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Introduction

With the growing number of model-based decompositions of
polarimetric SAR images, with their various canonical
scatter-types, there is a need for a general model-based

decomposition framework to implement and evaluate

these decompositions.
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Introduction

Geometry of Synthetic Aperture Radar (SAR)
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Introduction
Polarimetric SAR Diagram
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Introduction

The collected phase histories are converted to 2D images
that represent the scene’s reflectivity
at each pixel using the method described in Jakowatz’s text1 .

1Jakowatz C.V., et al.,

Spotlight-mode Synthetic Aperture Radar, Springer, 1996.
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Decomposition Building Blocks

The main building blocks for decompositions2 are the
Sinclair scattering matrix, S , and the Pauli feature vector,
kP , defined as

S =

[

SHH SHV

SVH SVV

]

kP =
1√
2





SHH + SVV

SHH − SVV

2SHV



 (1)

The corresponding coherency matrix T is

〈T 〉 =
〈

kPk
H
P

〉

=





T11 T12 T13

T21 T22 T23

T31 T32 T33



 (2)

where 〈·〉 denotes the spatial average

2Lee J., Pottier E., Polarimetric Radar Imaging, CRC Press,

2009.
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Model-Based Decompositions

Model-based decompositions decompose the coherency
matrix into contributions from canonical scatter-types.

〈T 〉 =
n

∑

i=1

fi [T ]i , (3)

fi is scalar, and [T ]i represents the coherency matrix that
describes the i th canonical scatter-type.
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Model-Based Decompositions
Freeman-Durden

The Freeman-Durden decomposition3 assumes reflection
symmetry and models the coherency matrix with three
scatter-types.

〈T 〉 =





T11 T12 0
T21 T22 0
0 0 T33



 (4)

〈T 〉 = fsTs + fdTd + fvTv (5)

s - Surface, d - Double-bounce, v - Volumetric

3Freeman A., Durden, S. IEEE Geo. R.S. May 1998.
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Model-Based Decompositions
Freeman-Durden Surface Scattering

Scattering from a Bragg surface has the form

Ss =

[

RH 0
0 RV

]

(6)

The reflection coefficients for horizontally and vertically
polarized waves are given by

RH =
µr cosφ−

√

εrµr − sin2 φ

µr cosφ+
√

εrµr − sin2 φ
(7)

RV =
εr cosφ−

√

εrµr − sin2 φ

εr cosφ+
√

εrµr − sin2 φ
(8)

where φ is the local incidence angle, εr and µr are the
relative permittivity and permeability respectively .
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Model-Based Decompositions
Freeman-Durden Surface Scattering

The associated Pauli feature vector and coherency matrix are

kPs
=

1√
2





RH + RV

RH − RV

0



 (9)

Ts =

[

〈

|RH + RV|2
〉

〈(RH + RV) (RH − RV)∗〉 0
〈(RH + RV)∗ (RH − RV)〉

〈

|RH − RV|2
〉

0
0 0 0

]

Ts = fs





1 β∗ 0
β |β|2 0
0 0 0



 (10)

with |β| < 1 and β ∈ ℜ
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Model-Based Decompositions
Freeman-Durden Double-Bounce Scattering

Scattering from a dihedral is modeled by.

Sd =

[

e j2γHRWHRGH 0
0 e j2γVRWVRGV

]

(11)

The horizontal and vertical reflection coefficients are

RiH =
cosφi −

√

εi − sin2 φi

cosφi +
√

εi − sin2 φi

(12)

RiV =
εi cosφi −

√

εi − sin2 φi

εi cosφi +
√

εi − sin2 φi

(13)

where i ∈ {W,G} and the incidence angles φG = θ and
φW = π

2 − θ.
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Model-Based Decompositions
Freeman-Durden Double-Bounce Scattering

The corresponding coherency matrix is

Td = fd





|α|2 α 0
α∗ 1 0
0 0 0



 (14)

where

α =
RWHRGH + e jφRWVRGV

RWHRGH − e jφRWVRGV

and φ = 2γV − 2γH (15)

α is complex valued, and |α| < 1.
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Model-Based Decompositions
Freeman-Durden Volume Scattering

Volume scattering is modeled by a distribution of randomly
oriented dipoles about the radar line of sight.

〈Tvol〉 =
∫ 2π

0
T (θ)p(θ)dθ =





a d e

d∗ b f

e∗ f ∗ c



 (16)

where the entries a, b, and c are real, and d , e, and f are
complex.
For the case where p(θ) is uniform,

〈Tv〉 =
1

4





2 0 0
0 1 0
0 0 1



 (17)
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Model-Based Decompositions
Freeman-Durden Assigning Powers

The Freeman-Durden Decomposition with these three
models

〈T 〉 = fs





1 β∗ 0
β |β|2 0
0 0 0



+ fd





|α|2 α 0
α∗ 1 0
0 0 0



+
fv

4





2 0 0
0 1 0
0 0 1





(18)

T11 = fs + fd|α|2 +
fv

2

T22 = fs|β|2 + fd +
fv

4

T33 =
fv

4
T12 = fsβ

∗ + fdα



General
Model-Based
Decomposition
Framework for

Polarimetric SAR
Images

Stephen Dauphin

Intro

Decomp Basics

Model-Based
Decompositions

Chen

GMBDF

Lin. Ind.

Number of
Parameters

Results

Application

Conclusion

References

Model-Based Decompositions
Freeman-Durden Assigning Powers

The power of a scatter-type is the trace.

Ps = fs
(

1 + |β|2
)

(19)

Pd = fd
(

1 + |α|2
)

(20)

Pv = fv (21)

Several Issues

◮ Overestimation of Volume Power

◮ Volume model has priority

◮ Negative Powers

◮ Only handles reflection-symmetric case
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Model-Based Decompositions
Yamaguchi

In order to address nonreflection symmetric case, Yamaguchi
introduces a fourth scatter-type4.

Tc =
fc

2





0 0 0
0 1 ±j

0 ∓j 1



 (22)

Pc = fc (23)

Several Issues

◮ Overestimation of Volume Power

◮ Helical and Volume models have priority

◮ Negative Powers

◮ Does not address T13 or the real part of T23

4Yamaguchi Y., et al., IEEE Geo. R.S., 2005.
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Model-Based Decompositions
Line of Sight Rotation

Rotated dihedrals are misclassified as volume scattering.
Therefore rotating the coherency matrix prior to the
decomposition improves the decomposition5.

〈T (θ)〉 = R(θ) 〈T 〉R(θ)∗T (24)

R3(θ) =





1 0 0
0 cos 2θ sin 2θ
0 − sin 2θ cos 2θ



 (25)

θ is chosen to minimize the T33 term

2θ =
1

4

(

tan−1 2Re (T23)

T22 − T33
± nπ

)

n = 0, 1 (26)

5Lee J. S., Ainsworth T., IEEE Geo. R.S. Mar 2011.
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Model-Based Decompositions
G4U

Singh, et al.,6 apply the rotation to the Yamaguchi decomp.

Ts (θ) = fs





1 β∗ cos 2θ −β∗ sin 2θ
β cos 2θ |β|2 cos2 2θ −1

2 |β|2 sin 4θ
−β sin 2θ −1

2 |β|2 sin 4θ |β|2 sin2 2θ





(27)

Td (θ) = fd





|α|2 α cos 2θ −α sin 2θ
α∗ cos 2θ cos2 2θ −1

2 sin 4θ
−α∗ sin 2θ −1

2 sin 4θ sin2 2θ



 (28)

6Singh G., et al., IEEE Geo. R. S. May 2013.
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Model-Based Decompositions
X-Bragg Surface

Schuler, et al., propose an X-Bragg surface model7 that
extends Ts to model surfaces rougher than SPM allows.

TXB =

∫ 2π

0
Ts (θ)P(θ)dθ. (29)

P(θ) =
1

σ
√
2π

e
−θ2/(2σ2), (30)

TXB = fg









1 β∗e−2σ2
0

βe−2σ2 |β|2

2

(

1 + e−8σ2
)

0

0 0 |β|2

2

(

1− e−8σ2
)









(31)

7Schuler, et al., IEEE Geo. R.S. Mar. 2002.
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Model-Based Decompositions
X-Bragg Surface

Hajnsek, et al., extend Ts using a uniform pdf8.

TXB =

∫ 2π

0
Ts (θ)P(θ)dθ. (32)

P(θ) =

{ 1
2θ1

θ| ≤ θ1

0 otherwise
with 0 ≤ θ1 ≤

π

2
, (33)

TXB =







1 β∗sinc(2θ1) 0

βsinc(2θ1)
|β|2

2 (1 + sinc(4θ1)) 0

0 0 |β|2

2 (1− sinc(4θ1))






,

(34)

with |β| ≤ 1.

8Hajnsek I., IEEE Geo. R.S. Apr. 2003.
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Model-Based Decompositions
Adaptive Two-Component Decomposition

Huang, et al., adapt the Freeman II decomposition with
Schuler’s X-Bragg surface model and an improved volume
model9

Tv11 =

√
πΓ

(

n+1
2

)

2Γ
(

n
2 + 1

) Tv12 = −n
√
πΓ

(

n+1
2

)

4Γ
(

n
2 + 2

) (35)

Tv33 =

√
πΓ

(

n+3
2

)

Γ
(

n
2 + 3

) Tv22 =

(

n2 + 2n + 4
)√

πΓ
(

n+1
2

)

8Γ
(

n
2 + 3

) (36)

A =

∫ π

0
sinn θ dθ =

∫ π

2

−π

2

cosn θ dθ =

√
πΓ

(

n+1
2

)

Γ
(

n
2 + 1

) (37)

Γ (a) =

∫ ∞

0
e
−tta−1 dt. (38)

9Huang X., et al., IEEE Geo. R.S. Mar. 2016.
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Model-Based Decompositions
Chen

Chen, et al.10, introduce a general decomposition for an
observed coherency matrix T is

T = Ts(θodd) + Td(θdbl) + 〈Tvol〉+ Thel + Tres (39)

Tres is used to measure how well those models fit the
observations. The smaller Tres is, the better the collection of
models fits the data.

10Chen S.W., et al., IEEE Geo. R.S., Mar 2014.
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Model-Based Decompositions
Chen

Using the canonical scattering models described in Chen’s
decomposition, the measured coherency matrix for a pixel is
decomposed as follows:





T11 T12 T13

T21 T22 T23

T31 T23 T33



 =

fs





1 β∗ cos 2θodd −β∗ sin 2θodd
β cos 2θodd |β|2 cos2 2θodd − 1

2
|β|2 sin 4θodd

−β sin 2θodd − 1
2
|β|2 sin 4θodd |β|2 sin2 2θodd



+ · · ·

fd





|α|2 α cos 2θdbl −α sin 2θdbl
α∗ cos 2θdbl cos2 2θdbl − 1

2
sin 4θdbl

−α∗ sin 2θdbl − 1
2
sin 4θdbl sin2 2θdbl



+ · · ·

fv





a d e

d∗ b f

e∗ f ∗ c



+ fc





0 0 0
0 1 ±j

0 ∓j 1



+





Tres11 Tres12 Tres13

Tres21 Tres22 Tres23

Tres31 Tres23 Tres33




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Model-Based Decompositions
Chen

Let Tr represent a vector that contains the real and
imaginary elements that define Tres. For model inversion,
the optimization criterion is to minimize the square of the L2
norm of Tr.

Tr =





























Tres11

Tres22

Tres33

Re {Tres12}
Re {Tres13}
Re {Tres23}
Im {Tres12}
Im {Tres13}
Im {Tres23}





























||Tr||22 =
9

∑

i=1

|Tr(i)|2 (40)
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Model-Based Decompositions
Chen

The nine generic equations for Tr(i) are

Tr(1) = T11 − fd|α|
2 − fs − afv

Tr(2) = T22 − fd cos2 2θdbl − fs|β|
2 cos2 2θodd − bfv −

fc

2

Tr(3) = T33 − fd sin2 2θdbl − fs|β|
2 sin2 2θodd − cfv −

fc

2
Tr(4) = Re {T12} − fvRe {d} − fdRe {α} cos 2θdbl − fsRe {β} cos 2θodd

Tr(5) = Re {T13} − fvRe {e}+ fdRe {α} sin 2θdbl + fsRe {β} sin 2θodd

Tr(6) = Re {T23} − fvRe {f }+
fd

2
sin 4θdbl +

fs

2
|β|2 sin 4θodd

Tr(7) = Im {T12} − fvIm {d} − fdIm {α} cos 2θdbl + fsIm {β} cos 2θodd

Tr(8) = Im {T13} − fvIm {e}+ fdIm {α} sin 2θdbl − fsIm {β} sin 2θodd

Tr(9) = Im {T23} − fvIm {f } −
fc

2
(41)
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Model-Based Decompositions
Chen

Let F =
9
∑

i=1

|Tr(i)|2

F =
(

T11 − fd|α|
2 − fs − afv

)2

+

(

T22 − fd cos2 2θdbl − fs|β|
2 cos2 2θodd − bfv −

fc

2

)2

+

(

T33 − fd sin2 2θdbl − fs|β|
2 sin2 2θodd − cfv −

fc

2

)2

+ (Re {T12} − fvRe {d} − fdRe {α} cos 2θdbl − fsRe {β} cos 2θodd)
2

+ (Re {T13} − fvRe {e}+ fdRe {α} sin 2θdbl + fsRe {β} sin 2θodd)
2

+

(

Re {T23} − fvRe {f }+
fd

2
sin 4θdbl +

fs

2
|β|2 sin 4θodd

)2

+ (Im {T12} − fvIm {d} − fdIm {α} cos 2θdbl + fsIm {β} cos 2θodd)
2

+ (Im {T13} − fvIm {e}+ fdIm {α} sin 2θdbl − fsIm {β} sin 2θodd)
2

+

(

Im {T23} − fvIm {f } −
fc

2

)2

(42)
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Model-Based Decompositions
Chen

The objective function (27) is minimized with the following
constraints:

0 ≤ fv, fd, fs ≤ Tr {T} 0 ≤ fc ≤ 2|Im (T23) | (43)

−π

4
≤ θdbl, θodd ≤ π

4
|β|, |α| < 1 (44)

where Tr {T} = T11 + T22 + T33 is the trace of the
measured coherency matrix.
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Model-Based Decompositions
Decomposition Implementation

Minimizing (27) is a little tricky.

◮ MATLAB’s fmincon function

11Boyd S., Vandenberghe L., Convex Optimization,

Cambridge University Press, 2004.
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Model-Based Decompositions
Decomposition Implementation

Minimizing (27) is a little tricky.

◮ MATLAB’s fmincon function

◮ Newton’s Method

11Boyd S., Vandenberghe L., Convex Optimization,

Cambridge University Press, 2004.
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Model-Based Decompositions
Decomposition Implementation

Minimizing (27) is a little tricky.

◮ MATLAB’s fmincon function

◮ Newton’s Method

Bad results are due to the function being nonconvex!

11Boyd S., Vandenberghe L., Convex Optimization,

Cambridge University Press, 2004.
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Model-Based Decompositions
Decomposition Implementation

Minimizing (27) is a little tricky.

◮ MATLAB’s fmincon function

◮ Newton’s Method

Bad results are due to the function being nonconvex!

A function is convex11 if

∀t ∈ [0, 1] , ∀x1, x2 ∈ D

F (tx1 + (1− t) x2) ≤ tF (x1) + (1− t)F (x2) (45)

11Boyd S., Vandenberghe L., Convex Optimization,

Cambridge University Press, 2004.
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Model-Based Decompositions
Decomposition Implementation

Define x1 and x2 as follows:





























fs
fd
fv
fc

θodd
θdbl

Re {α}
Im {α}
Re {β}





























x1 =





























200.9667
0
0
0

0.5620
0
0
0

−0.2550





























x2 =





























211.5955
0
0
0

−0.7021
0
0
0

−0.5247





























.

(46)
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Model-Based Decompositions
Decomposition Implementation

These values for x1 and x2 represent two different points
within the bounds from (43). Therefore, their residual can
be formed with the same objective function with the
measured coherency values

〈T 〉 =





690.86 734.16 + 97.64i 120.17 + 83.50i
734.16− 97.64i 814.94 141.11 + 80.19i
120.17− 83.50i 141.11− 80.19i 35.11



 .

(47)
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Decomposition Implementation

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

1.49

1.5

1.51

1.52

1.53

1.54

1.55

1.56
×106 Convexity Test

F(t x1 + (1-t)x2)
t F(x1) + (1-t)F(x2)
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Model-Based Decompositions
Decomposition Implementation

The method of steepest descent is applied to parameters, x0,
that are supplied by the G4U decomp.
Set

x1 = −λ∇F (x0) + x0 (48)

with λ = 1.
x1 must satisfy the following:

◮ x1 satisfies the constraints

◮ The residual at x1 is lower than x0, F (x1) < F (x0)

Reduce λ until both conditions are met.
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Model-Based Decompositions
Decomposition Implementation

Steepest Descent Algorithm:

◮ Set x0,F (x0),∇F (x0) at each pixel.

◮ Set x1 = −∇F (x0) + x0

◮ For pixels that do not satisfy both conditions, divide λ

by 10 and reset x1

◮ Continue to adjust λ and reset x1 until a desired
tolerance is reached.

◮ Set x0 = x1 and rerun the previous 4 steps.

◮ Continue iterations until a minimum (local) is reached.
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General Model-Based Decomposition Framework

Chen’s decomposition can be expanded to be a framework

for a whole family of model-based decompositions.

Scatter-types can be interchanged depending on the
situation and the residual provides a way evaluate how well
the scatter-types model the data.

〈T 〉 =
n

∑

i=1

(fiTi ) + Tres (49)
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General Model-Based Decomposition Framework
Linear Independence for Scatter-Types

The scatter-types in this framework must be linearly
independent.
If not, then

faTa = fbTb + fcTc + . . . (50)

which forces Pa = 0 and Pa 6= 0
. . . which is bad.

Therefore, care must be taken to ensure that the
scatter-types being used are linearly independent.
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General Model-Based Decomposition Framework
Number of Parameters

Chen, et al., claim that the maximum number of unknown
parameters should be limited to nine12.

12Chen S.W., et al., IEEE Geo. R.S., Mar 2014.
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General Model-Based Decomposition Framework
Number of Parameters

Chen, et al., claim that the maximum number of unknown
parameters should be limited to nine12.

THIS IS FALSE!!

12Chen S.W., et al., IEEE Geo. R.S., Mar 2014.
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General Model-Based Decomposition Framework
Number of Parameters

Chen, et al., claim that the maximum number of unknown
parameters should be limited to nine12.

THIS IS FALSE!!

As long as the scatter-types are linearly independent, any
number of parameters are allowed.

12Chen S.W., et al., IEEE Geo. R.S., Mar 2014.
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General Model-Based Decomposition Framework
Example: Complex β

Compare the Chen decomposition with a new decomposition
that switches in a surface model that includes a complex β.
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General Model-Based Decomposition Framework
Example: Complex β

Compare the Chen decomposition with a new decomposition
that switches in a surface model that includes a complex β.

◮ Run Chen decomposition.
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General Model-Based Decomposition Framework
Example: Complex β

Compare the Chen decomposition with a new decomposition
that switches in a surface model that includes a complex β.

◮ Run Chen decomposition.

◮ Run new decomposition with complex beta.
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General Model-Based Decomposition Framework
Example: Complex β

Compare the Chen decomposition with a new decomposition
that switches in a surface model that includes a complex β.

◮ Run Chen decomposition.

◮ Run new decomposition with complex beta.

◮ Compare the residual values.
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Results

Chen image of Gibson Blvd. on KAFB.

Chen Dynamic Range [-57, -9]
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Results

ImBeta image of Gibson Blvd. on KAFB.

IB Dynamic Range [-57, -9]
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Results

Pixels that improve the Chen with the ImBeta

Residual Comparison:  IBres<=Chen
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Results

Chen chip of Gibson Blvd. on KAFB.

Chen Dynamic Range [-57, -9]
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Results

ImBeta chip of Gibson Blvd. on KAFB.

IB Dynamic Range [-57, -9]
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Results

Pixels that improve the Chen with the ImBeta

Residual Comparison:  IBres<=Chen
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Results

The sum of the residuals across the image are

Decomp Total Residual

Freeman-Durden 5728273

G4U 2802118

Chen 1176796

ImBeta 1150272
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Application

Terrain Classification13.
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13Dauphin S., et al., 48th Asilomar Conference, Nov. 2014.



General
Model-Based
Decomposition
Framework for

Polarimetric SAR
Images

Stephen Dauphin

Intro

Decomp Basics

Model-Based
Decompositions

Chen

GMBDF

Lin. Ind.

Number of
Parameters

Results

Application

Conclusion

References

Conclusion

With this research effort, I have

◮ developed a general framework that encompasses all the
scatter-types of existing decompositions.
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Conclusion

With this research effort, I have

◮ developed a general framework that encompasses all the
scatter-types of existing decompositions.

◮ provided a method for evaluating how good a collection
of scatter-types is by comparing residuals.
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Conclusion

With this research effort, I have

◮ developed a general framework that encompasses all the
scatter-types of existing decompositions.

◮ provided a method for evaluating how good a collection
of scatter-types is by comparing residuals.

◮ developed a notion of linear independence of
scatter-types.
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Conclusion

With this research effort, I have

◮ developed a general framework that encompasses all the
scatter-types of existing decompositions.

◮ provided a method for evaluating how good a collection
of scatter-types is by comparing residuals.

◮ developed a notion of linear independence of
scatter-types.

◮ shown that the existing belief that decompositions are
limited to 9 parameters is false, which enables new
combinations of scatter-types to create new
decompositions.
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Conclusion

With this research effort, I have

◮ developed a general framework that encompasses all the
scatter-types of existing decompositions.

◮ provided a method for evaluating how good a collection
of scatter-types is by comparing residuals.

◮ developed a notion of linear independence of
scatter-types.

◮ shown that the existing belief that decompositions are
limited to 9 parameters is false, which enables new
combinations of scatter-types to create new
decompositions.

◮ given an example of a new decomposition (ImBeta)
that has a lower residual than the other existing
decompositions.
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Conclusion

With this research effort, I have

◮ developed a general framework that encompasses all the
scatter-types of existing decompositions.

◮ provided a method for evaluating how good a collection
of scatter-types is by comparing residuals.

◮ developed a notion of linear independence of
scatter-types.

◮ shown that the existing belief that decompositions are
limited to 9 parameters is false, which enables new
combinations of scatter-types to create new
decompositions.

◮ given an example of a new decomposition (ImBeta)
that has a lower residual than the other existing
decompositions.

◮ given an example of the utility of model-based
decompositions to classify terrain.
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