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ABSTRACT

Hicks’ two-phase flow model represents one of the earliest hyperbolic two-pressure two-phase flow
models developed in the early 1980s. This model was developed under the separated flow condition,
but could be potentially generalized for more realistic flow conditions that are of interest to reactor
safety analysis (e.g., bubbly flow). This model is mathematically hyperbolic and therefore well-
posed, as eigenvalues from the characteristic analysis found to be all real. Many currently popular
two-pressure models are formulated similarly to Hicks’ two-pressure model, with the inclusion of a
void fraction transport equation. The void fraction transport equation is closed using the knowledge
of transverse velocity on the two-phase interface, which is assumed to be the solution of a Riemann
problem in the transverse direction. Numerical experiments on two phenomenological test problems,
i.e., the two-phase water faucet problem and the sedimentation problem, were performed using the
Hicks’ model, as well as the single-pressure two-phase flow model. Numerical results demonstrate
that the channel size, which appears in the void fraction transport equation, has significant impact
on the behavior of the Hicks’ model. By comparing to single-pressure model results and available
analytical solutions, it was found that Hicks’ model with very small channel width behaves similarly
to the single-pressure model. On the contrary, Hicks’ model with large channel width, however,
constantly leads to unphysical liquid-phase pressure. These numerical experiments indicate that
using the Riemann problem to close the equation system in Hicks’ derivation might be a questionable
approach. Further investigations are necessary to explore different approaches that will properly

close the equation system without leading to unphysical behaviors.
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1 Introduction

It is a well-known fact that many of the single-pressure two-phase flow equations systems possess
complex-valued characteristics and hence are ill-posed [1]. In the past, different treatments have
been proposed and implemented to resolve this issue in system analysis codes. For example, a virtual
mass term in the RELAPS5 code [2] and an interfacial pressure treatment in the CATHARE code
[3] are used to render the equation system hyperbolic. In recent years, there are renewed interest in
hyperbolic two-pressure two-phase flow models in the nuclear thermal-hydraulics field [4, 5]. The
development of such hyperbolic two-pressure two-phase flow models could date back to the 1970s.
The first documented hyperbolic two-pressure two-phase flow model probably attributed to Ransom



and co-workders [6], in which a simple separated flow condition was considered. It is probable
that Hicks [7] independently developed a similar model under the separated flow condition in 1981,
which also provided discussions on model extension to more general conditions. Both Ransom’s and
Hicks’ models were later published in 1984 as a united model [8]. Later, in 1986, Baer and Nunziato
proposed a hyperbolic two-pressure two-phase flow model to describe the deflagration-to-detonation
transition (DDT) in reactive granular materials [9]. Similar to Ransom and Hicks’ approach in
closing the model, Baer and Nunziato introduced a volume fraction transport equation for the
less compressible solid phase. Baer and Nunziato’s model later became popular and has impacted
many currently active two-phase flow researches, e.g., [10] and [11]. However, it is interesting to
observe that most of these models [10, 11] closely resemble the Hicks’ two-pressure model. It is the
objective of this paper to revisit the Hicks’ two-pressure five-equation two-phase flow model, herein
referred as the 5E2P model. By exploring several properties of this simple yet complete model, we
are hoping that insights could be gained towards many two-pressure two-phase flow models that
are currently used in the nuclear reactor thermal-hydraulics field.

2 Model Descriptions

Hicks’ two-pressure two-phase flow model, i.e., the 5E2P model, consists of a transport equa-
tion for the volume fraction, two mass conservation equations, and two momentum conservation
equations. Following notations used in [8], these five equations are given as follows,

80[1 A(‘?ozl 0 o
o Pl —m (1)

Oa p1 n Oaipruy

ot ox ! o

8a1aptlm + &%p;u% + alggil + (p1 — ﬁ)((?; —a1p1g =0 ®)

o1 —afl)pz N o(1 —g;l)mw _ 0 (4)

(1 — o) paus N 01 — o) pou3 . al)% + (p2 _ﬁ)M —(1—a1)p2g=0 (5)

ot ox ox ox

where a1, p12, u1,2 are the primary nonlinear variables, representing volume fraction of phase 1,
pressures of phase 1 and 2, and axial velocities of phase 1 and 2, respectively. The equation system
is closed by introducing equation of state and additional closures for quantities at the two-phase
interface, e.g., 4, v, and p. For barotropic fluid, the phasic density is determined from the equation
of state as, pr = pi(pr). For 4, Hicks suggested that [7], & = aju1 + asus. It was also suggested
that © and p could be found as solutions to a Riemann problem in the transverse direction, which
resulted,
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where ay is the acoustic impedance of phase k, which is defined as ap = ppck, and ¢ is the sound
speed of phase k that is defined as cz = dpg/dpy.



2.1 Characteristic Analysis

This section discusses the hyperbolic property of the 5E2P equation system, which has been
provided in both [7] and [8]. This section is included for the purpose of completeness. Let p; = aqp1,
p2 = (1 — ag)p2, m1 = a1piur, and me = (1 — ay)paus. Using equation of state p; = pi(p1) =
p1(p1/a1), apply chain rule,
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Similar derivations can be done for ps, and the original set of equation could be expressed as,
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where P, = pp — p — pkcz, with £ = (1,2). This set of equation can be re-written in the vector

form,
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Characteristic analysis for the two-pressure model can be performed by finding the roots of the
characteristic polynomial resulting from,
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which can be written explicitly as,
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and it can be manipulated to obtain,
P5(A) = [(A = u1)? = H][(A — u2)® = 3](A — @) (18)
It is easily found that the five roots are,
A =1,u; + e, us £ co. (19)

which are all real values for all physically acceptable states, and thus the two-pressure two-phase
flow model is hyperbolic and well-posed.

2.2 Discussions on Single-phase Condition

Any two-phase flow equation has to model correctly the single-phase condition where void
fraction is zero or one. Phase appearance and disappearance are also great challenges to numerical
simulations, because normally the set of equations associated to the disappearing phase would also
vanish. Before numerical experiments are carried out, several discussions are provided here on
what needs to be done to address such an issue, as well as what should be expected from numerical
results. For the 5E2P model, taking oy = 0 as an example, we concluded that any valid solution
to equation (1) with closure equation (6) has to satisty,

P1 = P2 (20)

In addition, at the single-phase condition of a; = 0, the momentum equation of phase 1, e.g.,
equation (3), admits infinitely many solutions to the velocity of phase 1. Similarly, it applies
to phase 2, when oy = 1. As discussed in a previous paper [12], this issue can be resolved by
introducing a drag term in the momentum equation, taking the form of,

Fing = Ci(ur — ua) (21)

where C; is the drag coefficient. In this paper, the drag coefficient C; is modeled with a similar
approach used in [12]. Numerically, C; is computed the normal way when void fraction are not
close to 0 (or 1); while it is computed as a non-zero finite value when the void fraction is close to
0 (or 1). For more details, readers are referred to [12].

3 Numerical Experiments

Numerical experiments are carried out on two phenomenological test cases, i.e., the classical
water faucet problem and two-phase separation problem (also known as sedimentation problem). In
this section, numerical results will be obtained with different (1/H) values, and the effect of (1/H)
will then be explored. Analytical solutions and numerical results from single-pressure two-phase
flow model will also be presented for comparisons.

3.1 Numerical methods

In this paper, numerical methods are only discussed briefly. For spatial discretization, first-order
donor-cell type of upwind method is applied on staggered-grid mesh arrangement. Momentum
equations are simplified in their primitive forms and are reorganized for numerical convenience.
For example, equation (3) is written as,
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Note that the additional drag term is included for the sedimentation problem because single-
phase condition is evolved due to phase separation. The drag term is turned off for the water
faucet problem following the problem setting. Similarly, the void fraction equation is rewritten for
numerical convenience,

day Doyt du 0
o T or M w0 (23)

For staggered-grid mesh, ax, pr, pr, U, and p are arranged on cell centers, while u; and @ are
arranged on cell edges. For time integration scheme, the standard Backward Euler (BDF1) scheme
is used. The discretized nonlinear equation system is solved with a Jacobian-free Newton Krylove
(JFNK) method. More details on numerical discretization and the JENK method are referred to
our previous papers [13, 14].

3.2 Water faucet problem

Originally proposed by Ransom [15], the one-dimensional water faucet problem has been widely
used as a benchmark problem in two-phase flow studies. The problem consists of a vertical pipe
with length L = 12m. Initially, the pipe is partially filled with a uniform column of liquid (e = 0.8)
and gas (ay = 0.2). Hereafter, the subscripts ‘I” and ‘2’, ‘g’ and ‘1’ will be used interchangeably.
Initially, the liquid column moving at u ;,;+ = 10m/s, and the gas phase stays still at ug init = Om/s.
Analytical solutions to this problem were provided by Ransom in [15], with extensions to this
Ransom’s solutions discussed in [14].

Transient and steady-state numerical results were obtained for different (1/H) values for the
water faucet problem, e.g., (1/H) = 20000 in figure 1, (1/H) = 2000 in figure 2, and so on, till
(1/H) = 2 in figure 5. Correspondingly, the channel widths for these cases are H = 10 %m,
H =10"3m, ..., H = 1.0m. It is noted that a two-layer effect discussed in the end of section 1.2 of
[7] has been considered. Numerical results were also obtained for the single-pressure two-phase flow
model as the reference results. Hereafter, the single-pressure two-phase flow model is also referred
as the 4E1P model, in contrast with the two-pressure 5E2P model. For both models, numerical
results were obtained using 384 finite volume cells (N = 384) and time step size at At = 1.0 x 10735
that corresponds to CFL = 0.8 for maximum velocity of ~25 m/s observed during simulations.

From figures 1 to 5, it is clear that the 5E2P model results deviate more and more from the
4E1P model results (and analytical solutions), as the value of (1/H) decreasing from 20000 to
2. As shown in figure 1, numerical results on void fraction for both the 5E2P and 4E1P models
almost overlapped altogether. At the steady state, both models predict almost perfect results
compared to the analytical solution. This is expected as very large (1/H) value corresponds to
the instantaneous pressure relaxation procedure described in [10]. However, when the value of
(1/H) decreases, numerical results from the 5E2P model change significantly, and they deviate
from both the 4E1P results and analytical solutions for small (1/H) values. The liquid phase
pressure for (1/H) = 2 in figure 5 and (1/H) = 20 in figure 4 are obviously unphysical. It might
be a reasonable approach to include the channel width H in one-dimensional two-phase flow model
in certain situations to include the surface tension effect [16], or the gravity effect [17]. It seems
to be a questionable approach to do so in a more general manner as a way to close the equation
system. As it can be expected, by including channel width H into the equation, numerical results of
a presumably one-dimensional problem (e.g. the water faucet problem) now depend on the channel
width. Onme could certainly argue that the water faucet problem or any other one-dimensional
problems are truly multidimensional. The nonphysical behaviors of liquid phase pressures shown in
figures 4 and 5 are strong evidences indicating that there might be fundamental flaws in the current
5E2P formulation. As the void fraction transport equation follows strict mathematical derivation,
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Figure 1: Numerical results of the two-pressure model with 1/H = 20000.0. All simula-
tions are from N = 384 and At = 1.0 x 107 3s.

it is possible that using Riemann problem to close the equation system, e.g., to obtain ¢ and p in
terms of other averaged quantities, could be a problematic approach.

Numerical results were also obtained for both the 5E2P with 1/H = 2000 and 20000, and 4E1P
models with refined meshes and time step sizes. Meshes are refined to 768 (figure 6) and 1536
cells (figure 7), and the corresponding time step sizes are refined to 5.0 x 10~%s and 2.5 x 10~4s,
respectively, so that constant Az/At ratio is maintained. For the ill-posed 4E1P model, it is
not surprising to observe that the numerical solutions eventually “blow up” as mesh refinement
continues. As shown in figure 7, an uncontrollable spike in void fraction profile has been developed
near the discontinuity front, which eventually leads to simulation failure for unphysical behavior.
It is indeed a surprise to observe a similar scenario in the numerical solutions of the 5E2P model.
Even for the case using 768 cells, there are unstable waves already developed with the 5E2P model
(1/H = 2000). The simulation could eventually reach steady state as these unstable waves pass
through. With finer mesh using 1536 cells, the growth of these unstable waves’ magnitudes became
uncontrollable, which also leads to eventual simulation failure due to unphysical behavior. The
reason for such unstable wave structure developed using a well-posed system is currently unknown.
Linear stability analysis that follows Ramshaw and Trapp’s approach [16] has also been performed,
but unfortunately there has been not much useful information revealed.

3.3 Sedimentation problem

The sedimentation problem is a test problem originally proposed by Youngs [15] for testing the
phase separation due to gravity effect. The test consists of a vertical pipe (2 m in length) initially
filled with a two-phase mixture having a uniform void fraction a;,;; = 0.5. Due to gravity effect,
the two phases will eventually separate into two single-phase zones with the heavier liquid phase
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Figure 2: Numerical results of the two-pressure model with 1/H = 2000.0. All simula-
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Figure 3: Numerical results of the two-pressure model with 1/H = 200.0. All simulations
are from N = 384 and At = 1.0 x 107 3s.
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Figure 4: Numerical results of the two-pressure model with 1/H = 20.0. All simulations
are from N = 384 and At = 1.0 x 1073s.
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Figure 5: Numerical results of the two-pressure model with 1/H = 2.0. All simulations
are from N = 384 and At = 1.0 x 107 3s.
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settling down at the bottom, and the lighter phase at the top of the pipe.

Similar to the water faucet problem, numerical results were obtained using the 5E2P model
with different 1/H values. Numerical results from the 4E1P model have also been obtained for
comparison. For this particular problem, analytical solutions are not available. As shown in figure
8 (4E1P model), two discontinuous void fronts could be found to move upward and downward,
and eventually merged in the center of the pipe at about 10 s. Hydrostatic pressure has also been
correctly established at this point. Numerical results of the 5E2P model with different 1/H values
are plotted in figure 9 for 1/H = 20000, figure 10 for 1/H = 2000, figure 11 for 1/H = 200,
and figure 12 for 1/H = 20, respectively. For very large 1/H value of 20000 (figure 9), the 5E2P
model numerical results are very close to those of the 4E1P model (figure 8). The two phasic
pressures are pretty much identical due to the instantaneous pressure relaxation effect discussed in
the previous section, and they are very close to the pressure results form 4E1P model. However,
the phase separation process changes significantly as the 1/H value decreasing, which is evident
from the void fraction profiles at various times shown in these figures. Moreover, it takes much
longer time to complete phase separation for smaller 1/H values. For example, it takes about 24 s
for 1/H = 200, while about 70 s for 1/H = 20 to complete the phase separation, in contrast with
10 s for large 1/H value and the 4E1P model. Similar to the water faucet problem, unphysical
liquid phase pressure starts to appear as the value of 1/H is reduced.

3.4 Discussion on unphysical liquid-phase pressure

In both numerical experiments, unphysically low liquid-phase pressure has been observed. Such
unphysical behavior is probably due to the mismatch between the time rate of change of mass
and volume fraction of the liquid phase (the more incompressible one). To demonstrate this,
consider when a fraction of liquid phase mass leaves a control volume (e.g., a finite volume cell),
its volume fraction has to change more or less proportionally for its incompressibility. In cases that
its volume fraction changes slower than it should be, artificial depressurization takes places for the
liquid phase due to decrease in density. The ©/H term counter-balances this effect and tends to
equilibrate the two pressures. However, the timescale to equilibrate the two pressures is dictated
by the value of 1/H. The smaller is the value of 1/H, the larger the timescale is and the slower the
pressure equilibrium process is. Numerical experiments performed in this paper suggest that it is
probably an inappropriate assumption using the Riemann problem solutions to close the equation
system. Such an approach obviously leads to unphysical pressure equilibrium timescale as observed
in this paper. In a similar two-pressure two-phase flow model, Guillard [18] suggested the response
time for pressure equilibrium should be very close to zero. Saurel and Abgrall [10] also suggested
that pressure relaxation should be considered instantaneous if such relaxation rate has not been
physically or experimentally determined.

4 Conclusions

In this paper, we paid a revisit to an early two-pressure model proposed by Hicks. The model
uses an additional void fraction transport equation to close the equation system with unequal phasic
pressures. The void fraction transport equation requires the knowledge on transverse velocity on
the two-phase interface, which is then assumed to be the solution of a Riemann problem in the
transverse direction. The model is mathematically well-posed as all eigenvalues of characteristic
analysis are real. Numerical experiments were performed on two phenomenological problems, i.e.,
the water faucet and sedimentation problems. Numerical results were compared to analytical
solutions and numerical results from single-pressure two-phase flow model. It was found that
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Figure 10: Numerical results of the sedimentation problem using the two-pressure 5E2P
model with 1/H = 2000. Simulation was performed with N = 100 and At = 1.0 x 10~ 2s.
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Figure 11: Numerical results of the sedimentation problem using the two-pressure 5E2P
model with 1/H = 200. Simulation was performed with N = 100 and At = 5.0 x 1073s.
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Figure 12: Numerical results of the sedimentation problem using the two-pressure 5E2P
model with 1/H = 20. Simulation was performed with N = 100 and At = 5.0 x 107 3s.

numerical results significantly depend on the channel size, i.e., the value of H. For very large 1/H
values, numerical results seem to be physical and are very close to those from single-pressure model.
For small 1/H values, unphysical liquid-phase pressure appears, which indicates it is probably a
questionable approach using Riemann problem to close the equation system. A future study is
needed to investigate a method that can properly close such a two-pressure two-phase flow equation
System.
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