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Technological motivation
Goals:

I Develop fundamental understanding of
the chemical-mechanical mechanisms
that control subcritical cracks in
low-permeability geomaterials

I Link atomic-scale insight to
macroscale observables and directly
address how chemical environment
affects mechanical behavior.

Why Atomistic Simulation?
I Cracks start at the atomistic scale by

the breaking of bonds at the rock-fluid
interface.

I Crack tip formation & crack
propagation is influenced by fluid and
surface chemistry (e.g., development
of surface charge & adsorbed species
along fracture surface).

Fracking

Sequestration

large-scale problems with mechanical and
chemical forces acting on cracks



Approach

Generally speaking, this work is based on the simple premise:

• consistent fields from atomistic simulation
• application of continuum theory

}
→ nanoscale results

i.e. first, connect atomistic data to continuum fields in a manner
and a scale consistent with the conservation balances; then, use
continuum theory to analyze the process.

There are many technologically relevant examples of the validity of
this approach down to the length-scale of nanometers and
hundreds of atoms.

In particular, atomistic simulation is particularly suited to the
analysis of configurational forces since they typically have atomic
details.



Method: 1-way coupling

Ingredients

1. A slit is inserted through
bonds crossing a half plane

2. A far-field continuum
displacement solution is
applied on an annulus of
atoms (red)

3. stress, displacement, and
energy density fields are
coarse-grained on a grid
(green)

4. Eshelby stress is formed and
the J-integral is evaluated
on the contour (black)

• atomistics provides a first-principles description of the crack
surface and other defects structure and energetics
• continuum provides far-field surrogate model and theory for
interpretation



Background

(1) Connection between particle & continuum mechanics:

I [Irving&Kirkwood 1950] Correspondence of particle
trajectories & continuum fields through the balance laws

I [Hardy 1982] Extension of I&K to smooth kernels

• [Zimmerman 2010] Referential/material frame extension
well-suited to solids

(2) Theory of configurational forces:

I [Eshelby 1951] Foundations of configurational forces

I [Rice 1968] Application to fracture

I [Wu 2001] Application to diffusion

(3) Application to atomic systems:

• [Jones 2010] Path-independent, T = 0 atomistic J-integral

• [Jones 2010] Finite T , quasistatic J-integral

• [Zimmerman 2013] Application to ductile metals



Eshelbian mechanics: J integral

The energy release rate relative to a process with motion χt ,
F = ∂Xχt , and a fixed reference configuration X is:

Π̇(ϕt ,χt ,F)− Π̇(X,χt ,F) =

∫
∂XΨ · ϕ̇t dV

where ϕt(X) is a map describing the configurational change in the
reference configuration, and

∂XΨ = ∇XΨ(X,F(X))− ∂XW (X,F) : ∇XF = ∇X · S

is work conjugate to the configurational change ϕt .

S is the Eshelby stress and the J-integral is the resultant force

J =

∫
∂Ω
SN dA = ∂XΠ

conjugate to the motion of the crack tip ϕ̇t .



Eshelbian mechanics: Eshelby stress

The Eshelby stress can be defined explicitly as

S = ΨI− FTP

where

I Ψ is the (Helmholtz) free energy,

I F = ∇Xχ is the deformation gradient,

I P is the 1st Piola-Kirchhoff stress

notice these are an energy-conjugate triplet.

Each of these fields must be estimated accurately and
consistently from atomic data in order to obtain a reliable
estimate of fracture toughness through the J-integral



Consistent fields
We adapt the Irving-Kirkwood/Hardy formalism:

I energy density:

W (X, t) =
∑
α

φα(t)ψ(X− Xα)−

W0(X)︷ ︸︸ ︷∑
α

φXαψ(X− Xα)

where φXα = φα({Xβ}) is PE in a fixed reference configuration
{Xβ} (perfect lattice w/ bonds deleted along crack).

I displacement gradient :

H = ∇Xu =
∑
I

uI (t)∇XNI (X) .

using interpolation u =
∑

I u(XI , t)NI (X) of displacement

u(X, t) =

∑
α (xα(t)− Xα) mαψ(Xα − X)∑

α mαψ(Xα − X)

defined mass-weighted consistent w/ momentum density.

I stress via the I-K procedure:

P(X, t) = −
∑
α<β

fαβ(t)⊗ XαβBαβ(X)



Results: Consistency and Accuracy
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The coarse-grained fields satisfy

P = ∇FΨ

i.e. there is (thermodynamic)
consistency between the energy,
stress and deformation measures
(P –, ∇FΨ +)

Also our use of partition of
unity/FE kernels

ψα(XI ) = NI (xα)

(and interpolation) can lead to
faster and more accurate esti-
mates than with traditional ker-
nels.



Idealized crack with displacement boundary conditions

IK/Hardy vs.
LEFM

displacement

stress

• path independence
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Applications
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The method has been applied to:

I ductile fracture

I finite temperature effects

I shear modes

I amorphous materials



Mechanochemistry of fracture
The combination of mechanical & chemical “forces” result in a
configurational force driving crack forward. Traditionally
mechanical effects are accounted for on J side, and the chemical
effects on the K side

∂XΠ · aE1 ≡ Jcrit(a) · E1 =
K 2

crit

E ∗ a = 2γa

since Π is the free energy of the solid, and fluid effects, e.g.
changes of surface energy, are consider external/surface effects.

A molecular level model captures:

I crack advance discrete jumps due to atomic structure

I surface energy : reconstruction, reaction/binding to
ambient species, [Orowan 1944]
( crack different environment than flat, relaxed surface )

I access to tip & steric effects: e.g. cusp/sharp vs
parabolic/blunt crack, driving pressure, temperature

I time-scales & sequencing: breaking/forming bonds, diffusion



Mechanochemistry of atomic fractureJ. Phys. D: Appl. Phys. 42 (2009) 214006 M Ciccotti

Figure 6. Effect of temperature on the crack propagation in
soda-lime glass (from Wiederhorn and Bolz (1970)).

For the same reasons, the region I data can also be fitted by
a different exponential equation proposed by Pollet and Burns
(1977) and applied to glasses by Lawn (1993):

vI = v0 exp(αG) = A exp
(

−"Ea

kBT

)
exp

(
−α(G − G0)

kBT

)
,

(3)

where the energetic balance has a more central role, as will be
discussed later concerning the threshold at G0.

The Wiederhorn equation (1) has been the most used in the
description of region I in glasses since it provides a more direct
interpretation of the chemical reactions between a glass of a
given composition and the environment at the crack tip. In
this framework, the basic mechanism of the stress-corrosion
reaction was associated with the stress-enhanced thermal
activation of a dissociative hydrolysis reaction represented
in figure 7 for the case of silica glass (Michalske and
Freiman 1983). Michalske and Bunker (1984) supported the
positive effect of stress on the reaction rate by a molecular-
orbital simulation of the reaction on distorted siloxane bonds.
They later provided experimental support for their theory by
measuring the rate of hydrolysis of a series of strained silicate
ring structures (Michalske and Bunker 1993). For other glass
compositions (figure 8), several other reactions are possible,
but they share the similar feature of being stress-enhanced and
thermally activated, thus explaining the exponential (Arrhenius
like) term in equation (1), where "Ea can be interpreted
as an activation enthalpy in the absence of stress and b can
be expressed in terms of an activation volume (of molecular
dimensions) by relating the stress intensity factor to the crack
tip stress (Wiederhorn and Bolz 1970). According to the
chemical reaction rate theory (Glasstone et al 1941), the
preexponential term represents the activity of the reactants in
the moist atmosphere and the exponent m (generally close to

Figure 7. Basic mechanism of the stress-corrosion reaction (from
Michalske and Freiman (1983)).

1) is related to the nearly first order of the stress-corrosion
reaction (Wiederhorn et al 1974).

For propagation in liquid environment, the term p/p0

is substituted by the activity of water molecules which
is strongly dependent on the composition of the liquid
environment. Notably, it is strongly affected by the pH
and ionic concentration of some species related to the glass
composition (Wiederhorn and Johnson 1973). Apart from
water, other molecules that are effective for stress-corrosion
such as ammonia, hydrazine and formamide have in common
(a) the capability of donating both a proton and an electron at
the two ends of a molecule and (b) a molecular diameter inferior
to 0.5 nm (Michalske and Bunker 1987). The first property is
necessary to present a concerted reaction of adsorption and
scission of the siloxane bridges of the glass network (figure 7,
bottom). The small diameter is necessary for the reactive
molecules to be able to reach the strained bonds at the crack
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I opening due to far-field
mechanical loading

I species diffusion driven by
concentration & pressure,
subject to steric &
hydrophobicity effects

I reactions near/at tip lower
bond breaking barrier &
decrease surface energy

[Michalske 1983]
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is substituted by the activity of water molecules which
is strongly dependent on the composition of the liquid
environment. Notably, it is strongly affected by the pH
and ionic concentration of some species related to the glass
composition (Wiederhorn and Johnson 1973). Apart from
water, other molecules that are effective for stress-corrosion
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Extension of methodology to chemistry

Levels of models

1. Lennard-Jones solid & fluid
I simple, unified potential (Lorenz-Berthiot mixing)
I easy to interpret & parameterize e.g. hydrophobicity, steric

effects
I useful in discovery of similarity relations

2. Tersoff silica + SPC water
I polyatomic
I atomic structure effects - crystalline, amorphous

3. ReaxFF silica + water
I complex, unified potential
I attention to reactions i.e. molecules break & reform bonds,

e.g. H2O ↔ OH− + H+

I add pH and salt concentration effects
I potential short coming reaction erodes sharp tip



Using a Lennard-Jones system to explore:
I pressure: function

of density, acts on
the crack faces &
diffusion to tip

I steric effects:
controlled by
radius σ of fluid,
particle size vs
crack tip radius

I hydrophobicity
effects: controlled
by solid-fluid
energy ε

• solid

• fluid

• surface-bound fluid
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Tersoff: silica glass

atomic

22-stress

coarse-grained

appears to be extremely ductile



Crack progression in a (dry) ReaxFF system

I similar ductile behavior

I classical J ∼ K 2 dependence

I propagation deviates from slit crack



Current work
This atomistic-continuum approach

I shows path-independence

I good agreement with theory

I rational implementation

I extensible to many types of
fracture

We are currently working on:

I reacting fluids

I pH effects

I mineral & clay structures

using potentials like ReaxFF.

montmorillonite

rjones@sandia.gov
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Current work

This atomistic-continuum approach

I shows path-independence
I good agreement with theory
I rational implementation
I extensible to many types of

fracture

We are currently working on:

I reacting fluids

I pH effects

I mineral & clay
structures

using potentials like ReaxFF.

rjones@sandia.gov

.



Quasi-static, finite temperature crack

Potential energy
J-integral for various temperatures
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Significant variations due to thermal, surface and crack tip energies
are apparent.
The J-integral is similar in shape at finite temperatures but shows
delayed fracture due to thermal expansion.



Ductile fracture: EAM Au

FCC

BCC

BCC displays signifi-
cantly more blunting
than FCC.

Both emit two dislo-
cations that propagate
to the boundary of the
atomic system.



Ductile fracture
FCC
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The J-integrals of both sys-
tems show evidence of two dis-
tinct emissions.

The limit of the elastic regime
of the FCC system is nearly
ideal with recovery after the
dislocation emission, whereas
the BCC system yields later, at
a lower J value and does not
recover after first emission.

The graphs also show sys-
tem size independence for
the pre-emission J integral i.e.
integration contours are suf-
ficiently far from the plastic
zone.



Amorphous materials: silica glass
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Mode dependence: silicon

Mode 2

dislocation emission

EDIP: 100 orientation
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Fluid infiltration: beginning of chemistry...
I Access to crack tip is limited

by steric & diffusion
consideration

I [Orowan 1944] surface
adsorption can reduce
surface energy

I pressure can do work on the
leaves of crack and reduce
the effective J

We see suppression of fracture
and path dependence due to in-
creased contribution by fluid ex-
posure. The J integral needs to
augmented to handle significant
surface energy and stresses. -1.5
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Lennard-Jones system

Using a cheap, simple to inter-
pret system to explore

I pressure

I steric effects

I hydrophobicity effects



Crack progression



Finite temperature: free energy
For finite temperatures we need to use a quasi-harmonic model to
estimate the free energy

ΨQH = Φ0 +
kBT

V
log

n∏
i=1

~ωi

kBT

(via an estimate of the entropy/partition function).
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We verified the harmonic model was sufficiently accurate using
thermodynamic integration Ψ1 −Ψ0 =

∫ 1
0 P · dF +

∫ 1
0 S dT over a

variety of (homogenous) loading conditions.



Orientation & Potential dependence

Orientation
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(2) Consistent fields
The estimation of three energy-conjugate fields are necessary.

I energy density:

W (X, t) =
∑
α

φα(t)ψ(X− Xα)−

W0(X)︷ ︸︸ ︷∑
α

φXαψ(X− Xα)

where φXα = φα({Xβ}) is PE in a fixed reference configuration
{Xβ} (perfect lattice w/ bonds deleted along crack).

I displacement gradient :

H = ∇Xu =
∑
I

uI (t)∇XNI (X) .

using interpolation u =
∑

I u(XI , t)NI (X) of displacement

u(X, t) =

∑
α (xα(t)− Xα) mαψ(Xα − X)∑

α mαψ(Xα − X)

defined mass-weighted consistent w/ momentum density.
I stress

P(X, t) = −
∑
α<β

fαβ(t)⊗ XαβBαβ(X)



Eshelbian mechanics: J integral

The energy release rate relative to a process with motion χt ,
F = ∂Xχt , and a fixed reference configuration X is:

Π̇(ϕt ,χt ,F)− Π̇(X,χt ,F) =

∫
∂XΨ · ϕ̇t dV

where ϕt(X) is a map describing the configurational change in the
reference configuration, and

∂XΨ = ∇XΨ(X,F(X))− ∂XW (X,F) : ∇XF = ∇X · S

is work conjugate to the configurational change ϕt .

S is the Eshelby stress and the J-integral is the resultant force

J =

∫
∂Ω
SN dA = ∂XΠ

conjugate to the motion of the crack tip ϕ̇t .



(2) Consistent coarse-grained fields: momentum
In order to construct the necessary fields, take Newton’s law

mαüα = fα

with mass mα, displacement uα and force fα = ∂xαΦ, and localize
with kernel ψ = ψ(X) where ψα ≡ ψ(Xα − X) is an averaging
weight ∑

α

mαüα ψα =
∑
α

fα ψα

The left-hand side can be identified with a change in momentum

p(X, t) =
∑
α

mαu̇α(t)ψα

and the right-hand side with a divergence of stress

∇X · P =
∑
α

fα ψα =
∑
αβ

ψαfαβ =
1

2

∑
αβ

(ψα − ψβ)fαβ = . . .



(2) Irving-Kirkwood/Hardy formalism

To obtain the stress from its divergence, instead of a truncated
expansion for ∆ψ = ψα − ψβ, define an exact relation

∆ψ = ∇Xψ ·∆X + . . . = ∇XB ·∆X

via

Bαβ(X) =

∫ 1

0
ψ (λ(Xα − X) + (1− λ)(Xβ − X)) dλ

to obtain a stress (recall ∇X · P = 1
2

∑
α,β fαβ∇XBαβ · Xαβ )

P(X, t) = −1

2

∑
α,β

fαβ(t)⊗ Xαβ Bαβ(X)

which is unique up to a solenoidal field & is similar to the virial.



Chemistry

The interaction of the crack and a fluid can change the apparent
fracture toughness. Chemical as well as mechanical influences can
drive fracture.

J. Phys. D: Appl. Phys. 42 (2009) 214006 M Ciccotti

Figure 6. Effect of temperature on the crack propagation in
soda-lime glass (from Wiederhorn and Bolz (1970)).
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where the energetic balance has a more central role, as will be
discussed later concerning the threshold at G0.

The Wiederhorn equation (1) has been the most used in the
description of region I in glasses since it provides a more direct
interpretation of the chemical reactions between a glass of a
given composition and the environment at the crack tip. In
this framework, the basic mechanism of the stress-corrosion
reaction was associated with the stress-enhanced thermal
activation of a dissociative hydrolysis reaction represented
in figure 7 for the case of silica glass (Michalske and
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positive effect of stress on the reaction rate by a molecular-
orbital simulation of the reaction on distorted siloxane bonds.
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1) is related to the nearly first order of the stress-corrosion
reaction (Wiederhorn et al 1974).

For propagation in liquid environment, the term p/p0

is substituted by the activity of water molecules which
is strongly dependent on the composition of the liquid
environment. Notably, it is strongly affected by the pH
and ionic concentration of some species related to the glass
composition (Wiederhorn and Johnson 1973). Apart from
water, other molecules that are effective for stress-corrosion
such as ammonia, hydrazine and formamide have in common
(a) the capability of donating both a proton and an electron at
the two ends of a molecule and (b) a molecular diameter inferior
to 0.5 nm (Michalske and Bunker 1987). The first property is
necessary to present a concerted reaction of adsorption and
scission of the siloxane bridges of the glass network (figure 7,
bottom). The small diameter is necessary for the reactive
molecules to be able to reach the strained bonds at the crack
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interpretation of the chemical reactions between a glass of a
given composition and the environment at the crack tip. In
this framework, the basic mechanism of the stress-corrosion
reaction was associated with the stress-enhanced thermal
activation of a dissociative hydrolysis reaction represented
in figure 7 for the case of silica glass (Michalske and
Freiman 1983). Michalske and Bunker (1984) supported the
positive effect of stress on the reaction rate by a molecular-
orbital simulation of the reaction on distorted siloxane bonds.
They later provided experimental support for their theory by
measuring the rate of hydrolysis of a series of strained silicate
ring structures (Michalske and Bunker 1993). For other glass
compositions (figure 8), several other reactions are possible,
but they share the similar feature of being stress-enhanced and
thermally activated, thus explaining the exponential (Arrhenius
like) term in equation (1), where "Ea can be interpreted
as an activation enthalpy in the absence of stress and b can
be expressed in terms of an activation volume (of molecular
dimensions) by relating the stress intensity factor to the crack
tip stress (Wiederhorn and Bolz 1970). According to the
chemical reaction rate theory (Glasstone et al 1941), the
preexponential term represents the activity of the reactants in
the moist atmosphere and the exponent m (generally close to

Figure 7. Basic mechanism of the stress-corrosion reaction (from
Michalske and Freiman (1983)).

1) is related to the nearly first order of the stress-corrosion
reaction (Wiederhorn et al 1974).

For propagation in liquid environment, the term p/p0

is substituted by the activity of water molecules which
is strongly dependent on the composition of the liquid
environment. Notably, it is strongly affected by the pH
and ionic concentration of some species related to the glass
composition (Wiederhorn and Johnson 1973). Apart from
water, other molecules that are effective for stress-corrosion
such as ammonia, hydrazine and formamide have in common
(a) the capability of donating both a proton and an electron at
the two ends of a molecule and (b) a molecular diameter inferior
to 0.5 nm (Michalske and Bunker 1987). The first property is
necessary to present a concerted reaction of adsorption and
scission of the siloxane bridges of the glass network (figure 7,
bottom). The small diameter is necessary for the reactive
molecules to be able to reach the strained bonds at the crack
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