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Abstract 

The Accelerator Driven System (ADS) as a reactor to produce fissile material, or 
for partitioning & transmutation purposes, has potential as an inherently safe 
reactor since it can be shut down by simply turning off the accelerator. Multiple 
studies have focused on the intranuclear and internuclear physics involved in the 
spallation process for high-energy projectiles impacting high-Z targets relevant to 
ADS applications. To quantify spallation neutronics, and thereby fissile material 
production, generally requires numerical methods such as MCNP, and such 
calculations are specific to the geometry under consideration. This study uses 
published cross sections from the ENDF database and an assumed generic 
cylindrical geometry for the ADS target and fertile blanket to derive analytic 
expressions for the production of Pu-239 and U-233, without needing to run MCNP 
codes, yet matching published data.  

Introduction 
Much research has been done on understanding spallation neutron generation [1], [2], [3], [4] 
with application to Accelerator Driven Systems (ADS) [5]. These studies can roughly be divided 
into thin target [6], [7], [8], [9], [10], [11], [12] and thick target [13], [14], [15], [16], [17], [18] 
theories and experiments. Thin target research focuses on understanding intranuclear physics, 
whereas thick target research accounts for secondary internuclear reactions that can occur due to 
the extended length or diameters of such thick targets. While some studies have involved heavier 
impacting projectiles than protons/deuterons, this study will remain concentrated on just these 
lighter hydrogen projectiles. Further, although there is some minor benefit in using deuterons 
over protons for spallation neutron production, the difference is not significant [2], so protons 
will be assumed as the impacting projectiles herein. Also, we will assume the ADS target to be 
lead or uranium (natural or depleted), and a uranium breeder blanket. An illustration of a 
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simplified ADS system is shown in Fig. 1. Note that a moderator is not shown in Fig. 1, but 
could be envisioned as an annulus between the Pb or U ADS target and the U blanket. 

 

Figure 1. Illustration of a simplified ADS system, 
assuming a Pb or U target struck by high-energy protons, 
surrounded by a uranium breeder blanket. While no 
moderator is shown here, one could be inserted as an 
annulus between the ADS target and U blanket to slow 
the spallation neutrons towards a thermal spectrum. The 
diameter of the ADS target is d, with a length L, and the 
radial distance from the ADS target surface is r. 

Thin Targets 
Although the main focus of this study will be on thick target approximations, it is worthwhile to 
briefly provide some background on thin target results. In general, the thin target models involve 
an intranuclear cascade (INC) stage followed by an evaporation stage [6], and although 
refinements to this model have been made [13], the average number of spallation neutrons 
produced per reaction (neutron multiplicity Mn) in a thin target can be approximated by [6] 

𝑀" = (0.0803 + 0.0336 ln 𝐸.)𝐴1        (1) 

where Ep is the proton energy in GeV and At is the target atomic mass. Note that per reaction is a 
more important distinction when considering thick targets, for in thin targets just one reaction 
occurs (with low probability) whereas in thick targets multiple reactions are possible throughout 
the extent of the target. A plot of spallation neutron multiplicity versus impacting proton energy 
for lead and uranium targets using Eq. (1) is shown in Fig. 2. Hereafter, one could consider these 
values the minimum possible for these target materials, and as will be shown much larger 
multiplicities are possible for thick targets due to multiple reactions occurring (both primary and 
secondary particle interactions). 
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Figure 2. Neutron multiplicity versus impacting proton energy for thin lead and uranium targets, 
per Eq. (1) of Cugnon [6]. 

Thick Targets 
With thick targets, consideration must be made for the survival probability of the impacting 
protons, given as 1-Pr = exp(-L/Lint) where Pr is the reaction probability, L is the length along the 
target, and Lint is the characteristic interaction length. For lead targets, Lint = 18.4 cm [4], and for 
uranium Lint = 11.4 cm [2]. The proton survival probabilities for lead and uranium targets are 
shown in Fig. 3. As shown, it is very likely a proton has reacted prior to the end of long targets of 
the order 60 cm for uranium and 100 cm for lead, and therefore not much reason for targets 
longer than these. 

 
Figure 3. Survival probability of impacting protons striking lead and uranium targets. 

To convert neutron multiplicity per reaction into neutron yield Yn per incoming proton, one must 
multiply the reaction probability Pr with Mn. For thin targets, the reaction probability is low, but 
constant, whereas for thick targets there is a larger chance of interaction. 

Magill & Peerani Simple Neutron Yield Model 
Per Magill & Peerani [19], for a cylindrical target 10 cm in diameter and 60 cm in length, the 
neutron yield is given by 

𝑌" = 𝑐4(𝐸. − 0.12	GeV) for Ep > 0.12 GeV      (2) 

where cm is a coefficient that is 22.7 for lead (Pb) and 36.7 for depleted uranium (U-238) targets 
which are 10 cm in diameter and 60 cm length [20]. However, while this simple model is 
appealing, it was calculated for a particular target and does not necessarily provide confidence 
that this model is applicable to arbitrary target dimensions and proton energies. Therefore, a 
more comprehensive investigation is done below, applicable to arbitrary target size and proton 
energy, in a simple analytic solution without needing to run Monte Carlo codes for each specific 
case.  



 4 

Background on Thick Target Models 
A number of different thick target experiments and modeling have been conducted by several 
groups, as illustrated in Fig. 4. As seen in Fig. 4, the thick 20 cm diameter, 60 cm length lead 
targets of Nikolaev/Vassil’kov [14], [15] and the high proton energy data (12 GeV) of Arai [17] 
are fit well by all three models of Bauer [1], Yurevich [13], and Arai [17]. However, these 
models overestimate the neutron yield for not as large of targets, such as the data of Fraser [18] 
with a 10 cm diameter by 61 cm length Pb target, as well as data from Pienkowski [4] and 
Letourneau [3] with 15 cm diameter by 35 cm length Pb targets. For uranium targets, Hilscher 
[2] states that multiplying lead target neutron yields by 1.46 adequately represents uranium. The 
model of Carpenter of neutron yield (-6 + 50Ep) for uranium targets is a purely linear fit through 
a small number of data points that do not exceed 1.5 GeV proton energy. Since the data of 
Hilscher is more complete and shows a nonlinear fit at higher proton energies, the model of 
Hilscher will be assumed here to be more valid. Additionally, it is not clear whether Carpenter or 
Hilscher are correctly plotting Fraser’s data [18] in their published figures. 

         
         (a)       (b) 

Figure 4. (a) Thick Pb target neutron yield (spallation neutrons per incoming proton) 
experimental data from a number of research groups and associated models; and (b) models for 
both uranium and lead thick targets. 

Assuming that any practical ADS target design will maximize its length to achieve maximal 
reaction probability, the radial dimension drives the amount of spallation neutrons that escape the 
target. These escaping spallation neutrons can then be used for other purposes such as minor 
actinide transmutation or fissile material production. For Pb targets, the radial dependence of 
neutron escape was calculated by Hashemi-Nezhad [5], which is reproduced in Fig. 5(a).  From 
this data, a best fit is parameterized here as 

𝑌"Pb 𝑑 = 30 1 − 0.6𝑒;</>?cm         (3) 

The applicable experimental data given in Letourneau et al [3] is also shown in Fig. 5(a) for a 25 
cm long Pb target, normalized to 1 GeV impacting proton energy. 
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   (a)         (b) 

Figure 5. Calculated dependence of neutron escape from a lead target based on the results of 
Hashemi-Nezhad [5], including a best fit parameterization as a function of target diameter, for 
(a) 25 cm long Pb target along with normalized experimental data of Letourneau [3]; and (b) 25 
cm long uranium target. 

For uranium targets, the dependence of escaping neutrons on radial direction is more 
complicated due to the greatly enhanced possibility of neutron absorption. Shown in Fig. 5(b) is 
the radial dependence of neutron yield for a 25 cm long uranium target, again as calculated by 
Hashemi-Nezhad [5]. No experimental data could be found in the literature for neutron escape as 
a function of target diameter. The fit for this dependence is found here to be best approximated 
as 

𝑌"U 𝑑 = 27 1 − 0.95𝑒;</CCcm 1 + 7.6𝑒;</>Dcm       (4) 

Thus, using the proton reaction probability 1- exp(-L/Lint), as can be inferred from Fig. 3, along 
with the fits estimated through Eqs. (3) and (4), one now has a means to easily calculate neutron 
yield (escaping from the target) for Pb and U targets, respectively. Note that for uranium one 
would expect a nonlinear escape profile along the axial direction, analogous to the radial escape 
profile of Fig. 5(b). However, the length of the target is used to maximize the probability of a 
proton reaction (Fig. 3) which is naturally co-linear with the direction of the incoming protons 
(i.e. axial), whereas the diameter of the target should be optimized for maximum escape 
probability (if the intent is to use as many spallation neutrons as possible for a subsequent 
process such as transmutation or fissile material production). One therefore can think of the 
target length and diameter to be of orthogonal intent – optimize length for full use of the 
incoming protons; optimize diameter for maximizing escaping spallation neutron flux. 

Generalization of thick target models for arbitrary length and diameters 
Now that the form of the spallation neutrons fates as a function of length and diameter are 
characterized, a generalized framework is possible. The model of Bauer [1] will be used for thick 
lead targets, and Hilscher’s [2] recommendation of simply multiplying Bauer’s model by 1.46 
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for uranium, normalized by the 20x60 cm targets, are used to give the generalized neutron yield 
per proton equations as 

𝑌"Pb(𝐸., 𝐿, 𝑑) = 1.33(−8.2 + 32.5𝐸.?.GC)(1 − 0.6𝑒;</>?)(1 − 𝑒;H/IJ.K)    (5) 

𝑌"U(𝐸., 𝐿, 𝑑) = 0.96(−8.2 + 32.5𝐸.?.GC)(1 − 0.95𝑒;</CC)(1 + 7.6𝑒;</>D)(1 − 𝑒;H/II.K) (6) 

Plots of Eqs. (5) and (6) are illustrated in Figs. 6 (a) and (b), respectively, along with relevant 
experimental data points. As shown in Fig. 6(a), the modeling now better follows the smaller Pb 
target sizes used by Fraser (10x61 cm) [18] as well as Letourneau [3] and Pienkowski [4] for 
their 15x35 cm Pb targets. Similarly, experimental data for uranium targets shown in Fig. 6(b) 
also illustrates how uranium target geometry affects the neutron yield. Note that the data of Arai 
[17] at 12 GeV is not shown in Fig. 6(a) to highlight the fit at lower energies, but the model does 
intersect the Arai yield of 201 n/p at 12 GeV. Also note that the uranium experimental results of 
Fraser [18] as reported Carpenter [16] appear to follow a 20x60 target dimension, whereas Fraser 
states his target was 10x60. Fraser’s data as reported by Hilscher does appear to follow our 
current model, though the data spread is sufficient such that a variety of target sizes could also 
adequately fit the data. However, since the other uranium data of Hilscher [2] does follow our 
model, and Fraser’s data (as reported by Hilscher) also follows our model, we will assume that 
uranium target modeling has been adequately addressed. 

      
Figure 6. Models for thick target neutron yields, corrected for arbitrary target length and 
diameter, for (a) lead targets; and (b) uranium targets. 

Spallation Neutron Spectra 
Findlay [21] provided a generalized ‘back of the envelope’ model for spallation neutron spectra, 
which appears to provide reasonable results (within a factor of 2) for a variety of target materials 
(Pb, U, W, Ta), noting that all spallation neutron spectra have a similar profile regardless of 
target or impacting proton energy (order of 1 GeV). The form of the generalized spectra as a 
function on neutron energy En is given by Findlay as 
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𝑓spallation 𝐸" =

I
?.D
𝐸"
;I/> 0.1	MeV ≤ 𝐸" ≤ 0.6	MeV

𝐸"
;W/> 0.6	MeV ≤ 𝐸" ≤ 100	MeV

100𝐸"
;C/> 𝐸" ≥ 100	MeV

     (7) 

This relation is illustrated in Fig. 7 as Findlay > 0.1 MeV. Note that fspallation has not been 
normalized, though its integral regardless of upper energy limit is approximately 4. This model 
does not include neutron energies below 0.1 MeV, and the high energy limit of the neutron 
spectra should coincide with the impacting proton beam energy (though the yield at these 
energies is very low).  

There certainly is a lower energy tail for spallation neutrons, and it is different for lead and 
uranium targets. By studying published results, we find that the neutron energy scales as 𝐸"

I/> for 
En < 0.3 MeV for lead targets [14], [15], [16], and as 𝐸"

C/W for En < 0.1 MeV for uranium targets 
[5], [16]. These tails are also shown in Fig. 7 as low-energy appendages to the nominal Findlay 
model. 

 
Figure 7. The generalized spallation neutron spectrum estimated by Findlay [21] along with our 
additions of the low energy tails separately for lead and uranium.  

Note, however, that integration from the lower limit of the low-energy tails will now result in 
different normalization between lead and uranium targets. Also, upon examination of published 
spectra [5], [14], [15], [16], there are slight differences between lead and uranium target spectra 
at intermediate energies. Taking all of this into account, separate modified spectra models were 
derived as 

𝑓Pb
spallation 𝐸" =

I
?.WD

𝐸"
I/>

I
I.>
𝐸"
;I/>

𝐸"
;W/>

100𝐸"
;C/>

𝐸" ≤ 0.3	MeV
0.3	MeV ≤ 𝐸" ≤ 1.2	MeV
1.2	MeV ≤ 𝐸" ≤ 100	MeV

𝐸" ≥ 100	MeV

     (8) 
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𝑓U
spallation 𝐸" =

5100𝐸"
C/W

11𝐸";I

10𝐸";>

100𝐸"
;C/>

𝐸" ≤ 0.1	MeV
0.1	MeV ≤ 𝐸" ≤ 0.9	MeV
0.9	MeV ≤ 𝐸" ≤ 100	MeV

𝐸" ≥ 100	MeV

     (9) 

These spectra are shown in Fig. 8 (integral equals total neutron yield per proton for 15x30 cm 
targets). To obtain the actual quantitative spectra for a prescribed target type and size, the 
neutron yield estimates 𝑌"(𝐸., 𝐿, 𝑑)	of Eqs. (5) & (6) are multiplied to these spectra, after being 
normalized. 

 
Figure 8. Normalized general spectra models for lead and uranium targets, following Eqs. (8) & 
(9), as well as the original generalized model of Findlay [21]. 

Fission Neutron Production 
The multiplicity of fission neutrons n(En) as a function of incident neutron energy is given by 
Eqs. (10) & (11) for U-238 and U-235 targets, respectively [22]. These equations are plotted in 
Fig. 10. 

𝜈U-238 𝐸" = 2.41 + 10.24(1 − 𝑒;?.?IC_`)       (10) 

𝜈U-235 𝐸" = 2.31 + 9.33(1 − 𝑒;?.?IG_`)       (11) 

Since we will only be interested in the dominant U-238 atoms of the uranium blanket (or 
assuming purely depleted uranium blanket), the multiplicity equation of Eq. (10) is integrated 
with respect to the spallation neutron spectra of Eqs. (8) & (9) for Pb and U ADS targets (see 
Fig. 9), which results in an average multiplicity of 3.39 for lead ADS targets and 2.62 for 
uranium ADS targets.  
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Figure 9. Fission neutron multiplicities for U-238 and U-235 as a function of incident neutron 
energy [22]. 

Fission Neutron Spectra 
The normalized fission neutron spectrum for uranium is accurately given by [23] 

𝑓Ufission 𝐸" = 𝐸"𝑒
; b`
c.de/1.299        (12) 

where En is in MeV. Equation (12) is plotted in Fig. 10.  

 
Figure 10. Prompt fission neutron spectrum from uranium (normalized to unit area) [23]. 

Thus, multiplying Eq. (12) by 3.39 or 2.62 for Pb or U ADS targets, respectively, we have the 
energy-dependent number of fission neutrons available within the uranium blanket. 

Plutonium Production 
According to Magill & Peerani [19], the fissile atom production rate, in this case Pu-239 atoms, 
is simply given as 

𝑛Pu-239 = 𝜂	𝑖.𝑌" [atoms/sec]        (13) 

where coefficient 𝜂 ≈ 1 − 2, as was estimated using the 1-D neutron transport code XSDRNPM 
module from the SCALE system [24]. Magill & Peerani used the linear neutron yield 
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formulation of Gilmore et al [20] when deriving a value for h with Eq. (13), but we will assume 
Eq. (13) is applicable regardless of the specific formulation for Yn. Again, this simple model of 
Magill & Peerani is based on a specific target calculation, generalized for broader use. Below we 
perform a more detailed investigation, yet still arriving at a relatively simple, analytic solution 
for plutonium production rate (or other actinide production, with the appropriate cross sections). 

Having the neutron yields for spallation and fission, including their energy dependence, 
plutonium production rates can be calculated using interaction cross sections. The neutron 
interaction cross sections as tabulated in the Evaluated Nuclear Data File (ENDF) database 
(ENDF/B-VII.1) is used to calculate neutron-induced production and decay rates. The nuclear 
chain for creation of plutonium from uranium is shown in Fig. 11 [25]. While specifics are 
discussed in the figure caption, the primary channel for Pu-239 production is 
238U ® 239U ® 239Np ® 239Pu        (14) 

where U-239 is created through radiative neutron capture by U-238, and Np-239 and Pu-239 
result from subsequent natural b _ decays (23.45 mins and 2.356 days, respectively). The 
transmutation path of U-235 is not considered since it will be such a small mass fraction in a 
uranium blanket (0.7 wt% in natural uranium; much less in depleted uranium). 
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Figure 11. Plutonium production scheme 
from uranium [25]. U-239 is created through 
radiative neutron capture by a U-238 atom, 
where thereafter b _ decays into Np-239 (half-
life 23.5 mins). The Np-239 then b decays to 
Pu-239 with a half-life of 2.35 days. The 
channels to produce Pu-239 through b decay 
of U-238 is too slow to be significant (half-
life 4.5 billion years); and production from U-
237 is also ignored since U-237 has a very 
small mass fraction in natural uranium, and 
the two radiative capture reactions further 
reduce the probability that this channel could 
generate even minor amounts of Pu-239. 
Besides natural decay of isotopes, the 
neutron-induced transmutation of U-239, Np-
239, and Pu-239 must also be considered 
since these reactions can significantly deplete 
the populations of these isotopes. Note that 
the cross sections depeicted are averages for a 
thermal neutron spectrum, as would be 
expected with a moderated fission reactor. 

 

Cross sections for U-238, U-239, Np-239 and Pu-239 were downloaded from the ENDF/B-VII.1 
library (http://www.nndc.bnl.gov/exfor/endf00.jsp) for neutron energies starting at 100 eV and 
extending to 20 or 30 MeV (as far as the data exists for these isotopes). This upper limit of 20-30 
MeV is acceptable since the spallation neutrons are few at these higher energies by more than an 
order of magnitude compared to ~1 MeV neutron energies (see Fig. 8). The neutron reactions 
considered are radiative neutron capture s(ng), fission s(nf), and the s(n,2n) , s(n,3n) , s(n,4n) cross 
sections. To account for neutron-induced decay of the isotopes, all these cross section are added 
to calculate the absorption cross section s(abs). 

Radiative neutron capture by U-238 to create U-239, and thus start the chain towards Pu-239 
production, are considered via two paths: (1) the initial passage of spallation neutrons from the 
ADS target source; and (2) a second wave of fission neutrons created by the initial wave of 
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spallation neutrons. The ordinary differential equations representative of these two waves of 
neutrons within the uranium blanket are described in the following sections. 

Spallation Neutron Flux 
The number of incident protons per second, ip, is the proton current (Amperes) divided by 
1.6x10-19 C. From Fig. 1, we see that the area traversed by spallation neutrons escaping the ADS 
target surface is 2pL(d/2 + r). The survival probability of neutrons as a function of radius from 
the ADS target surface is exp(-nU-238s(abs)r). Thus, the spallation neutron flux is given by 

Φspallation 𝐸", 𝐸., 𝑟, 𝑑, 𝐿 = mnò (_n,<,H)pspallation(_`)

>qH(rdst)
𝑒;"udvwxU-238

(abs) (_`)t    (15) 

with units of [neutrons/cm2.MeV.sec] and where Yn(Ep,d,L) is the spallation neutron yield per 
incident proton [see Eqs. (5) and (6)]. For clarity, the terms of Eq. (15) that depend on the 
spallation neutron energy En can be separated from other terms, as 

Φ(s) 𝐸", 𝐸., 𝑟, 𝑑, 𝐿 = 𝜙?
z (𝐸., 𝑟, 𝑑, 𝐿)𝑓(s)(𝐸")𝑒;"U-238xU-238

(abs) (_`)t    (16) 

where 𝜙?
z 𝐸., 𝑟, 𝑑, 𝐿 = 𝑖.𝑌"(𝐸., 𝑑, 𝐿)/2𝜋𝐿(𝑑 2 + 𝑟) [neutrons/cm2.sec], the normalized 

spallation neutron spectrum f(s) is in units of 1/MeV, and the superscript (s) represents 
“spallation”. The differential reaction rate dR/dEn (cm3/MeV.sec) is the neutron flux multiplied 
by the relevant reaction (j) cross section (abs, ng, etc.) for the ith isotope:  

<|}
(~)(_`,_n,t,<,H)

<_`
= Φ(s) 𝐸", 𝐸., 𝑟, 𝑑, 𝐿 ∙ 𝜎m

� 𝐸"       (17) 

Since U-238 is the dominant isotope and will be mainly constant for exposure times of interest, 
we will assume nU-238 is a constant density throughout. As a first step, we will integrate over 
spallation neutron energy En, which essentially only involves the generic integral shown in Eq. 
18(a) to give the energy-averaged, radially decaying flux, cross section as a function of radius r 
from the ADS target surface as 

𝜎m
(�)(𝑟) = 𝑑𝐸" ∙ 𝑓(z)(𝐸")exp	 −𝑛U>WJ𝜎U-238

(abs) (𝐸")𝑟 ∙ 𝜎m
(�)(𝐸")    (18a) 

such that 

𝑅m
(�) 𝐸., 𝑟, 𝑑, 𝐿 = 𝜙?

z 𝐸., 𝑟, 𝑑, 𝐿 ∙ 𝜎m
(�)(𝑟)       (18b) 

Note that the form of the integral in Eq. (18a) will be the same in all cases considered here, with 
just the cross section term 𝜎m

(�) varying per reaction.   

The energy-averaged, radially decaying flux cross section 𝜎(𝑟)  for all reactions were found to 
have the piecewise-continuous form 𝜎m

(�)(𝑟) = 𝜎m
� (𝑟?) 𝛼𝑒;t/t� + (1 − 𝛼)𝑒;t/t� . 

Therefore, all that is needed are the 𝜎m
� (𝑟?)  cross sections evaluated at r = r0, weighting term 

a, and the attenuation lengths ra and rb for the reactions, which then greatly simplifies the 
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calculation of the reaction rates of Eq. (18b). As examples, the energy-averaged, radially 
decaying flux, cross sections for U-238 for both lead and uranium ADS targets are shown 
graphically as a function of radius r from the ADS target surface in Figs. 12 (a) and (b), 
respectively. As can be seen from the figures, the fits (red lines) overlay the calculated points 
(blue disks) quite well. Similar good fits were obtained for all other cross section calculations. 
The collected cross section parameters for U-238, U-239, Np-239 and Pu-239 are given in Table 
1. Note that while the (n,2n), (n,3n) and (n,4n) reactions are not listed in Table 1 for clarity, they 
were included in the total absorption cross sections s(abs). There are three radial regions for the 
fits: 0 < r < r0 = 100 cm; 100 cm < r < r0 = 500 cm; and r > r0 = 500 cm. Breaking the overall fit 
parameters into three regions allowed for much more accurate piecewise-continuous fits rather 
than one fit for all r. 

  
      (a)                   (b) 
Figure 12. The spallation energy-averaged neutron absorption cross section, including the 
exponential neutron flux decay through the uranium blanket, as a function of radius r from the 
ADS target surface for (a) a lead ADS target; and (b) a uranium ADS target.  
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The reactions for Pu-239 production via the channel of Eq. (12) form a linear system of 1st-order 
Ordinary Differential Equations (ODEs). Although we assume the U-238 density is essentially 
constant, we can show consistency with a basic calculation of the transmutation rate for U-238: 

𝑛U-238 𝑟, 𝑡 = −𝑛U-238(𝑟, 𝑡)𝑅U-238
(abs) (𝑟)       (19) 

where n is the number density (cm-3) of the isotope, and which is easily solved as  

𝑛U-238 𝑟, 𝑡 = 𝑛U-238 𝑟, 0 exp −𝑅U-238
(abs) (𝑟) ∙ 𝑡       (20) 

The terms Ep, d and L have not been included for clarity, but are variable input parameters per 
Eqs. (13) to (16).  

The fastest rate of transmutation would occur at r = 0, and for a typical ADS accelerator of 1 
GeV/1 mA average power, and a uranium ADS cylindrical target of dimensions 20x60 cm, the 
reaction rate 𝑅U-238

(abs) 𝑟 = 0 = 1.3x10-11 sec-1, or an equivalent half-life of 1,700 years. Thus, even 
after 5 years of continuous irradiation by such an ADS system, the uranium blanket would still 
have over 99% of its original U-238 density available. Our assumption of a constant U-238 
density therefore is appropriate. 

Starting with the first ODE for U-239 production through neutron capture by U-238: 

𝑛U-239 𝑟, 𝑡 = 𝑅U-238
nγ (𝑟)𝑛U-238 − 𝑛U-239(𝑟, 𝑡) 𝑅U-239

(abs) (𝑟) + ln2/𝜏U-239
(I >)    (21) 

where the first term creates U-239 and the subsequent terms transmute U-239, and t is the half-
life of the isotope. The solution to this ODE is 

𝑛U-239 𝑟, 𝑡 = 𝑛U-238
|U-238
nγ (t)

|U-239
(abs) t sln2 �U-239

c d 1 − exp −(𝑅U-239
(abs) 𝑟 + ln2 𝜏U-239

I > )𝑡   (22) 

Thus, it can be seen that the steady-state amount of U-239 produced is just the U-238 density 
scaled by the ratio of U-239 creation and decay rates. Similarly, the ODE for Np-239 production 
from U-239 is 	
𝑛Np-239 𝑟, 𝑡 = 𝑛U-239(𝑟, 𝑡)ln2/𝜏U-239

(I >) − 𝑛Np-239(𝑟, 𝑡) 𝑅Np-239
(abs) (𝑟) + ln2/𝜏Np-239

(I >)   (23) 

This ODE can also be solved analytically, but since Eq. (23) includes the time-dependent nU-

239(r,t) term of Eq. (22), the solution is too long for depiction here. However, the steady state 
solution for nNp239(r) is easily solved as 

𝑛Np-239 𝑟 = 𝑛U-239 𝑟
ln2/�U-239

c d

|Np-239
(abs) t sln2/�Np-239

(c d)        (24) 

where once again the steady-state Np-239 density is the U-239 steady-state density scaled by the 
ratio of Np-239 creation and decay rates. For Pu-239 production, the ODE is 

𝑛Pu-239 𝑟, 𝑡 = 𝑛Np-239(𝑟, 𝑡)ln2/𝜏Np-239
(I >) − 𝑅Pu-239

(abs) (𝑟) ∙ 𝑛Pu-239(𝑟, 𝑡)    (25) 
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Here, the Pu-239 half-life is long (2.41x104 years) such that it is not included in Eq. (25), and the 
steady-state solution is easily seen to be 

𝑛Pu-239 𝑟 = 𝑛Np-239 𝑟
ln2/�Np-239

c d

|Pu-239
(abs) t

        (26) 

The steady-state densities as a function of radius r from the ADS target surface into the uranium 
blanket are shown in Fig. 13 (a) and (b) for Pb and U targets, respectively. Note that the Pu-239 
density is essentially constant throughout the radial dimension of the blanket, but caution should 
be observed here. These steady-state solutions are for infinite time passage, which is not realistic 
or practical since then significant quantities of unwanted isotopes will also be produced, and at 
large radius the denominator of Eq. (26) becomes very small and based on fits (see Fig. 12) such 
that there is some level of numerical effect keeping the Pu-239 density up at large radii. 

           
Figure 13. Radial distribution of steady-state actinide densities for (a) Pb ADS targets; and (b) 
uranium ADS targets. 

Secondary neutron flux from fission 
As described by Eqs. (10) and (11), the fission of a U-238 atom releases on average 2.54 
neutrons with spectrum 𝑓Ufission 𝐸" 	at a rate of 𝑅U-238

(nf) 𝐸., 𝑟�, 𝑑, 𝐿 = 𝜙?
z 𝐸., 𝑟�, 𝑑, 𝐿 ∙

𝜎U-238
(nf) (𝑟�) , where 𝑟�is used to indicate the radial location at which the fission occurred. Now, 

the energy-integrated, flux-decaying neutron capture cross section must be calculated for this 
fission spectrum and a different flux. The flux of fission neutrons can be considered equal in the 
forward and backward directions, given by 

Φ(p) 𝐸", 𝐸., 𝑟, 𝑟�, 𝑑, 𝐿 = 𝜙?
p (𝐸., 𝑟, 𝑑, 𝐿)𝑓(p)(𝐸")𝑒;"U-238xU-238

(abs) (_`) t;t�    (27) 

which is analogous to Eq. (16) and where 𝜙?
p 𝐸., 𝑟, 𝑑, 𝐿 = 2.54/4𝜋𝐿(𝑑 2 + 𝑟) and the 

superscript (f) indicates fission neutron flux (an additional factor of 2 is in the denominator to 
account for half the flux going forward and half going backward radially). Similar to Eqs. (18), 
the energy-dependent terms for the radiative neutron capture rate resulting from these fission 
neutrons can be separated and integrated over neutron energy as 

𝜎U-238
n� (𝑟, 𝑟�) (p) = 𝑑𝐸" ∙ 𝑓(p)(𝐸")exp	 −𝑛U-238𝜎U-238

(abs) (𝐸") 𝑟 − 𝑟� ∙ 𝜎U-238
(n�) (𝐸") (28a) 
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such that 

𝑅U-238
(n�) 𝐸., 𝑟, 𝑟�, 𝑑, 𝐿

(p)
= 𝜙?

p 𝐸., 𝑟, 𝑑, 𝐿 ∙ 𝜎U-238
n� (𝑟, 𝑟�) (p) 𝑅U-238

(nf) 𝐸., 𝑟�, 𝑑, 𝐿
(z)

 (28b) 

Note that the fission superscript denotes that the reaction is due to the secondary fission neutrons, 
and note that both the fission radial location 𝑟�and variable radial position r are included. 
Equation 28(b) should be convolved to account for fissions occurring anywhere from 𝑟�= 0 to 
rmax, where rmax is the outer edge of the uranium blanket: 

𝑅U-238
(n�) 𝐸., 𝑟, 𝑟max, 𝑑, 𝐿

(p)
= 𝜙?

p 𝐸., 𝑟, 𝑑, 𝐿 𝜎U-238
n� (𝑟, 𝑟�) (p) ∙ 𝑅U-238

(nf) 𝐸., 𝑟�, 𝑑, 𝐿 𝑑𝑟�tmax
?  

            (29) 

This fission-induced reaction rate is calculated for rmax = 500 cm and a 20x60 cm ADS target 
size, as shown in Fig. 14. As shown in Fig. 14, the contribution of secondary fission neutrons to 
the production rate of U-239 due to the primary spallation neutrons is negligible. Therefore, 
enhanced production of Pu-239 from secondary fission neutrons can be ignored in Eq. (21), and 
all creation of U-239 is hereafter assumed to be due only to the primary spallation neutrons. 

 
                                   (a)                                                              (b)  

Figure 14. Reaction rates for the creation of U-239 from U-238 for both primary spallation 
neutrons in comparison with secondary fission neutrons for (a) lead ADS target (20x60 cm); and 
(b) uranium ADS target with rmax = 500 cm. 

Plutonium Production Results 
The coupled first-order ODEs represented by Eqs. (21), (23) and (25) can each be solved 
analytically by first integrating Eq. (21) for U-239 production, as shown in Eq. (22), and then 
inserting this time-dependent solution for nU-239 into Eq. (23) for nNp-239(t), and then finally 
inserting nNp-239(t) into Eq. (25) to solve analytically for nPu-239(t). Alternatively, one could use 
standard numerical techniques to simultaneously solve all three ODEs as a system of coupled 
ODEs. We used Mathematica software to analytically solve each equation separately for the 
actinide densities as a function of time, which are not reproduced here due to the very long and 
complicated nature of these analytic solutions. 
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Our analytic solutions for Pu production should be compared to other data for confidence that 
our formulation is applicable. Shown in Fig. 15(a) is a comparison of our formulation against the 
Monte Carlo results of Englert et al. [26]. Englert et al assumed a point source of spallation 
neutrons in a quasi-infinite sphere of natural uranium (rmax = 500 cm) for a 1 mA current proton 
beam at a variety of energies using the high energy physics and neutron transport code MCNPX 
[27]. As can be seen from Fig. 15(a), our model does quite well at reproducing the results of 
Englert et al, where we assumed an equivalent mass of uranium in a 1666 cm radius, 60 cm long 
cylindrical blanket to their 500 cm radius sphere. Shown in Fig. 15(b) is a comparison of our 
model to that of Magill & Peerani [19] as given by Eq. (13). Note that in the original article by 
Magill & Peerani they assumed a sphere of 50 cm radius, but this radius would allow for leakage 
of spallation neutrons and therefore not truly be an “infinite” sphere. Therefore, in the 
presentation in Englert et al of Magill’s model they assume a radius of 500 cm equivalent 
solution for Magill’s sphere. Thus, in Fig. 15(b) both a 50 cm radius cylindrical blanket and a 
500 cm blanket are calculated, and as shown the 500 cm radius matches the Magill model much 
better, consistent with Englert’s assumptions. 

Since the results shown in Fig. 15 appear to be consistent with the limited published data, and 
noting that our solution incorporates the actual cross sections from the quantitative ENDF 
libraries, we believe we have demonstrated the accuracy of our approach. 

    
                                   (a)                                                                             (b)  
Figure 15. Comparison of the calculation of our analytic model with the results of (a) Englert et 
al [26]; and (b) the simple model of Magill & Peerani [19], as given by Eq. (13). 

Thorium Fuel Cycle 
A thorium blanket can replace the uranium blanket in Fig. 1 and the same procedure as described 
above used to calculate the production of U-233. The analogous reaction path is 
232Th ® 233Th ® 233Pa ® 233U        (30) 

where Th-233 is created through radiative neutron capture by Th-232, and Pa-233 and U-233 
result from subsequent natural b _ decays (21.83 minutes and 26.975 days, respectively). 
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Secondary neutrons from fission of Th-232 are neglected similarly as before since the effect is 
miniscule. 

Production rates can be written directly from the equations developed for the uranium fuel cycle, 
namely, 

𝑛Th-233 𝑟, 𝑡 = 𝑅Th-232
nγ (𝑟)𝑛Th-232 − 𝑛Th-233(𝑟, 𝑡) 𝑅Th-233

(abs) (𝑟) + ln2/𝜏Th-233
(I >)   (31) 

𝑛Pa-233 𝑟, 𝑡 = 𝑛Th-233(𝑟, 𝑡)ln2/𝜏Th-233
(I >) − 𝑛Pa-233(𝑟, 𝑡) 𝑅Pa-233

(abs) (𝑟) + ln2/𝜏Pa-233
(I >)   (32) 

𝑛U-233 𝑟, 𝑡 = 𝑛Pa-233(𝑟, 𝑡)ln2/𝜏Pa-233
(I >) − 𝑅U-233

(abs) (𝑟) ∙ 𝑛U-233(𝑟, 𝑡)    (33) 

where the radially-dependent reaction rates are similarly given by 

𝑅m
(�) 𝐸., 𝑟, 𝑑, 𝐿 = 𝜙?

z 𝐸., 𝑟, 𝑑, 𝐿 ∙ 𝜎m
(�)(𝑟)       (34) 

Here, 𝜙?
z  is the same spallation neutron flux as used in Eq. (16), and the averaged radially-

dependent cross sections 𝜎m
(�)(𝑟)  have been calculated again using the ENDF/B-VII.1 library. 

The resulting fits to this data are given in Table 2. 

U-233 production can then calculated by integrating Eqs. (31) – (33) over radius, similar as was 
done for uranium above. Shown in Fig. 16 is the production of both Pu-239 and U-233 in natural 
uranium or thorium blankets, respectively, assuming a common lead ADS target (20x100 cm Pb 
cylinder). As shown in Fig. 16, U-233 production is slightly less than Pu-239 and both follow a 
similar trend with proton energy, which is expected since this trend is driven by the spallation 
neutron yield caused by bombarding protons. 

 

 
Figure 16. Comparison of Pu-239 and U-233 production from ADS spallation neutrons using the 
developed models for a 20 cm diameter, 100 cm long cylindrical lead ADS target surrounded by 
500 cm annular radius of uranium or thorium fertile blankets, respectively. 
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Conclusion 
Published theory and experimental data for spallation neutron multiplicity was used to derive a 
general model of neutron yield for arbitrary ADS cylindrical target dimensions and proton 
energies for both uranium and lead targets. Additionally, a generalized fast spallation neutron 
spectrum was provided for either uranium or lead ADS targets, expanding on the nominal 
spectrum model of Findlay [21]. Using this improved model spectrum and the estimated 
spallation neutrons available entering an annular uranium or thorium blanket, and transmutation 
cross sections taken from the ENDF/B-VII.1 library, simplified ordinary differential equations 
were derived that can be easily integrated to estimate fissile material production rates. Equations 
were provided for both lead or uranium ADS targets and either natural uranium or thorium fertile 
blankets of arbitrary size. It was also shown that secondary fission neutrons are negligible in the 
overall fissile material production rates, so were ignored in subsequent calculations. 

While this model of a cylindrical ADS Pb or U ADS target surrounded by an annular fertile 
blanket is a simplified picture of likely ADS implementations (see Fig. 1), since in reality the 
blanket would probably consist of fuel assembles and rods rather than a solid annulus, this model 
does seem to provide realistic fissile material production rates in comparison with other 
published data. The current model does not include backscattering of spallation neutrons, since it 
is assumed the spallation neutrons probably react just once as they traverse the blanket in the 
outward radial direction. 

An advantage of this approach is minimizing the need to run neutronics codes, such as MCNP, 
for each specific ADS target and blanket design. With the current model, one can quickly 
estimate fissile material production rates, and then if desired run more detailed neutronics on 
specific designs. Further, actual cross sections were used from the ENDF/B-VII.1 library, similar 
to as would be used by more detailed neutronics codes, adding some confidence to the fidelity of 
the current model. Also, the spallation neutron yield as a function of thick ADS target 
dimensions and bombarding proton energy, as given by Eqs. (5) & (6), is immediately useful to 
decide upon optimal target parameters paired to a given accelerator. 

Future work could include adding a moderator between the ADS target and blanket material. 
While a thermal neutron spectrum may not benefit a natural uranium target in regards to Pu-239 
production, slower neutrons may enhance U-233 production from thorium blankets.  Also not 
evaluated here was partition and transmutation (P&T) of other isotopes, which would be 
necessary to properly address using ADS as a spent fuel burner, or to better quantify signatures 
passively emanating from target material or present during active interrogation for signatures.  
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