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Nonlinear dynamical systems ) .

Courtesy: K. Carlberg Courtesy: K. Carlberg




Reduced Order Model (ROM)

Goal: exploit data to drastically reduce simulation costs
and achieve a good accuracy

high fidelity
models /
experiments

Courtesy: C. Farhat
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Complexity in time
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Captive-carry simulation =

Pressure field Vorticity field

GNAT ROM

32 min, 2 cores
Courtesy: K. Carlberg

High-fidelity
5 hours, 48 cores

Courtesy: M. Barone

+ 229x savings in core—hours




Motivation for space—time ROM ) foe
= Typical ROMs apply spatial projection

+ Reduces spatial computational complexity

- Does not reduce temporal complexity (humber of time steps remains large)

= Larger time steps with explicit time integration (ks et al, 2001
+ Larger stable time steps achievable with ROMs
- Speedup limited by stability
- Not applicable to stiff dynamics

u Space—time reduced-basis [Urban/Patera 2012], [Yano 2014], [Yano/Patera/Urban 2014]
+ Dimensionality reduction in both space and time
+ Error bounds grow linearly in time

- Not always practical: requires space—time discretization in full-order model

u ForecaSting with time—domain data [Carlberg/Ray/van Bloemen Waanders 2015],
[Carlberg/Brencher/Haasdonk/Barth 2016]

+ Practical: does not require space—time discretization in full-order model
- Limited reduction: no temporal projection pursued .



Goal for space—time ROM ) B,

Reduction both on space and time

Complexity is independent of both space and time
Amenable to any time integrator

Does not require a space—time full-order model

+ + + + +

Slow time growth in error bound




A system of nonlinear ODEs =

% = f(w, t; p)
w(0; 1) = wo(p)
= Parameter vector, p € RN»
= State, w: [0,7] x RVr — R":
= |nitial condition, wg : RY» — R/Vs

= Nonlinear function, f : R"s x [0,T] x RN» — R"-
Linear multistep schemes
k k
r"(w'") = Z cjw" T — At Z Bif(w" 7 t" 7 )
j=0 §=0

= Total time steps: IV, := T /At € N
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Truncated Higher Order SVD (T-HOSVD) @&

Snapshot matrix, A,
AS = [W1 Wy WS} — Wref

= Solution, W, := |w'(p;) - w™t(w;)], i€{1,2,3}

Singular value decomposition
A, =UXV’

vi
— U
atial basis




Fixed temporal basis, T-HOSVD ) .

Snapshot matrix, A,
A=Wl Wy Wi -W,,
= Solution, W, := |w'(p;) - w™t(w;)], i€{1,2,3}
Singular value decomposition
U2, V!

Vi
ed temporal basis




Sequentially Truncated HOSVD (ST-HOSVD) @&,

Snapshot matrix, A,
As — [Wl W2 W?)} — Wref
= Solution, W, := |w'(p;) - w™t(w;)], i€{1,2,3}
Singular value decomposition
A, =UXV’

vi
— U
patial basis




Sequentially Truncated HOSVD (ST-HOSVD) @&,

BS = @TAS — ZCI)VC(Z};

B, = _ \\ 1
e g Vi
Bt Ut Et V;F

-l

W (Fixed temporal basis)
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Tailored temporal basis ) e,

Singular value decomposition

_ 1_ Py
Temporal info. A=U2V Z it

u,

U

atial basis

()
3

it i Time

Can be viewed as tailored ST-HOSVD




Tailored spatiotemporal basis .

* Tailored basis, Y ;4i10red

Vied . b . PR, ... Y8,

+ Provides a tailored temporal basis for each spatial basis
+ No extra expensive SVD is required
- The dimension of temporal basis < n,,




Fixed spatiotemporal basis

= Fixed basis, Y f;zcq

PR, ... P, QP ... YR, ... P, P, |

+ The dimension of temporal basis < Nyn,
- Requires an extra expensive SVD
- No tailored temporal basis available




Trial subspace

Spatial ROM

= Solution approximation:
W E Wyep @1y, +S@RY C RV @ R™

~~

FOM subspace

Vo
space—time subspace

w(t") = Wres + Pw(t")
* Spatial subspace

S = Ran(®) C RYs, dim(S) = n,

* # degrees of freedom
dim(S @ RYVt) = n N,
- lgnores temporal reduction

Spatiotemporal ROM

= Solution approximation:
W E Wrey @ 1y, + 72,8 ®T; € RY @ RM

~

FOM subspace

space—time subspace

ﬁ ’L.
ns nt

W = Wrer @ 1y, -I-ZZ (’Qb; ® @;) Wi

e Spatial subspace e
S; == span(¢,) CRYs i=1,... n,, dimS; =1
* Temporal subspace
ﬁ:zRan(['tpi wii})CRNt,izl,...,ns
* # degrees of freedom
dim(®i2,8 @ Ti) = 22321 ng
+ Fewer degrees of freedom

16




LSPG projection ) =,

Spatial LSPG Spatiotemporal LSPG
= discrete-residual minimization = discrete-residual minimization

Gr (wmf ® 1y, + Z P ¢7;)?)z'j>

2

A

w” = arg min||Grn(fwr6f -+ q)y)H% Wy, = argmin

Yy y i=1 j=1 )
= [SPG: G = T € RV:xNs " [SPG: G = J € RVs Nt XNs Ny
= Collocation: G = Z € R"=*s = Collocation: G = Z € R"=xN:N¢
" GNAT: G = (29,)'Z " GNAT: G = (Z®,)'Z
Time - Time
§L=ﬁ §' - = '_
"—} I - - - = - |

Figure: Spatial GNAT Z

Figure: Spatiotemporal GNAT Z

- No temporal complexity reduction | + More complexity reduction
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Error bound, linear multistep UL

Spatial LSPG [Carlberg et al., 2016]
—1 min(k,j)

’ i
lwy = wpgll2 < Z Z ;N =PI f(wipd )|
J=0 £=0
- Exponential growth in time

Spatiotemporal LSPG

_ At o
|w, —wpclls < (T3 Frar = P) f(wpe)l:

+ Slower stability-constant growth in time
= A priori error bound with respect to ¢5-optimal solution

|, = wpclla < (1+A) min [ly — wrall

+ Linear Lebesgue constant growth in time
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Lebesgue constant, A ) i,

Umax(ALM) — Omin(ALM) + 2AthO-maX(-BLM>
Umin(ALM) — AthO-max(-BLM)

A=

= Backward Euler (BE)

= Backward differentiation formulas
(BDF2, BDF3)

= Adams-Bashforth (AB2, AB3)

= Adams-Moulton (AM1, AM2, AMD3)

stability constant 1 + A

10-3 10—2 10-1
total time T
19



Interpretation of error bound =,

w
/’-5\\\
/ So
/— ~. _ .
P i T ‘Wopt = argmin||w — g2
//1"\ -~ yEST
e S o ’ N
S o // \\

w = argrﬁin Prr(w™) — 4”2

1




1D Burgers’ equation ) B,

= The governing equation

ow(z,t) N Of (w(x,t))

= 0.02eH2%
ot Ox 0.02¢
w(O,t) — M1
w(x,0) =1

where w € R for all ¢ € [0,0.5] and z € |0, 1]
= Spatial discretization : a finite volume method, Az = 0.01
= Time integrator : the Backward Euler method, At = 2.5 x 10~

= Parameter, y € D = [1.2,1.5] x [0.02,0.025]
= Training set, D;,ain = {1.2,1.3,1.4,1.5} ® {0.02,0.025}
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Space and time bases ) B,

—0
—0
—0

(b) Fixed temporal basis, (c) Fixed temporal basis,
T-HOSVD ST-HOSVD

— —
|| =1

(a) Spatial basis

—

(d) Tailored temporal (d) Tailored temporal (d) Tailored temporal
basis for ¢, basis for @s basis for @1, 22



Solution history

—
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N N
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Accuracy and speedup ) &,

= (1.35,0.0229) ¢ Dirain

W

Rel. Error 0.0027 0.009 0.0051 0.0043 0.0093 0.0087
8

Speedup 0.86 0.80 0.25 0.031 4.73 2.59

i = (1.45,0.0201) ¢ Dirain

Method | LSPG | GNAT | ST-LSPG1 | ST-LSPG2 | ST-GNAT1 | ST-GNAT2 _

Rel. Error 0.0042 0.015 0.012 0.011 0.016 0.017

Speedup 0.76 1.04 0.40 0.039 9.96 3.15




Pareto fronts

pn = (135, 00229) ¢ Dtrain

|D+ X< O

O

O
O

O
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Slowdown

= (1.45,0.0201) € Diyain

|D+ X< O

v

X

/
a<€
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Conclusion ) 2=

Accomplishment

+ Complexity is independent of both space and time
+ Construction is purely algebraic

+ Does not require a space—time full-order model

+

Amenable to any time integrator
+ Slower time growth in error bound

Future work
= |mplementin high performance computing codes
= Apply the method in PDE-constrained optimization and UQ
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Captive-carry simulation ) i,

Pressure field Vorticity field

GNAT-ST
? min, ? cores

GNAT ROM

32 min, 2 cores
Courtesy: K. Carlberg

High-fidelity
5 hours, 48 cores

Courtesy: M. Barone




Questions ) .,
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