	on RMI growth       

When a strong shock reaches an interface between two densities, the high compression 

will result in a transmitted shock that recedes slowly from the interface. The Nova laser 

experimental measurements of Dimonte and Remington (1993), Dimonte et al (1996b) 

and Farley et al. (1999) showed reduced growth rates compared with incompressible 

predictions, qualitatively in agreement with the models of Holmes et al. (1999) and 

Hurricane et al. (2000). Indeed, the shock will represent an impenetrable boundary, 

reducing the growth rate.   

Glendinning et al. (2003) performed a high Mach number shock instability experiment, 

not complicated by very large initial amplitude or by significant RT growth. Experiments 

conducted on the Omega laser showed reduced RM growth rates in a strongly shocked 

system with initial amplitudes ka0 ≤ 0.9. The growth rate at early time is less than half the 

impulsive model prediction, rising at later time to near the impulsive prediction.  Because 

incompressible models of Meyer–Blewett (1972) and Sadot et al. (1998) predict an initial 

perturbation growth rate that exceeds the shock recession velocity, they do not correctly 

predict the observed growth. Linear compressible theory of Yang et al. (1994) does not 

account for the nonlinear evolution of the perturbation growth. Although the models, 

such of those of Holmes et al. and Hurricane et al., which reduced the initial growth rate 

and assumed a monotonically decreasing growth rate thereafter, correctly predicted the 

average growth, but they did not correctly predict the growth rate as a function of time.  
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Fig. 2.20.  (Fig. 3 of Sadot et al. Laser and Particle Beams 2003 with permission) (a) Comparison 

of the reduction factor between the vorticity deposition model and the shock-tube experiment at 

Mach =1.2. (b) Comparison of the results from the Sadot et al., 2003 (“present work” in the 

legend) at low Mach number and Dimonte et al. (1996) and Aleshin et al. (1990) at moderate and 

high Mach number. 

 

Sadot et al. (1998, 2003) and Rikanati et al. (2003) performed Mach 1.2 shock-tube 

experiments with sawtooth initial perturbations.  Numerical simulations with Mach 

numbers ranging from 1.2 to 15.3 were performed to characterize the experiments of 

Aleshin et al. (1997) and Dimonte et al. (1996b). Both small and large amplitudes were 

considered in order to distinguish the effects of large amplitudes from those of 

compressibility (i.e., proximity of the shock wave to the perturbed interface). 

Rikanati et al. (2003) and Glendinning et al. (2003) found that the model of Zhang and 

Sohn (1997a) as well as the models based on vortex evolution appropriate for accounting 

for the behavior observed. Sadot et al. (2003) also found good agreement between the 

shock-tube experiment predictions and the vorticity deposition model at Mach = 1.2.  The 

vorticity deposition model was also helpful for Rikanati et al. (2003) when producing a 

curve for the reduction factor of the initial velocity. Fig. 2.20 shows the experimental 

results of Aleshin et al. (1990), Dimonte et al. (1996b) and Sadot et al. (2003) for 

moderate and high Mach number experiments. As can be seen from Fig. 2.20, the 

reduction in all of the experiments fit a single curve.  

2.4 Single-mode experiments with 3D initial perturbations 
 
 
2.4.1. RTI:  Weight and pulley 
 
Using the apparatus of Waddell et al. (2001), Wilkinson and Jacobs (2007) studied the 

three-dimensional RTI in a miscible fluid system. The experimental fluids are the same 

miscible liquid combination as used by Waddell et al. at a low Atwood number A=0.15. 

The three-dimensional initial perturbation, generated by an oscillation along the tank 
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diagonal (x direction), has a surface deflection of the form a0 sin(kx)sin(ky), where the x 

and y axes are oriented along the tank diagonals. Figure 2.21 (reproduced from Fig. 5 of 

Wilkinson and Jacobs) shows an example of this type of perturbation (with 2.5 

wavelengths) across the diagonal. PLIF is again the method used for visualization of the 

fluid interface. 

 

 

Fig. 2.21. (Fig. 5 of Wilkinson and Jacobs, Phys. Fluids, with the permission of AIP Publishing) 

A sequence of PLIF images from an experiment with 2 1/2 waves across the diagonal. Times 

relative to the beginning of acceleration are (a) 46.7 ms, (b) 80 ms, (c) 113.3 ms, (d) 146.6 ms, (e) 

179.9 ms, (f) 213.2 ms, (g) 246.5 ms, (h) 279.8 ms, (i) 313.1 ms, (j) 346.4 ms, (k) 379.7 ms, and 

(l) 413 ms (from Fig. 5, Wilkinson and Jacobs, 2007, Phys. Fluids, with the permission of AIP 

Publishing) 
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Fig. 2.22 Typical plot of the comparison between the solution of a linear stability theory and 

amplitude measurements showing the extent of agreement with linear stability theory. In this 

case, measured amplitude agrees with the linear theory up to ka~1 (from Fig. 13 of Wilkinson and 

Jacobs, Phys. Fluids, 2007, with the permission of AIP Publishing). 

 
In Figure 2.21, the image sequences showed that the early stage of the instability 

evolution is quite similar to its counterpart with a 2D initial perturbation for the same 

wavenumber. In a sharp contrast to the 2D case, the 3D instability eventually developed 

two vortices per wavelength instead of the single one found in the 2D case. Indeed, one 

would expect that a lower Atwood number flow would possess more symmetric features, 

such as the double ring configuration (Long et al., 2009). According to Wilkinson and 

Jacobs (2007), this symmetric topology suggested a vorticity pattern in the form of an 

array of vortex rings, alternatively traveling upward and downward. During the early-

time period of the experiments, the amplitudes measured from these experiments show 

relatively good agreement with linear instability analysis (Fig. 2.22). Also, the 

experiments with 1 1/2 wavelengths across the diagonal showed the same two vortices in 

the late-time behavior (Fig. 4 of Wilkinson and Jacobs, not shown). 
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Fig. 2.23.  A sequence of images from an experiment with 1 1/2 waves across the diagonal giving 

kai = 0.38. Times relative to the midpoint of spring impact are: (a) −33 ms, (b) 33 ms, (c) 100 ms, 

(d) 167 ms, (e) 233 ms, (f) 300 ms, (g) 367 ms, (h) 433 ms, (i) 500 ms, (j) 567 ms, (k) 633 ms, 

and (l) 700 ms (from Fig. 4, Chapman and Jacobs, Phys. Fluids, with the permission of AIP 

Publishing). 
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2.4.2. RMI: Drop tower 
 
Chapman and Jacobs (2006) inspected the three-dimensional RMI of incompressible, 

miscible liquids with a 3D single-mode initial perturbation. They use the apparatus of the 

2D initial perturbation experiments of Niederhaus and Jacobs (2003). In particular, the 

study uses a tank with a square cross section allowing the generation of a square-mode 

3D initial perturbation by lateral oscillation along the tank’s diagonal.  Again, the two 

fluids system, a nearly saturated calcium nitrate/water solution and a 70% isopropyl 

alcohol/water solution, has a low Atwood number (0.15).  The instability is generated by 

impulsively accelerating a tank containing the two liquids, in the same manner as that of 

Niederhaus and Jacobs (2003). The impulsive acceleration in these experiments is 

directed from the heavier fluid into the lighter one.   

Fig. 2.23, reproduced from Fig. 4 of Chapman and Jacobs (2007), illustrates the evolution 

of a single-mode 3D RM instability. Once again, images obtained from these experiments 

revealed the development of a vorticity pattern in the form of an array of vortex rings, 

alternatively traveling upward and downward. The amplitude measured showed that  

good agreement with linear stability theory is attained up until =1, which is 

significantly later than has been observed in the 2D experiments that showed good 

agreement only until = 0.7.  

 

Figure 11 of Chapman and Jacobs (not shown) suggested that both the 2D and 3D 

measurements exhibited the same general shape at late time in the non-linear regime. 

However, the 3D amplitudes exhibited significantly increased nonlinear growth. 

 
 
2.4.3. RMI: Shock tube 
 
Long et al. (2009) utilized the same basic apparatus and techniques as those of previous 

2D initial perturbation RM investigations (Jones and Jacobs, 1997, Collins and Jacobs, 

2002, Jacobs and Krivets, 2005). The vertical oscillation results in a square, single-mode 

3D perturbation of the form a0 cos(kx x)cos(ky y), where the x and y axes are directed  

k !a0t

k !a0t
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Fig. 2.24 Image sequences from the PLIF (left) and Mie scattering 
(center) experiments compared with that of the numerical simulation 
(right). 
(Fig. 3, Long et al., Phys. Fluids, with the permission of AIP Publishing). 
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Fig. 2.25 (from Fig. 9, Long et al., Phys. Fluids, with the permission of AIP Publishing) A 

comparison with early time amplitude measurements with linear stability theory, i.e., Richtmyer’s 

impulsive model. 

 

through the tank diagonals. In additional to PLIF, another method of visualization, Mie 

scattering images, was introduced. The shock tube experiments utilize SF6 for heavy gas 

and air for the light gas, producing a higher Atwood number; A=0.65. 

Fig. 2.24, reproduced from Fig. 3 of Long et al. (2009), showed a comparison of 

experimental PLIF (left) and Mie scattering (center) images. These images are drastically 

different from those obtained in the drop tower (Chapman and Jacobs, 2006). Long et al. 

(2009) reasoned that this difference in topology is the Atwood number effect, since the 

instability will lose its symmetry with a higher Atwood number. Increasing an Atwood 

number caused the vortex ring surrounding the spike to increase in strength at the 

expense of that surrounding the bubble and the stronger ring stretched the weaker one 

into the configuration. 

Hence, the sequences of images showed a development that is similar in many ways to 
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the single mode 2D instability instead. Nevertheless, Long et al. (2009) noted two 

important differences: First, the vortices remain very compact in the 3D experiments and 

simulation throughout their development. Second, the spike remains relatively thick 

compared to the 2D counterpart. 

Long et al. also found good agreement between the experiments and a three-dimensional 

numerical simulation of this experiment utilizing the Eulerian adaptive mesh refinement 

code, RAPTOR (figures 2.45 and 2.25). The amplitude measured and simulated showed 

that the linear stability theory is fairly accurate until the time reached 1.5 ms. Both the 

experiments and simulation indicated a t-0.54 late time scaling for the overall growth rate. 

Continuing	their previous shock tube studies (Zhai et al., 2011, Si et al., 2012), Luo et al 

(2013) developed a method to create a discontinuous gaseous interface with a minimum- 

surface feature with the soap film technique. This interface has a zero-mean curvature 

(Isenberg, 1992), which is different from the interface used by Yosef-Hai et al. (2003), 

Chapman & Jacobs (2006), and Long et al. (2009). The initial condition can be controlled 

since the interface formed is free of supporting mesh or pins.  Five interfaces with 

different amplitude are realized in the shock-tube experiments. The initial amplitude of 

the boundary varies from 3 to 7 mm (with fixed wavelength of 35 mm). Figure 2.26 

shows Schlieren sequences of the interface evolution in the experiments.  

The dimensionless growth of the overall amplitude in the symmetry plane is significantly 

lower than those from the experimental results of the 2D single-mode (Niederhaus & 

Jacobs 2003) and 3D single-mode case (Chapman & Jacobs 2006) (Figure 2.27). The 

significant differences of the Atwood number, 0.67 of Luo et al. and 0.15 used by 

Chapman & Jacobs and Niederhaus & Jacobs, should be noted.  Using an appropriate 

constant, the experimental results agree well with a nonlinear model of Mikaelian (2003). 

These results on the curvature effect are consistent with the theoretical assertion of 

Krechetnikov (2009).  

Numerically, Luo et al. (2016b) and Guan et al. (2017) studied the 2D and 3D 
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single-mode interfaces, both identical and opposite principal curvatures of the interfaces. 

The authors considered five types of 3D interfaces and compared with the 2D interface 

and the 3D minimum-surface featured interface. 

 

 

 

 

 

Fig. 2.26 (Luo et al., Fig. 2, J. Fluid Mech., 2013 with permission) Schlieren sequences showing 

the evolution of shocked air(left)/SF6(right) interface for initial amplitudes varying from 3 to 7 

mm. The shock propagates from left to right. Inserted numbers indicate the time in ms. 
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Fig. 2.27 (Luo et al., Fig. 5a, J. Fluid Mech., 2013 with permission) The dimensionless growth of 

the overall amplitude in the symmetry plane is compared with the experimental results of the 2D 

single-mode (Niederhaus & Jacobs 2003) and 3D single-mode (Chapman & Jacobs 2006).  

In a non-standard RMI experiments, Zou et al. (2017) created a flat interface (N2/SF6) by 

a membraneless technique and produced a nonplanar incident shock wave. Specifically, a 

rippled shock with three different segments separated by triple points is formed by the 

incident planar shock diffracting around the rigid cylinder (Fig. 2.28). For the rippled 

shock wave, the initial amplitude and width can be extracted from the Schlieren images 

(without considering the reflected shock). The total height and extent of the rippled shock 

could be defined in the same fashion as a perturbed single-mode interface in standard 

RMI. Quantitative shapes of the nonplanar incident shock front depend on a non-

dimensional parameter, η, the ratio of spacing from cylinder to interface over cylinder 
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diameter (Fig. 2.29 and Table 2.1). Fig. 2.30 illustrates that as q increases, the penetration 

depth of the cavity decreases while the area of the cavity increases. Thus, the growth rate 

of this non-standard RMI instability is much smaller than that of the standard RM one 

(Table 2.1). 

 

 

q Amplitude of 
nonplanar 
incidental 
shock (a0) 
(mm) 

Wavelength 
of nonplanar 
incidental 
shock (3S) 
(mm) 

HS

3S
 Standard 

RMI growth 
rate (theory) 
(m/s) 

non-
standard 
RMI growth 
rate 
(measured) 
(m/s) 

2.0 2.8 52.8 0.05 16.25 4.68 

3.3 1.6 39.3 0.04 12.47 2.94 

4.0 1.5 79.6 0.02 6.77 2.25 

 

Table 2.1. Experimental parameters, amplitude and wavelength of incidental non-planar shock, 
and the comparison of the growth rate of the interface amplitude between predicted value from 
the Richtmyer’s theory and experimental values. The values of the Mach number and velocity 
jumps are approximately (1.22, 1.21, 1.23), (76.1 m/s, 73.0 m/s, 79.3 m/s), respectively. The 
values of the Atwood numbers are 0.68 for all cases. This table is based on the data provided in 
Table II and Table III of Zou et al. (2017). 
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Fig. 2.28 (Fig. 3 of Zou et al., 2017 with permission from Phys. Rev. E). Schlieren pictures 
displaying the wave pattern after the planar shock wave diffracts around a 10-mm-diameter rigid 
cylinder, The initial shock propagates from top to bottom, and s denotes the distance from the 
cylinder to the planar incident shock front. IS, incident shock; RS, reflected shock; TP, triple 
point; MS, Mach stem. 
 
 

 

Fig. 2.29 (Fig. 4 of Zou et al., 2017 with permission from Phys. Rev. E). (a) Schlieren pictures 
showing the shapes of the rippled incident shock and the interface. (b) Quantitative shape of the 
incident shock front extracted from the schlieren images. a0, initial amplitude of rippled shock; 
initial width of rippled shock; initial wavelength of rippled shock. 
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Fig. 2.30 (Fig. 5 of Zou et al., 2017 with permission from Phys. Rev. E). Fog visualization 
sequences showing the evolution of the planar interface impacted by the rippled shock for η = 2.0 
(a), η = 3.3 (b), and η = 4.0 (c). Solid circles indicate the N2 cavity and dashed circles indicate the 
steps. a: amplitude from top to bottom of the interface; h: height from top of the interface to 
bottom of the cavity; A: area of the cavity. 
 

 

3. Single-scale nonlinear models  
 

There are a number of distinctive approaches to extend the linear stability analysis into 

the nonlinear regime27. The asymptotic case of high density contrast will also be 

considered for the RMI flows in real materials.  

 

Note that several models first give nonlinear results for a single-mode perturbation and 

then go on to consider the case multi-mode initial perturbations28. The discussion of 

multi-mode initial perturbations will be deferred to the next section. 

                                                
27 Latini, Schilling & Don (2007a) and Latini (2007) provided a concise summary of single-scale nonlinear 
models available at the time. 
28 Of course, one needs to study nonlinear models because in the linear regime each mode 
by definition evolves independently of the other modes. 
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3.1. Potential flow models 

3.1.1. The Layzer model 

The potential flow modeling approach, pioneered by Layzer (1955) for RT instability, 

attempts a solution to the governing equations in the form of a local expansion near the 

bubble tip. The theory of Davies and Taylor (1950) was also based on the idea of 

approximately satisfying the equations of motion in the neighborhood of the vertex of the 

bubble (Zufiria, 1988a). The nonlinear boundary value problem for the Euler equations 

was simplified to a set of ordinary differential equations. This model is appropriate only 

to the fluid-vacuum interfaces (Atwood number A=1). The solution demands knowledge 

of the velocity field, which Layzer assumed to be available by a single Fourier mode, and 

is consistent with the results of Rayleigh and Taylor at the short and long times, 

respectively.  

Layzer considered two cases at A=1:  2D bubbles in the form of archways (Fourier mode) 

and 3D bubbles rising in a cylindrical tube (Bessel function mode)29. The limiting bubble 

velocities were  

2r:			t = uvw

xy
																	3r:					t = u

v;

/{J
                                                           (3.1) 

where λ is the wavelength, D is the diameter and ß1 = 3.83171 is the first zero of the 

Bessel function J0(r). 

Layzer's simple model has been shown to agree with more accurate solutions that require 

numerical integration (Birkhoff and Carter, 1957).  Both Birkhoff and Carter (1957) and 

Garabedian (1957) considered the two-dimensional flow of an incompressible fluid past a 

gas bubble in an infinitely long tube between parallel walls.  Using an improved scheme 

of the procedure proposed by Birkhoff and Carter, Vanden-Broeck (1984) computed the 

shape of a bubble-rise at a constant velocity and confirmed Garabedian's finding.  Hecht 

et al. (1994) extended the Layzer's model to the RMflows and obtained an analytic 

                                                
29 There is a close connection to the 2D/3D behavior discussed in subsection 2.1. 
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expression for the asymptotic bubble growth rate. 

It is interesting that there is a reference earlier than Davies and Taylor (1950) giving the 

limiting velocity for a bubble rising in a cylindrical tube (Dumitrescu, 1943).  

This paper gives v = 0.351.Fr compared to v = 0.361.Fr for the Layzer model (Eq. 

3.1).  

 

Zufiria (1988a) followed the ideas of Davies and Taylor (1950) and Layzer (1955), but 

now allowed the possibility of the bubbles changing their basic sizes. The values obtained 

for the acceleration of the front were in very good agreement (Zufiria, 1988b) with 

experimental results of Read (1984). Zufiria model was also extended to multiple-bubble 

evolution of RT instability of finite density ratio (Sohn, 2007, 2008). The key difference 

between the Layzer and Zufiria models is that the velocity potential in the former model 

is an analytical function of sinusoidal form, while in the latter has a point source (Sohn, 

2008).  These two approaches have certain similarities, such as approximating the shape 

of the finger near the tip as a parabolic form, and using a set of ordinary differential 

equations for the growth rate of the fingers. These two methodologies give qualitatively 

the same but quantitatively different predictions as shown in Sohn and Zhang (2001). 

 

More work on various aspects of the Layzer model can be found, for instance, in 

Cameron and Pike (1965), Ott (1972), Hazak (1996), Zhang (1998), Mikaelian (1998), 

Abarzhi (1998, 2000), Clavin and Williams (2005), Goncharov and Li (2005), Inogamov 

and Abarzhi (1995), Herrmann et al. (2008), and Sohn (2009).  Zhang’s model for spikes, 

valid for A = 1 only, appears to be quite reasonable (Mikaelian, 2008) for both 2D and 3D 

simulations. In the RTI and RMI work by Krechetnikov (2009), the analysis of the 

stability of curved interfaces led to the rigorous generalization of the classical idea of 

Layzer (1955) on approximating the potential function in free-boundary problems with 

curved base-state interfaces. This new stability analysis, based on operator and boundary 

perturbation theories, also delineated the validity of the original Richtmyer growth rate 

equation as well as its dependence on the frame of reference. Banerjee et al. (2013) 

considered the development of RT and RM instability within a finite upper and lower 
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boundary. In RTI, the growth and growth rate of bubble tip and spike tip are significantly 

reduced for small height and depth compared with infinite fluid. In RM instability the 

same features as RT are observed; however, the process is very slow compared to RT and 

for small time scale it behaves like an infinite fluid.  

 

Layzer's method suggests a fundamental difference between two- and three- dimensional 

motions (Inogamov and Oparin, 1999). The spectral decomposition of the velocity 

potential can be carried out in a series of rectangular, square, and triangular arrays. While 

the vortices are rectilinear in planar geometry and ring-shaped in axisymmetric geometry 

in the case of the 2D motion, the vortices are found to be very complicated in the 3D 

case. 

The Layzer model and subsequent developments by Gonchorov, Sohn and other 

researchers, all assume that the perturbed surface height is singled–valued which is not 

valid when vortex roll-up begins. This restriction has important consequences for very 

late stage behavior. It should be noted that the heuristic, two--point Padé approximant, 

vortex models overcome this restriction. 

 

3.1.2. The Goncharov model    

Goncharov (2002) extended the Layzer's model to arbitrary Atwood numbers. In this 
important work, he obtained an accurate approximation of conservation equations (valid 
at the tip of the bubble) in the form of a convergent Fourier series.  The governing 
equation for the velocity potential, ϕ, obeys the Laplace equation and the jump conditions 
at the fluid interface y= η(x,t). He writes the velocity potential near the bubble tip as 

ϕh =H̀1(t) cos(kx) e -k(y- a0)     

ϕL= |e1(t) cos(kx) e -k(y- a0) + |e2 (t)y,   (3.2) 

where a0 is the initial amplitude. Again, the interface amplitude, a, is expanded near the 

tip of the bubble, {x,y} = (0, a(0,t)), 
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a = a0(t) + a2(t)x2     (3.3) 

Therefore, five ordinary differential equations are solved for the functions, a0(t), a2(t),  

H̀1(t), |e1(t), |e2(t). This model provides a continuous bubble evolution from the earlier 

exponential growth to the nonlinear regime when the RTI bubble velocity saturates at  

t} = ~
.2GF [(1 + G)(3,)]⁄ , 			for	2D

.2GF [(1 + G),]⁄ , 			for	3D
                    (3.4a)              

and the asymptotic RMI bubble velocity becomes 

t} = i
(3 + G) [3(1 + G),M]⁄ , 			for	2D

2 [(1 + G),M]⁄ , 			for	3D
                    (3.4b)   

 

where k is the perturbation wavenumber given by 

2r:				, =
21
3

	(3 = wavelength) 

3r:						, =
/{J

;
	(r = diameter)																																				(3.4c) 

Note again that Fourier mode (2D case) and Bessel function (3D case) expansions were 

used. 

Potential flow models such as those of Goncharov assume a simple parabolic shape for 

the bubble and solve for the flow immediately around the bubble tip. From their 

numerical simulation, Ramaprabhu et al. (2006) confirmed that the potential flow models 

are accurate in the regime that they are applicable, namely, for Atwood number A ~ 1. 

However, as A decreases, they lose accuracy at late times due to the onset of vortical 

motion which complicates the bubble shape. Liang et al. (2016) performed a Lattice 

Boltzmann (Chen and Doolen, 1998) simulation of three-dimensional RTI flows, the 

preliminary results of which have been reported in Liang et al. (2014).  At Atwood 

number =0.15, the authors compared the simulation results with the predictions of the 
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potential flow theory (Goncharov, 2002), modified potential theory (Banerjee et al., 

2011) and extended Layzer model (Sohn, 2009). 

 
Fig. 3.1. The spike velocity from theoretical predictions of Goncharov (2002) and Zhang (1998) 
and the numerical data from Sohn (2004). 

 

Goncharov recognized the shortcoming of his model for the RTI spike. Specifically, 

Mikaelian (2008) determined that this model underestimated the RTI spike and RMI 

spike with large a0, but overestimated RMI spike with small a0 (see also, Mikaelian,  

2009a). As an example, the results from numerical simulations show that the growth rate 

of spikes increases initially for systems with large density ratios (Sohn, 2004, see the 

A=1.0 spike velocity curve, Figure 11, right panel). To illustrate the difference, Fig. 3.1 

presents a comparison between Goncharov's model (2002), Zhang's model (1998), and 

Sohn's numerical result (2004). Figure 3.1 shows that an application of Goncharov's 

model to the spike (inappropriately) would result in the opposite behavior at large initial 
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amplitude30.  

In ICF applications, the RT instability might be seeded by the RMI (Goncharov, 2002). 

Liu et al. (2013) evaluated the temporal evolution of the bubble tip velocity in the RTI 

with different initial perturbation velocities and a discontinuous profile at arbitrary 

Atwood number. Based on a potential model, the temporal evolutions of the bubble tip 

velocity in classical RT fluids for 2D and the 3D geometries were studied analytically 

and compared with their numerical simulations using a hydrodynamic code previously 

documented (Ye et al., 2002, Wang et al., 2009a,b; 2010 a,b,c).  

 

3.1.3. The Sohn model 

Sohn (2003) also generalized the Layzer's model to arbitrary Atwood numbers. In this 

model, the y-axis is chosen in the direction of the density gradient. The interface 

amplitude, a, and the jump conditions are expanded near the tip of the bubble, {x,y} = (0, 

a(0,t)), 

a = a0(t) + a2(t)x2    (3.5) 

The velocity potentials take the forms, 

ϕh =H̀(t) cos(kx) e -ky    (3.6) 

ϕL= -H̀(t) cos(kx) e -ky     (3.7) 

The prediction for the bubble growth rates of RT and RM instabilities can be obtained by 

solving only ordinary differential equations of a0(t), a2(t), H̀(t). Through comparisons 

with numerical results, this three-equation model provided a theory for the evolution of 

RT and RM bubbles over all time ranges from the small amplitude linear stage to the late 

                                                
30 Recently, Zhang and co-workers have carried out work on Layzer approximation further to the entire 
time and to all Atwood numbers. This model produced the result for growth rate of spikes consistent with 
that of Sohn (Zhang, private communication).  
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nonlinear stage, including the asymptotic growth rates for RT bubbles for finite density 

ratios in two and three dimensions (Sohn, 2003), 

t} = ~
.GF (2 + G),⁄ 	, 			for	2D

.GF ,⁄ , 			for	3D
                 (3.8a)   

and the asymptotic growth rates for RMI bubbles, 

t} = i
2/[(2 + G),M], 			for	2D

1 ,M⁄ , 			for	3D
                    (3.8b)   

 

It should be noted that this early model does suffer from some serious drawbacks because 

the potentials grow exponentially away from the interface, i.e. ~exp(-y) for y>0 as well as 

y<0. In more recent work, Sohn (2009) used Goncharov’s model instead of above 

discussed 2003 model for the velocity potentials in order to incorporate the viscosity and 

surface tension.  

 

3.1.4. The Abarzhi, Nishihara and Glimm model  

Jacobs and Krivets (2005) noted that the single-mode approximation for the velocity field 

by Goncharov and Sohn must be modified in the lighter fluid to satisfy the continuity of 

the normal velocity component at the interface, resulting in unphysical behavior at 

infinity. This is really a very minor criticism, however, as Goncharov meant his potentials 

to be used near the interface only. In any case, Abarzhi, Nishihara and Glimm (2003) 

adopted a multiple harmonic approach that retains more of the Fourier modes and thus 

potentially possesses greater accuracy. The non-local character of the interface dynamics 

can be taken into account with this approach. The asymptotic growth rate for the RMI 

bubbles, for example, reads as 

 t} = è

ê

ë

>

%=
					for	2D,

x

ë

>

%=
					for	3D.

   (3.9) 
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This method also eliminates the problem of unrealistic velocities at infinity. These 

authors also reported a non-trivial dependence of the bubble curvature and velocity on the 

density ratio, and reveal an important difference between the dynamics of RTI and RMI 

bubbles. 

 

 
3.1.5. The Zhang and Guo potential flow model 
 
Zhang and Guo (2016) studied the asymptotic large-time behavior of RTI and RMI by 

considering the governing equations for incompressible, inviscid and irrotational fluids 

with arbitrary density ratio in two dimensions (Layzer, 1955). As both the velocity and 

the curvature of the finger tip are insensitive to time in the quasi-steady stage (Glimm 

et al., 2002, Sohn, 2004), an equation for the velocity of the finger for RT instability in 

the quasi-steady stage can be obtained: 

 

  Dí

D=
	= -Hì,ît/ − tïñ

/ ó                (3.10a) 

where                                                                                                                                         

	Hì =
ê

ò
	

(>(ë)(ê(ë)

ôê(ë(√/(>(ë)J/@ö

ôò(ê(ë)(√/(õ(ë)(>(ë)J/@ö

ô(ê(ë)@(/√/(êIë)(>(ë)J/@ö
.                               (3.10b) 

and 

tïñ(G) = ú
ëv

ê%

ù

(>(ë)(ê(ë)

ôê(ë(√/(>(ë)J/@ö
@

ôò(ê(ë)(√/(õ(ë)(>(ë)J/@ö
û
>//

    

         (3.10c) 

A matched solution for v can be obtained by integrating above equation from 0 to a given 

time t: 

 

ü†° =
>I¢£b@§•¶

>(¢£b@§•¶
,  

         (3.11) 
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where	ü†° =
í

íß®
,				©†° = Hì,tïñM,		and  ™ = [1 − ü†°(0)] [1 + ü†°(0)].⁄  Eq. (3.11) 

shows that the relationship between the scaled variables ü†° and ©†° is independent of A. 

Therefore; such a relationship is universal for all Atwood numbers. 

 

(a) 

 

 
     Scaled time ©†° = Hì,tïñM                            (b) 
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Fig. 3.2 (Fig. 5 and Fig. 9 of Zhang and Guo, J. Fluid Mech. with permission) (a) Spike (solid 

curves) and bubble (dashed curves) velocities at different Atwood numbers A from numerical 

simulations for RT instability. Blue curves: vortex model results from Sohn (2004), with a0k=0.5 , 

v0=0 and A=±0.05,±0.3,±0.7,±1 . Black curve (labelled as c.m.): conformal mapping result 

from Menikoff & Zemach (1983), with the same initial conditions and A=1. (b) Comparison 

between model curve and scaled data for RT instability at different Atwood numbers. The solid 

curves are the scaled spike velocities, and the dashed curves are the scaled bubble velocities. Red 

curve: model prediction. Blue curves: vortex model results from Sohn (2004), with a0k=0.5, v0=0 

and A = ±0.05, ±0.3, ±0.7,1. Black curve (labeled as c.m.): conformal mapping result 

from Menikoff & Zemach (1983), with the same initial conditions and A=1. 

 
 
 

Fig. 3.2 (from Fig. 9 of Zhang and Guo, 2016) shows the similarity and the universality 

between the growth rate of spikes and that of bubbles at different Atwood numbers for 

RTI. According to the authors, the agreement between the model prediction and the 

scaled numerical data has been somewhat degraded for several reasons. As the fingers in 

RTI are driven by gravity, it is much harder to carry out the simulations to the asymptotic 

regime. Furthermore, the simulations of Sohn (2004) contained some transient effects and 

utilized a numerical desingularization parameter to avoid singularities in computation, 

but also reduce the growth rates. Nevertheless, it appears that the scaled velocity fields 

for all fingers are gradually approaching the same universality curve. 

 

For RMI, Eq. (3.10) can be simplified by taking the limit g→0, 

 Dí

D=
= −Hì,t/        (3.12) 

 

which resulted in the matched solution    

 t =
í´

>(Eì%í´=
                 (3.13a) 

where v0 is the initial velocity and the expression recovers the results shown by Mikaelian 

(1998) and Buttler et al. (2012) in the A=1 case. Equation (3.13a) is for dimensional 

quantities, and therefore it should be rewritten to reveal the desired universality, 
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																		ü†¨ = 	
>

>(≠•Æ
                 (3.13b) 

where the scaled velocity ü†¨ = t tS⁄  and scaled time ©†¨ = Hì,tSM. 

 

Fig. 3.3 illustrates that the model curves agree well with the RMI numerical results 

from Dimonte & Ramaprabhu (2010) (FLASH), with a0k = 0.125 and A = ±0.25, ±0.5, 

±0.75, ±0.88, ±0.94, ±0.98. The comparison between the model and numerical results 

from Alon et al. (1995) (LEEOR2D) and Sohn (2004) (vortex method) are also 

satisfactory (not shown).  These results indicated that, especially for RTI, longer 

simulations are needed for spikes with large Atwood numbers to reach the quasi-steady 

stage. 

 

(a) 
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                                                     Scaled time ©†¨ = Hì,tSM                (b) 

Fig. 3.3 (Fig. 3 and Fig. 7 from Zhang and Guo, 2016, J. Fluid Mech. with permission) (a) Spike 

(solid curves) and bubble (dashed curves) velocities at different Atwood numbers A from 

numerical simulations for RM instability (Dimonte & Ramaprabhu 2010). The initial condition is 

a0k=0.125, with A=±0.25,±0.5,±0.75,±0.88,±0.94,±0.98. (b) Comparison between model curve 

and scaled data for RM instability at different Atwood numbers. The solid curves are the scaled 

spike velocities, and the dashed curves are the scaled bubble velocities. Red curve: universality 

model prediction. Blue curves: numerical results (FLASH) from Dimonte & Ramaprabhu (2010). 

 

 
 

 
As noted already in subsection 3.1.2, the Goncharov's model only describes a continuous 

bubble evolution from the earlier exponential growth to the nonlinear regime when the 

RTI bubble velocity saturates. Indeed, Goncharov's approach is essentially an 

extension of the Layzer approximation for bubbles in the infinite density ratio system, 

where one of the phases is vacuum. In such a system, the spike and the bubble are 

uncoupled. Since the bubble curvature is not sensitive to the Atwood number, the model 

gives a good approximation for bubbles.   
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The Zhang-Guo approach provided some clues on why Goncharov's model worked for 

bubbles but not for spikes. For finite density ratio systems, the spike and the bubble are 

coupled. As one interchanges the density of the bubble and that of the spike, the result for 

bubbles should become that for spikes, and vice versa. This symmetry should 

be preserved not only in the final solution, but also in the entire derivation and 

approximation. This symmetry would have been broken should one insisted on applying 

Goncharov's model to the spike side. Recall that he introduced a linear term |e2(t) in one 

of the phases, but not in the other. Such an introduction would incorrectly decouple the 

spike from the bubble and lead to the conclusion that the absolute values of the 

asymptotic curvature of all bubbles and spikes are the same. Unfortunately, the 

asymptotic curvatures for spikes vary from around 0.177 to infinity.  

 
 
 
3.1.6.   The asymptotic case of high density contrast 
  
3.1.6.1 Experimental evidence at A=1 
 

The asymptotic case of high-density contrast is of interest in a number of circumstances 

(Buttler et al., 2012, Cherne et al., 2015, Dimonte et al., 2011, 2013, Mikaelian, 2005, 

2013, Ortega et al., 2014, Piriz et al., 2006, 2008, 2009, Plohr and Plohr, 2005, Samulyak 

and Prykarpatskyy, 2004, Williams, 2016).  The free surfaces of liquids and solids have 

densities of 1000 or more times that of their gaseous environment at room temperature 

and pressure, and density ratios can be far higher at elevated temperatures or reduced 

pressures.  In astrophysical plasmas, density ratios of a factor of 100 or 1000 are 

common, as the plasma tends to fall into one of several regimes where the temperature is 

controlled by cooling by molecular, atomic or X-ray emission (e.g. Field et al., 1969). 

 

Buttler and collaborators, including recently Buttler et al (2012), have performed a series 

of experiments on shock loaded metal samples (see for example, Buttler et al., 2007a,b, 

2014, 2017, Monfared et al., 2015, Prime et al, 2014, 2017). They have examined in 

detail the effect of shock strength and perturbation amplitude on the production of ejecta 
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from material surfaces31.  Many of these experiments have been studied using proton 

radiography, a very powerful diagnostic which allows a series of images to be obtained 

from experiments at very rapid intervals, with high fidelity.  This has allowed detailed 

quantitative comparisons to be made between these experiments, computational modeling 

and theory. 

 

Shock-driven jetting from isolated features has also been studied using laser experiments 

(e.g. Foster et al 2005).  Most often laser-driven RM and RT experiments are designed to 

maintain linear amplitudes, with the buoyant forces used as a well-determined driving 

force in studies of high strain-rate material strength. 

 

Lund and Dalziel (2014) studied the flows resulting when a balloon filled with water 

bursts on impact with a surface.  Capillary waves on the balloon surface before it ruptures 

lead to the formation of a strong single-mode perturbation.  When the balloon ruptures, 

the removal of the elastic force from the membrane leads to an impulsively-driven 

expansion, with many similarities to A=1 RMI, with jets of material growing from the 

capillary waves, break up into a fine mist of droplets. 

 

3.1.6.2 Numerical modeling at high Atwood number 

 

To study the case of RMI at high Atwood number in real materials, the continuum 

mechanics can be modeled by most techniques which are robust to the high material 

strains which can occur as the spikes grow. A number of studies have been performed 

using either molecular dynamics (Durand and Soulard 2012, 2013, 2015, 2017, Durand et 

al., 2016, Li et al., 2014, Ren et al., 2014, Shao et al., 2013, 2014, Cherne et al 2015) or 

                                                
31 See related work by Bell et al., (2017), Chen, Hong, Chen et al., (2016), Georgievskaya and Raevsky, 
2017, Jensen et al., 2015, Karkhanis et al., (2017), Schauer et al., (2017), Schill et al., (2017), and Sorenson 
et al., (2017). Recently, an entire volume of the Journal of Dynamic Behavior of Materials, guest edited by 
W. T. Buttler, R.J.R. Williams, and F. M. Najjar, was devoted to the current state of the art in ejecta 
physics, describing experimental, theoretical and computational work by research groups around the world.  
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continuum modeling (e.g. Dimonte and Ramaprabhu 2010, Liu and Grieves 2014, Cherne 

et al 2015, Williams and Grapes, 2017, Yin et al., 2017).  Molecular dynamics 

calculations (Alder and Wainwright, 1957) are limited in space- and time-scale by the 

number of atoms which can be treated in the calculation, but simulate directly the 

material properties, limited only by the accuracy of the interatomic potentials used in the 

calculations.  Several articles have studied the role of ejecta production and the size and 

velocity distribution of the ejected material. Continuum modeling, by contrast, can be run 

at a scale appropriate to the experiment being studied, but requires detailed models to be 

implemented for all the relevant material properties: equations of state, material strength 

and failure, as well as potentially viscosity and surface tension.  Cherne et al obtained 

good agreement between the results of these two techniques for a case in the fluid 

dynamic limit, for a variety of initial surface profiles.  Durand and Soulard (2015) discuss 

in detail the processes by which the initial jets in their calculations break up into discrete 

particles; however, the large magnitude of surface forces at the scales at which these 

calculations must be run suggests that these results can only be indicative of the nature of 

the break up process at more typical perturbation wavelengths. 

 

3.1.6.3.  Asymptotic convergence for A=1 

 

Williams (2016) developed a late-time asymptotic theory for single-mode RM for A=1. 

This limit captures the behavior of general RM mixing layers before the spikes have been 

subject to significant drag, with the consequent effects on the supply of lower-density 

material to the bubbles.  This transient state of development of RM 

mixing layer is seen in the results presented by Zhang and Guo (2016) for values of A 

approaching unity (see figures 3.3).  This is a separate asymptotic behavior to that which 

they discuss, dependent on the order in which the limits A → 1 and t → ∞ are taken. 
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Based on the theory of Mikaelian (1998, 2010), Buttler et al (2012), and their MD and 

continuum calculations, Cherne et al (2015) suggest a self-similar32 collapse of the mass 

in the RM spike to 

 

  M ∝ ln(1+t/©).           (3.14a) 

 

Assuming that in the spike the material moves ballistically, to good approximation, and 

that mass is conserved, this suggests that for A=1 the single-mode RM flow must 

converge to a fixed spatial form at late time, with the velocity of the material in the self-

similar frame reducing asymptotically to zero.  Assuming the material in the spike moves 

with roughly constant velocity allows the asymptotic formula for 

the spike mass derived by Cherne et al to be generalized to a cumulative mass as a 

function of both velocity and time33 (Williams, 2016) 

 

  M(v,t) ∝ ln[min(í´

í
,1+ =

≠
)].   (3.14b) 

 

At late time, the cumulative mass tends to a form M(v) ∝ constant -ln v: at earlier times, 

only the parts of this distribution above a velocity v0/(1+t/©) are present. 

 

Transforming the incompressible flow equations into the decelerating frame of the bubble 

tip allows potential flow solutions to be developed which capture the full structure of the 

flow, from the exponentially-damped perturbations on the bubble side through to the v ∝

	y kinematical behaviour of material in the far spike.  The material velocity in the dense 

fluid will be incompressible and irrotational.  Williams (2016) suggests that a velocity 

distribution along the spike axis 

 

                                                
32 A time-developing phenomenon is called self-similar if the spatial distributions of its properties at 
various different moments of time can be obtained from one another by a similarity transformation 
(Barenblatt, 1996). Statistically, many are "self- similar," meaning that each portion can be considered a 
reduced-scale image of the whole (Mandelbrot, 1967). 
33 A misprint in Williams (2016) has been fixed in Eq. (3.14b) -- the 'max' in the Eq. (8) of the paper 
should be replaced by 'min'.  
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   v = H̀ + |e ln(1+exp x)   (3.15) 

       

satisfies the velocity boundary conditions at both extremes of x. Analytic continuation 

then allows the velocity distribution throughout the fluid to be derived.  While the 

resulting the pressure distribution does not exactly satisfy the surface boundary condition, 

suggesting that higher order corrections may be required, the analytic form of the velocity 

distribution and the shape of the surface still agree well with the results of a fluid 

dynamical simulation. 

 

3.2.  Heuristic/interpolation models 

3.2.1. The Mikaelian model  

Mikaelian (2003) found that a heuristic approach, which was previously attributed to 

Enrico Fermi by Layzer (1955), is helpful for matching his previous early-time linear 

solution (Mikaelian, 1998) with Goncharov’s late-time expression. In this model, he 

assumed that one knows the asymptotic bubble velocity (Ḣ≤). The exponentially growing 

of the linear phase amplitude can be used until a transition time (denoted as t*) is 

reached. At this point, Ḣ equals the asymptotic bubble velocity and is replaced by the 

constant Ḣ≤  

Ḣ =
Ė´

>(Ė´/Ė≥
          (3.16) 

This model essentially joins the linear to the nonlinear regime by making an abrupt 

change in the growth rate. The remaining issue was to determine the distinctive 2D and 

3D transition time for RTI and RMI flows, and this was a subject of a detailed discussion 

by Mikaelian (2003).  

For example, the expression for the RMI perturbation amplitude, takes the form 

H(M) =

⎩
⎨

⎧HS +
3 + G

3(1 + G),
ln{1 + 3ḢS,M (1 + G) (3 + G)⁄ }																				for	2D	RM	

HS +
2ℛ

(1 + G)∫>
ln{1 + ḢS∫>M (1 + G) 2ℛ⁄ } 																													for	3D	RM
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where ℛ is the tube radius for 3D flows. For the asymptotic bubble velocities, they give 

Ḣ(M) =

⎩
⎨

⎧
3 + G

3(1 + G),M
											for	2D	RM	

	
2ℛ

(1 + G)∫>M
										for	3D	RM

 

in agreement with the results of Goncharov (2002) and Oron et al (2001). 

Recently, Mikaelian (2014a) proposed an analytic model for the RTI bubble and spike 

amplitudes and mixing widths in the linear, nonlinear, and turbulent regimes. This 

approach is appropriate for accelerations that are constant or changing relatively slowly 

with time and for arbitrary density ratios. 

 

3.2.2. The Sadot et al. model   

 

Sadot et al. (1998) developed an empirical rational function approximation that agrees 

with late-time models, but also fits the weakly nonlinear solution to second order at early 

time as well (t = da/dt) 

íª/®

í´
=

>(í´%=

>(;ª/®í´%=(ºª/®(í´%=)@
.                                                                               (3.17) 

Specifically, this model exploits the fact that as t→0, tb/s/t0→1+(1 −r}/ñ) kt0t +....  and 

the D term dominates. Conversely, as t →∞, tb/s/t0→1/Ω}/ñkt0t, and the E term 

dominates (Long et al., 2009). At large time, the bubble and spike velocities possess the 

desirable 1/t dependence. 

Sadot et al. chose a value for D that would match the 2D weakly nonlinear series solution 

of Zhang and Sohn (1996, 1997a,b) at early time, and an E value that approximates 2D 

late time behavior observed in the computation of Alon et al (1995) 

r} ñ⁄ = 1 ± G 
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Ω} ñ⁄ =
>±ë

>(ë

>

/yæø
 . 

In these expressions, the plus sign is used for the bubble velocity and the minus sign is 

used for the spike velocity. The constant ¿ø is a function of the asymptotic velocity of the 

bubbles and spikes, ¿ø = 1/31 for G > 0.5 and ¿ø 	→ 1 21⁄  when G → 0 (Collins and 

Jacobs, 2002, Niederhaus and Jacobs, 2003). 

 

This model has received much attention and compares	favorably	with several 

experiments (see later subsections). 

 

3.3. Padé approximation approaches and compressibility effects 

The perturbation expansion method gives solutions in terms of polynomials of time, t, 

which are divergent series. The higher the order of the polynomial, the faster it diverges. 

To overcome this problem, Zhang and Sohn (1996, 1997a,b, 1999), and more recently 

Zhang, Deng and Guo (2016), took approaches based on Padé approximation (Bender 

and Orszag, 1978, Pozzi, 1994).  

 

3.3.1. The Zhang-Sohn model (single-point Padé approximant) 

Zhang and Sohn (1996, 1997a,b, 1999) constructed a Padé approximant, which is a ratio 

of two polynomials of t, for the growth rate of RM fingers. The unknown coefficients in 

the Padé approximant are determined by expanding the approximant in terms of small t 

and matching the results with the small-time perturbation solution up to √(HS
ò). 

 

For RMI in 2D, the results are: 

 

t =
í´

>(í´E´%@=(ƒ≈∆mS,E´
@%@Ië@(

J
@
		ní´

@%@=@
          (3.18a)  

 

for the overall growth rate, and 
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t}/ñ = t ∓
ë%í´

@=

>(/%@E´í´=(ò%@í´
@]E´

@%@(
J
»
(>Ië@)g=@

								               (3.18b)  

 

for the bubble/spike growth rate. 

 

For RMI in 3D with ,' = ,* = ,/√2, the results are:  

t =
í´

>(E´%@í´wJ=(ƒ≈∆…S,E´
@%@wJ

@Iw@%@í´
@=@ 

                                                                (3.19a)  

 

for the overall growth rate, and 

t}/ñ = t ∓
í´
@%w»=

>(í´E´%@wÀw»
bJ=(îE´

@%@wÀ
@w»

b@(wÃw»
bJóí´

@%@=@
									                                                (3.19b)  

 

for the bubble/spike growth rate, with 

 

3> = 0.088866G/ + 0.455671, 

3/ = 0.391357G/ − 0.227835, 

3ê = 0.01221Gê + 0.69844G, 

3ò = 0.07035Gê + 0.56513G, 

3— = −0.30253Gê + 0.38270G.       (3.19c) 

 

The Zhang-Sohn model (1996, 1997a,b, 1999) has been compared extensively against 

several RMI experimental numerical data. It has been shown that the model gives good 

predictions for compressible RMI in the linear and intermediate nonlinear stages. Since 

this model is based on the single-point Padé approximant, namely, only using the small-

time solution information, naturally, it will not be valid at asymptotically large times.  

If one insists applying the model to asymptotically large times, it will give a growth rate 

which decays too fast, namely, it decays at the rate of 1/t2 instead of 1/t, as pointed out by 

Mikaelian (1998). The shortcoming of 1/t2 decay of the Zhang-Sohn single-point Padé 

approximant model has recently been resolved by a two-point Padé approximant, which 

is based on both small- and large-time information (see the next subsection).  

� 
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With a high-resolution numerical method with robust handling of interface 

reconstruction, Li and Zhang (1997) presented a study of the RMI in two and three 

dimensions from the linear regime to the intermediate nonlinear regime. The numerical 

solution was compared with the predictions of Zhang and Sohn (1996, 1997a,b, 1999) 

based on the Padé approximation and asymptotic matching. Good agreement was found 

between numerical solutions and predictions of the nonlinear theory in both two and three 

dimensions and for both the reflected shock and the reflected rarefaction wave cases. 

  

The single-point Padé approximation has been carried out to high orders by Velikovich 

and Dimonte (1996) for the case of A=1 and by Velikovich et al. (2014) for arbitrary 

Atwood number. These works showed that the sequence of Padé approximants “x
x, “ù

ù, 

and “>S
>S	give a much better prediction than the result from the Taylor series from 

perturbation theory. Here “”‘ denotes the Padé approximant as a ratio of a polynomial of 

degree m to a polynomial of degree n. Since m=n in these Padé approximants, these 

approximants will give constant growth rates at asymptotically large times. However, the 

growth rates of fingers should decay at the rate of 1/t except for the spike at A=1 (Zhang, 

1998). This is also caused by the same factor that the model is based on the single-point 

Padé approximation.  

� 

To develop a model valid for asymptotically large times, one should determine the 

asymptotically large-time behavior of fingers analytically. Such information cannot be 

extrapolated from the small-time information. This is the approach to be discussed in the 

next section. 

3.3.2. The Zhang-Deng-Guo model (two--point Padé approximant) 

In order to develop a theoretical prediction valid from early to late times, one needs the 

information about the asymptotic growth rate of RMI at all Atwood numbers and for both 

spikes and bubbles. This information only becomes available recently (Zhang and Guo, 

2016). The knowledge at asymptotic large times presented in Zhang (1998) and Zhang 

and Guo (2016) plays a key role in constructing the two-point Padé approximant valid for 

all times. 
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Recently, at the 15th International Workshop on the Physics of Compressible Turbulent 

Mixing, Zhang et al. (2016) presented a theory for the growth rate and the amplitude of 

fingers at a RMunstable interface. This theory is for compressible fluids with arbitrary 

Atwood numbers A. Based on a two-point Padé approximant and an asymptotic matching 

technique, they constructed the following expression for the growth rate of fingers: 

 

t(M) = t’"”(M) ∙
>(EJî%í÷◊ÿ

≥ =ó(E@î%í÷◊ÿ
≥ =ó

@

>(}Jî%í÷◊ÿ
≥ =ó(}@î%í÷◊ÿ

≥ =ó
@
(}»î%í÷◊ÿ

≥ =ó
»,     (3.20) 

 

where tlin(t) is the finger growth rate given by the compressible linear theory 

(Richtmyer, 1960, Fraley, 1986, Yang et al., 1994), t’"”
≤ = lim

=→≤
tŸ⁄¤(t) is the asymptotic 

value of vlin(t). The constants a1, a2, b1, b2 and b3 are functions of A and a0 (initial 

amplitude). These constants are determined by expanding Eq. (3.20) in terms of small t 

and in terms of large t to match the small-time perturbation solution and the large-time 

asymptotic solution. Consequently, the two-point Padé approximant given by Eq. (3.20) 

has the following properties: 

 

(a) For t ≪ 1, the growth rate agrees with the compressible linear theory (Richtmyer, 

1960, Fraley, 1986, Yang et al., 1994). 

 

(b) At the early nonlinear stage, the growth rate agrees with the solution from the 

perturbation expansion for small t (Zhang and Sohn, 1997a,b): 

 

t = t’"”(M) ]1 − (G + ,HS),t’"”
≤ M + ^G/ −

>

/
+ 2G,HSc (,t’"”

≤ M)/ +
ò

ê
(G −

Gê)(,t’"”
≤ M)êg + √(Mò).                                                                                (3.21) 

 

(c) At asymptotic large times, i.e., t ≫1, the growth rate agrees with asymptotic 

expansion of Eq. (3.13a): 

  tEñ*‘~	
>

Eì(ë)%=
       (3.22) 
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where Hì	is given in Subsection 3.1.5. 

 

(d)  For a system with an infinite density ratio, the expansion agrees with the known 

result that the spike growth rate asymptotically approaches a constant t’"”
≤ ^

ê(ê%E´

>(ê%E´
c
>//

. 

 

It is known that singularities may occur in Padé approximation since the denominator of 

Padé approximant may vanish. It was shown that Eq. (3.20) has no singularities when HSk 

< 1/4. 

 

The Zhang-Deng-Guo theory shows good agreement with the results from numerical 

simulations for the case of the reflected rarefaction wave, even when the Mach number of 

the incident shock is as high as 15.3. The authors have also compared their theory with 

the numerical and experimental data for the case of reflected shock and agreement were 

also excellent (Zhang et al., 2017). 

 

3.3.3 Compressibility effects   

In addition to nonlinearity, compressibility is also important. The Zhang-Sohn model in 

Subsection 3.3.1 and the Zhang-Deng-Guo model in Subsection 3.3.2 are for 

compressible RMI. These models are based on the following physical picture. At early 

times, the dynamics of the system are mainly governed by the linearized Euler equations 

for compressible fluids, since the initial disturbance at the interface is small. At later 

times the dynamics are mainly governed by the nonlinear equations for incompressible 

fluids, as the magnitude of the disturbance at the material interface increases significantly 

and the transmitted shock and reflected wave move away from the interface. This 

physical picture received strong support, for example, from the numerical simulations of 

Kotelnikov et al. (2000). This work concluded that the effect of compressibility on the 

RM instability is limited to the early times of the interface evolution and that its 

subsequent development follows approximately incompressible equations. 
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Although the dynamics of the system at late times is nearly incompressible, the solution 

in that regime still has strong dependence on compressibility. This is because the 

functional form for the solutions of nonlinear and incompressible dynamics contains 

effective initial conditions. These effective initial conditions are determined by the 

asymptotic matching with the linear compressible theory in the transition regime. Such 

matching leads to a strong compressibility dependence of the solution, even though the 

dynamics of the system is nearly incompressible. This is the reason why the theoretical 

predictions of Zhang-Deng-Guo model (Zhang et al., 2016, 2017) are in excellent 

agreement with numerical data of both weak and strong shocks. 
 

 

3.4. Vortex and vortex Sheet models  

3.4.1 Vortex models 

Vortex models have proven effective at modeling the late-time RM growth in the limit as 

A→0. In an idealized sense, the vortex model developed by Jacobs and Sheeley (1996) 

represents an exact solution to the governing equations in the limit of vanishingly small 

density difference, i.e., A→0 (see also, Jacobs et al., 1995). The authors considered the 

motion of a sinusoidal material interface induced by an alternating array of vortices 

placed at the points midway between the crests and troughs. The presence of these 

vortices generates a velocity field given by the stream function, which in turn will distort 

the interface. Assuming an Atwood number of zero, the expression for the overall 

amplitude becomes 

,H = sinhI> ]/
y
,ḢSîM − M_ó + sinhî,H_óg,                                                     (3.20) 

where H_ and M_  are amplitude and time, respectively, when the vorticity is assumed to 

concentrate. As described in detail by Jacobs and Sheeley, near the vortex centers the 

induced velocity will effectively wrap the interface around the vortices. In the regions 

between the vortices, however, the induced motion will tend only to push the interface in 

the direction perpendicular to the row of	vortices. 
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The vortex methods, like Jacobs and Sheeley (1996), are not appropriate for the 

simulations of RM instability of finite density contrast. To extend the applicability of the 

model to finite Atwood number, the vortex row utilized is perturbed such that the vortex 

spacing is smaller across the spikes and larger across the bubbles, a fact readily observed 

in experimental images (Likhachev and Jacobs, 2005). The resulting dimensionless 

equation, however, must be solved in the implicit form. 

Sohn (2004) carried out numerical simulations for RT and RM instabilities from a full 

vortex model and investigated various aspects of dynamics for unstable interfaces. The 

point vortex method in his computation used the formulation of the vortex model in 

Baker et al.  (1980) (see also, Tryggvason, 1988, Kerr, 1988, Aref and Tryggvason, 1989) 

and adopted Krasny’s method (1986) to overcome the numerical instability due	to	

singularities by regularizing point vortices as vortices with finite cores or ‘‘blobs’’	of	

vorticity. This work found that the bubble velocity in the RT instability converges to a 

constant limit, and in the RM instability, the bubbles	and	spikes	have decaying growth 

rates, except for the spike of infinite density ratio. For both RT and RM instabilities, 

bubbles attain constant asymptotic curvatures. In a related development, Sohn (2016) 

presented self-similar solution of the double-spiral for an infinite vortex sheet and 

asymptotic behavior of the solution. 

 

3.4.2. The vortex sheet model of Matsuoka-Nishihara-Fukuda  

Matsuoka et al. (2003) studied the problem in Lagrangian picture by developing a model 

that describes the nonlinear evolution of a	non-uniform	vortex	sheet	with	a	density	

jump across it.  The fundamental assumption of the model was validated by comparing 

its nonlinear dynamics with that of a shocked interface with the use of two-dimensional 

hydrodynamic simulations. With the proper kinematic boundary conditions, the authors 

found that the Lagrangian description of the vortex sheet enables the model to follow its 

nonlinear dynamics, such as its local shrinking and stretching in the tangential direction. 

This nonlinear analysis, of course, is limited to the short time behavior of the interface 

evolution. 
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In order to describe	the	entire	interface	dynamics	from the linear regime to a fully 

nonlinear stage, Matsuoka and Nishihara (2006) considered an interface motion in the 

RM instability using the Birkhoff-Rott equation34 (Birkhoff, 1962, Rott, 1956, Saffman, 

1992, Baker et al., 1993, Tanveer, 1993) coupled with an evolution equation of the vortex 

strength at the sheet (Baker et al. 1982). The coupled equations describe all inviscid and 

incompressible instabilities of a fluid interface such as the RTI, RMI, and KHI. The 

authors compared and contrasted the RTI and RMI regarding the singularity formation. 

 
 

4. Multi-scale nonlinear models and assessment of models    

4.1. Perturbation models 

4.1.1. Haan's second order analysis and saturation model 
 
An expansion of the flow equations provided the expression for the early nonlinear 

evolution (Ingraham, 1954, Jacobs and Catton, 1988a,b and references therein). A second 

order analysis by Haan (1991) was constructed for an interface between two materials in 

an imploding ICF capsule. For a slightly perturbed interface, an expansion was carried 

out in spherical harmonics to derive a second order mode-coupling equation.  The 

importance of mode coupling in the generation of large structure that dominates the late 

stage evolution, and the relative importance of long-wavelength components in the initial 

perturbation spectra on the late-stage evolution have also been illustrated, for example, in 

Shvarts et al. (1995). The mode amplitudes, Zk, is obtained by expanding the flow 

equations to second order (Haan, 1991)  
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„ î1 − ‰Â/ ∙ ‰Âó + ‡̇%@
‡̇%@

„ ^
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/
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34 Granero-Belinchón and S. Shkoller (2017) derived so-called  h-model using asymptotic expansions in the 
Birkhoff-Rott integral-kernel formulation for the evolution of an interface separating two incompressible 
and irrotational fluids. Numerical simulations of the h-model showed good agreement for the growth of the 
mixing layer with experimental data in the “rocket rig" experiment of Read (1984) and Youngs (1984, 
1989). 
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where K	is the growth rate, ‰Â is the unit vector, and ‰/
Ê = 	‰ − ‰/.  

The second-order analysis has proven to be valuable for providing a way of estimating 

when the nonlinear effects become important and what their character is in the weakly 

nonlinear regime (Haan, 1991). A technique is applied that couples 2-D linear regime 

hydrodynamic code results with the analytic model to allow modeling of 3-D RT growth 

through the linear regime and into the weakly nonlinear regime (Dunning and Haan, 

1995). The individual modes may become nonlinear even when their amplitudes are 

below the single-mode threshold owing to their interaction with nearby modes 

(Ramaprabhu et al., 2005). Such a picture found applications in relating the nonlinear 

saturation of the beam-plasma instability for a single mode to the multi-mode case 

(DeNeef 1975; Dimonte 1982). 

Haan (1989) also constructed a model built on assuming that the spectral amplitudes of 

3D, broadband modulations grow linearly until they reach a saturation level, Sk = 2/Lk2 

(L is the size of the analysis box), after which their amplitude is given by a logarithmic 

construction that depends on how far into the nonlinear regime they have grown. For 

classical RT, this amounted to assuming that each mode grows exponentially with its own 

RT growth rate, until reaching the saturation amplitude, after which it grows linearly in 

time with the velocity Vs (k) with which the mode was growing when it became nonlinear 

(Birkhoff, 1955, Smalyuk, 2012).  

Short-wavelength modes grow initially most rapidly and quickly saturate at levels Sk, 

while very long-wavelength modes grow more slowly. As a result, the mid-wavelength 

modes have the largest growth factors, producing a peak in the spectrum. As the 

evolution continues, this peak moves to longer wavelengths (Smalyuk et al., 2006). The 

measured nonlinear saturation and the post-saturation growth of the RT instability on the 

Omega laser system are found to be in excellent agreement with those predicted by the 

model35.  These spectra and growth velocities are insensitive to initial conditions 

                                                
35 Remington et al. (1995) compared their multimode RT experiments on the NOVA laser with 
the Haan's model. 
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(Smalyuk et al., 1998, 2005). Since the initial conditions are mostly forgotten in the 

nonlinear phase, small uncertainties in the initial seeds will not have a large impact on the 

resulting perturbation growth (Welser-Sherrill et al., 2007). Recently,  

Ofer et al (1996) proposed a model that includes a description of nonlinear low-order 

mode coupling, mode growth saturation, and post-saturation mode coupling. This model 

was shown to significantly extend the range of applicability of a previous model 

proposed by Haan.  

Recently, Rollins and Andrews (2013) have used Haan's model as part of a consistent 

initialization scheme for the engineering models. While the model only applies in the 

weakly nonlinear regime for broadband modulation amplitudes around the saturation 

levels (Smalyuk et al., 1998), it is fully general regarding the acceleration imposed so that 

it remains valid for both RTI and RMI.  

Haan noted that his model is explicitly multi-mode so it is hard to compare to the single-

mode models documented in the previous section. It would be interesting to see how the 

long-time single mode solutions might lead to a somewhat different multi-mode model, 

and how much they differ36. 

 

4.1.2. Third order nonlinearity  

A self-modulation of a primary mode produced by the third-order nonlinearity is a 

mechanism for deviation from the linear growth (Nishihara and Ikegawa, 1999).  

Motivated by the experimental data collected from the Nova laser system, Wood-Vasey 

et al. (2000) explored the amplitude saturation model of Haan (1989) and a 3rd order 

perturbation theory expansion of Jacobs and Catton (1988a).  

Based on the superposition of modes, Ikegawa and Nishihara (2003) developed third-

order nonlinear theories that describe continuous transition from the linear to the weakly 

nonlinear growths of the classical RTI and the ablative RTI (ARTI, see for instance, 

                                                
36 S.W. Haan (private communication, 2017) 
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Bodner, 1974, Verdon et al., 1982, Baker et al., 1987, Kull, 1989, Kilkenny et al., 1994, 

Betti et al., 1995, 1998, Goncharov et al., 1996, Ikegawa and Nishihara, 2002)37.  This 

theory improved the results of Jacobs and Catton (1988a), where they considered only a 

single mode and neglected the light fluid (Atwood number A=1). Garnier and Masse 

(2005) showed that it is necessary to compute the third-order weakly nonlinear 

corrections in the multimode case to capture the first statistical corrections. Their 

analytical formulas illustrated the influence of ablation on RT instability in the linear and 

weakly nonlinear regimes (see also, Berning and Rubenchik, 1998). 

In another related development, Liu et al. (2012) investigated analytically nonlinear 

saturation amplitudes of the first two harmonics in RTI for irrotational, incompressible, 

and inviscid fluids, with a discontinuous profile at arbitrary Atwood numbers by 

considering nonlinear corrections up to the tenth-order. 

 

4.1.3. The Vandenboomgaerde-Gauthier-Mügler model   

Vandenboomgaerde, Gauthier, and Mugler (2002) advanced a simplified perturbation 

theory for nonlinear regime of a multimode RMI. The authors proposed a way to simplify 

and accelerate the computation for the perturbation theory in the weakly nonlinear RMI.  

In the standard approach, expansions appear to be series in time. The authors build 

accurate approximations by retaining the most secular terms, which are these with the 

largest unbounded part (Nayfeh, 1973, Bender and Orszag, 1978). The advantage of this 

approach is that computations for multimode interfaces become tractable.  

Later, these authors extended this approach to 9th and 11th order in their Taylor series 

(Vandenboomgaerde, 2003, Vandenboomgaerde et al., 2003).  Furthermore, replacing the 

Dirac function acceleration by a constant in the momentum equation at the interface 

(Bernoulli’s equation), the RTI can be also treated by this perturbation model.  For 

single- and two- mode configurations, Vandenboomgaerde et al. (2003) checked the 

accuracy of the approximate perturbation method by comparing with simulations 

performed by Menikoff and Zemach (1983), and with some results of Baker et al. (1980) 

concerning the influence of the Atwood number on the growth of spikes and bubbles. 

                                                
37 Additional remarks on ablative RTI can be found in Section 15 of the review. 
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Vandenboomgaerde et al. (2002, 2003) and Vandenboomgaerde (2003) stated that their 

work was a simplification of the “full perturbation method” by Zhang and Sohn (1997a). 

Indeed, Zhang and Sohn (1997a) carried out nonlinear perturbation solutions for 

incompressible fluids, which is like the previous work by Holyer (1979) concerning 

water waves. Yet, it appears that the main features of the Zhang and Sohn theory are the 

utilization of the Padé approximation (Bender and Orszag, 1978, Pozzi, 1994) for 

computing the growth rate of the amplitude of a single-mode interface and strong 

dependence on compressibility, even for late times when the dynamics of the system is 

approximately incompressible. These matters were discussed in the previous subsection. 

                                                                                     

4.2. Competition models 

Sharp and Wheeler (1961) proposed a 3D model for bubble rise and merger (see also, 

Sharp, 1984). This model is defined by a simplified set of equations, which when solved, 

provides a bubble envelope (Glimm and Li, 1988, Gardner et al., 1988). Essentially, 

competition models postulate that dominant bubbles grow self-similarly by overtaking or 

assimilating their smaller neighbors; a process usually described statistically (Dimonte et 

al., 2005).  

The term “merger model” was adopted in Glimm and Li (1988), Rikanati et al. (2000), 

Cheng et al. (2002). The process discussed here, however, is perhaps better described as 

“bubble competition” rather than “bubble merger”. It was first observed in the 

experiments of Lewis (1950) and explained by Layzer (1955, p.11). “Competition 

between bubbles” was also observed in the experiments of Emmons et al  (1960, p. 189) 

– this is probably the origin of the term. Several authors, e.g. Zufiria (1988a), prefer the 

term bubble competition. 

 

In 2D model of Alon et al. (1993, 1994, 1995), the bubble front is treated as an ensemble 

of bubbles arranged along a line, characterized by their wavelength λi. As the bubble rise 

and merger, the surviving bubbles expand to fill the space vacated by the bubbles swept 

away from the front. Two adjacent bubbles of wavelengths λi and λi+1 merge, at a rate 
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provided by either a potential flow model or a vortex model, to generate a new bubble of 

wavelength λi + λi+1. Neglecting near-neighbor correlations, the bubble size distribution 

is obtained by solving a differential-integral equation. Using such mean-field approach, 

Alon et al. (1995) showed that the bubble size distribution reaches a scale-invariant 

regime. Shvarts et al (1995) compared and validated the performance of the merger 

models with the model of Haan (1989). 

Rikanati et al. (1998) constructed a vortex model to account both the single-bubble 

evolution and two-bubble interaction. The model was an extension of the single-mode 

vortex models of Jacobs and Sheeley (1996) and Zabusky, Ray, and Samtaney (1995), 

and did not rely on the potential flow models where the A=1 limit must be assumed.  

Instead, a statistical model was used to describe the development of random perturbations 

based on the mechanism of bubble merger. In addition, the results for the single-mode 

and two-bubble interaction can be linked to a statistical mechanics merger model 

(Rikanati et al. 2000) to yield scaling laws for the multimode mixing zone evolution. 

Glimm and Sharp (1990) and Zhang (1990) applied a modified Sharp–Wheeler model in 

two-dimensions, with an additional assumption of superposition (Glimm et al., 1990) 

between the single bubble and the local front velocities. One of the goals was to provide a 

theoretical explanation of the constant acceleration and approximate universality of 

experimentally observed (Read, 1984) and numerically computed (Youngs, 1984, Glimm 

et al., 1990) mixing rate. 

Dimonte et al. (2005) carefully inspected the adjustable parameters employed by the 

competition models. For instance, the authors noted the different choice made by the 

models on the Froude number (Fr),  

t} = h™.GF3/(1 + G),                (4.2) 

which determines the terminal velocity. To agree with the linear electric motor (LEM, see 

Dimonte et al. 1996a) data, Fr must be set to ~1.3 in the model by Glimm and 

collaborators, but it was set to 0.56 for a periodic potential flow model, along with an 

increased merger rate in the work by Shvarts and co-workers. 
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Shvarts et al. (2000), Oron et al. (2001), Cheng, Glimm, and Sharp (2002) and Kartoon et 

al. (2003) argued that the discrepancies between the 2D bubble competition model 

predictions and 3D LEM experimental results (Dimonte, 2000, Dimonte and Schneider, 

1996, 1997, 2000, Schneider et al., 1998) are due to dimensionality effects.  Cheng, 

Glimm, and Sharp further argued that effects of bubble radius fluctuations should be 

incorporated in a 3D bubble merger model. In their model, the reduced description of the 

bubble front is a statistical ensemble of bubbles of varying heights, with four parameters 

characterizing the dynamics of this ensemble: (1) the asymptotic velocity of a single 

bubble;� (2) the correlation in height between different bubbles; (3) the mean rate of 

bubble merger;� (4) the variance in the distribution of bubble radii. Cheng, Glimm, and 

Sharp concluded that their model could predict three experimental measurements with 

only one phenomenological parameter, the variance of the bubble radii. 

Oron et al. (2001) used the mean-field approximation in calculating the average velocity 

of the bubble ensemble. Their 3D model included three main effects of the 

dimensionality on the bubble merger model dynamics: (1) the asymptotic single bubble 

velocity increases in three dimensions by a factor 1.5-2 due to the reduced drag per unit 

volume in three dimensions; (2) in three dimensions the conserved quantity when two 

bubbles merge is area rather than length; (3) the average number of neighbors in 

competition with a single bubble is ≈6 in three dimensions, rather than 2 in two 

dimensions. It is interesting to note that the asymptotic bubble velocities of Oron et al 

(2001) and Goncharov (2002) are the same (Chapman and Jacobs, 2006, Mikaelian, 

2003). The results of the simulations and the statistical model (Kartoon et al., 2003), 

together with a simple buoyancy-drag model38, also agree well with the LEM 

experimental results.  

 

 

                                                
38 See Part II for a detailed discussion for buoyancy-drag models. 
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4.3 Evaluation of nonlinear models with RTI experiments and simulations 
  
 
The potential flow theory predicted that the perturbation undergoes a nonlinear saturation 

toward a terminal bubble velocity, Eq. (4.2), for ka0 >1. For instance, Goncharov (2002) 

assumes constant late-time velocity with Fr ≈ 0.56. Using a third-order accurate, finite 

volume Eulerian 3D solver (Andrews, 1995), Ramaprabhu and Dimonte (2005) found 

that the scaled velocities of bubbles depend on the density ratio of RT flows, while the 

Froude numbers defined show no such dependence, in agreement with a model based on 

potential flow theory (Goncharov, 2002) and drag-buoyancy models (Alon et al., 1995, 

Oron et al., 2001). 

The potential flow models, which assume a single-valued interface, work well up to the 

point where Kelvin-Helmholtz roll-up occurs. The bubble then reaccelerates and gives 

Fr~1 which is the value estimated for multi-mode RT simulations and experiments. 

Indeed, for multi-mode RTI, Dimonte et al. (2004) documented that when the actual 

bubble densities are used, the “a-group” numerical simulations give Fr ~ 0.94 ± 0.06 

which agrees with the previous experiments: Lewis (1950) obtained Fr ~ 1.1, Glimm and 

Li (1988) found Fr ~ 1.1 for the rocket rig experiments (Read, 1984) and the LEM 

experiments (Dimonte et al., 1996a, Dimonte and Schneider, 2000) reported Fr  ~ 0.89 ± 

0.08, all assuming no entrainment. Scorer (1957) deduced Fr ~ 1.2, but with a significant 

amount of entrainment in rising plumes. In a follow-up numerical work, Ramaprabhu et 

al. (2005) reported Fr as a function of initial conditions and determined an effective 

Froude number of 1.07 ± 0.12.    
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  (a) 

Fig. 4.1a (Adopted from Fig. 6, Ramaprabhu et al., 2006, Physical Review E, with permission). 
Froude number vs hb/Db from 3D single mode numerical simulations using the FLASH code at 
different Atwood numbers. Per experiments and simulations, the dominant bubbles grow self-
similarly with their diameter Db~λ~ hb. The dashed line represents the 3D prediction of the 

potential flow model of Goncharov (2002). 
 

 



 118 

 

Fig. 4.1b. (Fig. 11 of Wei and Livescu, Phys. Rev. E (2012), with permission) Froude number vs 
normalized time from 2D single mode direct numerical simulations. The dashed line represents 
the 2D prediction of the potential flow model of Goncharov (2002). 
 

Fig. 4.1a, adopted from Ramaprabhu et al. (2006), shows the three-dimensional ILES39 

obtained for 3D single mode, cos(kx) + cos(ky) perturbation. Specifically, Ramaprabhu et 

al (2006) plotted late time interfacial velocity measurements (formulated as 

dimensionless Froude numbers) against the appropriate values of hb/Db where hb is the 

bubble perturbation amplitude. Per simulations and experiments, the dominant bubbles 

grow self-similarly with their diameter r}~3 ∝ ℎ} (Dimonte, 2004). As demonstrated by 

these authors, the behavior of the bubble Froude number depends on the values of hb/Db. 

                                                
39 Ramaprabhu et al. (2006) described three ILES codes used:  RTI-3D (Andrews, 1995) is a multiphase, 
incompressible, Eulerian solver and uses Van Leer flux limiters to prevent nonphysical oscillations. 
FLASH (Fryxell et al., 2000, Calder et al., 2002) and PROMETHEUS (Fryxell et al., 1989) solve the 
compressible Euler equations using the piecewise parabolic method on a 3D Cartesian grid. FLASH is a 
parallel code and has the added feature of adaptive mesh refinement, handled by the PARAMESH          
(MacNiece et al., 2000) library of routines. NAV/STK is a finite-volume solver for the full Navier-Stokes 
equations with a physical viscosity, in addition to the capability to handle surface tension effects. 
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For hb/Db ≤1, the numerical simulations indeed obtain a terminal velocity with Fr~0.56 

for all A. For hb/Db >1 and A~1, Fr remains near 0.56 for all amplitudes. Both 

observations are consistent with the potential flow theory. For hb /Db >1 and A<1, 

however, Fr approaching near unity and bubbles accelerate away from a terminal 

velocity. As noted in subsection 2.3, the 2D single-mode results of Wei and Livescu, 

(2012) for the Fr number behavior (Fig. 4.1b, Fig. 11 of Wei and Livescu, 2012) are 

similar to those obtained from 3D numerical simulations. 

 

 
 
Fig. 4.2  Plot of measured bubble Froude number vs dimensionless bubble amplitude (from Fig. 

15, Wilkinson and Jacobs, Phys. Fluids, with the permission of AIP Publishing). 

 

In their RTI experiments, Wilkinson and Jacobs (2007) illustrated that the Fr number  

increases until it reaches an approximately plateau value before increasing again at the 

latest times (Fig. 4.2). Again, this behavior differs from the result of the Goncharov 

model, which assume constant late-time velocity with Fr ≈ 0.56. The models of Sohn 

(2003) and Abarzhi, Nishihara, and Glimm (2003) appear to have worse agreement with 

the data. The 3D single-mode simulations of Ramaprabhu et al. (2012), using RTI-3D 

(Andrews, 1995) and PPM (Woodward et al., 2010) codes and the initial cos(kx) + 
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cos(ky) perturbation, showed excellent agreement with experimental data during the 

linear, nonlinear, and reacceleration phases40. We note that both Ramaprabhu et al. 

(2012) and Wei and Livescu (2012) stated that there is no such thing as a terminal 

velocity, even for the single-mode RTI. 

Of course, the other issue is the spike Froude number, and here more research efforts 

would be desirable. White et al. (2010) observed the free fall at A = 1 in their experiments 

using magnetorheological fluids. The study of Ramaprabhu et al. (2012) showed that, at 

late times, spikes in RTI may experience reacceleration, and that spikes evolve towards 

chaotic shapes which contain many small structures. It is not practical to approximate 

such a complicated interface by a prominent mode. The study also showed that these 

small structures are suppressed in coarse-grid simulations and in simulations with 

sufficient amount of viscosity. Before reaching the possible reacceleration stage, Zhang 

and Guo (2016) showed that the spike evolves towards a constant growth rate for systems 

with A<1 (see also, subsection 3.1). It seems that the theory presented in Zhang and Guo 

gives a good approximation for the behavior of spikes and bubbles before the possible 

reacceleration stage. However, when the reacceleration occurs, due to the complexity of 

the interface shape and the effect of vorticity, further mathematical treatment or modeling 

is needed to handle the complicated interface in this late stage. 

 

4.4 Evaluation of nonlinear models with RMI experiments and simulations 
 
4.4.1. The drop tower 
 
Figure 4.3, adopted from the 2D RM experiments of Niederhaus and Jacobs (2003), 

compares the late-time amplitude measurements with a curve generated from vortex 

model of Jacobs and Sheeley (1996) assuming the vorticity concentrates immediately 

after impact and at a later time based on experimental observation. Since the vorticity in 

the experiments does not concentrate until much later, this curve underestimates the 

                                                
40 Betti and Sanz (2006) had a model to account for the effect of the secondary vorticity on the Fr number. 
In their case, the vorticity came from ablation, but Ramaprabhu et al. (2012) adopted their model to 
describe the vorticity in our case from KH instability. It worked reasonably well. 
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amplitude, thus, should be considered a lower bound on the amplitude. Nevertheless, the 

curves appear to have to have the same general shape as the experimental data, and 

differs from the measurements by less than 10% and 5% at late times. Niederhaus and 

Jacobs (2003) attributed the difference to the fact that the vortex model is strictly valid 

only for Atwood number of 0. Figure 4.3 also illustrates that the Sadot et al. model agrees 

with experimental data reasonably well. 

As shown in Fig. 4.4 (reproduced from Chapman, Fig. 14), the 2D measurements appear 

to follow the 2D model expressions reasonably well as the data appear to asymptotically 

approach a line with slope of one at late time. It is also readily apparent that the measured 

3D velocities do not show the 1/t dependence indicated by the models. Note that Sohn’s 

model gives an identical result for both the bubble and the spike. 

 

 

Fig. 4.3  (Fig. 12 of Niederhaus and Jacobs, J. Fluid Mech., 2003 with permission) A plot of late-

time non-dimensional amplitude versus time along with curves from several nonlinear models. 
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Fig. 4.4  (Fig. 14, Chapman and Jacobs, 2006, Phys. Fluids, with the permission of AIP 

Publishing) A log-log plot of overall velocity versus time for both 2D and 3D experiments along 

with lines corresponding to the models of Goncharov (2002) and Sohn (2003). 

 

 

 
 
Fig. 4.5 (Fig. 15, Chapman and Jacobs, Phys. Fluids, 2006, with the permission of AIP 

Publishing) A log-log plot of bubble and spike velocity versus time for the 3D experiments along 

with lines corresponding the models of Goncharov (2002), Sohn (2003), and Abarzhi et al. 

(2003).  
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Fig. 4.5 shows the asymptotic behavior of the individual bubble and spike velocities. The 

model of Abarzhi, Nishihara, and Glimm shows considerably worse agreement owing to 

its singular behavior as A→0, and the model of Sohn (2003) shows poorer agreement 

primarily for the reason given above.  The results of Goncharov show the best agreement. 

 
4.4.2.  Shock tube experiments with membrane 

The single mode RM experiments by Jourdan and Houas (2005) provided helpful 

information regarding the Atwood number dependence as well as the correction required 

for the perturbation models for the flows already in the nonlinear regime. Two 

light/heavy interfaces have been experimentally studied for a low incident shock wave 

Mach number (Mach =1.15). The Atwood numbers for the air/SF6 and air/CO2 are 0.6 

and 0.19, respectively. Also, a relatively high initial amplitude (21mm) was employed to 

rapidly reach the nonlinear regime.  

                                             

Fig. 4.6 (FIG. 3 of Jourdan and Houas, 2005 with permission from Phys. Rev. Lett.) 
Dimensionless bubble amplitude as a function of dimensionless time considering the positive 
(air/SF6, air/CO2) and negative (air/N2, air/He) Atwood number cases. While the experiments 
have a reflected shock from the shock tube end wall, the measurements are shown before the 
reshock. 
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For the light/heavy gas combinations (air/SF6 and air/CO2), Jourdan and Houas (2005) 

highlighted the reduction of the initial growth rate compared to that predicted by the 

small-amplitude theory.  Coupled with the corresponding Rikanati et al. (2003) reduction 

factor, the non-linear model of Sadot et al. (1998) shows excellent agreement with the 

early and late time growth rate measurements (Fig. 4.6). 

Jourdan and Houas (2005) also compared the experiments and existing models for the 

heavy/light gas combinations.  The heavy/light air/He experimental data, with a strong 

negative Atwood number of -0.77, can be well represented by the Vandenboomgaerde 

model (2004), initialized with a reduction factor smaller than that used in the light/heavy 

configurations. The Air/N2 interface experiment has a relatively short duration and with 

the Atwood number is close to zero (-0.05). The reversal phase can be described by the 

classical linear theory of Richtmyer (1960).  

 

4.4.3. Shock tube experiments with stereolithographed interfaces 

In subsubsection 2.3.4, the shock tube experiments with stereolithographed interfaces 

performed by Mariani et al. (2008) has been described. As shown in Fig. 4.7, 

comparisons with the nonlinear theory of Zhang and Sohn (1997a) and with the models 

of Sadot et al. (1998) and Vandenboomgaerde (2004) showed that the experimental 

results were always lower than the theoretical predictions. The authors attributed this 

reduction, in the light-heavy configuration, to membrane effects on the interface 

dynamics.41 

                                                
41 Mikaelian (2016) recently urged experimentalists to reassess the utility of using thin membranes to 
separate the heavy and light fluids. He stressed that a highly complex procedure is required to generate a 
membraneless interface, it is usually not sharp but diffuse, and of course one can impose only limited 
shapes on membraneless interfaces.  
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Fig. 4.7 (Fig. 2 of Mariani et al., 2008, Physical Review Letters, with permission). 
Nondimensionalized time evolutions of the amplitude for light-heavy (up) and heavy-light 
(down) sinusoidal interfaces. Black and white symbols stand for experimental results at high and 
low Mach numbers, respectively. 

 

Vandenboomgaerde et al. (2014) compared	the	results	of	their	experiments	with	

stereolithographed	interfaces	with	the	results from analytical models for two cases 

(Figs. 4.8 and 4.9). Briefly,	both cases have the same Mach number for the incident 

shock wave (1.45) and Atwood number (0.679), but a different initial amplitude (ka0 = 

0.17 and 0.52, respectively).  

For a high initial amplitude (case 2), the Sadot et al. (1998) model strongly over-

estimates the experimental results. Vandenboomgaerde et al. (2014) noted that this 

discrepancy is due to an initial growth rate that is too high followed by a saturation that is 

too low. The Dimonte and Ramaprabhu (2010) and Mikaelian (1998) models are in a 

relative agreement with the experimental data. They border the experimental data, with 

the Dimonte and Ramaprabhu model as an upper limit and the Mikaelian model as a 

lower one (Fig. 4.8). These models correctly predict the experimental results at the 

beginning of the growth because they take into account the effect of the high initial 

amplitude. This study underlines the necessity for the models to consider the effect of a 

high initial amplitude.  



 126 

 

 

Fig. 4.8 (Fig.6b of Vandenboomgaerde et al., Phys. Fluids, 2014, with the permission of AIP 

Publishing) Experimental temporal evolution of the half peak-to-valley amplitude, a(t), and the 

first three Fourier coefficients, ai: (◦) a1, (△) a2, (☐︎) a3. Case 2 with a high initial amplitude 

(ka0 =0.52) The dashed, solid, and dotted curves represent the growths obtained with the Sadot 

et al (1998), Dimonte and Ramaprabhu (2010) and Mikaelian (1998) models respectively. The 

dotted horizontal line represents ak = 1.  

 

Fig. 4.9 shows the results of Vandenboomgaerde et al. (2014) experiments of case 1 (ka0 

= 0.17) and the predictions from several analytical models42. While the Mikaelian model 

(1998) slightly underestimates the experimental growth, the Sadot et al. (1998) and 

                                                
42 To generate Fig. 4.9, we use the same initial conditions as those in Table I from Vandenboomgaerde et 
al. (2014). Namely, the shock Mach number 1.45, the wavelength 3= 8 cm, HS

I = 0.306 cm, kHS
( = 0.17, the 

asymptotic value of the linear growth rate DE

D=
È
≤

= 17.17 ms-1, and the pre-shock Atwood number A- = 0.679.  
We also use the adiabatic exponents of air and SF6 ( KE"¢= 1.4, KÍÎx= 1.0935). The post-shock Atwood 
number (A+ = 0.734) is obtained by solving one-dimensional Riemann problem. The Zhang-Sohn model 
(1997a) and the Zhang-Deng-Guo model (2016) use the results of the compressible linear theory (Yang, 
Zhang and Sharp, 1994), instead of those of the impulsive model, to provide the predictions shown in Fig. 
4.9 (as well as Figs. 4.11 and 4.12). 
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Zhang-Sohn (single-point Padé) models slightly over-estimates the experimental results. 
The Dimonte and Ramaprabhu (2010) and Zhang-Deng-Guo models are in a good 

agreement with the experimental data. 

 

 

Fig. 4.9 Experimental temporal evolution of the halfpeak-to-valley amplitude, a(t), and the first 

three Fourier coefficients, ai: (◦) a1, (�) a2, (�) a3. (The values of the experimental data of Case 

2, kHS
( = 0.17, are obtained from Fig.6 of Vandenboomgaerde et al., Phys. Fluids, 2014, with the 

permission of AIP Publishing) Theoretical predictions of the Sadot et al. (1998), Dimonte and 

Ramaprabhu (2010), Mikaelian (1998), Yang et al. (1994), Zhang-Sohn (1997a), and Zhang-

Deng-Guo (2016) models are labeled respectively.  

 

4.4.4.  Shock Tube without membrane 
 

Collins and Jacobs (2002) obtained PLIF images of the developing instability from the 

initial sinusoidal perturbation stage, through the nonlinear growth regime, and into 

turbulence. Early-time measurements of the growth rate are in good agreement with 
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Richtmyer's (1960) when combined with Brouilette & Sturtevant's (1994) diffuse-

interface correction. Late-time amplitude measurements are also in very good agreement 

with the nonlinear models of Zhang & Sohn (1997a) and Sadot et al. (1998). Latini, 

Schilling and Don (2007a) compared the predictions of many analytical, semianalytical, 

and phenomenological linear and nonlinear, impulsive, perturbation, and potential flow 

models with fifth- and ninth-order WENO simulations of the Collins and Jacobs 

experiment, and with the experimental data. The simulation amplitudes were shown to be 

in very good agreement with the experimental data and with the predictions of linear 

growth models for small times, and with those of nonlinear models at later times up to the 

time at which the driver-based expansion in the experiment expands the layer before 

reshock. Using a local and global quantitative metric, the Zhang and Sohn (1997a) 

nonlinear Padé model was found to be in best overall agreement with the simulation 

amplitudes before reshock. 

 

 
 
Fig. 4.10 Comparison of the models of Sadot et al. and Mikaelian with dimensionless bubble and 

spike amplitude measurements (Fig. 8 of Jacobs and Krivets, Phys. Fluids, 2005, with the 

permission of AIP Publishing). 
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Fig.	4.10	illustrates the dimensionless bubble and spike amplitude measurements of 

Jacobs and Krivets (2005) 2D RM shock tube experiments. The Mikaelian (2003) model 

focused on explicit analytic expressions for the evolution of the bubble amplitudes in RT 

and RM instabilities. The agreement between the model and data for the bubble 

amplitude is reasonable. It is not surprising that the agreement for the spike amplitude is 

less satisfactory. The model by Sadot et al. (1998) appears to follow the data well for 

both bubble and spike amplitudes.  

 

(a) 
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(b) 

Fig. 4.11. Comparison of the dimensionless amplitude measurements with several nonlinear 
solutions and models. The experimental data from Jacobs and Krivets (2005) are represented by 
∘. (Fig. 7, Jacobs and Krivets, Phys. Fluids, 2005, with the permission of AIP Publishing).The 
curve labeled as Yang et al. is the prediction from the linear compressible theory (Yang, Zhang, 
and Sharp, 1994). The curve labeled as Zhang-Deng-Guo is the prediction from the Zhang-Deng-
Guo model (2016). (a) The pre-shock initial conditions are 3= 36 mm, HS

I= 1.47 mm, A- = 0.656, 
Mach number = 1.274, and ∆V = 90.1 m/s. (b) The pre-shock initial conditions are 3= 59 mm, 
HS

I= 2.90 mm, A- = 0.606, Mach number = 1.292, and ∆V = 92.6 m/s. 

 

Fig. 4.11a and Fig. 4.11b provide a quite comprehensive evaluation of the theoretical 

models in the literature against the 2D single-mode measurements of Jacobs and Krivets 

(2005). The original figure (Fig. 7 of Jacobs and Krivets) is produced by the averages of 

parameters from two sets of experiments with different post-shock Atwood numbers and 

wavelengths. All the theoretical models have also taken the average values as parameters 

in that figure. However, all these models are not linear functions of these parameters. To 
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get a more precise comparison between theoretical models and experimental data, it is 

better to compare the models with each set of the data43.  

 

As expected, Figs. 4.11a,b show that the weakly nonlinear perturbation series solution of 

Zhang and Sohn (1997a), Vandenboomgaerde et al. (2002)  and Matsuoka et al. (2003) 

quickly diverge from the data early in the nonlinear evolution. Of course, the amplitude 

of unstable finger is a monotonic increasing function of time. When a theory gives a 

prediction that amplitude decreases with time after some time t*, the theory is already 

invalid that at that t*. (It does not mean that the theory is valid for t < t*)44. The expansion 

cannot be used to determine the behavior for large t. Therefore, expansion more terms is  

of limited utility.  
 

For sufficient smaller time, the series should converge when t is smaller than its radius of 

convergence. Therefore, adding more terms will improve the accuracy of the model. 

Indeed, the mean value theorem guarantees that for the small t, more terms gives more 

accurate value. However, since the radius of convergence is small, the contribution from 

these high order terms will not be significant. Indeed, Fig. 4.11a,b show that all models 

give almost the same predictions for small t. In other words, in mathematical terms, more 

terms are better for small time; in reality, the improvement is negligible even for small t 

and the high order terms cause very big errors when t is outside it radius of convergence. 

                                                
43 To generate Figs. 4.11a,b, we use the same pre-shock initial conditions as those in Table I from Jacobs 
and Krivets (2005). Namely, for Fig. 4.11a with  3 = 36 mm, we use HS

I = 1.47 mm, A- = 0.656, the shock 
Mach number = 1.274, the mean interface velocity ΔV = 90.1 m/s; for Fig. 2 with 3 = 59 mm, we use HS

I = 
2.90 mm, A- = 0.605, Mach number = 1.292, ΔV = 92.6 m/s. We also use the adiabatic exponents of air and 
SF6 (in Fig. 4.11a,  KE"¢= 1.38, KÍÎx = 1.1; in Fig. 4.11b, KE"¢= 1.276, KÍÎx= 1.09). The post-shock 
conditions are computed by solving one-dimensional Riemann problem. (For Fig. 4.11a with 3 = 36 mm, 
we obtain HS

( = 1.15 mm, A+ = 0.692; for Fig. 4.11b with 3 = 59 mm, we obtain HS
( = 2.19 mm, A+= 0.635.)  

In both Figs. 4.11a,b, the curves from theoretical models are all scaled by the dimensionless time v0kt, 
where v0 = A+kHS

(ΔV is the initial growth rate obtained from the impulsive model (note that the 
experimental data in Fig. 7 of Jacobs and Krivets are scaled in terms of kHṠt, where HṠ	is the measured 
initial growth rate from the experiments). 
 
44 The value of t* can be determined very precisely for these expansions. 
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The Padé approximation of Zhang and Sohn (1997a) and Matsuoka et al. (2003) resulted 

in improved agreement with data at late times. However, single-point Padé 

approximation will not be able to predict the asymptotic behavior correctly since it 

contains no information about the asymptotic large time. These approximations give a 

late-time dependence of da/dt ∝ 1/t2, instead of the correct asymptotic behavior da/dt ∝ 

1/t. The empirical models of Mikaelian (2003) and Sadot et al. (1998) offer reasonable 

performance, as they were constructed to provide good agreement with data at both early 

and late-time.  

 

Long et al. (2009) carried out shock tube experiments of the single-mode, 3D RM 

instability. A three-dimensional numerical simulation of this experiment was also 

performed using a multidimensional Eulerian adaptive mesh refinement code (Fig 4.12). 

As anticipated, the Zhang and Sohn (1997a, 1999) model agreed with the data up to 

intermediate times t ≈5 ms. A modified Sadot et al. model, which was extended to 3D by 

Chapman and Jacobs (2006), provided reasonably good late-time behavior.  

� 

If one wants to develop a theoretical model valid from small to asymptotically large times 

without empirical fitting, it is critical to determine theoretically the asymptotically large-

time solutions for fingers. That is why it makes sense to determine the large time solution 

for all A first (Zhang and Guo, 2016), then apply two-point Padé approximation (Zhang et 

al., 2016, 2017). The Zhang-Deng-Guo model developed in such fashion agrees with the 

data extremely well.  Figure 4.9 and Figs. 4.11a,b show that the Zhang-Deng-Guo model 

gives the best predictions for the finger growth of RM instability over all time period. 

The model also has desirable features: it is not based on empirical construction; it 

contains no fitting parameters; it is for all Atwood numbers and for compressible fluids.  
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Fig. 4.12 (Fig. 10 of Long et al., Phys. Fluids, 2009 with the permission of AIP Publishing) 

Experimental and numerical amplitude measurements compared with the 3D Sadot model and the 

Zhang–Sohn model. 

 

 

 

Fig. 4.13. (Fig. 9 of Luo et al., Physical Review E, 2016a, with permission from APS). 
Comparison of the dimensionless growth of the overall amplitude in the symmetry plane 
extracted from the experiment (symbols) with the theoretical linear and nonlinear models (lines). 
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Recently, Luo et al. (2016a) investigated experimentally the RMI of a 3D single-mode 

interface with a minimum-surface feature. The SF6 -air interface produced by the soap 

film technique was subjected to a Mach=1.28 planar shock. As shown in Fig. 4.13, the 

instability at the symmetry plane grows much slower than the prediction of 2D linear 

models, but matches the extended 3D linear and nonlinear models (Mikaelian 2003, Luo 

et al., 2013). 

 

 
 
 
 
5. Stabilizing Mechanisms 
 
In this section, we will discuss how the addition of the viscosity, surface tension, and 

diffusion would change the stability characteristics. The effect of material strength and 

ablation front stabilization will be discussed in the high-energy-density-physics section of 

Part II of this review. 

 

 
5.1 Viscosity 

Harrison (1908) was the first to consider the linear RTI of viscous fluids. As shown by 

Chandrasekhar (1955a, 1961), to find the exponential growth rate in incompressible 

fluids, a	fourth	order	differential equation must be solved with viscosity incorporated. 

Nonetheless, it is possible to determine a lower and an upper bound to the growth rate 

(Menikoff et al., 1977). Celani et al. (2009) numerically investigated the goodness of 

those upper and lower bounds by means of the phase-field model. 

The exact result for the influence of the viscosity is complex. Bellman and Pennington 

(1954) developed a linear theory and found that viscosity (µi) decreases the rate of 

growth at low wavenumber and causes damping of oscillatory solutions at high 

wavenumbers. A useful approximation is the upper bound given by the authors, 
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K = .,FG + Ì̀/,ò − Ì̀,/  with     Ì̀ =
ÓJ(Ó@
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 .   (5.1a) 

 

Plesset and Whipple (1974) have argued that this gives a reasonably good approximation. 

The formula implies that g has a maximum value when the wavelength is lmax where 
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Plesset and Whipple (1974) also noted that the effect of viscosity is to give some 

damping to the oscillations, and the damping may easily be estimated for some particular 

cases. Hunt (1961) computed the exponential rate of growth of perturbations for various 

density ratios in the limit as the viscosity of one fluid tends to zero, and compared his 

result with the solution of Chandrasekhar for equal kinematic viscosities. Menikoff et al. 

(1978) obtained solutions to the linearized equations of motion, which satisfy general 

initial conditions and without restriction on the density or viscosity of either fluid. Bhatia 

(1974) applied the variational approach of Vandervoort (1961) and concluded that the 

viscosity has	a stabilizing influence.  

 

Mikaelian (1993) considered the effect of viscosity on RTI and RMI by deriving a 

moment equation for fluids with arbitrary density. This model is consistent with the pure 

viscosity limit of Qiu et al. (2008) who present a linear analysis of the RM instability 

under the effects of magnetic field and viscosity with a single-mode sinusoidal 

perturbation in amplitude. The functional form of the Mikaelian (1993) formulation is 

given by  

 

Ḣ 	= 	,	HSG∆Q!I/	%@ÔÒÚÛ=        (5.2) 

where the kinematic viscosity, ÌEív , is obtained by a density-weighted average.  

Carlès and Popinet (2001, 2002) performed an asymptotic analysis of the Navier–Stokes 

equations using singular perturbation techniques and obtained	a	quantitative	prediction	

of	the	effect	of	viscosity on the weakly nonlinear impulsive RMI between two fluids of 
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arbitrary density. Using the results of direct numerical simulations as a benchmark, they 

further argued that their model is superior to that of the Mikaelian model (see Fig. 5.1). 

To the leading order, the Carlès and Popinet (2001, 2002) model is given by 

Ḣ = 	,HSGΔQ ]1 −
ò

ê√y
	,.ÌæÙMg       (5.3a) 

where the density weighted kinematic viscosity is given by 

ÌæÙ =
>x(?JÓJ)(?@Ó@)

ô(?J(?@)î.?JÓJ(.?@Ó@óö
@.       (5.3b) 

Robey (2004) noted a distinctive feature of these two models regarding the RMI growth 

rate; The Mikaelian model asymptotes to a zero growth rate as the wavenumber 

approaches infinity, whereas the Carlès and Popinet method shows a finite wavenumber 

cutoff due to viscosity. Nevertheless, he concluded that both methods give similar 

magnitudes for the growth rate reduction. Walchli and Thornber (2017) revisited this 

issue and found that the discrepancies between these two theories are by no means 

insignificant, but they do not differ by several orders of magnitude, as claimed by Carles 

and Popinet (2001). 

Ho (1980) considered the linear RTI stability of viscous fluids with mass and heat 

transfer and found that the effects of the viscosity and the gravity will depend upon the 

relative positions of the superposed fluids and the direction of the temperature gradient at 

the interface. 
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Fig. 5.1 (Fig. 3 of Carlès and Popinet, 2002, European J. of Mechanics B/Fluids with permission). 

Viscous correction to the linear growth based on the authors' and Mikaelian's models, and 

numerical simulations for several Reynolds numbers (from 100 to 4000, calculated for the heavier 

fluid) and several density ratios [(a)5> 5/⁄ = 2, (b) 5> 5/⁄ = 4, (c) 5> 5/⁄ = 8]. (d) Same 

conditions as in (b) in log-log plot. 
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Fig. 5.2 (Fig. 13 Movahed and Johnsen, J. Computational Phys., 2013). Density contours before 

reshock at t = 0.0066 s (top) and after reshock at t = 0.0085 s (bottom) for different resolutions 

(N: number of cells per wavelength) for the inviscid and viscous Richtmyer–Meshkov 

simulations. 

 

Extending the inviscid vortex models of Jacobs and Sheeley (1996) and Rikanati et al. 

(1998), Zhang (2013) derived a viscous single-mode bubble evolution model of RTI. The 

viscous effect was shown to reduce the growth in the initial small amplitude phase of 

development. This model was evaluated against the simulation of the miscible fluid 

Navier–Stokes equations based on a high-order spectral element method. The numerical 

results give much faster growth of bubble height at early time, and at late stages of 

development the results appear to be more consistent in terms of the bubble development 

trends. Using statistical analysis and numerical simulations, Xie et al. (2017a) reported 

that the growth of the viscous RT mixing zone can be retarded by superimposing an 

optimized suppression mode on its random initial perturbations. 
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With a method based on explicit tracking of the interface between the fluids, Tryggvason 

& Unverdi (1990) and Unverdi & Tryggvason (1992) performed 3D numerical 

simulations including viscosity.  Doludenko and Fortova (2015) analyzed the Rayleigh–

Taylor instability in viscous and inviscid compressible media by applying the numerical 

simulation of the Euler and Navier–Stokes equations. It was found that the viscosity has a 

weak effect in the energy and inertial ranges and these measurements can be computed on 

the basis of the Euler equations. Using 2D RTI simulations with a multiple-relaxation-

time discrete Boltzmann model, Chen, Xu, and Zhang (2016) found that the viscosity 

showed a significant inhibitory effect on the RT instability, which is mainly achieved by 

inhibiting the development of the KHI during the reacceleration stage. 

 

The importance of viscosity manifested itself in a 3D numerical simulation reported in 

Statsenko et al. (2013). Movahed and Johnsen (2013) utilized a solution-adaptive method 

for efficient compressible multifluid simulations and showed the density fields before 

reshock and after reshock for a reshocked RMI flow (similar to the experiment of Collins 

and Jacobs, 2002). While the shock speed is not affected by viscosity, the contact speed is 

lower, due to shear as the bubbles and spikes penetrate the other fluid and diffusion of the 

baroclinic vorticity. Although the spike morphology is almost identical before reshock, 

the smallest scale structures of the viscous case are much larger than those observed in 

the inviscid case (Fig. 5.2). 

 

 

5.2 Surface tension 

At linear and early nonlinear stages, Bellman and Pennington (1954) established that the 

effect of the surface tension on RT instability; surface tension, σ, produces a cut-off wave 

number45. Later, Emmons et al. (1960) arrived the same conclusion after carrying out a 

                                                
45 The influence of surface tension on RT corresponds to the effect of surface tension on waves at a 
stable interface with g reversed. 
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weakly nonlinear asymptotic analysis of the two dimensional instability. It should be 

noted that Nayfeh (1969) corrected an error in the analysis of Emmons et al., where they 

failed to account for the singular nature of the perturbation problem. With numerical 

calculations, Daly (1969) found that the variation of the linear growth rate with the 

surface tension coefficient and (for a fixed coefficient) with the wave number of the 

perturbation is in good agreement with Chandrasekhar's (1961) analytic prediction. 

Using the nonlinear analysis elaborated by Callebaut (1972), El-Ansary et al. (2002) 

studied the effects of surface tension with uniform rotation about a vertical axis for 3-

fluid systems having variable densities. Garnier et al. (2003) derived a weakly nonlinear 

model for studying the RTI in the presence of surface tension. This model addresses the 

case of an initial multimode perturbation and uses statistical analysis. To capture the 

nonlinear saturation of the growth of the interface modulation, it is necessary and 

sufficient to compute the third-order nonlinearity. Guo et al. (2017) considered the 

weakly nonlinear RMI in incompressible fluids with surface tension and inspected the 

temporal evolution of a perturbed interface analytically via the third-order solution. The 

authors found that the surface tension has a stabilizing effect that depends on the Atwood 

number G. 

 

For a single-mode RT instability, Young and Ham (2006) modified the local potential 

flow analysis in Goncharov (2002) to consider the surface tension effect on the linear 

stability and the nonlinear terminal bubble velocity. The terminal bubble velocity was 

reduced by surface tension, and these results from the model were in good agreement 

with numerical simulations of a viscous, single-mode RT instability. Banerjee and 

Kanjilal (2015) also found that the magnitude of the suppression of the growth rate of the 

tip of the bubble highly depends on the surface tension provided surface tension is less 

than a critical parameter, which depends on the strength of the vorticity and Atwood 

number. Xia et al. (2013) studied the effect of the surface tension on the RTI with Zufiria 

and Layzer models and found that both models led to the same asymptotic bubble 

velocity. 
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Fig. 5.3 (Figure 6 of Young and Ham, J. of Turbulence, 2006, with permission). Fluid interface at 

the onset of nonlinear evolution t = tnl for A = 0.3 and (a) σ = 2 × 10-6, (b) σ = 1 × 10-3.  

 

 

Fig. 5.4 (Figure 5 of Young and Ham, J. of Turbulence, 2006, with permission). Bubble 

height versus time for four values of σ on a log-linear plot. A= 0.3. 
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With different values of surface tension and density contrast, Young and Ham (2006) 

numerically investigated the surface tension effect with random perturbation on the 

anisotropy. In the RTI mixing flow, the surface tension reduces the flow anisotropy, and 

redistributes some of the kinetic energy from the longitudinal component to the 

transverse components. Hence, surface tension tends to reduce the effective mixing rate 

and homogenizes the Rayleigh–Taylor mixing flow and could influence the energy 

spectrum or scaling behavior in RT or RM turbulence (Matsuoka, 2009). 

Fixing the Atwood number A = 0.3, Young and Ham (2006) varied the surface tension to 

investigate the effect of surface tension on RT mixing. When the surface tension is small, 

one would expect the flow to be close to the miscible RT mixing with finite density 

contrast. For σ = 2 × 10-6 the linear growth starts after an initial transient, and the 

nonlinearity becomes “important” at tnl ∼ 2.7 when the bubble height hnl ∼ 0.10. As 

surface tension increases, the random perturbations decay first and undergo a long 

transient before they start to grow exponentially at a reduced growth rate. For large 

surface tension, nonlinearity becomes important later in time when the bubble amplitude 

is large (for σ = 1 × 10-3,   tnl ∼ 5.0, hnl ∼ 0.15) (Fig. 5.3). Fig. 5.4 shows the evolution of 

the bubble amplitude hb as a function of time for four different values of σ. The solid 

lines are from simulation data and the dashed lines are fits to the linear growth. 

 

 

Fig. 5.5 (Figure 14 of Young and Ham, J. of Turbulence, 2006, with permission).   Fluid interface 

at t max, when the mixing rate reaches a maximum. σ = 4× 10−6. From left to right,  A= 0.1, 0.3 and 

0.6. 
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Young and Ham (2006) also carried out simulations for three Atwood numbers with the 

surface tension limited to a small value (σ = 4× 10−6). A transition to nonlinear evolution 

occurs at hnl∼ 0.04 for A= 0.1, while hnl ∼ 0.1 for both A= 0.3 and A= 0.6. The fluid 

interface at t max (when the maximum mixing rate is reached) is illustrated in Fig. 5.5 for 

all three cases. 

By using the boundary integral method, Matsuoka (2009) investigated the motion of a 

planar interface in incompressible RMI and RTI with surface tension. The surface tension 

term is expressed by the derivative of the curvature of an interface. Therefore, this term 

contains the highest spatial derivative in the governing equations, and together with the 

convective term, it governs the interfacial motion at large wave numbers, which in turn 

causes vortex motion. When the surface tension term is sufficiently large, the surface 

tension effect may suppress vortex motions such as the rollup of the interface (Matsuoka 

et al 2003, Matsuoka and Nishihara, 2006). 

For larger surface tension coefficients, Matsuoka (2009) showed that finite amplitude 

standing wave solutions appear for the RM instability. Such standing wave solutions can 

also possible for the RT instability if the condition Ag < σ/2 is met. However, the motion 

for the RT instability is more complicated than that for the RM instability, in which there 

exist both a stable periodic motion and a solution that breaks down for a short time even 

though σ is large.  

In a phenomenological treatment of 3D RTI flows, Chertkov et al (2005) found that the 

surface-tension effects lead to the formation of an emulsion like state, with the typical 

drop size L decreasing in time. The character of the density fluctuations on the scales 

larger than L was found insensitive to the immiscible nature of the problem. The energy 

transfer toward the small scales was carried out by both inertial and wave cascades 

simultaneously. Turbulence in capillary waves propagating along the drops’ surfaces is 

realized in parallel with the Kolmogorov turbulence inside.  

George et al. (2006) reported on a set of 3D RT chaotic mixing simulations based on an 

improved tracking algorithm in the front tracking code FronTier. It was clear that 

accurate numerical tracking to control numerical mass diffusion and accurate modeling of 
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physical scale-breaking phenomena surface tension were the critical steps for the 

simulations to agree with the experiments of Read (1984) and Smeeton and Youngs 

(1987). 

 

5.3 Surface tension and viscosity 

 

In a classical work, Reid (1961) incorporated both the effect of surface tension and 

viscosity into the stability analysis of two superposed fluids. Integrating the general 

eigenvalue equation (Chandrasekhar, 1961), Mikaelian (1990, 1993, 1996a) also found 

the growth rate reduction due to viscosity and surface tension. Chhajlani and Vaghela 

(1989) reached a similar conclusion while investigating the RTI growth rate of 

superposed incompressible viscous magnetized fluids in a partially ionized medium. Roy 

et al (2014) further inspected the combined effect of viscosity, surface tension and 

compressibility on RT bubble growth between two fluids. For the compressible case, it is 

seen that the RT bubble growth rate increases due to compression of the fluids, but 

introduction of viscosity and surface tension reduces the growth rate. For a moderate 

value of viscosity and surface tension, the RT bubble growth rate is less than that of the 

incompressible case. For different density ratios, Yakovenko (2014) performed a 

numerical study of several real RTI cases corresponding to available experimental data. 

The surface tension and the viscosity resulted in the suppression of the RTI disturbances 

and secondary small-scale irregularities of the interface.  

 

The potential flow models could	serve as a starting point to investigate the effects of the 

viscosity and surface tension on the growth of bubbles in RTI and RMI. Sohn (2009) 

obtained descriptions of the motion of unstable interfaces based on the velocity potentials 

in Goncharov (2002) and derived the nonlinear asymptotic solution for the bubble 

velocity. For RMI, the decay rate of the bubble velocity depends on the relative strength 

of viscosity and surface tension. For RTI, however, both surface tension and viscosity 

decrease the asymptotic bubble velocity. For non-ideal magnetic RTI fluid, Li and Luo 

(2013) also reported that the bubble velocity is reduced by viscosity and surface tension, 
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which indicates that viscosity and surface tension suppress the RTI. 

In a previous work, Sohn (2007, 2008) showed that the growth rates of the bubble based 

on Zufiria’s model agrees better with experiments than that based on Layzer’s model. 

Motivated by this result, Cao et al. (2011) inspected RTI induced flows, but now with 

Zufiria's (1998a) potential flow model instead. While an improved agreement with of the 

time evolution of the bubble velocity was found when compared to the measured data of 

White et al. (2010), both potential flow based models were within the experimental 

uncertainty. Based on Layzer’s approach, Gupta et al. (2012) also analyzed the combined 

effect of viscosity and surface tension on the two-fluid nonlinear interfacial finger-like 

structures due to RTI and RMI. Recently, Li et al. (2016) considered the effects of 

viscosity and surface tension on the bubble growth rate of RTI with special attentions 

paid to the differences between the Zufiria and Layzer models. 

Focused on the RMI flows, Carlès and Popinet (2002) again applied their singular 

perturbation techniques to the incompressible Navier–Stokes equations written for two 

superposed immiscible fluids. The weakly non-linear law of interface deformation for the 

RM instability was written as the following, 
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In above equation, each effect (viscosity, surface tension and non-linearity) appears under 

the form of a specific term corresponding to an attenuation of the linear growth rate (the 

first term). Recall that the influence of the viscosity term has been inspected individually 

in a previous subsubsection and compared against the model of Mikaelian.  

Before closing our discussion on the surface tension and viscosity effects, we note that 
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Mikaelian (2014c) commented on the Carlès and Popinet (2002) work. He stated that this 

paper on the RMI with surface tension or viscosity has limited application and could 

yield bad results outside its range of validity at early time. In addition, since the fluid 

viscosities appear as a product in this model, it predicts that there are no viscous effects if 

one of the two fluids has zero viscosity. But, as pointed out by Mikaelian (2014c), this is 

not correct because the viscosity of the other fluid is sufficient to influence the flow, and 

the viscosities should appear as sum rather than as a product. 

 

 

5.4. Diffuse interface 

 

Lord Rayleigh (1883) in his pioneering work considered the stabilizing effect of a 

continuous density gradient. The exact equation, sometimes called the “Rayleigh 

equation,” can be cast in the form of Schroedinger’s equation and eigenvalues from one 

equation can be related to the eigenvalues of the other (Mikaelian, 1996b). The RTI 

growth rate gRT can be written as  gRT=.FΓ, and the stabilization factor is Γ/	Γclassical 

where G is the exact (or approximate) solution to Rayleigh’s engenvalue equation with 

the density gradient, and 	Γclassical is for a sharp density profile (i.e. no density-gradients) 

which gives 	Γclassical=(kA)1/2.  

 

Since only a limited number of density profiles (or, equivalently, quantum mechanical 

potentials) admit exact analytic solutions, approximation techniques are often used. The 

first such technique was introduced by LeLevier et al. (1955) who considered the effect 

of a density gradient on RTI when the transition between the low and high density fluids 

is very smooth. In this report, the authors extended Taylor’s derivation of an accelerated 

surface of density discontinuity to the case in which the density has a smooth transition. 

The exponential (i.e. diffusive) density distribution used in this study can also be found in 

Hide (1955) as well as in a subsequent paper by Case (1960), with Hide using 

approximation techniques and Case finding exact solutions. 
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LeLevier et al (1955) derived a modification to the classical RTI growth rate, 

 

K = u
%vë
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                               (5.5) 

where  ˚S = (5> − 5/) (¸5 ¸⁄ ˝)S⁄  is the width of the diffuse layer. The diffuse interface 

prevents g ® ¥ at high wavenumber (the paper credits Edward Teller with suggesting 

this behavior 46). 

 

Considering the perturbation on the shell of a laser fusion target and using variational 

calculus, Munro (1988) attempted to minimize the RTI growth rate for a given 

wavenumber. The experimental studies by Zaitsev et al. (1991, 1994) and modeling work 

of Ruev et al. (2004, 2005, 2006) demonstrated that an allowance for the initial finite 

width of the mixing layer decreases the growth rate of the normalized width of the layer.  

 

 
 
Fig. 5.6. (Fig. 2 of Cherfils and Lafitte, 2000, with permission from Phys. Rev. E). Qualitative 
representation of K” versus wave number k for a fixed Atwood number A and a diffuse layer 
thickness. 
 

 

                                                
46 For Teller's scientific legacy, see Libby and Van Bibber (2010)  
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Cherfils and Lafitte (2000) obtained the exact analytical expressions for the growth rate 

with a linear density profile. For a given wavenumber k, the determination of the 

admissible growth rate becomes an eigenvalue problem (Lord Rayleigh, 1883). Cherfils 

and Lafitte reported that the growth rate corresponding to the n-th eigenvalue is given by 

 

K”/ =
v%

%˙´(<ÿaJ(%˙´)J/»                 (5.6) 

 

where ̨”(> is the (n+1)th zero of the Airy function (Abramovitz and Stegun, 1968).  
 
Fig. 5.6 shows the growth rate  K” versus wave number k for a fixed Atwood number A 

and a diffuse layer thickness. The authors noted the discrepancy between the first order 

(KS) formula and the widely used estimate 

 

.G,F (1 + G,˚S)⁄ , 

 

(5.7) 

in the ICF community (Lindl, 1995). Nevertheless, it is reassuring that the formula 

reproduces the correct short- and the long- wavelength limits 

 

lim
%→S

K(,) = 	.GF,, 

lim
%→(≤

K(,) = 	.F/˚S.            (5.8) 

 
It should be noted that for most of the papers the interface diffuseness does not change 

with time. Papers which do consider the case of time-evolving diffuseness (e.g. Duff, 

Harlow and Hirt, 1962) must be highlighted. Recently, Morgan et al. (2016) inspected the 

inviscid, dynamic diffusion model of Duff et al. and numerically solved the RTI linear 

stability formulation of Chandrasekhar (1955) with an error function diffusion profile.  

The goal was to have a model for investigating the combined effects of the density 

gradient and viscosity. They have also performed experiments in which an interface 

between two gases of differing density is made unstable by acceleration produced by a 



 149 

rarefaction wave47. This rarefaction wave generates a large, but non-constant, 

acceleration of the order of 1000g0, where g0 is the acceleration due to gravity. When RTI 

is initiated with a diffuse interface, Morgan et al. found that the growth rates of the 

instability are reduced and agree well with theoretical values and with the Duff et al. 

model when diffusion thickness is accounted for.  

 

Recently, Xie et al. (2017b) studied viscous RTI flows with and without diffusion effect 

by inspecting the classical Bellman and Pennington (1954) and Duff, Harlow and Hirt 

(1962) models. They found that the Duff et al. model inherited the maximum error 

(~12%) from the approximate solution of Bellman and Pennington (Hide, 1955, Reid, 

1961, Menikoff et al., 1977, Mikaelian, 1993). The authors suggested an explicit solution 

of the implicit dispersion relation, which improved the accuracy of the models but of 

course at the expense of added complexity. 

 

Mikaelian (1991) turned his attention to the effect of the density gradient on the 

Richtmeyer-Meshkov instability. Using the profiles considered by Saffman and Meiron 

(1989) (a hyperpolic-tangent) and Duff, Harlow and Hirt (1962) (an error-function), he 

treated the shock as an instantaneous acceleration of incompressible fluids. In this work, 

Mikaelian (1991) pointed out that the density-gradient-stabilization in RMI is essentially 

the square of the density-gradient-stabilization in RTI. As a result, when the RTI 

stabilization factor Γ/	Γclassical  is squared, the RMI stabilization factor (Γ/	Γclassical)2 can be 

easily obtained. This can be applied to any density profile such as the one considered by 

Lelevier et al (1955), Cherfils and Lafitte (2000), etc. 

 

Numerically, Tian et al. (2011a) studied the effects of the density gradient by solving the 

compressible Euler equations with a high resolution, arbitrary Lagrangian-Eulerian 

(ALE) code (Tian et al., 2011b). The authors confirmed that the density gradient reduced 

the growth rate of perturbation amplitude significantly and noted that the width of the 

                                                
47 The	idea	of	performing	rarefaction	experiments	can	also	be	found	in	Mikaelian	(2009a).	
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premixed layer had very limited influence. Also, Gopalakrishnan et al. (2017) showed by 

combined numerical simulations and experiments on the miscible RT instability that in 

porous media diffusion can be locally as important as convection. 

 

Over the years, several density gradient profiles have been utilized. As one would expect, 

if the density profiles are the same or similar the corresponding growth rates are also the 

same or similar. This point can be illustrated by comparing Fig. 1 of Mikaelian (1986) 

(an exponential density profile) with Fig. 1 of Mikaelian (1991) (the hyperbolic tangent 

profile). With the proper choice of the parameters, Mikaelian (1991) determined that the 

error-function and hyperbolic tangent profiles (Eq. 16 of his article, not shown) coincide 

within 3.5%. Furthermore, Fig. 5 of Mikaelian (2015) showed a similar profile when an 

error-function is employed. Clearly, similar growth rates will result regardless one 

describes the profile by exponentials, hyperbolic tangents, or error-functions. 

 

It should be stressed that the stabilization due to a diffusion is important for ablation front 

stabilization (see the high-energy-density-physics section of Part II).   

 

	

 

6. Similarity, Scaling, Minimum State of the Transition to Turbulence 

6.1 Late-time RTI similarities  

It is widely believed that many "simple" turbulent flows, such as the RTI, RMI, and KHI 

mixing layers evolve toward self- similarity. In an early work, Sharp and Wheeler (1961) 

(see also Sharp 1984) constructed a bubble amalgamation model for the RTI that 

predicted an average velocity of bubble rise,  

tEí ∝ gt        (6.1) 

where g is the acceleration. Youngs (1984) exploited a self-similar modal growth of the 

RTI interface to arrive at the formula for mixing layer growth  
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hi(t) = αi Agt2    (6.2) 

Here, i=b,s denotes the bubble and spike and the total mixed width, h = hb + hs. Two-

dimensional simulations of Youngs (1984) showed that ab should vary little with Atwood 

number. Asymmetry should increase with Atwood number. 

In fact, the t2 scaling for the RTI mixing layer width was previous reported in Fermi 

(1951) and Birkhoff (1955). Enrico Fermi, together with John von Neumann, were 

probably the first to consider a model for the nonlinear stage (Fermi and von Neumann, 

1955). Actually written in 1951 and 1953, this work appears to be a single mode analysis:  

bubble~t1/2, spike~t2.  

The significance of the Birkhoff (1955) reference from that era is generally 

underestimated. His analysis applied the single mode theory (exponential growth to 

terminal velocity) for bubbles to multimode random perturbations with amplitude 

~wavelength. He derived ab=0.06 at A=1. 

 

 

Fig, 6.1 (Fig. 1 from Read, 1984, Physica D) sketch of the Rocket-rig facility. Rocket-Rig 

experiments are also described in Youngs (1989). 



 152 

 

In the earliest Russian publication, Belen'kii and Fradkin (1965) determined that the 

dimensional argument suggests the length scale should be proportional to gt2 if the 

mixing is self-similar. According to V.B. Rozanov48, this paper was based on research 

carried out much earlier, circa 1950, as Belen'kii died in 1956. Based on a one-equation 

turbulence model, Belen'kii and Fradkin modeled turbulent mixing caused by RTI by use 

of an analogy to shear flow mixing. In the instability process, potential energy is 

converted to turbulence kinetic energy. Mixing then arises from a diffusion process with 

a turbulent diffusion coefficient (Youngs, 2013). The Andronov et al. (1976) paper 

considered deceleration by multiple-shocks rather than by RT, but the Schlieren image 

was the first image of a “turbulent mixing zone” in this area. Also, Neuvazhaev and 

Yakovlev (1976a,b) treated RTI with g as a function of time. 

Using the Euler-Lagrange equations for the variation of the potential and kinetic energy, 

a simplified Fermi model resulted in the following RTI mixing layer width (also recalled 

in Boffetta et al.  2011), 

ℎ"(M) = ˇ"GFîM + M",Só
/
,                                                                (6.3a) 

where ti,0 is the time origin of spikes and bubbles (Clark and Zhou, 2003). As remarked 

by Cabot and Cook (2006), the time origin of the self-similarity scaling of RTI depends 

on how long it takes for the flow to become self-similar, which in turn depends on the 

spectrum of initial perturbations49.  

Eq. (6.3a) can be rewritten as 

hi(t) = hi,0 + (4αiAghi,0)1/2t + αiAgt2,                                           (6.3b) 

where hi,0 = ˇ"GFM",S
/  is the virtual starting thickness. 

This quadratic scaling relation in time for the mixing layer has found support from a large 

                                                
48 Private communication between V.B. Rozanov and D.L. Youngs (2010). 
49 Within the context of homogeneous decaying turbulence, Skrbek and Stalp (2000) discussed the 
complication caused by the virtual origin when inspecting the growth rate of the integral length scales. 
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body of experimental and computational work (see for example, Andrews and Spalding, 

1990, Anuchina et al. 1978, Birkhoff, 1955, Cabot and Cook, 2006, Cabot and Zhou, 

2013, Cherfills and Mikaelian, 1996, Cook and Dimotakis, 2001, Cook and Zhou, 2002, 

Cook et al 2004, Dimonte, 2000, Dimonte and Schneider, 1996, 2000, Glimm and Li, 

1988, Glimm et al 1990, 1998, He et al 1999a, Inogamov, 1978, Inogamov et al., 1991, 

Kadau et al, 2004, 2007, Kucherenko et al. 1991, Li and Chu, 2007, Linden et al 1994, 

Oparin et al 2000, Read, 1984, Schneider et al 1998, Young et al. 2001,Youngs, 1984, 

1989, 1994, 2013, Zhou et al., 2016)50. 

With notable exception from Russian literature (e.g. Anuchina et al., 1978), previous 

experimental work had concentrated on studying the growth of the instability from a 

single wavelength perturbation rather than turbulent mixing (Lewis, 1950, Allred and 

Blunt, 1953, Emmons et al, 1960, Duff et al., 1962, Cole and Tankin, 1973, Popil and 

Curzon, 1979). The major purpose of the Rocket-rig experiments was to study the 

evolution of the instability from small random perturbations (Read and Youngs, 1983, 

Read, 1984, Youngs, 1989). The acceleration of the interface was chosen to be high 

enough for surface tension and viscosity to have a small effect on the over all growth rate 

of the mixed region (Youngs, 1992). Read and Youngs utilized a novel technique to 

achieve the desired acceleration. As shown in Fig, 6.1 (from Read, Fig. 1), one or more 

                                                
50 Kadau et al (2004, 2007) compared and contrasted the evolution of the mixing process between atomistic 
simulations, experiments, and continuum simulations (see also, Barber et al., 2008). Whereas the 
continuum calculations exhibit self-similar growth, atomistic simulations showed the change in regime 
from t2 behavior to linear-t behavior in the penetration depth. After an interval in which the velocity 
increases linearly in time, it instead varies around a constant value. As stressed by Kadau et al (2007), an 
analysis of previous experimental data  (Dimonte et al., 2004) showed that even the best of experiments is 
not yet able to rule out the possibility of such a regime change. This change in behavior is excluded for any 
self-similar flow, as in the solution of the Navier-Stokes equations with negligible viscosity, due to the fact 
that the only relevant length scale is gt2 (see also, the Lie Group analysis in subsection 6.3). The authors 
noted that the self-similarity could be broken only when the growth of structures horizontally is restricted 
by the system width, which then introduces an additional length scale into the problem. In fact, the case 
when the horizontal width is restricted is considered by Lawrie & Dalziel (2011a,b) – actually gives t2/5 for 
the very late time. This is referred to at the later part of this subsection but there is a connection here.  In a 
related development, Barber et al. (2006), Sagert et al. (2015), Gallis et al. (2016) also investigated the 
growth of the RTI using the direct simulation Monte Carlo algorithm. (Bird, 1976, 1998). Gallis et al. 
(2016) found that the instability enters the self-similar regime in some of the simulations at late times. 
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rocket motors, attached to the top of the tank, were used to drive the tank vertically 

downwards at the accelerations in the range between 25 to 75 times of the gravity. Two 

fluids were enclosed in a rectangular tank, the less dense fluid initially resting on top of 

the denser fluid. Read (1984) and Youngs (1992) found that large and larger structures 

appear as time proceeds and concluded that the mix width is described well by the scaling 

law (Eq. (6.2) above).  

 

  

Fig. 6.2 (from Fig. 13 of Dimonte et al. (2004, Phys. Fluids, with the permission of AIP 

Publishing) Comparison of αb from numerical simulations and experiments in histogram form 

(cover publications from 1991-2004). LEM is from Linear Electric Motor (Dimonte and 

Schneider, 2000), RR from ‘‘rocket rig’’ (Read, 1984), K from Kucherenko et al. (1991), AS is 

from Andrews and Spalding (1990). 

 

Dimonte and co-workers (1996a) built the Linear Electric Motor (LEM) facility to 

investigate turbulent mix with variable acceleration profiles, including a constant 

acceleration (70 times earth’s gravity) for basic studies. The facility is powered by 16 

independent capacitor banks to provide arbitrary acceleration profiles up to 1000 times 
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earth’s gravity. The Rocket Rig (Read, 1984), LEM (Dimonte & Schneider 2000), 

Kucherenko et al. (1991), Andrews and Spalding (1990), Snider and Andrews (1994), 

Dalziel (1993), Linden et al. (1994), and Dalziel et al. (1999) data provided basic set of 

experimental values of αb. 

 

 

 

Fig. 6.3 (Fig. 1 of Dimonte et al., 1996a, Rev. Scientific Instruments, with the permission of AIP 
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Publishing) Configuration of a linear electric motor (LEM) Photograph with long pulse coil, 
brake, and diagnostic cameras. Close-up photographs of the cell in acceleration region with 
armatures engaged and cell in the brake with armatures disengaged. 

 

 

Fig. 6.4.  (Cabot and Zhou, 2013) Visualization of a vertical slice of the density field in the RTI 

mixing layer at late time for the A = 0.5 case. Heavy fluid is dark, light fluid is light. Gravity is 

directed downwards. 

In a comprehensive work, Dimonte et al. (2004) summarized and compared the simulated 

values of αb  with published experiments. The values ascribed to the simulations were 

averaged over appropriately and the reported experimental values are shown in histogram 

form. The sample average and variance are αb ~ 0.025± 0.003 for the simulations and αb 

~ 0.057± 0.008 for the experiments. This difference was consistent with the historical 

record. Fig. 6.2, reproduced from Fig. 13 of Dimonte et al. (2004), compared the values 

αb from numerical simulations and experiments (cover publications from 1991-2004, see 

also, Fig. 1 of Ramaprabhu et al., 2005). 
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For the numerical results, Dimonte et al. (2004) noted that as grid resolutions have 

increased, αb has decreased.  Larger values of αb can be obtained in the presence of 

additional long wavelength perturbations and this may be more characteristic of 

experiments. Also, the values of αb  and αs (the spike growth factor) will become 

asymmetric as the Atwood number increases. These issues will be addressed later in Part 

II. It should be stressed here that the simulations were for the “ideal case”– a low level of 

short-wavelength perturbations and mixing of miscible fluids. It was argued in the 

Dimonte et al. paper that the ideal case should be a lower bound to what would be 

expected experimentally. 

 

 

Fig. 6.5 (Fig. 4, Cabot and Cook, 2006, Nature Physics with permission). Comparison of 

measurement techniques for RTI growth parameter, α, including Reynolds number (Re) 

dependence. The mixing layer thickness (h) and its growth rate (ℎ̇) are normalized by the Atwood 

number (A), gravity (g) and time (t).  
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George et al. (2002) noted that these simulations are from computational codes using 

numerical schemes with interfacial mass diffusion. They argued that all values of α 

(experiments and simulations) are consistent if the diffusive calculations of α is 

renormalized to account for mass diffusion. 

Cabot and Cook (2006) attempted to shed some light on the somewhat ironic state of 

affairs, in that agreement between simulations and experiments is worse today than it was 

several decades ago because of the availability of ever more powerful computers. Using 

DNS, they obtained a high Reynolds number RTI induced flow with a resolution 

3,0722×Nz.  At the beginning of the simulation, Nz was 256; by the end, Nz reached a 

value of 3,072, thus forming a cubic domain (Cabot and Zhou, 2013, Fig. 6.4). Fig. 6.5 

showed the evolution of the Reynolds number, Re, which is defined as the inertial 

influences scaled to dissipative momentum diffusive influences (Hinze, 1975) 

 

Re = ũ δ/n.                                                                         (6.4) 

 

Here δ is the the characteristic flow structure outer length scale, ũ is the characteristic 

velocity, and�Ì is the kinematic viscosity. For the RTI flow shown in Fig. 6.5, δ=h, ũ = 

ℎ	̇ .	As will be shown in later part of this section, the Reynolds number plays a critical role 

for the time-dependent transition of the hydrodynamic instability induced flows. 

As shown in Fig. 6.5, the RTI growth parameter can be computed with several methods. 

First, Eq. (6.2) can be rewritten as 

αi = hi(t)/Agt2       (6.5) 

Of course, above equation can also be obtained from Eq. (6.3b), 

 

αi = [hi(t) - (4αiAghi,0)1/2t - hi,0] (Agt2)-1,                                            



 159 

but with last two terms neglected. The blue curve in Fig. 6.5, obtained from Eq. (6.5), 

h/(Agt2), illustrates why standard curve-fitting techniques have yielded lower α values as 

simulations have reached higher effective Reynolds numbers. 

 

The second formula, 

ℎ̇"
/
= 4ˇ"GFℎ",         (6.6) 

has been rederived more recently though different derivations (Glimm et al 2001, Cook et 

al 2004, Ristorcelli and Clark, 2004, Jacobs and Dalziel, 2005). For instance, Ristorcelli 

and Clark (2004) and Jacobs and Dalziel (2005) used a similarity assumption, whereas 

Cook et al. (2004) used a mass flux and energy balance argument. 

From Eq. (6.6), αi can also be given by the following expression, 

ˇ" = 	ℎ!̇
/

4GFℎ" .      (6.7) 

The similarity method, Eq. (6.7), is relatively robust (black curve in Fig. 6.5). The fact 

that ℎ	̇ is finite at t=0 is due to the quick growth of the mixed width immediately 

following the commencement of the simulation, not because of a utilization of an initial 

velocity. Nevertheless, the value of αb from both cases agrees well with other numerical 

simulations.  

 

Eq. (6.3a) can also be written as 

ℎ"(M)>// = ℎ",S
>// + (ˇ"GF)>//M.     (6.8) 

It is easy to show that Eqs. (6.7) and (6.8) are exactly the same. The value of αi can be 

most easily obtained by simply plotting h1/2 versus (Ag)1/2t and fitting a line to the late 

time portion of the curve where the slope is α1/2 (see Olson and Jacobs, 2009).   

Livescu et al. (2010) stated that the time derivative of h(t) might lead to excessive noise 

in the value of α, especially if the data are sparse. They used a formula that essentially 
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rewrites Eq. (6.8) within the self-similar range as  

ˇi = #Δîℎ"(M)>//ó (GF)>//(Δt)⁄ $/.     (6.9) 

 

It should be noted that Eq. (6.5), which is a poor way of calculating a, was rarely used. 

The Dimonte et al. (2004) paper actually used the late–time slope 

ˇ} =
∆%ª

∆(ëv=@)
 .
       (6.10)

 

Eq. (6.10) implicitly assumed the domination of the t2 term in Eq. (6.3) at late times. 

Most published works made a choice between this and Eq. (6.7). In the asymptotic limit 

in time where the t2 term is much larger than the other terms, all of these definitions 

should converge to the same value. 

 

Dimonte et al. (2004) is an extensive reference article on the simulated and experimental 

measured values of αi written for the Alpha group collaboration. To avoid unnecessary  

duplication, Table 6.1 of the present review, therefore, focuses on research done since 

that time. 

 

Although many papers have focused on the “ideal case” as described above, some 

researchers have endeavored to obtain better agreement with experimental data by using 

initial conditions approximated or parameterized from experiments (see Dalziel et al 

1999, Mueschke and Schilling 2009a,b, Glimm et al., 2013, see more detailed discussion 

in Part II). It is also appropriate to note that Inogamov (1978) proposed that random 

perturbations with amplitude µ wavelength for wavelengths up to the domain size give 

self-similar growth at an enhanced rate. This corresponds to a k-3 power spectrum for the 

initial perturbations which has been used in several papers, including Youngs (2003, 

2013) and Ramaprabhu et al (2005) as referred to in Table 6.1. 
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 Alpha Note 

Alpha (from Bubble) 
 

Ramaprabhu et al. (2005) 0.025-0.087 mode-coupling or long 
wavelength 

Livescu et al. (2010) 
 

0.022-0.025   A=0.5 and A=0.04 

Youngs (2013) 
 

(0.022-0.029)                    
up to 0.12 

initial short wavelength; 
initial long wavelenth 

 

Alpha (from total mixed width) 
 

Boffetta et al. (2010) 0.036 Small Atwood number; 
Boussinesq approximation 

Cabot and Cook (2006) 
 
 

0.020  

0.028 

computed with Eq. (6.5) or 
Eq. (6.4) methods    

Cabot and Zhou (2013) 
 

0.020–0.024 A=0.2-0.8 

Soulard et al. (2015) 
 0.02 A=0.1 
 

Olson and Jacobs (2009) 0.031-0.041 A≈0.2 
 
Table 6.1. The updated RTI growth factor since the publication of the Alpha group collaboration 
(Dimonte et al., 2004). Ramaprabhu et al. (2005) and Youngs (2013) considered the impact of the 
initial wavelength on the values of αb with their ILES. Lower values were reported for the initial 
short wavelength while higher values were obtained for initial long wavelength. With DNS, 
Livescu et al. (2010) found that for A=0.04 and A=0.5, the values of αb are very similar. The 
remaining results only consider the RTI growth factor from total mixed width. Boffetta et al. 
(2010) performed their DNS with equations appropriate under Boussinesq (1877) approximation. 
With DNS, Cabot and Cook computed the values α using Eqs. (6.5) and (6.7). Cabot and Zhou 
(2013) found very limited dependence on the Atwood number dependence with three DNS 
datasets, A=0.2, 0.5, and A=0.8. The ILES of Soulard et al. (2015) provided very low value of α.  
The experimentally measured α values of Olson and Jacobs (2009) do not show a dependence on 
the initial perturbation amplitude for the RTI flows with A=0.163 and A=0.2. Using Eq. (6.8), this 
proposed method for the determination of α yields a value in better agreement with computational 
studies.  
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To conclude our discussion on extracting the value of the RTI growth parameter from 

data, αi, one should note several related matters. In high-aspect-ratio domains, RTI has 

been studied experimentally. Dalziel et al. (2008) and Lawrie and Dalziel (2011a,b) 

examine RTI in a laterally confined domain (see also, Debacq et al., 2003), and in this 

configuration, the turbulent length-scales present in the RTI are bounded by the domain 

width, rendering the h ~ t2 scaling inappropriate once h exceeds the dimension of the 

lateral constraint (which actually gives t2/5 for the very late time). 

 

Table 6.2 (Table 1 of Ramaprabhu et al., 2016, Phys. Rev. E with permission) Selected 

acceleration profiles. 

 

The self-similar RT mixing can occur for the case g � M_ where positive and some 

negative values of p are permissible for a well-developed RT mixing zone (Llor, 2003). 

More broadly speaking, the implosion phase of the ICF implosion has shown a time-

dependent acceleration (Betti et al. 2007) and transients in acceleration histories were 

also found in the experiments of Read (1984), Dimonte and Schneider (1996, 2000),  

Jacobs and Sheeley (1996), Zaytsev et al. (2003) and Wang et al. (2001).  Motivated by 

these applications, Mikaelian (2009b, 2010, 2014a), Zhang et al. (2015), Ramaprabhu et 

al. (2016) and Pandian et al. (2017) have carried out extensive analytical and numerical 

studies on nonlinear hydrodynamic instabilities driven by various time-dependent 

accelerations (see also, Youngs, 1997). Table 6.2 summarizes several acceleration 

profiles investigated by Ramaprabhu et al. (2016). 
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(a) 

 
 (b) 
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Fig. 6.6 (Figure 3 of Livescu et al., 2011, with permission). Snapshots of the density field from an A = 0:5 
simulation. a) gravity, b) reversed gravity. The images are taken at the same time. 
 

 

 

Livescu et al. (2011) noted that "gravity reversal" occurs in practical situations (e.g. 

pulsating stars or ICF). After the layer width had developed substantially, the authors 

carried out additional branched simulations under the reversed condition (Fig. 6.6)51. 

They found that the gravity reversal leads to significant small-scale turbulence 

production. Since the existent turbulence models, in general, do not capture well this 

process, the gravity reversal simulations could be utilized as an important test case for 

mix model development. 
 
 
Using an ILES solver (Lawrie, 2009, Lawrie and Dalziel, 2011a,b), Aslangil, Banerjee, 

and Lawrie (2016) studied the influence of initial conditions on miscible incompressible 

RTI undergoing nonuniform acceleration. The acceleration profile used for this so-called 

Accel-Deccel-Accel (ADA) problem (Dimonte et al., 2007 and Ramaprabhu et al. 2013) 

is approximated by the Heaviside (step) function as 

 

gz = g0 [1 − H(t − 2)(2) + H(t −  4)(2)]. 

 

This should be compared with the LEM acceleration profile of the LEM experiments 

(Dimonte et al., 2007) used in the ILES simulation of Ramaprabhu et al. (2013) (gz: 2, 4, 

and 8 cm/s2).  Aslangil et al. (2016) focused their attention on the effects of ICs (Table 

6.3) and used the constant acceleration case gz = 4 cm/s2 for benchmarking their 

simulations. 

  

The time evolution of bubble and spike amplitudes, measured as the Z-locations of the 

1% and 99% iso-surfaces of the x-y planar-averaged light fluid volume fraction, is given 

                                                
51 Livescu et al. (2011) also considered the zero-gravity case. 
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in Fig. 6.7 (Fig. 5 of Aslangil et al., 2016). Here, the length-scale interface displacement 

Z(t)  

 

‡(M) = ' ' F(MÊ)TMÊTM",
="

S

=

S
 

 

so that ℎ},ñ=2ˇ},ñ	AZ(t) for constant acceleration history. 

 

 
Shorthand reference Wave-number 

range 

Spectral index Acceleration history 

AS(0)-CG 32-64 0 Constant gravity 

AS(0) 32-64 0 A-D-A 

AS(-2) 32-64 -2 A-D-A 

BB 4-64 0 A-D-A 

 

 
Table 6.3. List of simulations reported in Aslangil, Banerjee, and Lawrie (2016). 
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Fig. 6.7 (Fig. 5 of Aslangil et a., 2016 with permission from Phys. Rev. E) Evolution of the 

bubble (hb) and spike heights (hs) vs interface displacement (Z). Linear growth through the origin 

would represent quadratic growth from zero amplitude. 

 

At the end of the first acceleration period (t=2 s, Z=8 cm), the system switches from an 

RT-unstable mixing problem extracting potential energy from a statically unstable 

density stratification to a wavelike regime where kinetic energy does work against a 

mean stable stratification. After reacceleration (t=4 s, Z=16 cm), the flow is RT unstable 

again and the mixing layer continues its expansion. The structure of the flow at the time it 

enters the deceleration phase has a substantial influence on the later evolution despite 

apparent convergence of averaged statistics during the reacceleration. 

 



 167 
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Fig. 6.8 (Fig. 4 of Aslangil et a., (2016), Phys. Rev. E, with permission from APS; additional 
photos curtesy of Mr. D. Aslangil and Dr. A. Banerjee, Lehigh University) Density contours of 
the RT mixing layer (a) x-z planar slices taken along the center of the domain; cases are defined 
in Table 6.3. Top panel: constant gravity AS(0)-CG case and bottom panel AS(0) Accel-Deccel-
Accel cases.  
 
 

 
 

 
 
 
 
Fig. 6.9 Corresponding x-y planar slices are taken along z=0 (see Fig. 6.8 for other detail; Phys. 
Rev. E, with permission from APS). 
 
 
 

 

Figures 6.8 and 6.9 show the density contours of the RT mixing layer x-z and x-y planar 

slices taken along the center of the domain. During the deceleration period, the large 

coherent structures typical of an accelerating flow rapidly disintegrate during 

deceleration, leaving only smaller scales in the flow and a smaller range of densities. 



 169 

After reacceleration, the familiar and bubble and spike structures reemerging and 

interacting to form ever-larger structures (Aslangil et a., 2016).  

 
 
Burlot et al. (2015) and Gréa et al. (2016a,b) modeled the RTI induced flows as unsteady 

stratified homogeneous turbulence (Thoroddsen et al., 1998, Livescu and Ristorcelli, 

2007,  Griffond et al., 2014, Soulard et al., 2014) using the eddy-damped-quasi-normal 

Markovian (EDQNM) approximation (Orszag, 1970, 1977, Lesieur, 1990)52. This 

correspondence is appropriate when the ratio between the integral length scale of 

turbulence and the characteristic scale of the mixing region is small (Vladimirova and 

Chertkov, 2009). As with any EDQNM closure, the choice of the eddy-damping 

timescale is critical and must incorporate sufficient physics, as discussed by Zhou et al. 

(2004). In any case, the usage of the EDQNM closure allowed the computation of the 

long-term evolution of unstably stratified turbulence at high Reynolds number. The 

model further predicts a strong anisotropy at large scales, but isotropy of scales in the 

inertial range as well as in the dissipative one.  

Gréa (2013) did not directly tackle the issue of the self-similar state of RTI, i.e., the 

nonlinear interaction between turbulent quantities and the mixing zone length. Instead, 

the rapid distortion theory (RDT) (Batchelor and Proudman, 1954, Batchelor, 1953, 

Townsend, 1976) was used to investigate the response of a fully developed turbulent 

mixing zone to a rapid acceleration53. As pointed out by the author, this simple approach 

was proposed to model the short-time dynamics (as opposed to the long-time self-similar 

one) of a strongly accelerated turbulent mixing zone. The approach is in the continuation 

of weakly nonlinear rapid distortion methods described in Hunt and Carruthers (1990). 

This state is a nonequilibrium one, contrary to the classical self-similar RT case. The 

RDT analysis not only provides information on the short-time dynamics of a rapidly 

accelerated mixing zone, but also allows the study of the nonlinear mechanism coupling 

the turbulent quantities and the mean concentration field.  To investigate a particularly 

                                                
52 Mons et al. (2016) applied an anisotropic EDQNM procedure for homogeneous shear driven turbulence. 
53 Here, rapidly means that the characteristic frequencies of the turbulent quantities are much smaller than 
the frequency built with the acceleration and the mixing zone’s size (equivalent of the Brunt-Väisälä 
frequency for the stable case). 
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simple problem using RDT as a proof-of-principle for its application to more realistic 

astrophysical flows, Johnson (2014) studied the evolution of vorticity due to a planar 

rarefaction in an ideal gas. Gréa et al. (2014) also demonstrated that the coupling between 

a mean strain and stratification is able to generate strong anisotropic structures. The 

authors remarked that the nonlinear phenomenology in stratified turbulence is more 

complex than in purely hydrodynamic turbulence, partly because distant and local 

interactions expressed by the sweeping and straining effects (for a review, see Zhou, 

2010 and Zhou et al. 2004) are modified. 

6.2 Late-time RMI similarities  

The corresponding late-time scaling for RMI driven flows is less well-established. A 

number of researchers have suggested, however, that a power-law appears to describe 

the growth of the mixing zone for the case of multi-mode initial perturbations  

hi (t) ∝ τiθi,            (6.11) 

where τ is a linear function of time, t, and depends on the model54. Determination of the 

values of θi has been a subject of active research (see Table 6.4).  

Most of the analyses are carried out for moderate Atwood numbers. Youngs (1994) 

employed the model equations: 

	
D(˙))

D=
= −¿>(∆Q)ê ,						

D%
D=

= ∆Q,					where		˚ = ¿/ℎ + ¿ê3‘   (6.12a) 

where h is the width of the mixing layer, K is the kinetic energy, L is the reference length-

scale, ΔV is the velocity jump, and Ci (i=1,2,3) are model constants, λm is the minimum 

perturbation length scale. From Eq. (6.12a), one obtains 

%
w*

=
æ»

æ@
+^1 +

æ@∆j=

æ»,w*
c
,
− 1-,             (6.12b) 

                                                
54 The issue of the virtual time origin for the RM self-similar form has been discussed in Clark and Zhou 
(2006). 
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where θ = 2/(3 + C1C2), recovering θ = 2/3 for the case of zero dissipation (C1=0).  

Zhou (2001) has presented an analysis that draws a connection between the exponents 

and the growth of the length-scale in a decaying, weakly anisotropic turbulence. The 

physical picture is one of an initially quiescent flow field subject to an impulsive 

injection of energy perhaps at all scales and then subsequently allowed to freely decay. 

Although there are undoubtedly significant corrections due to strong anisotropy and lack 

of an equilibration of the statistical quantities at early time (see for example, Cohen et al., 

2002), the analogy between the RM induced flow and decaying isotropic turbulence 

becomes better and better as the shock-induced anisotropy decays toward isotropy after 

the shock passes. Indeed, the LES calculations of Lombardini et al. (2012) have shown 

that for all Mach numbers considered the late time flow resembles homogeneous 

decaying turbulence of Batchelor type (Batchelor and Proudman, 1956) with a kinetic 

decay energy exponent ≈ 1.4 and a large scale energy spectrum ≈ k4. Without other 

energy deposition, the energy balance equation is reduced to a decaying one. 

Thornber (2016) demonstrated that the data fitting of the RMI mixing layer scaling might 

be rather sensitive to how long a period a simulation or experiment has been run. He 

basically carried out the same ILES (low Atwood number, narrow band) simulation as 

Thornber et al. (2010) but to a much later time. Here it appears that . ~0.275 taking a 

data fit of the last half of the data, however by starting the fit earlier . is increasing 

marginally, implying that may decrease further. This is a higher value than the 2010 

paper, which may be due to the impact of the spikes on the overall integral width, which 

could be causing a higher measured 'slow down' than expected from the previous case 

which was . ~0.26. 
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Models 
 

Experiments Simulations 

Barenblatt (1983) 2/3 Dimonte et al. 
(1995) 

0.6 ± 0.1 Pham and 
Meiron 
(1993) 

0.170-0.483 

Gauthier & 
Bonnet (1990) 

1/3 Prasad et al. 
(2000)  

0.26-0.33 Youngs(1994) 
Youngs(2004) 

0.30 (flat spectrum) 
0.243 (narrow band) 

Alon et al 
(1993,1994,1995) 

Oron et al. 
(2001)* 

0.4 (2D) 

0.25 (3D) 

Dimonte & 
Schneider 

(1997,2000),                              
Dimonte,  

(2000)            

0.25 ± 
0.05 

(bubble);  
0.25 - 0.43 

(spike); 
Atwood 
number 

dependent 

Thornber et 
al. (2010), 
Thornber 

(2016) 
 

0.275 or 0.3             
(low/high Atwood 
number, narrow 
band); 
0.62 
(broad band) 

Youngs (1994) < 2/3 Weber et al. 
(2012, 2014b) 

0.58                

0.43 ± 

0.01 

Thornber et 
al. (2011b) 

0.62 (before 
reshock)      

0.36 (after reshock) 

Ramshaw (1998) 2/3 Jacobs et al. 

(2013) 

 

0.3-0.4                          Trischler et 
al. (2014) 

7/12 (before 
reshock)      

2/7 (after reshock) 

Inogamov (2002) 2/5 (2D) 

1/3 (3D) 

Krivets et al. 
(2017) 

0.19-0.55 
(bubble) 
0.18-0.57 

(spike) 

Oggian et al. 
(2015) 

 

0.244 
(compressible);  

0.225 or 0.213 
(Hybrid)   

Zhou (2001), 
Zhou et al. 

(2003a) 

7/12                      
(Batchelor-
Proudman)                   

5/8                        
(Saffman) 

  Liu and Xiao 
(2016) 

0.25-0.67 (short to 
long wavelength 
initial conditions) 

Llor (2006) 1/3-2/7   Lombardini et 
al. (2012) 

0.20 - 0.33 
(depending on the 
Mach numbers) 

Clark & Zhou 
(2006) 

2/7-1/2     

Poujade and 
Peybernes (2010) 

1/4-2/7     

Weber et al. 
(2013) 

0.24     

 

Table 6.4. The values of RM scaling exponents.  
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The RT and RM self-similar parameters compiled in Tables 6.1 and 6.4, ˇ} and ., are 

influenced by the initial conditions. Much of the variation seen in the two tables can be 

thus explained. In Table 6.4, the pre- and post- reshock values of the RM parameter . are 

given for Thornber et al. (2011b) and Trischler et al. (2014). The issue of the initial 

conditions and reshock are considered further in Part II.  

 

6.3 Lie Group analysis 

The intention of this subsection is to provide a more general self-similar description of 

self-similar mixing layers that is not dependent upon a particular mathematical model of 

the flow.  

The more general approach is to exploit the underlying scaling groups that define the 

self-similarity. This latter method owes much to the work on Lie groups (Ibragimov, 

1999, Olver, 1993), although the present use of this approach is greatly limited for 

utilitarian purposes (Clark and Zemach, 1995, 1998). It requires no detailed physical 

model, or governing equation, relying instead on the consequences of self-similarity of 

the functional forms. The underlying viewpoint is that the physical system acts 

dynamically upon an initial state, and under this dynamical action the system relaxes to 

an invariant state. By invariant state, we mean a state that is invariant under appropriate 

classes of subgroups of the full group of space-time symmetries. 

The appropriate scaling group consisted of a simple time-scaling with time- translation 

                (6.13) 

and a simple scaling of length 

                   (6.14) 

The existence of a virtual time origin, t0, is a statement of time- translation invariance — 

the behavior of the system should be independent of the absolute time of the “clock” used 
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to measure the system. Self-similarity assumes 

     (6.15) 

One anticipate that the solutions will be in terms of power laws (this may be deduced 

from a classical similarity analysis, and is also the generally accepted notion of the 

behavior of the RT and KH mixing layers). For this this two-parameter group was 

restricted to a simple power-law subgroup, 

 

  / = ©f,     (6.16) 

so 

©fℎ(M) = ℎ(©(M + MS) − MS).                   (6.17) 

Differentiating with respect to © yields 

0©(fI>)ℎ(M) =
D%(=)

D=
(M + MS)     (6.18) 

Now set © = 1 to give the determining equation 

0ℎ(M) =
D%(=)

D=
(M + MS) .     (6.19) 

The solution of this ordinary differential equation is 

ℎ(M) = ℎS ]=(=´
=´

g
f
      (6.20) 

For the RT mixing layer, Clark and Zhou (2003) required the acceleration, g (dimensions 

[length / time2]) be made invariant. 

   FÊ = F
1
≠@ = F©fI/   (6.21) 

From this we see that 0−2=0 or 0=2 makes g invariant and gives a length-scale (for 

example the mixing layer width) that grows as t2. 
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The analysis also yielded the self-similar form of the length-scale which was found to be 

  ℎ(M) = ℎS ^
=(=´
|=´|

c
,
      (6.22) 

for RMI mixing layers (Clark and Zhou, 2006). Self-similarity of a physical law implies 

not only that the scaled functions of the unscaled arguments are equal to the unscaled 

functions of the scaled arguments, but also that physical parameters (e.g., viscosity, 

acceleration, etc.) scale onto themselves, that is, that the relevant dimensional parameters 

remain invariant. Thus the parameter . may be determined by requiring the physical 

parameters of the problem be invariant.  

For “permanent large eddies” assumption, the low wave number energy spectrum 

lim
%→S

Ω(,, M) = !S	 ,‘                                                 (6.23) 

 

where the value of e0 is time independent constant during the decay process for any 

scaling exponent 2≤m≤4 and has dimensions of length3+m/time2. Permanence of large-

eddies (or equivalently, invariance of the infra-red spectrum of the energy) establishes a 

connection between θ and the low-wave-number power-law behavior of the spectrum 

(Batchelor and Proudman, 1956, Saffman, 1967, Zhou, 2001, Clark and Zhou, 2006). 

Specifically, the invariance of e0 requires that 

τθ(3+m)−2e0 = e0 ,   

which has a solution for θ of 

θ=2/(m+3).                                            (6.24) 

 

Eq. (6.24) relates the value of q  to the energy spectrum in the large-scale eddies. It is 

interesting to discuss how this is related to similar scaling laws derived by other authors. 

Youngs (2004) and Thornber et al (2010) give . = 2 (3 + 5⁄ ) for an initial perturbation 
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amplitude power spectrum “(,) ∝ 	,‘ . 

 

An equivalent argument was given earlier by Inogamov (1999), p. 316 

 

. = 1 îRø + 1ó⁄    where      ≈ƒ4Ÿ⁄5678
9≈:8Ÿ8¤;5<

=
E

w
= 	,=>  

 

Inogamov did not reason in terms of spectra, so amplitude, a, needed to be related to the 

power spectrum. Dimonte (2004) uses 

 

H/ = ∫ “(,Ê)T,Ê%(@%

%I@%      (6.25) 

 

and assumes Δ, ∝ ,. This then implies Rø=(3 + 3) 2⁄  and gives the same results as 

Youngs (2004) and Thornber et al (2010) above. Now for a single mode, the perturbed 

velocity is ü~,HGΔQand this implies Ω(,)~,‘(/ for an amplitude power spectrum 

“(,) ∝ 	,‘ . Therefore, the models of Inogamov (1999), Youngs (2004) and Thornber et 

al (2010) are equivalent to Eq. (6.24) above. Note also that Thornber et al (2010) 

calculated the 3=-2 case and obtained q close to 2/3 suggested by the model. This is the 

result quoted in Table 6.4. 

 

 

                                      

6.4 Phenomenological theory and inertial range spectra  

The scaling property of the width of the mixing region is appropriate for the nonlinear, 

late-time phase of the development of the RTI or RMI driven flows where bubble growth 

and merging leads to distinct blobs and bubbles. However, a more appropriate descriptor 

is required for the fully turbulent phase of the instability associated with the development 

of a broad spectrum of length scales. For a turbulent flow, two-point measurements are 

needed for a more complete statistical description of the flow. The energy spectrum 

provides the required two-point information and is the lowest order descriptor for a 
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turbulent flow.  

Mikaelian (1989) apply a model previous proposed by Canuto and Goldman (1985) to 

turbulence generated by the class of instabilities which have a power-law growth rate, 

n(k) ~ Cn,¢̃                                              (6.26) 

A number of instabilities have growth rate of this form, examples of which are given in 

Table 6.5.  

The basic result of the Canuto and Goldman model is  

h ∝ 	
>

%@

D

D%
m,.B(,)	∫ ,	.B(,)%

%´

D

D%
^
”(%)

%@ c T,n,                                          (6.27) 

where k0 is wavenumber corresponding to the largest eddy and dE = Fdk is the turbulent 

energy per unit mass in the interval between k and k + dk. 

When the growth rate is given by Eq. (6.26), one finds 

 h ∝ 	,/¢̃Iê ^
/I¢̃

/Iê¢̃
c i^1 +

¢̃

/
c ^

%´

%
c
(ê¢̃ /⁄ )I>

− 2™̃k                (6.28) 

 

Instability type Cn ™̃ 

Rayleigh-Taylor .FG 1/2 

Rictmyer-Meshkov CΔV 1 

Kelvin-Helmholtz .5>5/

5> + 5/
|∆E| 

1 

 

Table 6.5. (based on Table 1 of Mikaelian, 1989) Linear growth rate for several instabilities 

having the form n(k) ~ Cn,¢̃. Here, ∆E = E> − E/, where Ui is the fluid velocity parallel to the 

interface. ∆Q is the jump velocity normal to the interface induced by a shock. 
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Zhou (2001) argued that the extended Kolmogorov–Kraichnan phenomenology 

developed for turbulent flows with an external agent (Kolmogorov, 1941, Kraichnan, 

1965) should also be applicable to these instabilities driven turbulent flows. In this 

framework, excitation in the energy- containing range does not affect energy transfer 

within the inertial range. Therefore, the average rate of energy dissipation is identified 

with the rate of spectral energy transfer and the rate of energy production (denoted here 

as ε). In order to infer the form of the inertial-range spectrum, it is necessary to estimate 

the magnitude of the transfer function correlations. The time scale for decay of transfer 

function correlations, τT, which is responsible for inducing turbulent spectral transfer, 

may depend on any relevant turbulence parameters. Turbulence theories indicate that the 

energy flux Π> is explicitly proportional to τT and depends on the wave number and on the 

power of the omnidirectional energy spectrum. In the inertial range, because energy is 

conserved by the nonlinear interaction and a local cascade has been assumed, the energy 

flux Π> becomes independent of the wave number k. A simple dimensional analysis leads 

to 

G = ¿≠
/©°(,),òΩ/(,)

=                        (6.29)  

where Cτ is a constant.  

The well-known Kolmogorov spectrum can be recovered within this framework for 

homogeneous, isotropic, statistically steady turbulence. In this case, the energy-

containing range excitation due to external agents is absent. Therefore, the local 

dynamical time scale is the only available time scale of homogeneous, isotropic, 

statistically steady turbulence. Hence, τT(k) equals to τnl(k)=[k3E(k)]-1/2.  A direct 

substitution of τT(k)= τnl (k) into (6.29) reproduces the Kolmogorov spectrum, 

Ω(,) = ¿)G//ê,I—/ê,      (6.30) 

where ¿)  is the Kolmogorov constant (Kolmogorov, 1941, Saddoughi and Veeravalli, 1994, 

Yeung and Zhou, 1997). 
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Fig 6.10 (from Fig. 2 of Cabot and Cook, 2006, Nature Physics) Data are from the z = 0 plane. 

The RTI turbulent spectra are computed by taking two-dimensional Fourier transforms of density 

(ρ) and velocity components (u, v, w), multiplying by the complex conjugate and summing over 

each wavenumber annulus. 

 

The viewpoint of the extended phenomenology is that the lifetime of transfer function 

correlations τT is more accurately treated by considering the influences of both the 

external agent and turbulent nonlinear interactions. Here, the external time scale,  τEX, 

represents any time scale other than the nonlinear cascade time scale. Matthaeus and 

Zhou (1989), Zhou (1995) and Zhou and Matthaeus (1990) have developed a framework 

in which both time scales, τnl and τEX, coexist, in a fashion analogous to the composition 

of triple decay times in the EDQNM closures (Pouquet et al., 1976) 

>

≠¶
=

>

≠ÿ÷
+

>

≠HI
                                  (6.31) 

where 

>

≠HI
=

>

≠•¶
+

>

≠•Æ
                                                                                                (6.32) 

For RTI driven flow, the time scale can be constructed from the external agent, g, 

τRT=(kgA)-1/2,                    (6.33) 
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The external time scale associated with the RMI is  

τRM=(kAΔu)-1.                                (6.34)  

Combining equations (6.29) and (6.31), the extended energy spectrum is obtained. When 

τEX is much shorter than τnl, we should reproduce the external agent modified spectra     

‘‘-7/4’’  (RTI driven turbulent flow) or ‘‘-3/2’’ spectrum� (RMI driven turbulent flow). 

The inertial range of the RTI or RMI spectrum will exhibit a split spectrum that varies 

between the classical Kolmogorov spectrum (m = -5/3) at higher wave numbers and one 

with a modified slope at lower wave numbers. 

 

 

Fig. 6.11 (FIG. 8 of Cabot and Zhou (2013, Phys. Fluids)) Compensated 2D horizontal spectra for 
the vertical velocity component E33(k) (thick lines) and for the sum of all velocity components 
Eii (k) (thin lines) calculated near the midplane at t = 25 for the A = 0.5 case. In (a) the k−5/3 

Kolmogorov scaling is used, and in (b) the k−7/4 RT scaling proposed by Zhou is used. 
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 (b) 

 

Fig. 6.12 Fluctuating radial energy spectra for the narrowband simulations for (a) the 

homogenous components and (b) the inhomogeneous component (adopted from Fig. 9, Thornber 

et al, J. Fluid Mech., 2010 with permission). 
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Fig. 6.13 (Fig 14b of Tritschler et al., 2014a, J. Fluid Mech. with permission) Power spectra of 

density from Miranda code (Cook and Cabot, 2004) (dark grey; blue) and INCA code (Tritschler 

et al., 2013a,b) (light grey; red online) before reshock at t = 2 ms. The different resolutions are 

represented as dotted line (64), dashed line (128), solid line (256) and solid line with open squares 

for Miranda and open diamonds for INCA (512). 

 

 

Ω(,) = è
,‘,													for	, < ,J 					3 = −

K
ò
(RTI)	or	 − ê

/
	(RMI)	

																																										for	, ≥ ,J 										3	 = −
—

ê
(Kolmogorov)																				

          

(6.35) 

A controlling parameter, kZ, indicates the extended range of influences exerted by the 

external agents in wave number space. It changes, in a reasonable quasi-steady state, 

from the state where turbulence is induced primarily by the instability to the state of fully 

developed turbulence with a broad spectrum of length scales. 

The inertial range must be sufficiently long to exhibit this split RTI energy spectra.  

Figure 6.10 reproduced the density and velocity spectra of Cabot and Cook (2006) at the 
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end of their simulation55. A fiducial line corresponding to Kolmogorov scaling is drawn 

for reference. The compensated 2D horizontal spectra are also shown in Figure 6.11 

(Cabot and Zhou, 2013) using the Kolmogorov scaling and the RTI scaling appropriate 

for the m = -7/4 range (DNS of 30723). In one case we use only the vertical components 

in the energy E33 (k) normalized with vertical dissipation term ε33; and in the other case 

we sum over all velocity components, Eii(k), and normalize with the total dissipation rate 

ε. The slope of the vertical component alone is seen to be consistent with either a k-5/3 

Kolmogorov spectrum or the k-7/4 spectrum proposed by Zhou for RTI flow. However, 

the narrowness of the inertial range and the level of noise in the numerical simulation 

data unfortunately make it difficult to distinguish clearly the small difference in slopes 

between these two scaling or to observe the predicted change in slopes. 

More recently, Rao et al. (2017) study the variation of norms of even powers in the 

vorticity and density gradient, based on the DNS data provided by Livescu to the Johns 

Hopkins turbulence database, for a homogeneous buoyancy-driven flow calculation 

similar to that discussed by Livescu and Ristorcelli (2007). The statistically homogeneous 

form of these calculations allows the dynamics of buoyancy-driven turbulence, similar to 

that in the core of a RT mixing layer, to be studied independently of the spatial structure 

of such a region. Rao et al (2017) show that the density gradients within the flows can 

reach extremely large values at intermediate times, the effect of which being that 

turbulence is driven by barotropic effects at small scales in such flows, exactly where it 

can most efficiently contribute to material mixing. 

For RMI flow, Thornber et al. (2010) illustrated the fluctuating kinetic energy spectra 

with a narrow band initial perturbation at several time instants (Fig. 6.12). At early times 

the spectrum is peaked around the highest perturbation frequency kmax. By τ = 50, a k-5/3 

inertial range appears (possibly only a transient towards a steady state spectrum); 

however, at later times a clear k-3/2 inertial range of Zhou (2001) can be seen from τ = 100 

to τ = 500. Tritschler et al. (2014a) used two independently developed and essentially 

different numerical methods to study the prediction uncertainties of RMI simulations. As 

                                                
55 See a related work by Hazak et al (2006) 
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shown in Fig. 6.13, a RMI modified k-3/2 scaling of Zhou (2001) has also been observed. 

Chertkov (2003) focused his phenomenological approach on the low Atwood number 

limit.  At such case, the Boussinesq approximation might be appropriate56. The dynamics 

of the velocity field is coupled to the temperature field, T,  

¸=P+ P ∙ ∇P = −
>

?´
∇7 + Ì∇/P − ∫eQR      (6.36) 

¸=R + 	P ∙ ∇R = S∇/R                                       (6.37) 

along with the incompressibility condition Here, ∫e is the thermal expansion 

coefficient and Ì and S are the kinematic viscosity and modecular diffusivity, 

respectively. 

Chertkov (2003) found a large-scale relation on the temporal behavior of L from the 

energy balance between the buoyancy term on the right-hand side of Eq. (6.36) and the 

temporal derivative term on the left-hand side.  

     TU
=
	~	

˙(=)

=@
	~∫FΔR,       (6.38) 

where uL is the typical velocity on the scale L and ΔR is the temperature jump. For the 3D 

case, one assumes that buoyancy force balances the inertia term at the integral scale at L. 

Hence, according the Kolmogorov scaling 

 Rü¢(M)~Rü˙(M) ^
¢

˙(=)
c
>/ê

~(∫FΔR)//ê	™>/êM>/ê.				                       (6.39) 

 

As summarized neatly by Boffetta et al. (2010), the phenomenological theory proposed 

by Chertkov is based on the notion of adiabaticity where small scales are slaved to large 

ones. The latter is forced by conversion of potential energy into kinetic energy and the 

                                                
56 Mikaelian (2014b) showed that the Boussinesq approximation might be applied to high-A systems in 
certain regimes.  

 

∇•u = 0.
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former undergoes a turbulence cascade flowing to smaller scales until molecular viscosity 

becomes important. In this picture, temperature actively forces hydrodynamic degrees of 

freedom at large scales, while it behaves like a passive scalar field at small scales where a 

constant kinetic-energy flux develops. 

 

  

Fig. 6. 14. (Fig. 1. of Boffetta et al., 2010, Phys. Fluids, with the permission of AIP Publishing) 

Snapshot of temperature field for the RT simulation at t=2τ. White (black) regions correspond to 

hot (cold) fluid. 

 
Matsumoto (2009) numerically studied three-dimensional RT incompressible turbulence 

with the Boussinesq approximation. At time t=0 the system is at rest with cooler, heavier 

fluid placed above the hotter, lighter one. The Atwood number is set to 0.15 and the grid 

points is 2562×2048. The focus of this work is on scaling properties of the moments of 

the density and the velocity differences. Boffetta et al. (2010) extend this mean-field 

analysis for velocity and temperature fluctuations to take into account intermittency, both 

in time and space domains (the grid points is 5122×2048). A visualization of the 
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temperature field is presented in Fig. 6.14. 

 

 

 
Fig. 6.15. (Fig. 3 of Celani et al., 2006, PRL) The moment of longitudinal (a) velocity differences 

V”j(™)	and (b) temperature differences V”°(™). The dashed lines are the Bolgiano dimensional 

predictions. 
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It is interesting to compare and contrast the work of Chertkov (2003) and Zhou (2001) as 

they were constructed based on different approaches. First, both treatments resulted in the 

standard Kolmogorov -5/3 inertial scaling for high wavenumbers, but Zhou (2001) 

argued that one must expect the coexistence of a RTI or RMI modified inertial scaling. 

Second, while Zhou's treatment is applicable to both RTI- or RMI- driven flows, the 

phenomenological approach of Chertkov (2003) is restricted to RTI flows. For 3D RTI 

flows, Chertkov (2003) essentially assumes that the action of buoyancy forces would 

only provide the forcing to the classical Kolmogorov inertial range.  

The effect of buoyancy forces in the production scales is a particularly important issue for 

RTI induced flows. With the Boussinesq approximation, Boffetta et al. (2009) reported 

that, at small scales, the contribution of buoyancy forces to the energy flux becomes 

much smaller than the contribution of the inertial non-linear forces. Motivated by this 

result, Soulard and Griffond (2012) applied the spectral equilibrium theory of Ishihara et 

al. (2002) to RT turbulence. Adapting the Monin-Yaglom relation (Yaglom, 1949, Monin 

and Yaglom, 1975), Soulard (2012) concluded that the standard Kolmogorov theory 

should apply to Rayleigh–Taylor turbulence in the limit of a large Reynolds number, 

large times, and small scales. 

Poujade (2006) argued, however, that self-similarity hypothesis together with equilibrium 

of spectral energy transfer with buoyancy at low wave numbers constrained velocity 

spectrum in a way incompatible with Kolmogorov mechanism. Instead, a -2 slope of the 

energy spectrum was proposed. Also, Abarzhi (2010a) suggested that based on 

dimensional grounds, the invariance of the rate of momentum loss (Abarzhi, 2010b, 

Abarzhi and Rosner, 2010) leads to -2 spectrum index for specific kinetic energy. 

In 2D flows, the inverse cascade of energy requires a different scaling (Batchelor, 1969, 

Kraichnan, 1967, Leith, 1971, Kraichnan and Montgomery, 1980). Chertkov (2003) 

postulated that the buoyancy term injects energy at all scales, an assumption that received 

support from a high-resolution numerical study (Zhou, 2013, Qiu et al., 2014). Hence, the 

Bolgiano scaling (1959) resulted 
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Celani et al. (2006) numerically showed the scaling of the structure functions follow the 

Bolgiano scaling (Fig. 6.15).  The resolution of their DNS is 128 × 4096 collocation 

points. The Bolgiano scaling is also observed using a thermal lattice Boltzmann scheme 

(Biferale et al., 2010) as well as by a DNS of Zhou (2013) with the number of grid points 

sets to 4096 ×10000 and 2048 × 8193, respectively.  Adjusting the aspect ratio of the 

simulations (Ngan et al., 2005, Celani et al., 2010), Boffetta et al. (2012) found that the 

system undergoes a dimensional transition from 3D to 2D, where the Bolgiano scale of 

the system was obtained.  

 

6.5  Hydrodynamic Scaling  

 

High energy density physics (HEDP) platforms are effective facilities to study 

astrophysical flows of significant interest (Remington et al., 2000, 2006; Drake, 1999, 

2006, Drake et al., 1998).  Supernova (SN) evolutions and young supernova remnants 

(Müller et al., 1991) are often presented as the case studies (Drake et al., 2000, 2002, 

Kuranz et al., 2011, Robey et al., 2001, Malamud et al., 2013, Flaig et al., 2014). The 

hydrodynamics associated with these flows are extremely complex, with a great variety 

of physical processes occurring on very disparate spatial and temporal scales. In 

particular, the turbulent flow and mixing in observed astrophysical  events such  as 

supernovae are associated with very high outer scale Reynolds numbers (Re ~ 1010 , 

Ryutov, et al. 1999). 

 

In the laboratory setting, the spatial and temporal scales are, roughly speaking, in the 

range of tens of micrometers and tens of nanoseconds. These scales are 10 to 20 orders of 

magnitude less than those of real astrophysical events (Ryutov, et al. 1999). The HEDP 

procedure frequently makes use of scaled astrophysical hydrodynamics from experiments  
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Fig. 6. 16.  Hydrodynamic simulations for the supernova and laboratory experiment (Remington 
et al., Rev. Mod. Phys., 2006, Fig. 9 with permission).  (a) Spatial profiles of the pressure and the 
density for the SN at 2000 s, and (b) the laboratory experiment at 20 ns (c) The velocity of the 
He-H interface in the supernova and in the scaled laser experiment. The curves are essentially 
identical, up to the scale transformation. See also, Ryutov et al. (1999) and Kane et al. (1999).  (d) 
A radiograph obtained at t =33 ns of the nonlinear RT induced mixing in the first scaled SNe 
experiment. Adapted from Remington et al., (1997). (e) A sum over multiple images from the 
same experiment as shown in (d), corresponding to an average time of tave=35 ns. Adapted from 
Remington et al. (1999). 
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performed on the HEDP platforms. Such similarity scaling is a familiar tool widely used 

to study physics issues generally (Zeldovich and Raizer, 1966,  Sedov, 1997) and receive 

special emphasis in plasma physics (see, for example, Connor and Taylor, 1977, 

Murakami and Iida, 2002).  

The compressible Navier-Stokes equation anchors the appropriate governing system 

(Landau and Lifshitz, 1987) 

 

¸P/¸M+ Ñ•(ruu) + Ñp = νÑ2 u        (6.41) 

where u is the fluid velocity, r is the density, p is the pressure, and   µ º rn is the 

viscosity (ν denotes the kinematic viscosity). 

 

The density is given by the continuity equation, 

 ¸5/¸M+ Ñ•(ru) = 0                                                                       (6.42)      

 and the pressure is determined by an entropy conservation equation for polytropic gas 

 ∂p/∂t -W¸5/¸M+ u•Ñp - W p/r u •Ñr = 0.                                      (6.43) 

 

Applying the Euler transformation described Ryutov et al.  

r = Hì r1;  r = |Xr1; p = Ŷp1; t = Hì(|X/Ŷ)1/2t1; u = (Ŷ/|X)1/2 u1            (6.44) 

where Hì, |,Â Ŷ are positive numbers. It is easy to demonstrate that this Euler invariant 

breaks down for the Navier-Stokes equations, except when the following condition is 

satisfied for the viscous term 

 

 

n = HìîŶ |X⁄ ó
>//
n1.                                                                        (6.45)                 
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From the values collected from Ryutov et al. (1999), the scaling factor of Eq. (6.45) is 

found to be approximately 3´1015 . This should be compared to the viscosity scaling 

factor of 2.0´1011, which one can derive using the parameters of SN He plasma at 2000 s 

and corresponding Cu plasma in the experiment at 20 ns.   

 

Instead of the Navier-Stokes equation, Ryutov et al. (1999) and Ryutov and Remington 

(2002) utilized the Euler equation  

 

¸P/¸M+ Ñ•(ruu) + Ñp = 0       (6.46) 

 

and obtained the Euler similarity scaling (Eq. 6.44). This assumes that the small-scale 

dynamics involved with the viscous (momentum diffusive) interactions can be neglected 

when the Reynolds number number of the flows is high. Ryutov and Remington (2003) 

were aware of this important issue and have suggested several novel experiments to 

isolate the effect of the Reynolds number. 

 

The Euler similarity has been now used as a standard procedure to make the HEDP 

experiments relevant (Robey et al, 2001, Drake et al., 2002, Kuranz et al., 2005, 2009a,b, 

Rosen et al., 2005, Hartigan et al., 2009, Casner et al., 2015b). As an example, the 

simulated interface velocity histories of the SN He-H interface computed using the 

astrophysical code PROMETHEUS9 are shown (Fig. 6.16) to compare well with that of a 

scaled laboratory experiment computed using the one-dimensional radiation- 

hydrodynamics code HYADES.3 (Kane et al. 1999, Remington et al., 2006).   

 

The limitation to Euler scaling is that significant physical viscous features such as growth 

and dissipation of vorticity only develop when the full Navier-Stokes equation is applied.  

In particular, Euler scaling does not provide information on the specific size range of 

statistical dynamic flow structures that can be scaled accurately, an issue that will be 

considered in next subsection.   
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6.6 Minimum state and transition to turbulence 

 

This subsection addresses the following question for RTI and RMI induced flows. 

At what flow conditions can investigators be sure that their numerical simulations or 

physical experiments have reproduced all of the most influential physics of the flows and 

scalar fields?  Another question, perhaps more specific, is can one define a metric to 

indicate whether the necessary physics of the flows of interest have been captured and 

suitably resolved using the tools available to the researcher?   

 

 

 
Length 
scale 
 

R 3) 3˙° 3Ô 3J 3æ 3; 

Wave 
number 
(2[/
\]^_`a) 
 

,= ,) ,˙° ,Ô ,J ,æ ,; 

Note and 
remarks 
 
 
 
(The 
remarks on 
this row 
will be 
based on 
the 
physical 
length 
scales) 

The 
outer 
scale.  
 
This is 
the 
largest 
scale of 
the flow 

The 
Kolmogorov 
length scale.  
 
The viscous 
actions 
dominate at 
the smallest 
length scales 

The Liepmann-
Taylor length 
scale.  
 
This is the upper 
boundary of the 
inertial range. This 
length scale 
separates the 
energy-containing 
and inertial ranges. 
 
Note that the 
minimum state 
requires that the 
energy-containing 
scale, 
[λcd, δ], is	resolved 

The inner-
viscous 
length scale.  
 
This is the 
lower 
boundary of 
the inertial 
range. This 
length scale 
separates 
the inertial 
and 
dissipation 
ranges. 
 
Note that 
23Ô is the 
finest length 
scale needed 
for 
diagnostics. 

The 
smallest 
physical 
scale 
beyond 
which the 
energy-
containing 
scale will 
not interact 
directly. It 
is defined 
as 3˙° 2⁄ .  
 
 
The 
minimum 
state theory 
demands it 
resides 
within the 
inertial 
range. 

The length 
scale that 
separates the 
resolvable 
and subgrid 
scales.  
 
This is the 
smallest 
physical 
length scale 
that the 
diagnostic 
instruments 
or numerical 
schemes can 
be resolved. 

The diffusion 
layer scale. 
 
The temporal 
development 
of a laminar 
viscous layer 
is known to 
go as √ÌM. 
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Table 6.6 (Table II of Zhou, 2007. Nomenclature of all relevant length scales). 

 

6.6.1. Spatial criterion  

 

The mixing transition concept for stationary fluid flows refers to the transition to a 

turbulent state in which the flow drives rapid mixing at the molecular scale (Dimotakis, 

2000).  This turbulent state leads to rapid dissipation of momentum and of 

concentration fluctuations (mixing). The extent of the effective inertial range could be 

narrowed to  

                             3) < 3Ô ≪ 	3 ≪ 	3˙° < R.                                 (6.47) 

 

Here the lower-limit of the inertial range is the inner viscous scale λν = 50 λK, where the 

Kolmogorov microscale can be rewritten as λK = δ Re-3/4. The upper-limit of the inertial 

range is the Liepmann-Taylor scale λLT = 5 λT, where λT = δ Re-1/2 is the well known 

Taylor correlation microscale (Tennekes and Lumley, 1972).  

 

To ensure the integrity of the physics of the large-scale dynamics of the flows of practical 

interest, the corresponding large-scale modes computed or measured in a simulation or a 

laboratory setting should not be contaminated because of their interaction with the 

dissipation range, which is not universal (Martinez et al., 1997). This requirement can be 

satisfied by maintaining a sufficiently broad inertial range. The required length of the  

inertial range needed can be deduced, for example, from our understanding of the 

interacting scales discussed in Zhou (1993a,b).  
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Fig. 6.17 (Zhou and Oughton, Fig 1) Sketch of a kinetic energy spectrum indicating the energy-

containing, inertial, and dissipation ranges and their wavenumber boundaries. The idea behind the 

minimum state is that the inertial range should be long enough so that direct interactions between 

modes in the energy-containing and dissipation ranges are energetically weak, indicated by the 

dashed (green) arrow. Some “strong” interactions are indicated via the solid (green) arrows. 

The minimum state is defined as the turbulent flow which has the lowest Reynolds 

number that captures the energy containing scales of the astrophysics problems in a 

laboratory or simulation setting (Zhou et al 2003a,b, Zhou, 2007, Zhou et al., 2009).  The 

minimum state is therefore the lowest Reynolds number turbulent flow where all the 

modes in the energy containing scales will only interact with modes in the same spectral 

range or those within the inertial range. Obviously, this requirement is introduced to take 

full advantage of the universality of the inertial range.  
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Fig. 6.18 Length scale vs outer scale Reynolds number from a RTI simulation. It should be noted 

that in a RTI induced flow, the length scale grows with time or Re. This is an illustration of the 

mixing transition of Dimotakis (2000) and the minimum state of Zhou (2003a,b, Zhou, 2007).  

 

The minimum state, according to the interacting scale analysis, is the turbulent flow that 

takes the value of k*Z º 2 k*LT equal to the inner-viscous wavenumber, kn  (the end of the 

inertial range, see Fig. 6.17). Using the definition of kLT and kν, one finds that the critical 

Reynolds number of the minimum state is (Zhou, 2007) 

 

Re* =1.6 ´ 105.                               (6.48) 

 

The outer-scale Reynolds number is approximately related to the Taylor microscale 

Reynolds number by Rl = (20/3)1/2 Re1/2  in isotropic flow (Tennekes and Lumley, 1972) 

and Rl ≈ 1.4 Re1/2  for turbulence in the far field of jet (Dowling and Dimotakis, 1990, 

Miller and Dimotakis, 1991). As a result, the corresponding critical Taylor-microscale 

Reynolds number of the minimum state is Rl *» 1.4 ´ Re1/2    (Rl* ≈ 560).  
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Fig. 6.18 provides another way to illustrate this argument using the variation of the 

physical length scales with Reynolds number. The Reynolds numbers where an inertial 

range first occurs (mixing transition of Dimotakis, 2000 and the “minimum state” of 

Zhou, 2007, Zhou, 2003a,b, 2009) can be located.  Any high Reynolds number flow may 

be scaled down to a very high, but computationally achievable Reynolds number flow.  

 

 

6.6.2. Temporal criterion  

 

Many experiments have been conducted in classical fluid dynamics facilities, shock 

tubes, and laser facilities (such as the Omega laser and National Ignition Facility) to 

understand the complex flows induced by various instabilities. Yet, it is only after a 

finite period of time, that perturbations initiated by instability mechanisms can give rise 

to a turbulent spectrum (Zhou, 2007). In strongly accelerated flows, this time scale for 

the onset of turbulence can be comparable to the duration of the flow itself (Robey, 

Zhou, Buckingham et al, 2003, Zhou, 2003a,b). 

 

Due to diagnostic limitations, typical measurements consist solely of the growth of the 

mixing zone width.  While these widths (of the bubble and spike fronts, individually or 

combined) are usually measured, it is difficult to know whether an experiment has 

reached the state of fully developed turbulence.  The so-called Zhou–Robey hypothesis 

(Zhou et al 2003a,b, 2009, Robey et al 2003, Zhou 2007) has been advanced as a 

temporal criterion for the onset of turbulence (Drake et al. 2008).  Here, the Liepmann-

Taylor scale essentially describes the internal laminar vorticity growth layer generated 

by viscous shear along the boundaries of a large-scale feature of size . The temporal 

development of such a laminar viscous layer is well known to go as (νt) 1/2  (Stokes, 

1851, Lamb, 1932).   

 

           3; = ¿;(ÌM)>//   (6.49) 

 

δ
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Hence, the upper bound of the developing inertial range is the smaller of the Liepmann-

Taylor scale,  3˙° and .  The coefficient of the diffusion layer, CD, was suggested as       

both for isotropic, homogeneous turbulence (Tennekes and Lumley, 1972) and for 

steady parallel flows, and as 5 for laminar boundary layer flows (Dimotakis, 2000).  

 

The inertial range is presumed to be established when the evolution of the large-scale,  

min{3˙°, }, is decoupled from the inner viscous scale, .  For time-dependent 

flows, the mixing transition is achieved when a range of scales exists such that the 

temporally evolving upper bound [3lB{3˙°(M), 3;(M)}] is significantly larger than the 

temporally evolving lower bound, (t). Thus, the minimum state is achieved if the 

inequality  

 

 3lB{3˙°(M), 3;(M)} > 	 3Ô(M) ≡ 503)(M) (6.50) 

 

is satisfied (Zhou, 2007). 

 

Achieving the minimum state is a highly desirable goal for high energy density physics 

(HEDP) experimentalists when designing and developing their investigations (for 

example, Di Stefano et al., 2012, Drake et al., 2008, Doss et al., 2013, Haines, 2015, 

Haines et al., 2013a,b, Hurricane et al., 2009, 2012, Rosen et al., 2005, Welser-Sherrill et 

al., 2013, Merritt et al., 2015). The Reynolds number of the minimum state appears 

achievable already for some of the most advanced experimental platforms by optimizing 

the maximum potential of existing experimental facilities. 

 

6.7 Numerical turbulence 

As a brief aside, we note a couple of issues regarding numerical simulations of these 

hydrodynamic instability induced flows. Results from these simulations will be discussed 

later. As noted by Moin and Mahesh (1998), the wide range of scales in turbulent flows 

requires that care must be taken in their numerical solution. Over the past three decades, 

direct numerical simulations (DNS) has emerged as an accepted surrogate for experiment 

λ D
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when detailed information is not readily measured in the laboratory. The benefit of a 

DNS is that the calculation can faithfully resolve all the scales that can be handled by the 

computational resource allocated to the researcher (Rogallo and Moin, 1984, Moin and 

Mahesh, 1998). DNS has proven capable of following the three phases of turbulent 

mixing identified by Eckart (1948), i.e., entrainment, stirring, and molecular mixing. 

DNS also provides a complete, three- dimensional, time-dependent description of the 

flow field. As an example, Youngs (2017) noted that the early stages of the mixing 

process are influenced by viscosity and diffusivity and DNS is essential for understanding 

the influence of Reynolds number and Schmidt number on the mixing process. For 

quantities such as enstrophy, which are determined by the small scales present in the 

flow, DNS is required to get meaningful results (probably with higher resolution or with 

higher order numerics being required to obtain accurate results). Also, Mueschke and 

Schilling (2009b) obtained from the DNS several quantities not measured in the 

experiment, such as the integral- and Taylor-scale Reynolds numbers, Reynolds stress 

and dissipation anisotropy, two-dimensional density and velocity variance spectra, 

hypothetical chemical product formation measures, other local and global mixing 

parameters, and the composition of mixed fluid57. 

 

It should be stressed, however, that the Reynolds numbers of the flows for the problems 

of interest are extremely high and still beyond the current capabilities of the 

supercomputers. Fortunately, the problem of the turbulent flow mixing at very high 

Reynolds number has been tackled successfully using large-eddy simulation methods 

(LES). The work by Cook et al. (2004) showed that the essential results for large-scale 

properties are very consistent between a DNS and an LES for RTI-induced turbulent 

flow. In LES, the large scales of the flow field are resolved, while the unresolvable scales 

                                                
57 DNS could also offer helpful information for developing mix models (Part II). For example, the 
budgets of the mean vertical momentum, heavy-fluid mass fraction, turbulent kinetic energy, turbulent 
kinetic energy dissipation rate, heavy-fluid mass fraction variance, and heavy-fluid mass fraction 
variance dissipation rate equations were constructed using Reynolds averaging applied to the DNS 
data (Schilling and Mueschke 2010). The relative importance of mean and turbulent production, 
turbulent dissipation and destruction, and turbulent transport were investigated as a function of 
Reynolds number and across the mixing layer to provide insight into the flow dynamics not presently 
available from experiments. 
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are represented by the subgrid models (see for example, Sagaut, 2006) or by numerical 

methods in an implicit fashion (implicit LES, see for example, Boris et al. 1992, 

Grinstein et al., 2007). A crucial practical aspect of LES computations is the need to 

distinctly separate the effects of spatial filtering and subgrid-scale reconstruction models 

from their unavoidable implicit counterparts due to discretization.  Indeed, it has been 

noted (Hirt, 1969, Ghosal, 1996) that in typical LES strategies truncation terms due to 

discretization and filtering (Zhou et al., 1989a, Domaradzki and Adams, 2002) have 

contributions directly comparable with those of the explicit models.  Seeking to address 

the seemingly insurmountable issues posed to LES by under-resolution, the possibility of 

using the subgrid-scale (SGS) modeling and filtering provided implicitly by the numerics 

has been considered as an option generally denoted as numerical LES by Pope (2004).  

Arbitrary numerics will not work for LES: good or bad SGS physics can be built into the 

simulation model depending on the choice of numerics and its particular implementation 

(Boris et al., 1992, Drikakis and Tsangaris, 1993, Grinstein et al. 2007, Margolin and 

Rider, 2002, 2005, Hickel et al., 2006). 

 

Recently, ILES have emerged as an effective approach for calculating high Reynolds 

number flows frequently encountered in scientific and engineering applications (Drikakis, 

2003, Drikakis et al. 2005, Grinstein et al. 2012, Fureby and Grinstein, 2002, Grinstein, 

2016). The numerical methods used for ILES were specifically devised for the 

accurate simulation of flows with contact discontinuities and shocks – key aspects of the 

RT and RM mixing processes. Youngs (1991) was the first application of ILES to RTI 

induced flows (TURMOIL code) and one of the first ILES papers. Recently, he showed 

comparisons of DNS and ILES using the same computational framework for four test 

cases: (i) single-mode RTI, (ii) self-similar RT mixing, (iii) three-layer mixing and (iv) a 

tilted-rig RT experiment. It has been demonstrated that, provided the mesh resolution is 

sufficient to resolve fine-scale structure within the mixing zone, ILES and DNS give very 

similar results. This applies to quantities such as distributions mean volume fractions, 

molecular mixing parameter or turbulence kinetic energy (Youngs, 2017).  

It is a challenge, however, to estimate the Reynolds number (Re) of the flows because the 

subgrid scale modeling is only provided implicitly by the numerics. A method for 
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estimating numerical dissipation in LES was proposed based on using the energy flux 

from large, resolved scales as the numerical dissipation estimate (Zhou et al. 2014) and 

related the inertial range scaling (Zhou and Thornber, 2016).  A number of models have 

also been suggested for estimating the effective viscosity (Domaradzki et al 2003, Fureby 

and Grinstein, 1999, Margolin et al., 2002, Domaradzki and Radhakrishnan, 2005, 

Aspden et al. 2008b, Olson and Greenough, 2014, Castiglioni and Domaradzki, 2015, 

Schranner et al., 2015) and the reader is referred to their publications for details. 

 

Clearly, the ILES has been very useful in understanding aspects of the RTI and RMI 

induced flows. Yet, many physical subgrid models have been developed for large-eddy 

simulations for applied and engineering flows (for a summary, see Sagaut, 2006). For the 

RTI flows, Amala and Rodrigue (1994a,b) and Amala (1995) performed large-eddy 

simulations including a combined subgrid model: a modified Smagorinsky (1963) eddy 

viscosity and a stochastic backscatter (Leith, 1990, Zhou, 1991). Burton (2011) computed 

RTI flows using his nonlinear large-eddy simulation (nLES) method (Burton, 2008, see 

also, Rasthofer et al., 2014a,b). He demonstrated the utility of a convective subgrid model 

with a deterministic backscatter limiter, which applies neither an eddy-viscosity or other 

artificial dissipation, in calculating ultrahigh Atwood numbers RTI flows.  His results 

indicated that method may remain accurate for Atwood numbers beyond A = 0.96, the 

highest test in that study. Wang and Li (2005) and Wang et al. (2002) also performed 3D 

LES of RTI induced flows. Here, representation of the subgrid scale flux is given by a 

simple eddy viscosity coefficient and a dynamical equation for the subgrid scale 

turbulence intensity (Deardorff, 1980). Darlington et al. (2002) applied a single equation 

LES to Arbitrary Lagrangian–Eulerian (ALE) (Hirt et al., 1974) simulations of RTI 

(Darlington et al., 2001) and investigates its effects58.  

Also, LES simulations have provided detailed analysis of the three-dimensional planar 

RMI flows with reshock (Hill et al., 2006, Lombardini et al., 2011) and turbulent mixing 

driven by spherical implosions (Lombardini et al., 2014a,b). These LES utilized the 

                                                
58 Andronov et al. (1995) is an excellent reference in English that discussed the Langrangian-Eulerian 
methods implanted within the EGAK code (Yanilkin et al., 1993, Darova et al., 1994). 
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stretched-vortex subgrid-scale model developed by Misra & Pullin (1997). On the other 

hand, Bai et al. (2010, 2012a,b) and Wang et al. (2016) have carried LES of RMI induced 

flows with reshock, but with the subgrid model proposed by Vreman (2014). Recently, 

Wang, Tao. Bai et al. (2015) have compared and contrasted the performance of the 

dynamic Smagorinsky model (Germano et al., 1991), the stretched-vortex model (Misra 

and Pullin, 1997, Pullin, 2000), as well as the approach advanced by Vreman (2004).  

The hyperviscosity has been shown as a very effective method for a LES to avoid 

wasting numerical resolution by reducing the range of scales over which dissipation is 

effective (Schumann, 1975, McWilliams, 1984, Holloway, 1992, Borue and Orszag, 

1995a,b, Haugen and Brandenburg, 2004). Essentially, the normal Laplacian dissipation 

is replaced by a higher power one (Frisch et al., 2008) so that the fluid transport 

coefficient is altered to provide the sharpest possible cutoff near the Nyquist 

wavenumber. For a RTI induced flow, Cook et al. (2004) confirmed that the LES 

converges to DNS at low Schmidt and Reynolds numbers. In this case, a DNS was first 

carried out for a case very similar to that described in Cook & Zhou (2002), i.e. A=0.5 

with isotropic perturbations peaked at mode 16. An accompanying LES was subsequently 

performed with a set-up identical to the DNS, but with the filter and hyperviscosity SGS 

models active. Based on visual inspection, the flows appear identical; illustrating that 

convergence is achieved (Fig. 3 of Cook et al., 2004, not shown).  

 

This hyperviscosity scheme has been successfully adopted as a computational approach 

for modeling shock and turbulence interactions (Cook and Cabot, 2004, 2005, Fiorina 

and Lele, 2007).  Moreover, Cook (2007) has extended this work to include 

hyperconductivity for contact discontinuities and hyperdiffusivity for material interfaces. 

His models are based on the idea that artificial viscosity/diffusivity should impart a high-

wavenumber bias to the dissipation and therefore approximate the cusp in the closure 

theories based spectral viscosity. In so-called artificial-fluid large-eddy simulation 

(AFLES) technique, the grid-dependent components are added to the transport 

coefficients of the equations governing the compressible flows comprised of several 

miscible fluids. More recently, Williams (2017) derived an artificial viscous stress terms 

for finite difference hydrodynamics codes based on the LES technique for the modeling 
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of turbulent flows. 
 

It is helpful to recall that the statistical closure theories are the first to demonstrate that 

the eddy spectral viscosity should exhibit the following wave number (k) characteristics: 

(i) as k → 	0, it should asymptotically approach a constant, while (ii) as , → 	,g ,	where ,g 

is the cutoff wavenumber), it should exhibit a strong cusp (Kraichnan, 1976, Chollet and 

Lesieur, 1981, Zhou et al., 1988, 1989b, 2002, Schilling and Zhou, 2002, Frederiksen et 

al., 1996). The cusp like behavior is also confirmed with data from the simulated 

numerical datasets (Domaradzki et al., 1987, Zhou and Vahala, 1993). 

 

Cook (2009) pointed out that, regardless of methodology ILES, DNS, LES, or RANS, the 

enthalpy diffusion plays a critical role in multicomponent flow simulations whenever 

differences in molecular weights are large. The enthalpy diffusion flux in the 

multicomponent energy equation accounts for energy changes associated with 

compositional changes resulting from species diffusion. The enthalpy diffusion also 

enhances the acoustic field of mixing layers. As an example, he showed that large 

gradients are observed in the RTI simulation neglecting the enthalpy diffusion term (Fig. 

7 of Cook, 2009, not shown). He also demonstrated that in the simulation with enthalpy 

diffusion, the temperature varies by less than 5.2 10-3 eV; whereas, in the simulation 

without enthalpy diffusion, the temperature ranges from 0.5 to 2 eV (see Fig. 6.19). 

Therefore, the term prevents local violations of the entropy condition in flows where 

significant mixing occurs between species of dissimilar molecular weight. The term is 

furthermore responsible for smoothing density gradients in diffusion regions by indirectly 

causing local dilatations of the velocity field.  
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Fig. 6.19. (Fig. 8 of Cook, 2009, Phys. Fluids, with the permission of AIP Publishing). 

Temperature at 20 (top), 40 (middle), and 60 (bottom) ms from Rayleigh–Taylor simulations 

neglecting (left) and including (right) enthalpy diffusion.  

 

7. Energy injection and transfer process 

 

Almost all turbulence theories and models rely on assumptions about the energy transfer 

process. In order to improve the performance of the models, one needs to understand how 

the energy is produced, transferred, and dissipated in an instability-induced flow.  

7.1 The nature of the energy injection in RTI 
 
There is negligible kinetic energy (KE) associated with velocity fluctuations at the initial 

state of the flow. The potential energy (PE) is converted into kinetic energy in the RTI 

induced flow. From their experimental measurements, Ramaprabhu and Andrews (2004) 

determined the ratio of KE/PE is 0.51, which is almost identical with that of three- 

dimensional ILES, 0.52 (Youngs, 1991, 1994). Youngs (2013) showed KE/PE increasing 
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up to ~0.75 if long wavelength initial perturbations are added to give self-similar growth 

at an enhanced rate. In the LES of Cook et al. (2004) and DNS of Cabot and Cook 

(2006), the KE/PE ratio has reached a value of 0.50 with a fairly shallow rise, but has not 

quite come into balance at the end of the runs.  

 

This is a good point to clarify the issue of conservation of energy in numerical 

simulations. The governing equation for the kinetic energy budget (Cabot and Cook, 

2006) reads,  

 
D)
D=

= −∫ 5FüêTQj − ∫ ©"h
iT◊

i'j
TQj .    (7.1) 

The energy input is provided by the release of the potential energy, through the 

acceleration (g) in the first term on the right-hand side of above equation. The dissipation 

is given in the second term on the right-hand side, 
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Here,	k is the dynamicxal viscosity,	G is the dissipation rate, V"h  is the symmetric strain-rate 

tensor and τij denotes the viscous stress tensor, 
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Nevertheless, for incompressible Navier-Stokes solvers, the heat generated by the 

dissipation term is not tracked, as these codes do not have an internal energy equation. 

Note also that the DNS has a real dissipation term with a physical viscosity, ν. This 

should be compared to the KE/PE obtained from ILES computations, such as that of 

Youngs (1991), where the dissipation is provided by the numerics.  

 

Fig. 7.1 shows the snapshots of density field evolution from DNS of RTI (Cabot and 

Cook, 2006, Cabot and Zhou, 2013). The flows were initialized with a stationary 
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interface between the high and low-density fluids whose vertical position was perturbed 

with random variations having a characteristic horizontal wavelength λ0, which act to 

seed the instability. The simulations proceeded until the mixing layer filled 60%–70% of 

the domain in the vertical direction. The A = 0.5 (5/ 5>⁄ = 3) simulation used 30723 grid 

points59.  

To fully address the anisotropy of RTI induced flows (see Part II), detailed spectral 

information on the energy injection can be extremely helpful. Cabot and Zhou (2013) 

investigated several key statistical measurements of turbulence induced by RTI using 

data from well resolved numerical simulations at moderate Reynolds number with the 

goal of determining the degree of departure of this inhomogeneous flow from that of 

homogeneous, isotropic turbulence (Ishihara et al., 2008, Kaneda et al., 2003, Yeung and 

Zhou, 1997). The vertical and horizontal kinetic energy equations can be used to illustrate 

(horizontal) scale distribution (Cabot and Zhou, 2013), 
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whose global averages, denoted by angle brackets, are given by 

〈
1
2
5üê

/〉,= = +〈5üê〉F − 〈−7üê,ê〉− 〈üê,h©êh〉 ≡ +p} − Πq − Gê 

〈>
/
5ü"

/〉,= = +〈7ü","〉− 〈ü",h©"h〉 ≡ +Π% − G%       (7.4) 

where g is the buoyancy production term, and the index i is summed over only x and y in 

(7.3) and (7.4). (Note that ε3 and εh  here are volume- specific dissipation rates.)  We have 

also used (	)," ≡ 	 ¸(	) ¸˜"⁄ 	and (	),= ≡ 	 ¸() ¸M⁄ .  Buoyancy production, pressure-strain, 

                                                
59 Kamath, Gezahegne, and Miller (2009) described how one could use image-processing 
techniques to identify and count coherent structures for such terabyte-sized data sets.  
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and dissipation terms appear on the right-hand sides of (7.3) and (7.4) with + and − signs 

to indicate if they are sources or sinks.  

Fig. 7.2 shows the two-dimensional horizontal cospectra calculated near the midplane 

using their constituent terms. Because the flow is nearly incompressible at late times, the 

pressure-strain terms nearly balance, i.e., Πh ≈ Πz. The vertical component is forced at the 

largest scales by buoyancy production (p}). The horizontal scales, on the other hand, 

have energy injected at intermediate scales via the pressure-strain (Πh) at the expense of 

the vertical kinetic energy (−Πz).  

 
(a) 
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(b) 

(c) 
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(d) 

 
(e) 
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(f) 

 

Fig. 7.1. (a-f) Snapshots of density field from DNS of RTI. Images, proceeding from upper to 

lower, were taken from a movie at t = 1, 6, 10, 12, 16, 31 (courtesy Dr. A.W. Cook, Lawrence 

Livermore National Laboratory). The heavy fluid is red (ρ =3), the light fluid is blue (ρ =1), and 

the mixed fluid is green (ρ =2). The other colors represent mixed fluid of various compositions. 

Note that Fig. 7.1 (f) shows Rayleigh–Taylor instability in the fully turbulent regime and 

appeared in Cabot and Cook (2006) (with permission from Nature Physics).  
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Fig. 7.2 (Fig. 9 of Cabot and Zhou (2013). Horizontal midplane spectra for (a) vertical and (b) 

horizontal kinetic energy rate terms: buoyancy production (dashed line), pressure-strain (thin 

solid line), and dissipation (medium solid line). The pressure-strain term is a sink (–) for the 

vertical kinetic energy and a source (+) for the horizontal kinetic energy. The thick curves show 

the corresponding vertical and horizontal velocity spectra. 

7.2 The vorticity and energy deposited for RMI 
 

The RMI induced mixing will begin when the vorticity is initially deposited and then 

spread throughout the layer (Zabusky, 1999, Brouillette, 2002). The pressure 

perturbations across the interface can also be directly related to the vorticity initially 

deposited by the shock interaction (e.g., Fraley 1986). The RMI evolution can be 

characterized by the inviscid compressible vorticity equation 

;r
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	,            (7.5) 

where the physical mechanism of the terms are identified. The baroclinic torque vorticity 

production term is a driver of RMI resulted from a misalignment of the pressure and 

density gradients. Vortex stretching term only exists in 3D, but absent in 2D flows since 

the velocity vector is everywhere normal to vorticity vector.  

The initial vorticity deposition of RMI could also be inspected experimentally, using an 
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early post-shock image and a model (Eq. (15) of Weber et al., 2012) 60. A new type of 

broadband initial condition for RMI induced flows has been generated at Wisconsin 

vertical shock tube (see Fig. 7.3) described by Anderson et al. (2000). After setting up a 

gravitationally stable stagnation plane between the gases, the same two gases would then 

be injected horizontally at the interface to create a shear layer (Weber et al. 2012).  The 

perturbations along the shear layer create a statistically repeatable broadband initial 

condition. The initial interface between a helium-acetone mixture and argon (A = 0.7) has 

undergone shear driven mixing prior to shock acceleration and is characterized by a fairly 

thick region. The top of Fig. 7.4 shows the post-shock image taken immediately after 

shock compression where it is expected that little interface growth has occurred.    

While the vorticity is spread throughout the interface, it is concentrated near the bottom 

where the mole fraction, X, is smallest (the bottom of Fig. 7.4a). As nearly all of the 

enstrophy is concentrated below X = 0.5, the interface growth and mixing will originate 

near where the vorticity is concentrated (Fig. 7.4b). Experiments (Layes et al., 2005) as 

well as two- and three-dimensional simulations (Zabusky and Zeng, 1998, Ranjan et al., 

2005, Niederhaus et al., 2008a,b) have also been performed to illuminate the physics of 

the vorticity evolution after the shock–bubble interaction. 

As described succinctly by Morgan et al. (2012), the deposited vorticity causes the 

interface to roll up into mushroom-like spikes of heavy fluid penetrating into the light 

fluid, separated by bubbles of light fluid moving into the heavy fluid. The total amount of 

vorticity deposited by the shock wave determines the growth rate of the instability. The 

misalignment of the interfacial density gradient and the centripetal acceleration of the 

vortex cores causes the generation of secondary baroclinic vorticity (Peng et al., 2003, 

Reinaud et al., 2000). The rolling up of the vorticity will also generate shear on 

  

                                                
60 Picone et al. (1985, 1986) proposed a nonlinear model on vorticity created by shock-interface 
interactions. The vorticity generation is not equal to zero in this model when there is an initial perturbation 
(Houas et al., 1988). Samtaney and Zabusky (1998) obtained analytical results for the baroclinic circulation 
generation on simple 2D (sinusoidal and oblique-planar) interfaces. 
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Fig. 7.3 (Anderson et al., 2000, Shock Waves, with permission). The Wisconsin vertical shock 
tube. 
 

 

 

 

Fig. 7.4 (Fig. 7. of Weber et al., 2012, Phys. Fluids, with the permission of AIP Publishing)  (a) 

Estimate of the initial vorticity deposition using an early post-shock image and a model (Eq. (15) 

of Weber et al., 2012). (b) Fraction of the total enstrophy, ω2, within a select mole fraction range. 
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the thin arms of the mushroom structure, leading to the growth of a secondary instability. 

Over time, this secondary instability eventually becomes turbulent, and the mushroom 

structures begin to disintegrate as the stems thin and the arms mix due to turbulent 

diffusion. 

 

The vorticity production from the shock wave and subsequent mode coupling will depend 

on the particular Atwood number, Mach number, light-heavy or heavy-light configuration 

considered (Gowardhan et al., 2011). Depending on initial root of the mean-square (rms) 

of the slope of the interface, the evolution of the multimode planar RMI evolves into 

either linear or nonlinear regimes, with distinctly different flow features. In the linear 

regime, the growth rate increases as the initial rms slope increases. Less mode coupling is 

seen and the primary production of enstrophy is baroclinic (Richtmyer, 1960). In the 

nonlinear regime, there is significant mode coupling, which suggests that stretching 

becomes an important enstrophy production mechanism.  

 

The growth of the Richtmyer–Meshkov instability and the consequent mixing is 

illustrated by the visualizations in Fig. 7.5. The particular experiment Cohen et al. (2002) 

have chosen to simulate is one where the shock passes from the low- to high-density 

fluids, and the membrane is initially on the same side of the mesh as the shock. Of the 

various combinations studied by Vetter and Sturtevant (1995), this is the one that led to 

rupturing of the membrane and thus leads to subsequent mixing layer growth 

unencumbered by properties of the membrane. Also, because the membrane is pushed 

into the mesh, there is a distinct imprint of the mesh spacing on the initial contact 

discontinuity shape. The variable plotted is the entropy chosen because it vividly displays 

the contact discontinuity while, for the parameters of the simulation; it has a relatively 

small change across the shock. The color mapping is chosen to be transparent red on the 

high-density (low entropy, low-temperature) side and transparent blue on the low-density 

side of the contact discontinuity (Cohen et al., 2002). The regular egg-carton interface 

plus the superimposed random small-scale structures resemble those measured from a 

recent ablative RMI experiment. Fig. 7.6 displayed the atomic force microscope 

micrographs showing the RMI structures in the central region of the spot generated by the 
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laser pulse of Gaussian-like power profile (Lugomer, 2016a,b). 

 

The RMI induced flows present significant complexity, such as the development of 

strong anisotropy and non-equilibrium, upon the passage of the shock wave. 

Nevertheless, the RMI induced turbulence can be viewed (Zhou, 2001) as a freely 

decaying, incompressible one (Thormann and Meneveau, 2014, Zhou and Speziale, 1998) 

after the passage of the planar shock wave (Zhou, 2001, Clark and Zhou, 2006).  

The LES calculations of Lombardini et al. (2012) have shown that for all 5 Mach 

numbers considered the late time flow resembles a quasi-homogeneous decaying 

turbulence of Batchelor type (Batchelor, 1953, Batchelor and Proudman, 1956) with a 

kinetic decay energy exponent ≈ 1.4 and a large-scale energy spectrum ≈ k4.  

Tritschler et al. (2014b) also concluded at turbulence evolving from the Richtmyer- 

Meshkov instability is not fundamentally different from decaying isotropic turbulence 

despite being only isotropic and homogeneous in two spatial directions. Also, the 

probability density functions of the velocity and its longitudinal and transverse 

derivatives are also in agreement with those for decaying isotropic turbulence. 

In their direct numerical simulation, Liu and Xiao (2016) injected the turbulent kinetic 

energy at the perturbation scales of a Mach 1.6 RMI flow and found that at early times 

the energy is transferred both backward to the larger scales and forward to the small 

scales. At late times, however, no inverse energy cascade is observed and large-scale 

motions continuously lose turbulent kinetic energy, similar to the case in decaying 

homogeneous isotropic turbulence. A visualization of the simulated flow field is shown 

in Fig. 7.7. 
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Fig. 7.5. Volume renderings of the RMI simulation at successive times (Cohen et al., 2002, 

Physics of Fluids) 
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Fig. 7.6 Atomic force microscope micrographs measured RMI structures in the central region of 

the spot (Fig. 3 of Lugomer, (2016a), permission from Laser and Particle Beams).  
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Fig. 7.7 (Fig. 3 of Liu and Xiao, Phys. Rev. E with permission). The inner mixing zone 

visualized by an instantaneous contour of |E"¢from a simulation at t = 40M}. The fine-grid 

region resolution is 512/ × 1024. The inner mixing zone is indicated by the z locations of 

|E"¢ =  0. 01, 0. 99. 
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Fig. 7.8a (Wilson et al., 2016, ASME JFE with permission). The test section in the LANL 

Vertical Shock Tube showing the gates that close off before the shock interacts with the initial 

conditions, the PLIF-PIV measurement locations, and the orientation of the diagnostic laser 

sheets. 

 

Fig. 7.8b (Fig. 12 of Wilson et al. 2016, ASME JFE with permission). Example of the 

instantaneous density, velocity, and vorticity field. The symmetric (strain, L1) and asymmetric 

(rotation, L2) tensors of the velocity gradients are also shown. (air-SF6, A=0.64). 
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At the Vertical Shock Tube facility (see Fig. 7.8a) newly developed at LANL, several 

flow quantities, including the vorticity, enstrophy, and strain, have been acquired 

experimentally (Wilson et al., 2016). Two types of dynamic measurements (PIV and 

PLIF diagnostics), time-series (N = 5 realizations at 10 locations) and statistics (N = 100 

realizations at a single location) of the density and velocity fields (Fig. 7.8b) are used for 

a study where a perturbed stable light-to-heavy (air-SF6, A = 0.64) interface is 

impulsively accelerated with a shock wave at Mach 1.45 and 1.3. Data from such direct 

measurements would allow one to inspect the physics of both large- and small-scales. 

The preliminary results  already suggest that the large-scale mixing, such as the mix 

width, is strongly dependent on Mach number, whereas small scales are strongly 

influenced by initial conditions instead.  

7.3 Basic governing and energy budget equations 

The dynamic equation for the energy transfer process, constructed from the Navier-

Stokes equations, requires the input of three-dimensional velocity flows. Obtaining such 

time-dependent fields is a major challenge for the laboratory experiments as well as for 

the closure theories (Leslie, 1973, Orszag, 1970, 1977, Lesieur, 1990, Zhou et al., 2004, 

Sagaut and Cambon, 2008, Zhou, 2010). Indeed, while the laboratory experiments can be 

carried out in any setting, the data collection is often limited by the diagnostic 

methodologies.  On the other hand, the closure theories can be used to inspect high 

Reynolds number flows for incompressible (Kraichnan, 1959,1971) and weekly-

compressible (Bataille and Zhou, 1999) flows.  Despite some early attempts (Kraichnan, 

1963, 1964), the closure theories are unfortunately limited to the homogeneous and 

isotropic turbulence.  

There is a well-established procedure for studying the energy transfer process. Indeed, in 

last quarter century, numerical simulations have demonstrated their capabilities in 

providing high quality data for studying the energy transfer process.  The previous works 

on homogeneous, isotropic turbulence have confirmed Kolmogorov’s assumptions on the 

locality of the energy transfer (Domaradzki and Rogallo, 1990) and interacting scales 

(Zhou, 1993a,b). A variable- density formulation is proposed for energy transfer analyses 
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previously performed for isotropic (Domaradzki and Rogallo, 1990, Yeung and Brasseur, 

1991, Ohkitani and Kida, 1992, Zhou, 1993a,b), anisotropic (Zhou et al., 1996), and wall-

bounded (Domaradzki et al., 1994, Marati et al., 2004, Serra et al., 2012a,b, Cimarelli et 

al., 2013, Bolotnov et al., 2010, Cimarelli and De Angelis, 2014, Aulery et al., 2015, 

2017) flows. 

Two remarks are in order here. First, in ILES, the explicit dynamic viscosity, µ, was set 

to zero in Eqs. (7.1) and (7.2). Instead, the ILES subgrid scale modeling is provided 

implicitly by the numerics (Boris et al., 1992, Grinstein, Margolin, and Rider, 2007). As 

noted already, several schemes have been advanced to estimate the effective viscosity for 

ILES. Second, the acceleration gi equals zero as the RMI flow is impulsive driven. On the 

other hand, gi =(0,0,-g) for the RTI induced flow in the gravitation field. Indeed, the 

mixing problem induced by RTI and RMI for many applications is a transitional problem.   

 

In this section, the energy transfer process for RTI and RMI induced flows will be 

reviewed in the same framework. This investigation will utilize the databases from both 

the direct numerical simulation (DNS) and implicit large-eddy simulations (ILES). 

The conservation laws governing the flow of two incompressible fluids are 
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where gi denotes the acceleration for RTI and equals to 0 for RMI. Again, this viscous 

action is taken by the numerics in ILES calculations. 

 

Here 5 is the mixture density, Yl is the mass fraction of species l, ui is the mass-averaged 

mixture velocity, p is the pressure, D is the Fickian diffusivity, µ is the dynamic viscosity.  

 

The mass fractions satisfy 
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|>(Ä, M) + |/(Ä, M) = 1.                                                    (7.8) 

 

It is important to add the zero-divergence condition here. The mass-weighted 

velocity of the mixture is not divergence-free when diffusion is present. The zero 

divergence, Livescu (2013) for example, is now 

 

∇ ∙ P = −∇ ∙ ^
;

?
∇5c.                                           (7.9) 

In order to extend the methodology of constant-density energetics to the variable-density 

case, a new variable is introduced, i.e., 

           t" ≡ 5>//ü",                    (7.10) 

such that, the kinetic energy may be written as K=vi vi/2.   This variable has been used for 

similar purposes by various authors (Yih, 1960, Rodriguez Azara and Emanuel, 1988, 

Kida and Orszag, 1990). The Navier-Stokes equation can then be written as 

 

(7.11) 

For simplicity, Eq. (7.12) can be rewritten as 
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There are three contributions to the nonlinear term,  
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where m = q, p, d stands for quadratic, pressure, and dilatational components of the non- 

linear transfer.  

The first contribution is from the quadratic term, which is responsible for passive-vector 

advection, while the second and third contributions are from pressure and dilatation 

effects. 

The equation for the energy budget studies reviewed in this section is given in shorthand 

as 

i
i=

Ω(,, Ö, M) = Ü(,, Ö, M) + á(,, Ö, M) + ℰ(,, Ö, M),                                    (7.14) 

where E is the variable-density kinetic energy spectrum,  
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>

/
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the nonlinear transfer term is 
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and the viscous dissipation is 
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with dΩ being a differential element of a wave space annulus, (. )å  indicates a Fourier 

transform, (.)* indicates the complex conjugate. 

 

For a RTI induced flow, Π is the production term due to gravitational force. The RM 

instability is driven via an impulse in the initial time and then decays freely (Π=0). Thus, 

the only terms of physical importance at the large scales simulated are the rate of change 

of the variable-density energy spectrum E and the nonlinear transfer term T as ε is 
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furnished implicitly by numerics in an ILES calculation. 

In order to ascertain the relative importance of each process, the total nonlinear transfer is 

subdivided into each individual component, i.e., 

Ü(,, Ö, M) = Üï(,, Ö, M) + Ü_(,, Ö, M) + ÜD(,, Ö, M)                     (7.18) 

where 

Ü‘ =
>

/
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∗ ó TΩ																					(3 = ç, 7, T)                (7.19) 

 

7.4. RTI energy transfer  

A detailed investigation on the energy transfer process will provide a complete picture on 

how the energy is produced, transferred in both the homogeneous and inhomogeneous 

directions, and finally, dissipated. The role of the pressure will also be inspected. The 

time evolution of the energy, production, transfer, and dissipation spectra can be found in 

Cook and Zhou (2002) and Cabot, Schilling & Zhou (2004). 

The production Π, transfer T, and dissipation ε spectra are plotted in Fig. 7.9 on the same 

z versus log10(k) domain for the highest turbulent state of the simulation. By the end of 

the simulation (t=6), there is some k separation between the two, i.e., as structures merge 

within the mixing layer, energy is deposited at larger scales. The increasing separation of 

peaks between the production and dissipation spectra is a direct result of the increasing 

Reynolds number for this transitional flow.  

The transfer spectrum, T, however, behaves in a very complicated manner. At higher 

wave numbers T is mostly positive, indicating a net cascade of energy to smaller scales. 

Inside the mixing zone, backscatter appears approximately equal to forward scatter. It 

further appears that some z locations may be undergoing forward energy cascade, while 

neighboring regions are simultaneously experiencing inverse cascade. The transfer 

spectrum is also positive at the top and bottom of the mixing zone, suggesting production 

of energy at the bubble and spike fronts.   
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In order to unravel the irregular patchwork that constitutes T, each individual component 

(Tq and Tp) is plotted separately in Fig. 7.10. The dilatation, Td  is roughly two orders of 

magnitude smaller, therefore, its influence on the energetics is likely negligible. 

As shown in Fig. 7.10, the quadratic term is mostly negative at lower wave numbers 

inside the mixing zone and mostly positive at higher wave numbers and near the edges of 

the mixing envelope. Regarding the pressure term, nearly the opposite is true, except at 

higher wave numbers where positive and negative regions appear to be roughly equally 

distributed. Hence, their net contribution to T is the result of extensive cancellation 

between these two contributions. The net positive transfer of energy to the higher wave 

numbers (usual cascade picture) and to the bubble/ spike fronts is thus a result of 

quadratic interactions, (Tq), with pressure counterbalancing advection, for the most part. 

 

 
 
Fig. 7.9 (from Cook and Zhou, Fig. 14) Production (Π: left), transfer (R: middle), and dissipation 

(ε: right) spectra versus z (vertical) and log10(k) (horizontal) at t=6. Blue=-2×10-4, green=0, and 

red=2×10-4. 
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Fig. 7.10 (from Cook and Zhou, Fig. 16). Quadratic (Tq: left) and pressure (Tp: right) 

contributions to transfer function versus z (vertical) and log10(k) (horizontal) at t= 6.             

Blue=-5×10-4, green=0, and red=5×10-4. 

The actual measurement of the raw interaction statistics, the triad nonlinear transfer 

function, is the building block of the energy transfer process (Domaradzki and Rogallo, 

1990, Yeung and Brasseur, 1991, Ohkitani and Kida, 1992, Zhou, 1993a,b, Zhou et al. 

1996).  Without resort to any modeling, subgrid-scale eddy viscosity is computed from 

the results of high-resolution direct numerical simulations of 3D RTI induced turbulence. 

Using a sharp Fourier cutoff filter, Cabot et al. (2004) decomposed the kinetic energy 

transfer is into (1) the resolved part; (2) a part corresponding to the interaction between 

resolved and unresolved scales; and (3) a part corresponding to the interaction between 

unresolved scales. The decomposition into resolved and unresolved scales is used to 

define an effective eddy viscosity and backscatter viscosity. This scheme follows the 

previous applications to the isotropic turbulence (Domaradzki et al., 1987, Zhou and 

Vahala, 1993) as well as channel flow and Rayleigh–Bénard convection (Domaradzki et 

al., 1994, Domaradzki and Liu, 1995). The principal conclusions of the Cabot et al. 

analysis are the transfer spectra and eddy viscosities exhibit a strong dependence on the 

wave number cutoff. Furthermore, the contributions from the interaction between 

resolved and unresolved scales dominate the contribution to the total subgrid eddy 

viscosities and are responsible for the cusp near the cutoff wavenumber (see subsection 



 226 

6.7).  

 

 

7.5. RMI energy transfer  

 

The RMI simulations were conducted using a high-order accurate ILES algorithm            

(Thornber et al., 2008a,b, 2011a, Thornber and Drikakis, 2007) at a grid resolution of 

5123, where the initial conditions employed represent the passage of a shock wave 

through an initial interface with a narrow-band multimode perturbation (Thornber and 

Zhou, 2012). The multimode perturbation has an initial power spectrum which is constant 

for wavelengths 16Δx  ≤ λ ≤ 32Δx, where λ is the wavelength, and Δx is the grid spacing 

and is equal in all directions. The power is zero for all other wavelengths and is adjusted 

such that the initial modes are linear and well resolved on the computational grid. These 

RMI simulations have been demonstrated to be grid converged in terms of spatial means, 

spectral data, and mixing parameters (Thornber et al., 2010).   

The RM instability is driven via an impulse in the initial time instant and then decays 

freely. Thus, the only terms of physical importance at the large scales simulated are the 

rate of change of the variable-density energy spectrum E and the nonlinear transfer term 

T in Eq. (7.14) (Thornber and Zhou, 2012). The shock travels in the positive x direction 

from the heavy fluid to the light. In this case study, the location of the initial interface 

perturbation in Fourier space lies between 1.2 ≲ log(k) ≲ 1.5. This is where the kinetic 

energy is initially injected into the flow through RMI. The center of the mixing layer, 

defined as the point where the cross-section-averaged mass fractions are 0.5, is at x = 

3.05 for all time instants (only results from τ=37 will be reviewed here).  

There are clear parallels in the development of the mixing layer with a previous analysis 

of the RTI. There is a large region of negative energy transfer in the center of the mixing 

layer at 0.8 ≲ log(k) ≲ 1.5, where the kinetic energy deposited by the shock is being 

redistributed to higher and lower wave numbers. This is principally due to the quadratic 

component of nonlinear transfer and is counteracted in some regions by positive transfer 
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from the pressure component (Fig. 7.11).  

The transfer spectra are clearly asymmetric:	most	of	the	activity	is occurring on the 

spike side where the flow density is higher. The quadratic and pressure components 

nearly cancel each other out at high x on the spike side, where alternating regions of high 

positive levels of quadratic transfer and high negative levels of pressure components 

arise. The pressure transfer is both positive and negative, like	that reported for the RT 

instability. This is most likely due to the continuing isentropic exchange of internal and 

kinetic energy as vortices collide and break up. Fig. 7.12 is a close-up of an	

escaping	vortex ring, which highlights the intense vorticity transported from the mixing 

layer and the wake trailing it. The velocity vectors illustrate that the velocities induced 

within this vortex ring are larger than those found in the mixing layer itself, and the peaks 

in nonlinear transfer are associated with these spikes. The vortex ring is preceded by a 

region of positive quadratic transfer and negative pressure transfer, which, when 

summed, make a weaker positive transfer. This is reversed in the core of the vortex. This 

process is repeated in the weaker vortex rings, which have been shed downstream of the 

head of the spike. The strongly alternating regions of high positive and negative quadratic 

and pressure observed at high x advect away from the mixing layer and out of the 

computational domain in synchrony with the spike motion. This effect can also be seen in 

the RTI results of Cook and Zhou. 
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Fig. 7.11 (from Thornber and Zhou, 2012, Fig. 6). Transfer due to quadratic (upper left), pressure          

(upper right), dissipation (lower left), and the total transfer function at τ=37. 
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Fig. 7.12 (Fig. 11 of Thornber and Zhou, 2012) Total nonlinear transfer T at τ=37 (left) with the 

corresponding mass fraction field (right) and a close-up of the mass fraction contours around a 

spike with velocity vectors superimposed (bottom). Note that the contour flood is from 0 < Y1 < 

0.05 to highlight the spikes. The left-hand part of the bottom image shows the spike side of the 

mixing layer. 

 

Using direct numerical simulation, Liu and Xiao (2016) studied the scale-to-scale energy 

transfer in a RMI flow induced by a Mach	1.6	planar	shock	wave.  Three multi-mode 

initial perturbations are considered for the material interface formed by Air and SF6. The 

authors found that the predominant events take place in the spike side of the inner mixing 

zone, consistent with the property of energy transfer spectra reported by Thornber and 
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Zhou.  

 
 
8. Summary, reflections, and outlook 

  

The objective of Part I of this review is to provide the basic properties of the flow, 

turbulence, and mixing induced by Rayleigh-Taylor, Richtmyer-Meshkov, and Kelvin-

Helmholtz instabilities. Part II is designed to provide a much broader and in-depth 

understanding of this critical area of research. 

 

The flows induced by RT and RM instabilities are time dependent and undergo both the 

linear and nonlinear phases of growth. After a quick tour of elementary stability analysis 

and early experimental work, the images from modern single-mode RTI and RMI 

experiments in the laboratory settings are presented to illustrate the temporal 

development of RT and RM instabilities, as well as the critical role of the KH instability. 

The linear and nonlinear models are documented and compared with the available 

laboratory experiments and numerical simulations. Vortex models are also presented, 

which could overcome some of the restrictions of traditional nonlinear models even after 

the vortex roll-up begins. The roles of viscosity, surface tension, and diffuse interface are 

examined as significant stability mechanisms. 

 

In some cases, these flows with single-mode or multi-mode initial conditions can 

transition to turbulence. In Part I, both the spatial and temporal criteria to achieve the 

transition to turbulence have been examined. The forcing from the gravity or time-

varying acceleration in RTI flows, the vorticity and energy deposition from the shock in 

RMI flows, and the resulting energy transfer process for inhomogeneous cases of both 

flows are discussed. 

 

A key element of Part I is the discussion of the late-time self-similar scaling for the RT 

and RM growth factors, a and q. These parameters are influenced by the initial 

conditions and much of the variations seen in the tables can be thus explained.  
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In Part II, special attention is paid not only to the influence of the initial conditions but 

also to the dependence of multi-mode flows on Atwood number (for both RTI and RMI) 

and Mach number (for RMI). Moreover, RMI flows undergoing reshock or multiple 

shocks will introduce distinctive new physics. For all these cases, the flow properties are 

further evaluated based on the mixed width, mixedness parameters, normalized mixed 

mass, and the anisotropy of the mixing layers.  

Many additional physics and external factors, such as the compressibility, rotation, 

stratification, and magnetic field, are usually stability mechanisms with very few possible 

exceptions. Further complicating issues are multiple instabilities might interact with each 

other, and the significant impact of convergent geometry in the growth of RTI and RMI. 

Of course, mix models are required for practical scientific and engineering applications. 

A comprehensive overview will be offered, with increasingly more sophisticated models 

— with many more equations — that attempt to incorporate additional physics. Part II 

concludes by discussing the issues and modeling efforts of unique problems of 

astrophysical and high-energy-density physics applications.    

This work performed under the auspices of the U.S. Department of Energy by Lawrence 

Livermore National Laboratory under Contract DE-AC52-07NA27344.
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