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 

Abstract—The resilience and reliability of modern power 

systems are threatened by increasingly severe weather events and 

cyber-physical security events. An effective restoration 

methodology is desired to optimally integrate emerging smart grid 

technologies and pave the way for developing self-healing smart 

grids. In this paper, a sequential service restoration (SSR) 

framework is proposed to generate restoration solutions for 

distribution systems and microgrids in the event of large-scale 

power outages. The restoration solution contains a sequence of 

control actions that properly coordinate switches, distributed 

generators, and switchable loads to form multiple isolated 

microgrids. The SSR can be applied for three-phase unbalanced 

distribution systems and microgrids and can adapt to various 

operation conditions. Mathematical models are introduced for 

three-phase unbalanced power flow, voltage regulators, 

transformers, and loads. The SSR problem is formulated as a 

mixed-integer linear programming model, and its effectiveness is 

evaluated via the modified IEEE 123 node test feeder.  

 
Index Terms—Distributed generator, distribution system, 

microgrid, mixed-integer linear programming (MILP), restoration 

sequence, service restoration, self-healing 

I. INTRODUCTION 

he resilience and reliability of modern power systems are 

threatened due to increasingly severe weather events and 

cyber-physical security events [1]. Major storms and 

sophisticated cyber-physical attacks can result in tremendous 

loss of life, destruction of property, and large-scale power 

outages which may last hours or even days [2-4]. To expedite the 

restoration progress, many efforts have been made toward 

developing self-healing smart grids with features that can 

automatically identify, isolate, and restore the problematic 

elements with few, if any, manual interruptions [5]. Specifically, 

emerging smart grid technologies are playing more and more 

important roles in fast service restoration for both transmission 

and distribution systems [6, 7]. For example, in distribution 

systems, remotely controllable switches (e.g., sectionalizing 

switches, tie switches) enable the post-fault network 

reconfiguration, which provides alternative energization paths 
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for the affected loads [8-11]; distributed energy resources 

(DERs) and microgrids can support load demands locally during 

the restoration to release the line capacity and improve the 

voltage profile [12-19].  

The distribution service restoration (DSR) problem is 

traditionally formulated as a combinatorial optimization 

problem, and has been well studied in the literature [8-11]. 

Conventional service restoration is implemented through 

reconfiguration. By introducing distributed generators (DGs) 

and microgrids, the DSR model can be adapted by assuming 

their output power as being the negative constant load, or 

dispatching DGs and microgrids while searching for the 

optimized configuration [12-15]. Recently, researchers have 

proposed various methods to partition the distribution systems 

into isolated subsystems based on the concept of the microgrid. 

The load demand within each isolated microgrid can be balanced 

by the DGs within the same microgrid [16-18]. However, most 

existing algorithms in the literature formulate the DSR problem 

as a single-step optimization problem, which can only provide a 

final configuration. Single-step methods do not consider the task 

of generating an intermediate feasible restoration sequence, 

which the system operators desire in order to restore the system 

from a post-fault configuration to the final configuration. 

Various algorithms have been proposed to determine the 

switching sequence, such as genetic algorithm [20], dynamic 

programming [21], mixed-integer programming (MIP) [22, 23], 

and branch and bound algorithm [15]. In the distribution control 

center, switching order management (SOM) software is 

normally used to generate and validate the switching sequences 

[24]. Existing sequence-generating algorithms work well for 

conventional distribution systems without DERs. Integrating the 

operation of DERs into the DSR problem introduces both 

unprecedented opportunities and challenges for generating 

restoration sequences in the context of active distribution 

systems and microgrids. Specifically, DERs should be properly 

coordinated to share the load demand while satisfying various 

operation constraints throughout the restoration process. 

Single-step methods cannot handle inter-temporal constraints 

that involve multiple time steps (e.g., ramp rate constraint for 

dispatchable DGs). Therefore, the final configuration provided 

by the single-step methods may be invalid, if a feasible 

restoration sequence cannot be generated. An algorithm that can 

fully coordinate the DG dispatching actions and the switching 

actions during the restoration process is presented in this paper. 

Distribution systems are inherently unbalanced given that the 

load demands on each phase are always changing randomly [25]. 

However, most papers assume the distribution systems under 

study are three-phase balanced. Some algorithms can be easily 

adapted to incorporate unbalanced operational conditions such 
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as heuristic algorithms and rule-based expert system algorithms 

[26, 27]. But they may not guarantee finding the globally optimal 

solution. In order to improve the optimality, some linear 

three-phase power flow equations have been proposed in the 

literature [28-31]. They can potentially be incorporated into the 

problem formulation for distribution system applications such as 

optimal power flow, reconfiguration, and service restoration. In 

addition, various components in typical distribution systems and 

microgrids such as voltage regulators, transformers, and ZIP 

loads (i.e., constant impedance (Z), constant current (I), and 

constant power (P)) should be considered [28]. Furthermore, the 

DGs under unbalanced operation conditions are subjected to 

various constraints (e.g., current unbalance constraint, ramping 

rate constraint, and output limit constraint), thereby introducing 

additional challenges for problem formulation [32]. 

To address the aforementioned challenges, this paper 

proposes a sequential service restoration (SSR) framework for 

radial distribution systems and microgrids with dispatchable 

DGs. The main contributions of this paper are to: 

1. Develop a SSR framework to generate restoration sequences 

that could fully coordinate the operation of DGs and 

switchgears over multiple time steps. 

2. Introduce a system model that incorporates linear 

three-phase power flow, ZIP loads, voltage regulators, 

transformers, capacitor banks, and DG unbalanced 

operation conditions. 

3. Formulate the SSR problem as a mixed-integer linear 

programming (MILP) model which could be effectively 

solved by off-the-shelf MILP solvers. 

4. Propose a set of topological and sequencing constraints 

based on the concept of the “bus block,” which can partition 

the system into multiple isolated subsystems while 

maintaining the tree structure.   

The remainder of this paper is organized as follows. Section II 

introduces the SSR methodology. Section III introduces the 

MILP model for SSR. Section IV provides numerical results, 

and conclusions are discussed in Section V. 

II. SSR METHODOLOGY 

Emerging DGs and various remotely controllable devices in 

modern distribution systems demonstrate great potential that can 

be leveraged for service restoration. The proposed SSR aims to 

advance the conventional service restoration technique by 

coordinating these emerging techniques to achieve more 

efficient restoration solutions. More specifically, the proposed 

SSR will generate a sequence of control actions that optimally 

coordinate DGs and switchgears to restore as much load demand 

as possible. The control actions are assigned to multiple time 

steps, and at each time step, various operational constraints are 

satisfied to guarantee that the restoration solution can be 

implemented successfully. Note that most distribution systems 

are constructed in weakly meshed topology and operated in 

radial topology, because it is easier to implement fault location, 

isolation, and protection coordination [25]. However, radially 

operated distribution systems are no longer radial after 

introducing a high penetration of DGs that can cause 

bidirectional power flow [33]. In this paper, we assume that 

radial distribution systems and microgrids with multiple DGs are 

operated in tree topology. Unlike radial operation, which 

requires unidirectional power flow, tree topology allows 

bidirectional power flow and maintains radial structure [34].  

The SSR methodology can be implemented by performing the 

following steps. 

Step 1) Information Collection. The outage management system 

(OMS) collects data from various types of entities such as 

the customer information system (CIS), interactive voice 

response (IVR), advanced metering infrastructure (AMI), 

and the field measurements (e.g., protective relays, fault 

indicators, switchgears) through the supervisory control 

and data acquisition (SCADA) system. 

Step 2) Fault Location and Isolation. After being hit by severe 

weather events, a power system can be subjected to 

multiple faults that occur at different components and 

locations. Based on the information collected from the 

protective relays and fault indicators, the fault locations 

can be pinpointed. The faulty areas can be isolated by 

opening the switches that are installed along the feeders. 

Then the maintenance crews are dispatched to fix the 

failed components in the isolated faulty areas. 

Step 3) System Model Identification. The resources that can 

potentially participate in the restoration are determined in 

this step by assessing the availability and controllability 

of various components such as DGs, lines, switches, and 

loads.  

Step 4) Service Restoration. The proposed SSR algorithm is 

performed by solving the MILP model and generating a 

restoration sequence that can coordinate all the 

controllable components across multiple time steps. Then 

the system can be sequentially restored. If the restoration 

sequence cannot be successfully carried out (e.g., loss of 

communication, or damaged by succeeding outages), 

system operators should return to Step (1) to collect 

up-to-date information, isolate the problematic 

components in Step (2), update the system model in Step 

(3), and generate a new restoration sequence in Step (4).  

III. MILP FORMULATION FOR SSR 

In this section, the sets and decision variables are defined, and 

then the MILP formulation is presented. Specifically, the 

mathematical models of various power system components (e.g., 

voltage regulator, transformer, ZIP load) and operational 

constraints are introduced.  

A. Model Representation 

A series of sets is defined to represent the components 

(e.g., nodes, lines, loads, DGs) based on their controllability 

status. A distribution system consists of 𝑁𝑛 buses, 𝑁𝑏𝑟 lines, 𝑁𝑙 

loads, and 𝑁𝑔 DGs, where 𝒩 ≔ {1,2, … , 𝑁𝑛} represents the set 

of all the buses such as load buses and DG buses. ℒ ⊆ 𝒩 is the 

set of buses connected to loads. 𝒢 ⊆ 𝒩 is the set of substation 

buses and buses connected to dispatchable DGs. Then, ℬ ≔
{(𝑖, 𝑗): 𝑖 ∈ 𝒩, 𝑗 ∈ 𝒩, 𝑖 ≠ 𝑗} represents the set of all the lines in 

the system, and 𝒱 ⊆ ℬ denotes the set of lines installed with 

voltage regulators and transformers.  

The superscript “ 𝑆 ” represents the controllability of a 

component. Namely, ℬ𝑆 ⊆ ℬ  is the set of lines that can be 
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remotely controlled; ℒ𝑆 ⊆ ℒ  is the set of loads that can be 

remotely switched on or off; 𝒢 𝑆 ⊆  𝒢  is the set of substation 

buses (i.e., slack buses) or DGs with black start capability. It is 

worth mentioning that the dispatchable DGs without black start 

capability can only be started from external sources. 

Similarly, the superscript “𝐹” represents the failure status of 

the components. Namely, 𝒩𝐹 ⊆ 𝒩  is the set of nodes that 

cannot be energized (e.g., fallen power poles, flooded 

substations); ℬ𝐹 ⊆ ℬ  is the set of lines that are damaged or 

disconnected (e.g., trees lean on these lines, blown fuses); ℒ𝐹 ⊆
ℒ is the set of loads that cannot be restored in a short time; 𝒢𝐹 ⊆
 𝒢 is the set of DGs that cannot be utilized for service restoration.  

Next, 𝒯 ≔ {1,2, … , 𝑇} is the set of steps. 𝑇 is the length of 

horizon and ∆𝑡  is the length of each step. A set of binary 

variables and continuous variables is defined to represent the 

control actions and energization statuses of various components 

at each step 𝑡 ∈ 𝒯 . Namely, 𝑠𝑖,𝑡
𝑁 ∈ {0,1}  represents the 

energization status of node 𝑖 at step 𝑡; 𝑥𝑖𝑗,𝑡
𝐵𝑅 ∈ {0,1} determines 

whether the line (𝑖, 𝑗)  is energized at step 𝑡 ; 𝑥𝑙,𝑡
𝐿 ∈ {0,1} 

determines whether the load 𝑙 is restored at step 𝑡; and 𝑥𝑔,𝑡
𝐺 ∈

{0,1} determines whether the DG 𝑔 is started at step 𝑡. 𝑃𝑔,𝑡
𝜙

∈ ℝ 

and 𝑄𝑔,𝑡
𝜙

∈ ℝ  are defined as the active and reactive power 

provided by the DG at node 𝑔 ∈ 𝒢 for each phase at step 𝑡. 𝜙 ∈
Φ ≔ {𝑎, 𝑏, 𝑐}  represents the phases. These binary and 

continuous variables are the decision variables of the MILP 

model, and the restoration solutions could be generated based on 

their values, as shown in Fig. 1. 

 

Node 2Node 1

Node 1

1 1 1 1

1 2 3 4

1 1 1

𝑥1,𝑡
𝐺  

𝑥12,𝑡
𝐵𝑅  

𝑃1,𝑡
𝜙

, 𝑄1,𝑡
𝜙

 

0

𝑃1,1
𝜙

+ 𝑗𝑄1,1
𝜙

 𝑃1,2
𝜙

+ 𝑗𝑄1,2
𝜙

 𝑃1,3
𝜙

+ 𝑗𝑄1,3
𝜙

 𝑃1,4
𝜙

+ 𝑗𝑄1,4
𝜙

 

𝑥2,𝑡
𝐿  1 1 10

0 1 1𝑥23,𝑡
𝐵𝑅  0

0 0 1 1𝑥3,𝑡
𝐺  

𝑃3,𝑡
𝜙

, 𝑄3,𝑡
𝜙

 0 0 𝑃3,3
𝜙

+ 𝑗𝑄3,3
𝜙

 𝑃4,4
𝜙

+ 𝑗𝑄4,4
𝜙

 

Decision 

Variables
Step 1 Step 2 Step 3 Step 4

𝑡 

DG1

DG1

DG1

DG1

Node 1 Node 2

DG3

L

L

Load 2

Load 2

Load 3L

Node 2Node 1

Node 3

Node 3

L

Load 2

𝑥3,𝑡
𝐿  0 0 10

DG3

Step 1

Step 2

Step 3

Step 4

 
(a)                                                                   (b)  

Fig. 1. Possible restoration sequence derived from the binary variables and 

continuous variables that are solved by the proposed DSR model: (a) decision 

variables, (b) derived restoration sequence. 

 

Fig. 1 shows an example of how to derive the restoration 

sequence for a simple three-node system, which could be a 

distribution system or a microgrid. Components are numbered 

according to the node number. All lines and loads are assumed to 

be switchable and disconnected at Step 1. DG1 is a black start 

DG, and DG2 is a dispatchable DG without black start 

capability. A possible restoration solution, which is assumed to 

be generated by the proposed SSR method, is shown in Fig. 1(a). 

At each step, the energization status of each component is 

shown. The active and reactive power output of each energized 

DG is shown as well. If two or more DGs are energized, they will 

be cooperatively dispatched. Fig. 1(b) shows the configurations 

of the energized system at each step. At Step 1, 𝑥1,1
𝐺 = 1 , 

meaning DG1 is started to energize Node 1. At Step 2, 𝑥12,2
𝐵𝑅 = 1, 

meaning the switchable line between Node 1 and Node 2 is 

closed to energize Node 2, which further enables Load 2 to be 

energized (i.e., 𝑥2,2
𝐿 = 1). Similarly, Node 3 is energized at Step 

3 by closing the line between Node 2 and Node 3. Meanwhile, 

DG3 is started to share the load demand, since its terminal node 

(i.e., Node 3) is energized. The proposed SSR method should 

coordinate all the controllable components to restore as much 

load as possible across multiple steps, and ensure all the 

constraints are satisfied. 

B. Objective Function 

The objective function is defined to maximize the total 

restored energy over the time horizon considering the weight 

factor of each load 𝑙 (denoted as 𝛽𝑙
𝐿):  

max  ∑ ∑ ∑ 𝛽𝑙
𝐿 ∙ 𝑃𝑙,𝑡

𝜙
𝜙∈{𝑎,𝑏,𝑐} ∙ ∆𝑡𝑡∈𝒯   𝑙∈ℒ ,      (1) 

and subject to the following constraints: 

1) System model constraints ((8)–(9) and (16)) 

2) System operation constraints ((19) – (22)) 

3) DG operation constraints ((26) – (28)) 

4) Connectivity constraints ((29) – (31)) 

5) Topological and sequencing constraints ((32) – (33)) 

The problem is formulated as a MILP model, which can be 

solved effectively by off-the-shelf solvers such as CPLEX. 

C. System Model Constraints 

1) Linear three-phase power flow model 

Many smart grid applications integrated in a modern 

distribution management system (DMS) require the power flow 

to be calculated in real time or near real time. Linear power flow 

is a powerful tool that can be easily incorporated into the models 

of various applications. A linear power flow model for 

three-phase unbalanced systems is proposed in [28-31]  and 

introduced as follows. 

For each line (𝑖, 𝑗) ∈ ℬ, we apply Kirchhoff’s voltage law, 

and then we have [25]: 

𝑽𝑗 = 𝑽𝑖 − 𝔃𝑖𝑗𝑰𝑖𝑗 ,                           (2) 

where 𝑽𝑖 = [𝑉𝑖
𝑎, 𝑉𝑖

𝑏 , 𝑉𝑖
𝑐]

Τ
∈ ℂ3×1  is the vector of complex 

numbers representing three-phase voltage at bus 𝑖 . 𝑽𝑗 =

[𝑉𝑗
𝑎, 𝑉𝑗

𝑏 , 𝑉𝑗
𝑐]

Τ
∈ ℂ3×1 , 𝑰𝑖𝑗 = [𝐼𝑖𝑗

𝑎 , 𝐼𝑖𝑗
𝑏 , 𝐼𝑖𝑗

𝑐 ]
Τ

∈ ℂ3×1 , and 𝔃𝑖𝑗 ∈

ℂ3×3 is the total line impedance consisting of resistance 𝒓𝑖𝑘 and 

reactance 𝒙𝑖𝑗 , which are determined by the phase impedance 

matrix 𝔃𝑖𝑗
𝑎𝑏𝑐 ∈ ℂ3×3 in Ω/mile and the length of the line 𝑙(𝑖, 𝑗) in 

miles [25]: 

𝔃𝑖𝑗 = 𝑙(𝑖, 𝑗)𝔃𝑖𝑗
𝑎𝑏𝑐 = 𝒓𝑖𝑗 + j𝒙𝑖𝑗.                  (3) 

Note “𝑗” is used to denote the node index, and “j” is used to 

denote the imaginary part of a complex number. 

Denoting ⨀ and ⊘ as the element-wise product and division, 

respectively, the line current 𝑰𝑖𝑗  can be calculated by 

𝑰𝑖𝑗 = 𝑺𝑖𝑗
∗ ⊘ 𝑽𝑖

∗,                               (4) 

where 𝑺𝑖𝑗 = [𝑃𝑖𝑗
𝑎 + j𝑄𝑖𝑗

𝑎 , 𝑃𝑖𝑗
𝑏 + j𝑄𝑖𝑗

𝑏 , 𝑃𝑖𝑗
𝑐 + j𝑄𝑖𝑗

𝑐 ]
Τ

∈ ℂ3×1 is the 

apparent power from bus 𝑖 to bus 𝑗. Substituting (4) into (2) and 
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multiplying the left side and the right side by their complex 

conjugate, respectively [30], we have: 

𝑽𝑗⨀𝑽𝑗
∗ = 𝑽𝑖⨀𝑽𝑖

∗ − 𝔃𝑖𝑗(𝑺𝑖𝑗
∗ ⊘ 𝑽𝑖

∗)⨀𝑽𝑖
∗ − 𝔃𝑖𝑗

∗ (𝑺𝑖𝑗 ⊘ 𝑽𝑖)⨀𝑽𝑖 +

𝒄𝑖𝑗(𝑺𝑖𝑗 , 𝑽𝑖 , 𝔃𝑖𝑗),                   (5) 

where 𝒄𝑖𝑗(𝑺𝑖𝑗 , 𝑽𝑖 , 𝔃𝑖𝑗)  is the higher-order term which can be 

neglected if the line losses is small compared to power flow and 

voltages are nearly balanced [29]: 

𝑉𝑖
𝑎

𝑉𝑖
𝑏 ≈

𝑉𝑖
𝑏

𝑉𝑖
𝑐 ≈

𝑉𝑖
𝑐

𝑉𝑖
𝑎 ≈ 𝑒j2𝜋/3.               (6) 

Note that (6) only holds for three-phase buses. For two-phase 

buses, only presenting phases are assumed to be nearly balanced. 

Substituting (6) into (5), denoting 𝑼 = [|𝑉𝑎|2, |𝑉𝑏|2, |𝑉𝑐|2]𝑇 

and neglecting 𝒄𝑖𝑗, we have: 

𝑼𝒋 = 𝑼𝒊 − 𝔃̃𝑖𝑗𝑺𝑖𝑗
∗ − 𝔃̃𝑖𝑗

∗ 𝑺𝑖𝑗,                   (7) 

where 𝔃̃𝑖𝑗 = 𝜶⨀𝔃𝑖𝑗 ∈ ℂ3×3, and 𝜶 is defined as: 

𝜶 = [
1 𝑒−j2𝜋/3 𝑒j2𝜋/3

𝑒j2𝜋/3 1 𝑒−j2𝜋/3

𝑒−j2𝜋/3 𝑒j2𝜋/3 1

]. 

Together with the power balance constraints for each bus at 

each step, we can formulate the linear power flow constraints 

considering the energization status of each line at each step: 

𝑼𝑖,𝑡 − 𝑼𝑗,𝑡 ≤ 𝔃̃𝑖𝑗𝑺𝑖𝑗,𝑡
∗ + 𝔃̃𝑖𝑗

∗ 𝑺𝑖𝑗,𝑡 + 𝑀(1 − 𝑥𝑖𝑗,𝑡
𝐵𝑅 )𝒆𝒊𝒋

𝜙
,     (8a) 

𝑼𝑖,𝑡 − 𝑼𝑗,𝑡 ≥ 𝔃̃𝑖𝑗𝑺𝑖𝑗,𝑡
∗ + 𝔃̃𝑖𝑗

∗ 𝑺𝑖𝑗,𝑡 − 𝑀(1 − 𝑥𝑖𝑗,𝑡
𝐵𝑅 )𝒆𝒊𝒋

𝜙
,   

(𝑖, 𝑗) ∈ 𝐵\𝒱, 𝑡 ∈ 𝒯,                    (8b) 

∑ 𝑷ℎ𝑖,𝑡
𝐵𝑅

ℎ:(ℎ,𝑖)∈𝐵 + ∑ 𝑷𝑔,𝑡
𝐺

 𝑔:𝑔=𝑖,𝑔∈𝒢 = ∑ 𝑷𝑖𝑗,𝑡
𝐵𝑅

𝑗:(𝑖,𝑗)∈𝐵 +

∑ 𝑷𝑙,𝑡
𝐿

𝑙:𝑙=𝑖,𝑙∈ℒ ,           (8c) 

∑ 𝑸ℎ𝑖,𝑡
𝐵𝑅

ℎ:(ℎ,𝑖)∈𝐵 + ∑ 𝑸𝑔,𝑡
𝐺

 𝑔:𝑔=𝑖,𝑔∈𝒢 = ∑ 𝑸𝑖𝑗,𝑡
𝐵𝑅

𝑗:(𝑖,𝑗)∈𝐵 +

∑ 𝑸𝑙,𝑡
𝐿

𝑙:𝑙=𝑖,𝑙∈ℒ , (𝑖, 𝑗) ∈ 𝐵, 𝑡 ∈ 𝒯,          (8d) 

where 𝒆𝒊𝒋
𝜙

∈ {0,1}3×1  is the vector with binary entries to 

represent phases. For example, if a branch (𝑖, 𝑗) is a single-phase 

line (e.g., phase B), then 𝒆𝒊𝒋
𝜙

= [0,1,0]𝑇 . (𝑷𝑖𝑗,𝑡
𝐵𝑅 + j𝑸𝑖𝑗,𝑡

𝐵𝑅 ) is the 

vector of three-phase apparent power flowing from bus 𝑖 to bus 𝑗 

through line (𝑖, 𝑗)  at step 𝑡 . (𝑷𝑔,𝑡
𝐺 + j𝑸𝑔,𝑡

𝐺 )  is the three-phase 

power outputted by DG 𝑔  at step 𝑡 . (𝑷𝑙,𝑡
𝐿 + j𝑸𝑙,𝑡

𝐿 )  is the 

three-phase load demand on node 𝑙 at step 𝑡. The big-M method 

is used in (8a)–(8b) to ensure that the equality constraints are 

only applied for energized lines, except voltage regulators and 

transformers [35]. 𝑀 is a large number and should be selected 

carefully to ensure that the constraints are valid only when the 

line is energized. Active and reactive power balance at each node 

is guaranteed by (8c)–(8d). 

The linear models for voltage regulators, transformers, ZIP 

loads, and capacitor banks are introduced below. 

2) Voltage regulator and transformer models 

A single-phase voltage regulator can be modeled as an ideal 

transformer connected with an equivalent line representing the 

leakage impedance [36]. A three-phase voltage regulator can be 

modeled by connecting three single-phase voltage regulators. 

Transformers share the same model as voltage regulators but 

with fixed ratios. In this paper, all of the regulators are assumed 

to be wye-connected type B regulators. A linear voltage 

regulator model is proposed in [36]. 

The relationship between the voltage magnitudes on both 

sides for a three-phase voltage regulator, with 𝑖 as the primary 

side and 𝑗 as the secondary side, can be expressed as:  

−𝑀(1 − 𝑥𝑖𝑗,𝑡
𝐵𝑅 )𝒆𝒊𝒋

𝜙
≤ 𝒂2⨀𝑼𝑗 − 𝑼𝑖 ≤ 𝑀(1 − 𝑥𝑖𝑗,𝑡

𝐵𝑅 )𝒆𝒊𝒋
𝜙

, (𝑖, 𝑗) ∈ 𝒱, 𝑡 ∈ 𝒯, (9) 

where 𝒂 ∈ ℝ3×1  is the vector representing the ratio between 

secondary winding and primary winding for each phase. Again, 

𝑀  is a large number that should be selected carefully. The 

regulator is assumed to be adjustable from −16 step to +16 step, 

in order to regulate the voltage from +10% to −10%, with 5/8% 

per step [25]. Denoting 𝒏𝒕𝒂𝒑 ∈ {−16, −15, … , +15, +16} as the 

tap position for each phase, the ratio is calculated by: 

𝒂 = 1 + 0.00625𝒏𝒕𝒂𝒑.                          (10) 

Note that the tap positions are assumed to be fixed in this 

paper. However, tap positions can be modeled as decision 

variables and incorporated into the proposed SSR framework 

using the linear model proposed in [37].  

3) ZIP loads and capacitor banks models 

All the loads are assumed to be voltage-dependent loads, 

which are normally modeled by the composite of constant 

impedance (Z), constant current (I), and constant power (P and 

Q). For each phase, the voltage-dependent load demand (𝑃𝑙 +
j𝑄𝑙) for load 𝑙 ∈ ℒ can be described as: 

𝑃𝑙

𝑃𝑙
𝑁 = 𝑎𝑙,𝑝

𝑍 (
|𝑉𝑙|

|𝑉𝑙
𝑁|

)
2

+ 𝑎𝑙,𝑝
𝐼 (

|𝑉𝑙|

|𝑉𝑙
𝑁|

) + 𝑎𝑙,𝑝
𝑃 ,          (11a) 

𝑄𝑙

𝑄𝑙
𝑁 = 𝑎𝑙,𝑞

𝑍 (
|𝑉𝑙|

|𝑉𝑙
𝑁|

)
2

+ 𝑎𝑙,𝑞
𝐼 (

|𝑉𝑙|

|𝑉𝑙
𝑁|

) + 𝑎𝑙,𝑞
𝑃 ,          (11b) 

where 𝑃𝑙
𝑁 + j𝑄𝑙

𝑁  is the load demand of load 𝑙  at the nominal 

voltage 𝑉𝑙
𝑁 ; 𝑎𝑙,𝑝

𝑍 , 𝑎𝑙,𝑝
𝐼 , 𝑎𝑙,𝑝

𝑃 , 𝑎𝑙,𝑞
𝑍 , 𝑎𝑙,𝑞

𝐼 , and 𝑎𝑙,𝑞
𝑃  are coefficients 

representing the percentages of constant impedance, current, and 

power of active and reactive power of load 𝑙, and should satisfy: 

𝑎𝑙,𝑝
𝑍 + 𝑎𝑙,𝑝

𝐼 + 𝑎𝑙,𝑝
𝑃 = 1, 𝑎𝑙,𝑞

𝑍 + 𝑎𝑙,𝑞
𝐼 + 𝑎𝑙,𝑞

𝑃 = 1,    (12a) 

𝑎𝑙,𝑝
𝑍 , 𝑎𝑙,𝑝

𝐼 , 𝑎𝑙,𝑝
𝑃 , 𝑎𝑙,𝑞

𝑍 , 𝑎𝑙,𝑞
𝐼 , 𝑎𝑙,𝑞

𝑃 ∈ ℝ≥0.             (12b) 

Substituting 𝑈𝑙,𝑡 = |𝑉𝑙,𝑡|
2

 into the above equations while 

considering the energization status of load 𝑙  at step 𝑡 , the 

single-phase load demand at each step can be expressed by two 

nonlinear functions of 𝑈𝑙,𝑡 and 𝑥𝑙,𝑡
𝐿 : 

𝑃𝑙,𝑡 = 𝑥𝑙,𝑡
𝐿 𝑃𝑙

𝑁 (
𝑎𝑙,𝑝

𝑍

|𝑉𝑙
𝑁|

2 𝑈𝑙,𝑡 +
𝑎𝑙,𝑝

𝐼

|𝑉𝑙
𝑁|

√𝑈𝑙,𝑡 + 𝑎𝑙,𝑝
𝑃 ),          (13a) 

𝑄𝑙,𝑡 = 𝑥𝑙,𝑡
𝐿 𝑄𝑙

𝑁 (
𝑎𝑞

𝑍

|𝑉𝑙
𝑁|

2 𝑈𝑙,𝑡 +
𝑎𝑙,𝑞

𝐼

|𝑉𝑙
𝑁|

√𝑈𝑙,𝑡 + 𝑎𝑙,𝑞
𝑃 ).         (13b) 

Considering 𝑈𝑙,𝑡  varies in a small range when the node is 

energized and is constrained by the voltage magnitude 

constraint, the nonlinear term √𝑈𝑙,𝑡  can be linearized around 

𝑈𝑙,𝑡 = 1.0 based on its Taylor series expansion: 

√𝑈𝑙,𝑡 ≈ 0.5 + 0.5𝑈𝑙,𝑡.                      (14) 

Substituting (14) into (13), we have: 

𝑃𝑙,𝑡 = 𝑃𝑙
𝑁 (

𝑎𝑙,𝑝
𝑍

|𝑉𝑙
𝑁|

2 + 0.5
𝑎𝑙,𝑝

𝐼

|𝑉𝑙
𝑁|

) 𝑥𝑙,𝑡
𝐿 𝑈𝑙,𝑡 + 𝑃𝑙

𝑁 (0.5
𝑎𝑙,𝑝

𝐼

|𝑉𝑙
𝑁|

+ 𝑎𝑙,𝑝
𝑃 ) 𝑥𝑙,𝑡

𝐿 , (15a) 

𝑄𝑙,𝑡 = 𝑄𝑙
𝑁 (

𝑎𝑙,𝑞
𝑍

|𝑉𝑙
𝑁|

2 + 0.5
𝑎𝑙,𝑞

𝐼

|𝑉𝑙
𝑁|

) 𝑥𝑙,𝑡
𝐿 𝑈𝑙,𝑡 + 𝑄𝑙

𝑁 (0.5
𝑎𝑙,𝑞

𝐼

|𝑉𝑙
𝑁|

+ 𝑎𝑙,𝑞
𝑃 ) 𝑥𝑙,𝑡

𝐿 . (15b) 

The nonlinear term 𝑥𝑙,𝑡
𝐿 𝑈𝑙 can be linearized by introducing an 

extra variable 𝑦𝑙,𝑡 and two extra inequality constraints (i.e., (16c) 

and (16d)). Then, the three-phase wye-connected load at step 𝑡 

can be described as: 

𝑷𝑙,𝑡
𝐿 = 𝑷𝑙

𝐿𝑁⨀ (
𝑎𝑙,𝑝

𝑍

|𝑉𝑙
𝑁|

2 + 0.5
𝑎𝑙,𝑝

𝐼

|𝑉𝑙
𝑁|

) 𝒚𝑙,𝑡 + 𝑷𝑙
𝐿𝑁 (0.5

𝑎𝑙,𝑝
𝐼

|𝑉𝑙
𝑁|

+ 𝑎𝑙,𝑝
𝑃 ) 𝑥𝑙,𝑡

𝐿 , (16a) 

𝑸𝑙,𝑡
𝐿 = 𝑸𝑙

𝐿𝑁⨀ (
𝑎𝑙,𝑞

𝑍

|𝑉𝑙
𝑁|

2 + 0.5
𝑎𝑙,𝑞

𝐼

|𝑉𝑙
𝑁|

) 𝒚𝑙,𝑡 + 𝑸𝑙
𝐿𝑁 (0.5

𝑎𝑙,𝑞
𝐼

|𝑉𝑙
𝑁|

+ 𝑎𝑙,𝑞
𝑃 ) 𝑥𝑙,𝑡

𝐿 , (16b) 

𝟎 ≤ 𝒚𝑙,𝑡 ≤ 𝑥𝑙,𝑡
𝐿 𝑼𝑚𝑎𝑥,                         (16c) 
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(1 − 𝑥𝑙,𝑡
𝐿 )𝑼𝑚𝑖𝑛 ≤ 𝑼𝑙,𝑡 − 𝒚𝑙,𝑡 ≤ (1 − 𝑥𝑙,𝑡

𝐿 )𝑼𝑚𝑎𝑥,  (16d) 

where 𝑷𝑙
𝐿𝑁 = [𝑃𝑙

𝑎𝑁 , 𝑃𝑙
𝑏𝑁 , 𝑃𝑙

𝑐𝑁]
𝑇

,  𝑸𝑙
𝐿𝑁 = [𝑄𝑙

𝑎𝑁 , 𝑄𝑙
𝑏𝑁 , 𝑄𝑙

𝑐𝑁]
𝑇

, 

𝒚𝑙,𝑡 = [𝑦𝑙,𝑡
𝑎 , 𝑦𝑙,𝑡

𝑏 , 𝑦𝑙,𝑡
𝑐 ]

𝑇
. 𝑼𝑚𝑖𝑛  and 𝑼𝑚𝑎𝑥  are set to 0.952 𝑝. 𝑢. and 

1.052 𝑝. 𝑢., respectively, for each presenting phase. In this paper, 

for each load, the same ZIP parameters and nominal voltage are 

used for each presenting phase.  

For delta-connected loads as shown in Fig. 2, the 

approximated wye-connected model can be derived by assuming 

(6) still holds. For the approximated load on phase A, we have: 

𝑆𝑎
𝐿 = 𝑉𝑎𝐼𝑎

∗ = 𝑉𝑎 (
𝑆𝑎𝑏

𝐿

𝑉𝑎𝑏
−

𝑆𝑐𝑎
𝐿

𝑉𝑐𝑎
) ≈

𝑒−j𝜋/6

√3
𝑆𝑎𝑏

𝐿 −
𝑒−j5𝜋/6

√3
𝑆𝑐𝑎

𝐿 . (17) 

 

 
Fig. 2. The approximated wye-connected model of a delta-connected load: 

(a) delta-connected load, (b) approximated wye-connected load. 

 

Similarly, we can derive 𝑆𝑏
𝐿  and 𝑆𝑐

𝐿  and derive the 

approximated wye-connected load in matrix form: 

[

𝑆𝑎
𝐿

𝑆𝑏
𝐿

𝑆𝑐
𝐿

] =
1

√3
[

𝑒−
j𝜋

6 0 −𝑒−
j5𝜋

6

−𝑒−
j5𝜋

6 𝑒−
j𝜋

6 0

0 −𝑒−
j5𝜋

6 −𝑒−
j𝜋

6

] [

𝑆𝑎𝑏
𝐿

𝑆𝑏𝑐
𝐿

𝑆𝑐𝑎
𝐿

].     (18) 

Note that the same ZIP parameters are applied for 

𝑆𝑎𝑏
𝐿 , 𝑆𝑏𝑐

𝐿 , 𝑆𝑐𝑎
𝐿 . Single-phase and two-phase loads in both wye 

connection and delta connection can be modeled in a similar way 

by setting the variables associated with the missing phase(s) to 

zero. Wye-connected and delta-connected capacitor banks are 

modeled as switchable constant impedance loads. 

Equations (8)–(9) and (16) form the linear power flow for 

unbalanced three-phase power systems with DGs, voltage 

regulators, transformers, capacitor banks, and ZIP loads.  

D. System Operation Constraints 

1) Transformer and line capacity constraints 

𝟎 ≤ 𝑷𝑖𝑗,𝑡
𝐵𝑅 ≤ 𝑷𝑖𝑗

𝑚𝑎𝑥 ∙ 𝑥𝑖𝑗,𝑡
𝐵𝑅 , (𝑖, 𝑗) ∈ ℬ, 𝑡 ∈ 𝒯,    (19a) 

𝟎 ≤ 𝑸𝑖𝑗,𝑡
𝐵𝑅 ≤ 𝑸𝑖𝑗

𝑚𝑎𝑥 ∙ 𝑥𝑖𝑗,𝑡
𝐵𝑅 , (𝑖, 𝑗) ∈ ℬ, 𝑡 ∈ 𝒯,    (19b) 

where 𝑃𝑖𝑗
max  and 𝑄𝑖𝑗

max  are maximum permissive active and 

reactive power. Equations (19a)–(19b) ensure that the line power 

on each presenting phase is zero if this line is not energized, and 

should be maintained within the permissive range if this line is 

energized.   

2) Voltage limit constraints 

𝑠𝑖,𝑡
𝑁 ∙ 𝑼𝑚𝑖𝑛 ≤ 𝑼𝑖,𝑡 ≤ 𝑠𝑖,𝑡

𝑁 ∙ 𝑼𝑚𝑎𝑥 ,    𝑖 ∈ 𝒩, 𝑡 ∈ 𝒯,   (20) 

where 𝑼𝑖,𝑡 = [|𝑉𝑖,𝑡
𝑎 |

2
, |𝑉𝑖,𝑡

𝑏 |
2

, |𝑉𝑖,𝑡
𝑐 |

2
]𝑇. 

3) Maximum load step constraints 

To allow the voltage and frequency of each isolated microgrid 

to recover quickly, picking up large block loads at a time should 

be avoided [38]. For each DG, a maximum load step (MLS) 

factor is defined as a fraction of the rated DG capacity. Then, the 

incremental loading on each DG at each step should be smaller 

than the maximum permissive step load. 

∑ 𝑃𝑔,𝑡
𝜙

𝜙∈{𝑎,𝑏,𝑐} − ∑ 𝑃𝑔,𝑡−1
𝜙

𝜙∈{𝑎,𝑏,𝑐} ≤ 𝑀𝐿𝑆 ∙ 𝑃𝑔
𝐶𝑎𝑝

,  

𝑔 ∈ 𝒢, 𝑡 ∈ 𝒯, 𝑡 > 1,                           (21) 

where 𝑃𝑔
𝐶𝑎𝑝

 is the rated capacity of DG 𝑔. Note that the MLS 

factor should be carefully approximated for each DG. In this 

paper, it is assumed that the DGs, transformers, lines, and 

associated protective relays can withstand the transient inrush 

current induced by the cold load pickup issues.  

4) Initial condition constraints 

The initial conditions are defined by directly assigning values 

to the corresponding binary decision variables based on the 

information collected from the devices at the post-outage stage. 

Specifically, substation buses and black start DGs are started 

from the first step, and the voltage is maintained at 1.0 p.u. All 

the switchable lines are opened at the first step. 

𝑥𝑔,𝑡
𝐺 = 1, 𝑼𝑔

2 = [1.0, 1.0, 1.0]𝑇 , 𝑔 ∈ 𝒢 𝑆\𝒢𝐹 , 𝑡 ∈ 𝒯,  (22a) 

𝑥𝑖𝑗,𝑡
𝐵𝑅 = 0, (𝑖, 𝑗) ∈ ℬ𝑆\ℬ𝐹 , 𝑡 = 1.             (22b) 

For components that cannot participate in the restoration, the 

binary variables are set to zero.  

𝑥𝑖𝑗,𝑡
𝐵𝑅 = 0, 𝑥𝑔,𝑡

𝐺 = 0, 𝑠𝑘,𝑡
𝑁 = 0, 𝑥𝑙,𝑡

𝐿 = 0,                   

(𝑖, 𝑗) ∈ ℬ𝐹 , 𝑔 ∈ 𝒢𝐹 , 𝑘 ∈ 𝒩𝐹 , 𝑙 ∈ ℒ𝐹, 𝑡 ∈ 𝒯.     (22c) 

E. DG Operation Constraints 

1) DG current unbalance constraints 

Three-phase DGs under unbalanced operation conditions 

should satisfy the current unbalance constraint to avoid 

overheating [39]. A current unbalance factor (CUF) is defined as 

the ratio of negative sequence current (𝐼2
(1)

) to positive sequence 

current (𝐼1
(1)

) at the first harmonic: 

𝐶𝑈𝐹 =
|𝐼2

(1)
|

|𝐼1
(1)

|
,                            (23) 

𝐼2
(1)

= (𝐼𝑎 + 𝛼2𝐼𝑏 + 𝛼𝐼𝑐)/3, 𝐼1
(1)

= (𝐼𝑎 + 𝛼𝐼𝑏 + 𝛼2𝐼𝑐)/3, (19b) 

where 𝛼 = 𝑒j2𝜋/3. Three-phase synchronous DGs will trip when 

CUF exceeds 10%–20%. Inverter-based DG can operate up to 

100% CUF [39]. 

Substituting (4) into (23), assuming (6) holds, we have [32]: 

𝐶𝑈𝐹 ≈
|𝑆𝑎+𝛼2𝑆𝑏+𝛼𝑆𝑐|

|𝑆𝑎+𝑆𝑏+𝑆𝑐|
=

|𝑃𝑁+𝑗𝑄𝑁|

|𝑃𝑃+𝑗𝑄𝑃|
.                (24) 

A simple function introduced in [40] is used to approximate 

(24). Letting 𝑆𝑔,𝑡
𝑎 + 𝛼2𝑆𝑔,𝑡

𝑏 + 𝛼𝑆𝑔,𝑡
𝑐 = 𝑃𝑔,𝑡

𝑁 + j𝑄𝑔,𝑡
𝑁 , 𝑆𝑔,𝑡

𝑎 + 𝑆𝑔,𝑡
𝑏 +

𝑆𝑔,𝑡
𝑐 = 𝑃𝑔,𝑡

𝑃 + j𝑄𝑔,𝑡
𝑃 , we have: 

|𝑃𝑔,𝑡
𝑁 +j𝑄𝑔,𝑡

𝑁 |

|𝑃𝑔,𝑡
𝑃 +j𝑄𝑔,𝑡

𝑃 |
≈

0.9375 max(|𝑃𝑔,𝑡
𝑁 |,|𝑄𝑔,𝑡

𝑁 |)+0.4688 min(|𝑃𝑔,𝑡
𝑁 |,|𝑄𝑔,𝑡

𝑁 |)

0.9375 max(|𝑃𝑔,𝑡
𝑃 |,|𝑄𝑔,𝑡

𝑃 |)+0.4688 min(|𝑃𝑔,𝑡
𝑃 |,|𝑄𝑔,𝑡

𝑃 |)
,    (25a) 

where: 

𝑃𝑔,𝑡
𝑁 = 𝑃𝑔,𝑡

𝑎 +
√3

2
𝑄𝑔,𝑡

𝑏 − 0.5𝑃𝑔,𝑡
𝑏 −

√3

2
𝑄𝑔,𝑡

𝑐 − 0.5𝑃𝑔,𝑡
𝑐 ,  (25b) 

 𝑄𝑔,𝑡
𝑁 = 𝑄𝑔,𝑡

𝑎 +
√3

2
𝑃𝑔,𝑡

𝑐 − 0.5𝑄𝑔,𝑡
𝑏 −

√3

2
𝑃𝑔,𝑡

𝑏 − 0.5𝑄𝑔,𝑡
𝑐 ,  (25c) 

𝑃𝑔,𝑡
𝑃 = 𝑃𝑔,𝑡

𝑎 + 𝑃𝑔,𝑡
𝑏 + 𝑃𝑔,𝑡

𝑐 ,                    (25d) 

𝑄𝑔,𝑡
𝑃 = 𝑄𝑔,𝑡

𝑎 + 𝑄𝑔,𝑡
𝑏 + 𝑄𝑔,𝑡

𝑐 ,                   (25e) 

𝑃𝑔,𝑡
𝑎 , 𝑃𝑔,𝑡

𝑏 , 𝑃𝑔,𝑡
𝑐 ∈ ℝ≥0, 𝑄𝑔,𝑡

𝑎 , 𝑄𝑔,𝑡
𝑏 , 𝑄𝑔,𝑡

𝑐 ∈ ℝ.  (25f) 

Equation (25a) can be linearized by introducing a series of 

binary variables and continuous variables, as shown in the 

APPENDIX. Then, the linear form of the DG current unbalance 

constraints can be described as: 
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0.9375𝑦𝑔,𝑡
𝑁𝑚𝑎𝑥 + 0.4688𝑦𝑔,𝑡

𝑁𝑚𝑖𝑛 ≤ 𝐶𝑈𝐹𝑔(0.9375𝑦𝑔,𝑡
𝑃𝑚𝑎𝑥 +

0.4688𝑦𝑔,𝑡
𝑃𝑚𝑖𝑛), 𝑔 ∈ 𝒢 𝑆 ∩ 𝒢3∅, 𝑡 ∈ 𝒯,          (26) 

where 𝐶𝑈𝐹𝑔 is the maximum permissive CUF for DG 𝑔. 𝒢3∅ is 

the set of three-phase DGs. Equation (26) guarantees each 

black-start DG operates securely under unbalanced operation 

conditions.  

2) DG output constraints 

𝑥𝑔,𝑡
𝐺 ∙ 𝑃𝑔

min ≤ ∑ 𝑃𝑔,𝑡
𝜙

𝜙∈{𝑎,𝑏,𝑐} ≤ 𝑥𝑔,𝑡
𝐺 ∙ 𝑃𝑔

max ,  𝑔 ∈ 𝒢, 𝑡 ∈ 𝒯, 𝑡 > 1,  

(27a) 

𝑥𝑔,𝑡
𝐺 ∙ 𝑄𝑔

min ≤ ∑ 𝑄𝑔,𝑡
𝜙

𝜙∈{𝑎,𝑏,𝑐} ≤ 𝑥𝑔,𝑡
𝐺 ∙ 𝑄𝑔

max, 𝑔 ∈ 𝒢, 𝑡 ∈ 𝒯, 𝑡 > 1,   

(27b) 

0 ≤ ∑ 𝑃𝑔,𝑡
𝜙

𝜙∈{𝑎,𝑏,𝑐} ≤ 𝑥𝑔,𝑡
𝐺 ∙ 𝑃𝑔

max, 𝑔 ∈ 𝒢 𝑆, 𝑡 ∈ 𝒯, 𝑡 = 1,   (27c) 

0 ≤ ∑ 𝑃𝑔,𝑡
𝜙

𝜙∈{𝑎,𝑏,𝑐} ≤ 𝑥𝑔,𝑡
𝐺 ∙ 𝑃𝑔

max, 𝑔 ∈ 𝒢 𝑆, 𝑡 ∈ 𝒯, 𝑡 = 1,   (27d) 

𝑃𝑔,𝑡
𝑎 = 𝑃𝑔,𝑡

𝑏 = 𝑃𝑔,𝑡
𝑐 ,𝑄𝑔,𝑡

𝑎 = 𝑄𝑔,𝑡
𝑏 = 𝑄𝑔,𝑡

𝑐 ,𝑔 ∈ 𝒢\𝒢 𝑆, 𝑡 ∈ 𝒯,   (27e) 

where 𝑃𝑔
min, 𝑃𝑔

max, 𝑄𝑔
min, and 𝑄𝑔

max are minimum and maximum 

values for active and reactive output of DG 𝑔. Equations (27c) – 

(27d) allow black start DGs to be started from a zero-loading 

condition. Equation (27e) requires that for non-black start DGs, 

the power generated by each phase should be the same. 

3) DG ramp rate constraints 

−𝑥𝑔,𝑡
𝐺 ∙ 𝑃𝑔

𝑅𝐴𝑀𝑃 ∙ ∆𝑡 ≤ ∑ 𝑃𝑔,𝑡
𝜙

𝜙∈{𝑎,𝑏,𝑐} − ∑ 𝑃𝑔,𝑡−1
𝜙

𝜙∈{𝑎,𝑏,𝑐} ≤ 𝑥𝑔,𝑡
𝐺 ∙

𝑃𝑔
𝑅𝐴𝑀𝑃 ∙ ∆𝑡,  𝑔 ∈ 𝒢, 𝑡 ∈ 𝒯, 𝑡 > 1,             (28) 

where 𝑃𝑔
𝑅𝐴𝑀𝑃  is the maximum ramp rate for DG 𝑔.  

F. Connectivity Constraints 

Connectivity constraints describe the physical connections 

among components including DGs, lines, loads, and buses.  

1) DGs 

𝑥𝑔,𝑡
𝐺 ≤ 𝑠𝑔,𝑡

𝑁 ,    𝑔 ∈ 𝒢\(𝒢 𝑆 ∪ 𝒢𝐹), 𝑡 ∈ 𝒯,        (29a) 

𝑥𝑔,𝑡
𝐺 − 𝑥𝑔,𝑡−1

𝐺 ≥ 0, 𝑔 ∈ 𝒢, 𝑡 ∈ 𝒯, 𝑡 > 1.           (29b) 

Equation (29a) ensures that a dispatchable DG without black 

start capability should be started only when it connects to an 

energized node. Equation (29b) guarantees that once a DG is 

started, it cannot be tripped in the following steps. Equation 

(29b) is an optional constraint, which can be removed for DGs 

(e.g., renewables) that can be tripped after being started.  

2) Lines 

𝑥𝑖𝑗,𝑡
𝐵𝑅 ≤ 𝑠𝑖,𝑡

𝑁 , 𝑥𝑖𝑗,𝑡
𝐵𝑅 ≤ 𝑠𝑗,𝑡

𝑁 , (𝑖, 𝑗) ∈ ℬ𝑆\ℬ𝐹 , 𝑡 ∈ 𝒯,  (30a) 

𝑥𝑖𝑗,𝑡
𝐵𝑅 = 𝑠𝑖,𝑡

𝑁 , 𝑥𝑖𝑗,𝑡
𝐵𝑅 = 𝑠𝑗,𝑡

𝑁 , (𝑖, 𝑗) ∈ ℬ\(ℬ𝑆 ∪ ℬ𝐹), 𝑡 ∈ 𝒯, (30b) 

𝑥𝑖𝑗,𝑡
𝐵𝑅 − 𝑥𝑖𝑗,𝑡−1

𝐵𝑅 ≥ 0, (𝑖, 𝑗) ∈ ℬ𝑆\ℬ𝐹 , 𝑡 ∈ 𝒯, 𝑡 > 1.    (30c) 

Equation (30a) require that if a switchable line is energized, 

both end nodes must be energized. Equations (30b) guarantee 

that a non-switchable line will be energized immediately when 

one of the end nodes is energized. Equation (30c) implies that a 

line cannot be tripped after being energized. 

3) Loads 

𝑥𝑙,𝑡
𝐿 ≤ 𝑠𝑙,𝑡

𝑁 , 𝑙 ∈ ℒ𝑆\ℒ𝐹, 𝑡 ∈ 𝒯,     (31a) 

𝑥𝑙,𝑡
𝐿 = 𝑠𝑙,𝑡

𝑁 , 𝑙 ∈ ℒ\(ℒ𝑆 ∪ ℒ𝐹), 𝑡 ∈ 𝒯,     (31b) 

𝑥𝑙,𝑡
𝐿 − 𝑥𝑙,𝑡−1

𝐿 ≥ 0, 𝑙 ∈ ℒ𝑆 , 𝑡 ∈ 𝒯, 𝑡 > 1.         (31c) 

Equation (31a) requires that a switchable load can only be 

energized when it connects to an energized node. Equation (31b) 

ensures a non-switchable load will be energized immediately 

when it connects to an energized node. Equation (31c) requires 

that if a load is restored, it cannot be tripped again.  

G. Topological and Sequencing Constraints 

Topological and sequencing constraints are defined to ensure 

that (1): each microgrid is isolated from other microgrids and 

operated in tree topology, and (2): all the lines are energized 

sequentially. 

1) Concept of Bus Block 

In a distribution system, some buses may be directly 

interconnected by non-switchable lines, thus forming a “bus 

block”. Fig. 3 shows that by grouping buses into multiple bus 

blocks, the reduced network will only contain switchable lines. 

Each bus block contains at least one bus. Note that all the buses 

and lines within the same bus block will be energized at one 

time, which is guaranteed by (30b). For a reduced network, we 

denote 𝒦 ≔ {1,2, … , 𝑁𝑘}, 𝑁𝑘 ≤ 𝑁𝑛 as the set of bus blocks, and 

denote 𝒞 ≔ {(𝑖, 𝑗): 𝑖 ∈  𝒦, 𝑗 ∈  𝒦, 𝑖 ≠ 𝑗} as the switchable lines 

between bus blocks. 𝑠𝑘,𝑡
𝐵𝐿  is defined as the energization status of 

bus block 𝑘 ∈  𝒦  at step 𝑡 . The energization status of a line 

(𝑖, 𝑗) ∈ 𝒞 can be represented by 𝑥𝑖𝑗,𝑡
𝐵𝑅 . 

 

Bus block 1

Bus block 2

Bus block 3 Bus block 1 Bus block 2 Bus block 3

DG

bus switch

DG

line

DG bus block

DG

 
Fig. 3. The concept of “bus block,” which can be formed by a single bus or 

multiple buses interconnected by non-switchable lines. The reduced network 

contains the switchable lines only.  
 

2) Topology Constraints 

Topology constraints ensure that each microgrid is isolated 

from other microgrids and operated in tree topology. For each 

bus 𝑖 inside bus block 𝑘, we have: 

𝑠𝑘,𝑡
𝐵𝐿 = 𝑠𝑖,𝑡

𝑁 , 𝑘 ∈ 𝒦, 𝑡 ∈ 𝒯                    (32a) 

Equation (32a) ensures that the energization status of each bus 

inside a same bus block 𝑘 is represented by 𝑠𝑘,𝑡
𝐵𝐿 . 

(𝑠𝑖,𝑡
𝐵𝐿 − 𝑠𝑖,𝑡−1

𝐵𝐿 ) + (𝑠𝑗,𝑡
𝐵𝐿 − 𝑠𝑗,𝑡−1

𝐵𝐿 ) ≥ 𝑥(𝑖,𝑗),𝑡
𝐵𝑅 − 𝑥(𝑖,𝑗),𝑡−1

𝐵𝑅 ,  

(𝑖, 𝑗) ∈ 𝒞, 𝑡 ∈ 𝒯, 𝑡 > 1,                  (32b) 

∑ (𝑥𝑖𝑗,𝑡
𝐵𝑅 − 𝑥𝑖𝑗,𝑡−1

𝐵𝑅 )𝑖: (𝑖,𝑗)∈𝒞 + ∑ (𝑥𝑘𝑖,𝑡
𝐵𝑅 − 𝑥𝑘𝑖,𝑡−1

𝐵𝑅 )𝑖: (𝑘,𝑖)∈𝒞 ≤ 1 + 𝑀

𝑠𝑖,𝑡−1
𝐵𝐿 , 𝑖 ∈ 𝒦, 𝑡 ∈ 𝒯, 𝑡 > 1.                     (32c) 

Equation (32b) requires that if both end bus blocks of a 

switchable line are already energized at step 𝑡 − 1, this line 

cannot be closed to avoid forming a loop. Equation (32c) ensures 

that if a bus block is de-energized at step 𝑡 − 1, then it can only 

be energized at step 𝑡 by at most one switchable line.  

3) Sequencing Constraints 

Sequencing constraints guarantee that a feasible switching 

sequence can be generated and can be described by the following 

constraints: 

𝑠𝑔,𝑡
𝑁 = 𝑥𝑔,𝑡

𝐺 ,      𝑔 ∈ 𝒢 𝑆\𝒢𝐹, 𝑡 ∈ 𝒯,      (33a) 

𝑠𝑖,𝑡
𝐵𝐿 ≤ ∑ 𝑥𝑖𝑗,𝑡

𝐵𝑅
𝑖: (𝑖,𝑗)∈𝒞 + ∑ 𝑥𝑘𝑖,𝑡

𝐵𝑅
𝑖: (𝑘,𝑖)∈𝒞 , 𝑖 ∈ 𝒦, 𝑡 ∈ 𝒯,  (33b) 

𝑥(𝑖,𝑗),𝑡
𝐵𝑅 ≤ 𝑠𝑖,𝑡−1

𝐵𝐿 + 𝑠𝑗,𝑡−1
𝐵𝐿 ,    (𝑖, 𝑗) ∈ 𝒞, 𝑡 ∈ 𝒯, 𝑡 > 1.  (33c) 

Equation (33a) ensures that a bus can be directly energized by 

a black start DG or a substation node. Then all the other buses 

inside the same bus block will be energized, according to (32a). 
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Equation (33b) ensures that a bus block can only be energized by 

an energized switchable line. Equation (33c) requires that each 

switchable line can only be energized when at least one of its end 

bus blocks is energized at the previous interval.  

Furthermore, an optional constraint can be used to ensure that 

a set of loads (e.g., critical loads) can be restored prior to another 

set of loads: 

𝑥𝑛𝑙,𝑡
𝐿 ≤ 𝑥𝑐𝑙,𝑡

𝐿 ,   𝑐𝑙, 𝑛𝑙 ∈ ℒ\ℒ𝐹 , 𝑡 ∈ 𝒯,    (33d) 

where the subscript 𝑐𝑙 represents a particular critical load, and 𝑛𝑙 
represents a particular non-critical load. Equation (33d) can be 

used for two or more loads that must be restored at a given 

sequence. Indeed, we can use (33d) to require that all the 

non-critical loads must be restored after all the critical loads are 

restored. Using (33d) may generate low-quality solutions. For 

example, if restoring a critical load cannot be restored due to  

limited operation margins, it will further prevent all the 

non-critical loads from being restored.  

IV. NUMERICAL RESULTS 

In this section, the proposed SSR algorithm is validated via the 

IEEE 123 node test feeder. The MILP problem is solved by 

CPLEX 12.6 on an Intel Core i7-4600U with a 2.1-GHz CPU, 

12 GB of RAM, and 64-bit operating system PC. 

A. IEEE 123 Node Test Feeder 

The single-line diagram of the IEEE 123 node test feeder is 

shown in Fig. 4. Buses are represented by dots, and the 

substation bus (i.e., bus 150) is represented by a bar. 

Three-phase, two-phase, and single-phase lines are represented 

by black, yellow, and green wires, respectively. There are a total 

of 46 switchable lines and 4 voltage regulators in the system. 

Each voltage regulator is equipped with switches on both sides. 

Note that determining the optimal allocation for tie lines is 

beyond the scope of this paper. The detailed system parameters 

can be found in [41]. 
 

 
Fig. 4. IEEE 123 node test feeder with multiple DGs and tie switches. 

 

Seven DGs are added to the system, and their parameters are 

summarized in TABLE I. “Status” indicates the type of DGs, 

where “1” indicates that the DG is a black start DG; “1/0” 

indicates that the DG is a non-black start DG but can be started 

by external sources; and “0” represents that the DG is not 

available for participating in the service restoration.  

TABLE I 
PARAMETERS OF DGS ADDED TO IEEE 123 NODE TEST FEEDER 

Parameters DG1 DG2 DG3 DG4 DG5 DG6 DG7 

Node position 13 18 25 47 60 77 105 

Pg
max (MW) 0.9 1.05 1.2 1.5 1.2 1.2 1.5 

Pg
min (MW) 0.09 0.1 0.12 0.15 0.12 0.12 0.15 

Qg
max (MVar) 0.7 0.8 0.9 1.2 0.9 0.9 1.2 

Qg
min (MVar)  -0.5 -0.5 -0.6 -0.9 -0.6 -0.6 -0.9 

Pg
R(MW/min) 0.5 0.4 0.3 0.2 0.3 0.5 0.6 

CUF (%) 100% 20% 10% 10% 20% 10% 100% 

MLS (%) 80% 70% 80% 60% 50% 60% 80% 

Status 1 1 0 1/0 1 1/0 1 

 

There are a total of 85 loads and 4 capacitors in the test 

system. The controllability is indicated in TABLE III, where a 

load is named by the letter “L” followed by a subscript and a bus 

number, and a capacitor is named by the letter “C” followed by a 

subscript and the bus number. For the sake of simplicity, the 

weight factor is assumed to be 1.0 for each load. If there are 

critical loads in the system, larger weight factors must be 

assigned to these critical loads, in order to restore them prior to 

other loads.  The subscript “1” indicates that the load is directly 

connected to the bus, “1/0” indicates that the load can be 

remotely switched on or off, and “0” indicates that the load 

cannot be restored for some reasons. Switchable lines are named 

by the letter “S” with the superscript and the subscript as the 

“from bus” and “to bus”, respectively. 

Four permanent faults are applied to four locations, as shown 

in Fig. 4. Dashed lines indicate that these lines are opened in 

order to maintain the radial topology or isolate the faulty areas. 

For example, the fault occurring on line between Bus 53 and 54 

(denoted as 53–54), which is in the middle of the feeder, should 

be isolated by opening the upstream switch (e.g., 52–53) and 

downstream switches (e.g., 54–57, 54–55, 54–94). A fault 

occurring on line 82–83, which is at the end of the feeder, should 

be isolated by opening the upstream switch (e.g., 81–82). 

Isolating the fault on line 150–1 will cause general blackout to 

the system. Tripped lines should keep being opened until the 

faulty areas are cleared. In this paper, the faults are assumed to 

be persisting during the restoration process. 

For the sake of simplicity, the duration between two 

consecutive steps (i.e., ∆𝑡) is fixed to 1 minute. Properly setting 

up ∆𝑡 is critical to accelerating the restoration process. Many 

factors should be considered, such as DG ramp rates, control 

delay, and transient responses. Determining ∆𝑡  is out of the 

scope of this paper.  

B. SSR Results 

1) Impact of Horizon Lengths 

Since the SSR method must define various variables and 

constraints for each step, it is important to decide a proper 

horizon length, or the total number of steps. In this paper, the 

horizon length used for presenting the case studies is set to 7. 

Note that the SSR method can only search for optimal solutions 

within a given horizon. Thus, different sequences may be 

generated when using different horizon lengths. On one hand, 

using large horizon lengths will require defining numerous 

variables and constraints; hence this requires extended 

computation time. On the other hand, using small horizon 

lengths may not guarantee the optimal solution for large-scale 
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systems. In this paper, different horizon lengths are tested. The 

total restored load at the end of the time horizon and computation 

time are summarized in TABLE II. TABLE II shows that only 

1,704.8 kW of load are restored within three steps, and 

3,143.5 kW of load are restored within five steps. When the 

horizon length is 7, 9, or 11, a total of 3,365.2 kW of load can be 

restored. This result indicates that choosing the horizon length to 

be 3 or 5 will generate only sub-optimal restoration solutions. 

However, the computation time increases exponentially as the 

horizon length is extended. Indeed, for large systems, solving the 

MILP model using large horizon lengths will become 

computationally intensive. Therefore, the horizon length should 

be determined carefully to balance the computation time and the 

quality of solutions. A proper horizon length can be determined 

offline, by solving various fault scenarios generated according to 

damage assessment reports. For online use, short horizon lengths 

can be selected to achieve satisfying results using the 

rolling-horizon method, which will be introduced later in this 

paper. 

 
TABLE II 

COMPUTATION TIME AND TOTAL RESTORED LOAD FOR  
DIFFERENT HORIZON LENGTHS 

Horizon 
Length 

Restored 
Load (kW) 

Computation 
Time (s) 

3 1704.8 2.59 

5 3143.5 4.52 
7 3365.2 9.88 

9 3365.2 16.34 

11 3365.2 30.82 

 

2) Restoration Solution 

The control sequence for switchable lines and loads is listed in 

TABLE III, given the horizon length is 7. Energized lines and 

voltage regulators are denoted by an upper-case letter “S” with a 

superscript representing one end bus, and a subscript 

representing the other end bus.  At Step 1, 3 single-phase loads 

(i.e., L1/016, L1/017, and L1/034) are restored by DG1. This is 

because DG1 is inverter-based, hence it can operate at 100% 

CUF. At Step 7, a total of four loads cannot be restored because 

they are isolated due to the faults. Two voltage regulators on 

lines 150-149 and 160-67 are not energized.  

As shown in Fig. 5, the system is partitioned into four isolated 

microgrids by energizing switchable lines sequentially, and the 

radial structure of each isolated microgrid is maintained at each 

step. Within each microgrid, all of the loads are balanced by the 

DGs within the same microgrid. It is worth noticing that two of 

the microgrids in Fig. 5 contains two DGs. For example, DG4 on 

Bus 47 is started at Step 4, according to TABLE III. Then, DG4 

is coordinatively dispatched by the SSR method to generate 

designated amount of power during the following time steps. 

Fig. 6 illustrates how one of the isolated microgrids in Fig. 5 is 

energized step-by-step by performing the restoration sequence. 

Note that only the first five steps are shown, since no more lines 

are energized after the fifth step. All of the energized lines are 

represented by solid black lines. At each step, all of the 

constraints including the radial topology and DG current 

unbalance constraints are satisfied.  

 

 

TABLE III 
SWITCHABLE LINES AND LOADS ENERGIZED AT EACH STEP 

Step Switched-on Lines Restored Loads and DGs 

1 
None {DG1, L1/016, L1/017, L1/034}1, {DG2}2, 

{DG5}3, {DG7}4 

2 

{𝑆13
8 , 𝑆152

13 }1, 

{𝑆21
18, 𝑆135

18 }2, 

{𝑆60
57, 𝑆61

60, 𝑆62
60}3, 

{𝑆105
101, 𝑆108

105}4 

{L11,L12,L14,L15,L16,L17,L19,L112,L152}1,{

L1/019,L1/020,L122,L124,L135,L137,L138, 

L139,L141}2,{L158,L159,L1/060,L162, L163}3, 

{L1102,L1103,L1104, L1/0106, L1/0107,L1109, 

L1111, L1112, L1113, L1114}4
 

3 
{𝑆14

9 }1, {𝑆25
23, 𝑆42

40}2, 

{𝑆64
63, 𝑆61

56}3, {𝑆197
97 }4 

{L110, L111}1, {L143, L145}2, {L164, L165, 

L166, L168, L169}3, {L170, L171, L198}4 

4 

{𝑆26
25, 𝑆28

25, 𝑆47
44}2, 

{𝑆72
67, 𝑆99

98}4 

 

{DG4,L128,L131,L132,L133,L1/042,L1/046, 

L147,L148}2, {L1/055, L1/056}3, {L173,L174, 

L175,L176,L186, L187, L188, L199, L1100}4 

5 
{𝑆29

28, 𝑆49
47}2, 

{𝑆77
76, 𝑆89

87}4 

{L129, L130, L149, L150}2, 

{DG6, L177, L190, L192}4 

6 {𝑆78
77, 𝑆93

91}4 {L179,L180,L194,L195,L196,C1/089, C1/090}4 

7 {𝑆81
80}4 {L184, L185, C1/092}4 

Loads Not Restored: L051, L053, L082, L083 
a Each isolated microgrid is denoted by { ∎ }No.. ‘No.’ is the index of formed 

microgrids. The components energized by each microgrid are denoted in the bracket. 

 

 
Fig. 5. Energized system at the last step. De-energized components are removed 

from the original diagram. Four isolated microgrids are formed. 

 

The three-phase voltage for each bus at the last step 

(i.e., seventh step) is shown in Fig. 7. Each vertically aligned 

column of dots represents the phase voltages on one bus. Note 

that some nodal voltages are not shown because they are not 

energized. For single-phase or two-phase buses, one or two dots 

corresponding to the associated phases will be present in the 

vertically aligned columns. The phase voltages for all of the 

energized buses fall between 0.985 p.u. to 1.01 p.u. In addition, 

the phase voltage constraints are satisfied for each step but are 

not shown owing to space limitations.  

Fig.  shows the three-phase active power output for each DG 

at each step. Black start DGs (i.e., DG1, DG2, DG5, and DG7) 

are operated under unbalanced condition to balance the load 

demand on each phase, whereas non-black start DGs (i.e., DG4 

and DG6) are dispatched to output same amount of power to 

each phase. DG3 is not started. 
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(a) 

 
(b) 

 
(c) 

Fig. 8. Active power output of each DG at each step: (a) phase A active power 

output, (b) phase B active power output, (c) phase C active power output. 

 

3) Rolling-horizon method 

The proposed SSR method can be initiated from any 

operational conditions, so it can be easily configured to 

implement the rolling-horizon method. In the rolling-horizon 

method, we can repeatedly run the SSR algorithm by 

incorporating the system configuration from the previous 

iteration as the initial condition for the current iteration. For each 

iteration, the horizon length will be fixed. This process will 

continue until no more loads can be restored. 

TABLE IV summarizes the computation time and total 

restored energy using different horizon lengths in the 

rolling-horizon method. For each selected horizon length, no 

more loads will be restored after the ninth step, which allows us 

to compare the total energy restored within the first nine steps 

and the restored load demand at Step 9. According to TABLE 

IV, all the selected horizon lengths can eventually restore 

3,365.2 kW of load demand using the rolling-horizon method at 

Step 9. Using smaller horizon lengths (e.g., 3 and 5) requires less 

computation time and more iterations than using larger horizon 

lengths (e.g., 11). In terms of total restored energy, smaller 

horizon lengths may generate suboptimal solutions. For 

example, when the horizon length is set to 3, 368.37 kWh is 

restored within nine steps. However, the rest of the selected 

horizon lengths can lead to restoring 371.13 kWh within nine 

steps. This is because for each iteration, the SSR method will 

only search for the optimal solution within the given horizon 

length. Therefore, smaller horizon lengths can be easily trapped 

in local optimal solutions, due to lack of coordination across 

multiple steps. Fig. 9 shows the total restored load at each step 

for different horizon lengths. At Step 4, less load is restored 

when the horizon length is 3. This is because during the first 

iteration (i.e., Step 1 through Step 3), the SSR method generated 

a restoration sequence that prevents more loads from being 

restored during the second iteration (i.e., Step 3 to Step 5). 

 
TABLE IV 

COMPUTATION TIME AND TOTAL RESTORED ENERGY FOR  
DIFFERENT HORIZON LENGTHS USING ROLLING-HORIZON METHOD 

Horizon 
Length 

No. of 
Iteration 

Total Energy 

Restored Within 

9 Steps (kWh) 

Restored 

Load at 9th 

Step (kW) 

Computation 
Time (s) 

3 5 368.37 3365.2 10.15 
5 3 371.13 3365.2 11.31 

7 2 371.13 3365.2 15.04 

9 1 371.13 3365.2 16.34 
11 1 371.13 3365.2 30.82 
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Fig. 6. Single-line diagram to demonstrate how one of the isolated microgrids is developed step-by-step. Only configurations for the first five steps are shown, since 
no more lines and loads are energized after the fifth step. Only energized lines are shown.  

 

 
Fig. 7. Three-phase nodal voltage at the last step. System nodes are numbered in ascending order based on their original names. Vertically aligned dots represent 

associated phase voltages on the same bus. Only energized nodal voltages are shown. 
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Fig. 9. Restored load demand at each step for different horizon lengths 

 

C. Solution Validation 

The linear three-phase power flow used in the MILP model 

can approximate the voltage and line power for three-phase 

unbalanced systems, but inevitably introduces approximation 

errors. In this paper, the restoration solution generated by the 

SSR method is validated by OpenDSS, which is an open-source 

software developed by the Electric Power Research Institute 

(EPRI). Multiple testing scenarios are generated based on the 

modified IEEE 123 node system for validation purposes. The 

load profile is enlarged by a scale factor between 1.0 and 1.5. For 

each scenario, a restoration sequence is generated using the SSR 

method. For each restoration sequence, at each step, the linear 

power flow results are compared with the OpenDSS results in 

the correlation plots, as shown in Fig. 10. In Fig. 10(a), voltage 

magnitudes derived from the MILP model are compared with 

OpenDSS results. It shows that the voltage magnitudes are 

always maintained between 0.98 p.u. and 1.02 p.u., and that they 

are closely correlated with the OpenDSS results. The maximum 

error is around 0.002 p.u. In Fig. 10(b), the line apparent powers 

approximated by the linear power flow are compared with the 

OpenDSS results. The maximum error is around 80 kVA. This is 

mainly due to the fact that the nonlinear terms, which represent 

the system losses and voltage drops, are neglected in the linear 

power flow model. Since the power outputs of non-black start 

DGs are the same for both linear and nonlinear models, black 

start DGs in the nonlinear power flow model will produce more 

power to account for the system losses. Therefore, some lines 

may be overloaded in OpenDSS if they are already fully loaded 

in the linear power flow model. Conservative limits can be used 

to avoid violating the line capacity constraints.  

V. CONCLUSION 

In this paper, a novel SSR methodology is proposed for 

restoring unbalanced distribution systems and microgrids. The 

SSR problem is formulated as a MILP model, which can 

efficiently generate the optimal restoration sequences to 

coordinate dispatchable DGs and switchgears to energize the 

system on a step-by-step basis. The SSR methodology can adapt 

to various operation conditions and form multiple isolated 

subsystems, while satisfying self-adequacy and operation 

constraints for each subsystem. The rolling-horizon method is 

further employed to reduce the extensive computation 

complexity for large-scale systems.  

 

 

 
(a) 

 
(b) 

Fig. 10. Correlation between linear power flow results and OpenDSS results 

 

APPENDIX 

This appendix provides the derivation of the linear 

approximation of the nonlinear terms in equation (25a) in 

Section III.D. Define 𝑦𝑔,𝑡
𝑃𝑁 , 𝑦𝑔,𝑡

𝑄𝑁 , 𝑦𝑔,𝑡
𝑃𝑃 , 𝑦𝑔,𝑡

𝑄𝑃 ∈ ℝ𝑇×𝑛𝑔 , and 𝑑𝑔,𝑡
𝑃𝑁1, 

𝑑𝑔,𝑡
𝑃𝑁2, 𝑑𝑔,𝑡

𝑄𝑁1, 𝑑𝑔,𝑡
𝑄𝑁2, 𝑑𝑔,𝑡

𝑄𝑃1
, 𝑑𝑔,𝑡

𝑄𝑃2 ∈ {0,1}𝑇×𝑛𝑔 , then |𝑃𝑔,𝑡
𝑁 | , |𝑄𝑔,𝑡

𝑁 | , 

|𝑃𝑔,𝑡
𝑃 | and |𝑄𝑔,𝑡

𝑃 | can be linearized by: 

0 ≤ 𝑦𝑔,𝑡
𝑃𝑁 − 𝑃𝑔,𝑡

𝑁 ≤ 𝑈𝑔
𝑚𝑎𝑥𝑑𝑔,𝑡

𝑃𝑁1,             (34a) 

0 ≤ 𝑦𝑔,𝑡
𝑃𝑁 + 𝑃𝑔,𝑡

𝑁 ≤ 𝑈𝑔
𝑚𝑎𝑥𝑑𝑔,𝑡

𝑃𝑁2,             (34b) 

𝑑𝑔,𝑡
𝑃𝑁1 + 𝑑𝑔,𝑡

𝑃𝑁2 = 1,                       (34c) 

0 ≤ 𝑦𝑔,𝑡
𝑄𝑁 − 𝑄𝑔,𝑡

𝑁 ≤ 𝑈𝑔
𝑚𝑎𝑥𝑑𝑔,𝑡

𝑄𝑁1,            (34d) 

0 ≤ 𝑦𝑔,𝑡
𝑄𝑁 + 𝑄𝑔,𝑡

𝑁 ≤ 𝑈𝑔
𝑚𝑎𝑥𝑑𝑔,𝑡

𝑄𝑁2,            (34e) 

𝑑𝑔,𝑡
𝑄𝑁1 + 𝑑𝑔,𝑡

𝑄𝑁2 = 1,                        (34f) 

𝑦𝑔,𝑡
𝑃𝑃 = 𝑃𝑔,𝑡

𝑃 ,                             (34g) 

0 ≤ 𝑦𝑔,𝑡
𝑄𝑃 − 𝑄𝑔,𝑡

𝑃 ≤ 2𝑈𝑔
𝑚𝑎𝑥𝑑𝑔,𝑡

𝑄𝑃1,               (34h) 

0 ≤ 𝑦𝑔,𝑡
𝑄𝑃 + 𝑄𝑔,𝑡

𝑃 ≤ 2𝑈𝑔
𝑚𝑎𝑥𝑑𝑔,𝑡

𝑄𝑃2,                (34i) 

𝑑𝑔,𝑡
𝑄𝑃1 + 𝑑𝑔,𝑡

𝑄𝑃2 = 1,                       (34j) 

 𝑔 ∈ 𝒢, 𝑡 ∈ 𝒯,                          (34k) 

where 𝑈𝑔
𝑚𝑎𝑥 = 𝑃𝑔

𝑚𝑎𝑥 + 𝑄𝑔
𝑚𝑎𝑥. 

Define 𝑦𝑔,𝑡
𝑁𝑚𝑎𝑥 , 𝑦𝑔,𝑡

𝑁𝑚𝑖𝑛 ∈ ℝ𝑇×𝑛𝑔 , 𝑑𝑔,𝑡
𝑁𝑚𝑎𝑥1  , 𝑑𝑔,𝑡

𝑁𝑚𝑎𝑥2 ,  𝑑𝑔,𝑡
𝑁𝑚𝑖𝑛1 ,  

𝑑𝑔,𝑡
𝑁𝑚𝑖𝑛2 ∈ {0,1}𝑇×𝑛𝑔 , then max(𝑦𝑔,𝑡

𝑃𝑁 , 𝑦𝑔,𝑡
𝑄𝑁)  and min(𝑦𝑔,𝑡

𝑃𝑁 , 𝑦𝑔,𝑡
𝑄𝑁) 

can be linearized as: 

𝑦𝑔,𝑡
𝑁𝑚𝑎𝑥 ≥ 𝑦𝑔,𝑡

𝑃𝑁 , 𝑦𝑔,𝑡
𝑁𝑚𝑎𝑥 ≥ 𝑦𝑔,𝑡

𝑄𝑁 ,             (35a) 

𝑦𝑔,𝑡
𝑁𝑚𝑎𝑥 ≤ 𝑦𝑔,𝑡

𝑃𝑁 + 𝑈𝑔
𝑚𝑎𝑥(1 − 𝑑𝑔,𝑡

𝑁𝑚𝑎𝑥1),        (35b) 

𝑦𝑔,𝑡
𝑁𝑚𝑎𝑥 ≤ 𝑦𝑔,𝑡

𝑄𝑁 + 𝑈𝑔
𝑚𝑎𝑥(1 − 𝑑𝑔,𝑡

𝑁𝑚𝑎𝑥2),        (35c) 

𝑑𝑔,𝑡
𝑁𝑚𝑎𝑥1 + 𝑑𝑔,𝑡

𝑁𝑚𝑎𝑥2 = 1, 𝑔 ∈ 𝒢, 𝑡 ∈ 𝒯.          (35d) 
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𝑦𝑔,𝑡
𝑁𝑚𝑖𝑛 ≤ 𝑦𝑔,𝑡

𝑃𝑁 , 𝑦𝑔,𝑡
𝑁𝑚𝑖𝑛 ≤ 𝑦𝑔,𝑡

𝑄𝑁 ,             (35e) 

𝑦𝑔,𝑡
𝑁𝑚𝑖𝑛 ≥ 𝑦𝑔,𝑡

𝑃𝑁 − 𝑃𝑔
𝑚𝑎𝑥(1 − 𝑑𝑔,𝑡

𝑁𝑚𝑖𝑛1),        (35f) 

𝑦𝑔,𝑡
𝑁𝑚𝑖𝑛 ≥ 𝑦𝑔,𝑡

𝑄𝑁 − 𝑄𝑔
𝑚𝑎𝑥(1 − 𝑑𝑔,𝑡

𝑁𝑚𝑖𝑛2),        (35g) 

𝑑𝑔,𝑡
𝑁𝑚𝑖𝑛1 + 𝑑𝑔,𝑡

𝑁𝑚𝑖𝑛2 = 1, 𝑔 ∈ 𝒢, 𝑡 ∈ 𝒯.          (35h) 

Similarly, max(𝑦𝑔,𝑡
𝑃𝑃 , 𝑦𝑔,𝑡

𝑄𝑃)  and min(𝑦𝑔,𝑡
𝑃𝑃, 𝑦𝑔,𝑡

𝑄𝑃)  can be 

linearized by introducing 𝑦𝑔,𝑡
𝑃𝑚𝑎𝑥 , 𝑦𝑔,𝑡

𝑃𝑚𝑖𝑛 ∈ ℝ𝑇×𝑛𝑔 , 𝑑𝑔,𝑡
𝑃𝑚𝑎𝑥1 , 

𝑑𝑔,𝑡
𝑃𝑚𝑎𝑥2, 𝑑𝑔,𝑡

𝑃𝑚𝑖𝑛1, 𝑑𝑔,𝑡
𝑃𝑚𝑖𝑛2 ∈ {0,1}𝑇×𝑛𝑔: 

𝑦𝑔,𝑡
𝑃𝑚𝑎𝑥 ≥ 𝑦𝑔,𝑡

𝑃𝑃 , 𝑦𝑔,𝑡
𝑃𝑚𝑎𝑥 ≥ 𝑦𝑔,𝑡

𝑄𝑃 ,             (36a) 

𝑦𝑔,𝑡
𝑃𝑚𝑎𝑥 ≤ 𝑦𝑔,𝑡

𝑃𝑃 + 𝑈𝑔
𝑚𝑎𝑥(1 − 𝑑𝑔,𝑡

𝑃𝑚𝑎𝑥1),        (36b) 

𝑦𝑔,𝑡
𝑃𝑚𝑎𝑥 ≤ 𝑦𝑔,𝑡

𝑄𝑃 + 𝑈𝑔
𝑚𝑎𝑥(1 − 𝑑𝑔,𝑡

𝑃𝑚𝑎𝑥2),        (36c) 

𝑑𝑔,𝑡
𝑃𝑚𝑎𝑥1 + 𝑑𝑔,𝑡

𝑃𝑚𝑎𝑥2 = 1, 𝑔 ∈ 𝒢, 𝑡 ∈ 𝒯.          (36d) 

𝑦𝑔,𝑡
𝑃𝑚𝑖𝑛 ≤ 𝑦𝑔,𝑡

𝑃𝑃 , 𝑦𝑔,𝑡
𝑃𝑚𝑖𝑛 ≤ 𝑦𝑔,𝑡

𝑄𝑃 ,             (36e) 

𝑦𝑔,𝑡
𝑃𝑚𝑖𝑛 ≥ 𝑦𝑔,𝑡

𝑃𝑃 − 𝑃𝑔
𝑚𝑎𝑥(1 − 𝑑𝑔,𝑡

𝑃𝑚𝑖𝑛1),        (36f) 

𝑦𝑔,𝑡
𝑃𝑚𝑖𝑛 ≥ 𝑦𝑔,𝑡

𝑄𝑃 − 𝑄𝑔
𝑚𝑎𝑥(1 − 𝑑𝑔,𝑡

𝑃𝑚𝑖𝑛2),        (36g) 

𝑑𝑔,𝑡
𝑃𝑚𝑖𝑛1 + 𝑑𝑔,𝑡

𝑃𝑚𝑖𝑛2 = 1, 𝑔 ∈ 𝒢, 𝑡 ∈ 𝒯.          (36h) 
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