SAND2016-11081C

Space—time Least Squares Petrov-Galerkin
Nonlinear Model Reduction

Youngsoo Choi and Kevin T. Carlberg
Sandia National Laboratories, Livermore, CA

~ Motivation | ExistngWork |  Proposed Method

 Many applications require long-time e Explicit time integration [KRYSL] * Main idea: space—time projection to fully
integration, leading to many time steps + Can take larger stable time steps with ROMs, discrete, implicit nonlinear ODE models
* Typical ROM apply spatial projection. - Limited realizable speedup; not applicable to stiff * Projection: Least-squares Petrov—Galerkin
+ Reduces spatial complexity * Space—time finite—element full-order models [YANO, URBAN/PATERA] projection to space—time discrete residual
- Does not reduce the temporal complexity: + Error bounds grow linearly in time * Hyper-reduction: Sample specific elements
number of time steps remains large - Require a different full-order-model formulation; not always practical of the space—time discrete residual

Algorithm 1 Greedy algorithm for constructing sample-time set 7
F u I I-O rd e r M Od e' Input: ®,., target number of sample time ny;

Output: sample-time set T

* Ordinary Differential Equation (ODE) 1: N« {1,...,N,} B
dw 2: a; + | [¢r(NS(i—1),1) ¢r(st',1)] ||% fori=1,...,V;
pry = f(w,t; u), w(0) = wy 3: Find k € {1,..., N;} such that a; > a;, Vi € {1,...,]N;}
. ; - - . 6 T {k)
where 4 - 0,7] — RNs s the state, v, ¢ RVs the initial condition, f RYs x [0,T] — R¥sis a 5: for j =2,...,n4 do
nonlinear function, and i € RV? is a parameter vector. 6: for £=1,...,n, do | |
: : : : : : 7: R 58 — [_1 _3] with a = argmin. cg; || Z [_1 _J] - 75£||
* Inlinear multistep schemes, a residual at time step n is defined as : r (®r o Gp| X — SG AT e R rli2
k k 8: end for
™ (w) == agw — AtBof(w,t") + Z ;w7 — Atz Bif (w7 ") 9  gm D iy |Tmup| form=1,..., NN,
=il =il 10:  a; < || [an,-1) --- angi] |3 fori=1,..., N
where At is the time step, the coefficients a;; and g;define a specific linear multistep scheme. 11:  Find k € {1,..., N;} such that ax > a;, Vi € {1,..., Ni}
122 T « T U{k}
13: end for

- - - - - - Algorithm 2 Greedy algorithm for constructing sample-node set N/
Spatial Projection Spatio-temporal Projection B
. : : : . : : : Output: sample-node set N.
Solution approximation Solution approximation ; LT, {L,...,N,N} .
w(t") = wo + Vw(t") o s 2: Find k € Z, such that [¢,1)| > |$rinyl, Vi € Za
* V = [’Ul Vo ... Uns} ) = et Z;Zjlviuj”wij 3: N < Z, N [k]n, where [k]n, is a congruence mod Nj.
t=1J= s T
* Solution subspace * Solution subspace :: %("nf_j[’ﬂf‘;s L do
N . N, N " e LR R
’lIJE’lU()@eT—FS@RNt QRNS(X)RM we.w0®eT+eB?:18¢®7}§R R Rt 6: for E:}—,e...,n,,« do | B | r
- Spatial subspaces 7. Rl @ — [‘5}, ai] , with o = arg min. cg; | Z [gi 51] v—Zoo|ls
- Spatial subspace S; :=span(v;) CRY i=1,...,n; dimS; = 1 8: end for
S :=Ran(V) Cc R - Temporal subspaces lg‘ %?n‘d_kzéf? |"'('f£’fs),l|l’:}"l"£ Eafaq > W EL T
1 .— (A ¢ Ny - : a— 1 k = i, a — 41
dlm(S) — Ng Ti = Ran([ul uni})CR )y U= 17"'7n8 11: N+« NU(Z,N[kln,), Z; + Z; U [k] N,
- dim(S R RNt) — n. N, - dim(@™,8;®T;) = Z:&s ni 12: end for
: : Numerical Experiments
Spatial LSPG Spatio-temporal LSPG P
: . . . : . L 1D Burgers’ equation
* Space discrete residual minimization problem at * Space—time discrete residual minimization . Governing Equation
time step n problem over the whole time
AT : (n) 2 ne dim7; aw(x’t)+ ofwx,t)) _ (x)
w" = arg min ||Gr'"(wo+ Vy)||5 . 0 |G (a +>: >4¢ 7o) s p P g w0,)=p  w(x,0)=q(x)
ns w = arg 11i1n veC | "\w V;, U ) A . . . . . .
yek &5 ’ e iy Yl 1z e gpatial discretization : a finite volume method
e LSPG: G =1 * Time integrator : the Backward Euler method
GNAT: : PG G =1 - « Solution History and Pareto Fronts (10x faster)
L G =(2%,)'Z GNAT: ¢ = (Z@T)TZ
5 ! ! ‘ ‘ * 0
° " m— FOM - oo M
Spatial Error Bound Spatio-temporal Error Bound =S o
4 | —— - | L @]
> X
 Backward Euler time integration For backward Euler time integration =
(U X
exp(t"rke 1) — 1 N At 1 - _ 53 » o
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Subspace Generation Snapshot Collection 5 .
1 0
e Spatial Subspace * Train Set:  Dirain := {M1,- -+, Mg} ~ v
* Snapshots:  w(u,) = [w!(y;) - w ()] 04 20 10 50 50 100 Ko
N * Global Snapshots: A = (W(py) ... W(n,)] Spatial Domain ’ Ce
‘ Time Time Figure 3. Solution History | Y o©
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L Figure 5. Predictive
set V= uf uf ... uf X J*om =
 Two ways of extracting temporal basis: S O = -
- X D. pa nUswith | & - - Conclusion
1. A diagonal matrix D pairs a column in Us with 7 -
[T T T T T T T T T T T T 11 1]
a column in Vs n : : :
> three temporal modes extracted for each - - = = ™ ||* Haveintroduced a reduced order model for nonlinear dynamic
- . . ]
spatial mode from each column in Vs — - system whose complexity is independent of both space and
2. Temporal modes from Temporal SVD below: Figure 1. Spatial GNAT Z Figure 2. Spatio-temporal GNAT time | |
- A temporal basis extracted from Ut. * The construction was purely algebraic
* The formulation does not depend on space—time FEM
* Any implicit time integration can be used to build a ROM
[  Showed very promising results
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