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Optimize then discretize, or discretize then optimize?

[Carlberg et al., 2016]
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m Galerkin: continuous-residual minimization
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CaVity—ﬂOW prOblem. Collaborator: M. Barone (SNL)

m Unsteady Navier—Stokes m Re =6.3 x 10°
m DES turbulence model
m 1.2 million degrees of " Moo =06
freedom m CFD code: AERO-F [7]
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Full-order model responses

vorticity field

pressure field
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Galerkin and LSPG responses for basis dimension p = 204
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(a) Galerkin (b) LSPG

- Galerkin ROMs unstable for long time intervals
+ LSPG ROMs accurate and stable (most time steps)
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Galerkin and LSPG responses for basis dimension p = 564
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(c) Galerkin (d) LSPG

- Galerkin ROMs remain unstable
m LSPG ROMs

+ accuracy improves as basis dimension increases
- more expensive than the FOM (1.3 hours>1 hour, 48 CPU)
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Sample mesh z1: HPC implementation

x" = arg min || (PCDR)+ Pr'(®z) ||%
2eRP e ——
A
m Key: GNAT samples only a few entries of the residual Pr”
m /dea: Extract minimal subset of the mesh
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Sample mesh z1: HPC implementation

x" = arg min || (Pdl'R)+ Pr'(®z) ||§
2eRP e ——
A
m Key: GNAT samples only a few entries of the residual Pr”
m /dea: Extract minimal subset of the mesh

m Sample mesh: 4.1% nodes, 3.0% cells
-+ Small problem size: can run on many fewer cores
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GNAT performance (t < 12.5 sec)

vorticity field pressure field

FOM

+ < 1% error in time-averaged drag
+ 229x CPU-hour savings

m FOM: 5 hour x 48 CPU
m GNAT ROM: 32 min x 2 CPU
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Why is LSPG more accurate than Galerkin?

Theorem (Local a posteriori state-space error bounds)

If the following conditions hold:
f(-, t) is Lipschitz continuous with Lipschitz constant k, and

At is such that 0 < h := |ag| — |Bo|kAL,
then
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m OxT = x" — DKL m V=’
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LSPG can minimize a term in the error bound
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Lemma (Oblique projection as discrete-residual minimization)
If B} =0,j>1 (eg., backward differentiation formulas), then

|BIALI(1 = V)F (x° + ®%E, t) [l2 = [|rE(®XE)]|2
BS1AL][(1 = P")F (x° + @], t") [l2 = || rR(®X]) 2.

If additionally the LSPG ROM employs A = I, then

p(Px = .
Ir (@50 = min_ lIF3():
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LSPG can produce a smaller a posteriori error bound
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Corollary (Discrete v. continuous residual minimization)
If B} =0, j>1 (eg., backward differentiation formulas), the
LSPG ROM employs A = I, and ;(er—Z = )A('&_e, ¢{=1,.., k, then

E n — niA I — P"f 0 ox" "
cmin IrB)llo = BFIAL|(1 — B)F (x° + 07, 7) 2
< [BIAL|(1 = V)F (° + OX%, ¢7) [l = [BIAt min [y — £ (x + ®%2, ¢) ||
yERan(®)

Thus, the LSPG error bound is smaller than the Galerkin error
bound.

However, still no guarantee of special properties in practice.
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Finite-volume model: full-order model formulation

m Full-order model ODE: % = f(x,t)

fgj p(X, t")dx fr Mve(X, t)ne(X)dX
Xi = fQj p(X, t)vi(X, t)dx fi = fr X, )i (X, t)ve(X, t)ng(X)dX
Jo. (X, t)E(X, t)dx frj E(X, t)ve(X, t)ne(X)dx

m Full-order model OAE: r”(x")=0,n=1,..., N

¢+l

[ (5,91 — (R, ) dZ+ [ [ (R, )velS, E)me(R) e
Q; th T

! ! et

r(x) = { [ p(X, t" )i (X, t1F) — (R, v (R t")dR + [ [ p(R, t)vk (R, t)ve(R, t)ne(X)dX

Q; th T;

’ ¢+l !

S p(R T E(R, ") — p(R, tE(X, t")dX + [ [ p(R, t)E(X, t)ve(R, t)ny(X)dXd1
Q; th T;

Interpretation of r: Conservation-law violation over Q; and [t", t"T1].
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Equip LSPG ROM with conservation-law constraints over subdomains
F.
P SVAVAN
r WAV
SRISNS

minimize ||Ar" (®2) ||3

m LSPG ROM: minimize ||Ar" (®z) ||3

4+ Minimizes sum of squares of
conservation-law violations
- Does not ensure any conservation law i

m LSPG-FV ROM:

subject to r"(®z) =0

fﬁj p(X, ") — p(R, t")dX + ft fl’ (X, t)ve(X, t)ng(-’)dxdt
P (x) = fﬁj p(Z, 1Y v (R, t71) — p(X, tM)vi(R, 1) dx+ftn fr (X, t)vi(X, t)ve(X,
ff_ZJ p(%, tH)E(R, t1) — p(R, tM)E(X, t")d% + ft" fl—_j p(X, t)E(R, t)ve(X, t)

4+ Minimizes sum of squares of conservation-law violations
+ Ensure conservation laws are satisfied over no subdomains
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LSPG-FV: three conditions

mr”:RP - RP m # of subdomains ng

m d c RV¥P m # of conservation laws ny

mr":RP —» R m # of constraints nc = nqny
Conditions:

Underdetermined constraint problem (p > nc¢)
minizmize |Ar" (®z) |3
subject to r"(®z) =0
Well-posed constraint problem (p = n¢)
F'(®z) =0
Overdetermined constraint problem (p < n¢)

minimize ||AF" (®z) |3
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Example: Quasi-1D Euler equation

L I
o 005 01 015 02 025
Spatial Domain

The length of the nozzle is 0.25 m
The specific heat ratio () is 1.3
The gas constant (R) is 355.4
The total temperature is 2800 K

Number of control volumes : varies throughout this section

Number of time steps : 29
The time step size : 0.01
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Proposed methods produce low long-time errors

rel error with FOM solution
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Conclusions

New LSPG ROM method guarantees conservation-law
constraints satisfied.

Equipped with hyper-reduction
Superior long-time behavior observed

Best results obtained for nc = 1: satisfying global
conservation
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